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Abstract 
 
Even if there is perfect compliance of a treatment that is randomly assigned, identification of 
average treatment effects is not straightforward when outcome data are missing in a non-random 
way. There already exist simple procedures that assume bounded support of the outcome in order 
to generate bounds of the effects. These procedures suggest that when the outcome has 
unbounded (or very large support), narrower bounds must necessarily rely on further stochastic 
restrictions. This paper describes how imposing a monotonicity restriction on the censored 
sample selection process permits a bounding analysis of treatment effects with missing outcomes, 
when the outcome has unbounded support. The model implies that a simple and intuitive 
trimming procedure will yield the tightest bounds (given the model) on treatment effects that are 
consistent with the observed data. The inclusion of baseline covariates in the analysis tightens the 
bounds further. 

                                            
* I thank Jim Powell, David Card, Guido Imbens, Jack Porter, and Aviv Nevo for helpful discussions. 



1 Introduction

In the treatment evaluation problem, even when it is stipulated that there is perfect compliance of

a treatment that is “as good as randomly assigned”, identifying average causal effects for a population of

interest is still not straightforward if outcome data are unobserved in a non-random way. In some cases,

outcome data is “missing”, for example, due to non-response or sample attrition. In other cases, outcomes

may not even be well-dened for the entire population. For example, hourly or weekly wages are not

dened for the non-working (Heckman, 1974). When the process determining observability of the outcome

is related to the assignment of treatment, an analysis that ignores the selection process will in general yield

biased estimates of the treatment effects of interest (Heckman, 1979).

There are two general strategies for dealing with the problem. One is to explicitly model the selec-

tion process. In some cases, it may involve assuming that data are missing at random, perhaps conditional

on a set of covariates (Rubin 1976). Other times, it may involve assuming the existence of exogenous

variables that determine selection, but do not have its own direct impact on the outcome of interest. Such

an exclusion restriction is often utilized in parametric and semi-parametric models of the censored selec-

tion process (Heckman 1979, 1990; Ahn and Powell 1993; Andrews and Schafgans 1998; Das, Newey, and

Vella 2000). A second strategy is to focus on information about the support of the outcome variable in order

to construct “worst-case” bounds for the treatment effect parameter – bounds that are still consistent with

the data that are observed. Horowitz and Manski (2000a) use this notion to provide a general framework for

constructing bounds for treatment effect parameters when outcome and covariate data are non-randomly

missing in an experimental setting. Others (Balke and Pearl 1997; Heckman and Vytlacil 1999, 2000a,

2000b) have constructed such bounds to address a different problem – that of imperfect compliance of the

treatment, even when “intention” to treat is effectively randomized (Bloom 1984; Robins 1989; Imbens and

Angrist, 1994; Angrist, Imbens, and Rubin 1996).

This paper shows how certain assumptions about the sample selection process allows one to “trim”

observed distributions of data in order to yield informative bounds on average treatment effects, in the
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presence of non-random missing outcome data. The key assumptions are 1) random assignment of the

treatment, and 2) a “monotonicity” condition whereby treatment assignment impacts sample selection only

in “one direction”. If the treatment (control) group has a higher proportion of non-missing outcome data,

these two assumptions imply that the observed outcome distribution for the treatment (or control) group

is a mixture of two groups. One group possesses outcomes that can properly be contrasted to the control

(treatment) group, and the other group was induced to “select into the sample” because of the assignment

to treatment (control). The idea is to trim the lower or upper tails of the observed outcome distribution of

the treatment (control) group by the proportion that belong to that latter group; this proportion is identied

from the data. Under these assumptions, this should yield upper and lower bounds for the mean outcome

for the former group.

There are three distinctive aspects of the trimming approach proposed here. First, it has the potential

to produce informative bounds even when the outcome variable has unbounded (or very large) support. Sec-

ond, the bounds crucially rely on particular “monotonicity” assumption, so it is not virtually “assumption-

free” as is the approach of Horowitz and Manski (2000a), who only stipulate random assignment of the

treatment, and utilize boundedness of supports to produce bounds on treatment effects. Third, the trimming

procedure produces bounds for the average treatment effect for a very particular sub-population: those

whose outcomes will be observed, irrespective of the assignment to treatment. No bounds are produced

for the average treatment effect for other sub-populations of interest. Throughout this paper, the treatment

variable is assumed to be dichotomous, and always observed; hence, the analysis applies only to censored

and not truncated samples.

The paper is organized as follows. Section 2 describes the basic model and trimming procedure.

Section 3 describes how baseline covariates can be used narrow the width of the bounds. Section 4 contrasts

the trimming procedure to an imputation procedure for producing bounds. Section 5 discusses some testable

implications of the key restrictions of the model for trimming, and Section 6 concludes.
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2 Missing Outcomes in a Heterogeneous Treatment Effect Model

I begin by outlining conditions under which a trimming approach can produce bounds for average

treatment effects for a particular sub-population of interest. Consider the random variables (Y ¤1 ; Y ¤0 ; S1; S0;

D) where Y ¤1 and Y ¤0 are continuous potential outcomes of interest when D = 1 and D = 0, respectively.

S1 and S0 denote whether the outcome is observed when D = 1 and D = 0, respectively. For example,

the realization S1 = 1; S0 = 0 implies that the outcome would be observed if D = 1, but would be

missing if D = 0. (Y; S;D) is observed, where Y = Y ¤1 D + Y ¤0 (1¡D) if S = 1, Y is missing if

S = 0; S = S1D + S0 (1¡D). Y ¤1 and Y ¤0 are never simultaneously observed, and S1 and S0 are never

simultaneously observed.

Assumption A

(Y ¤1 ; Y
¤
0 ; S1; S0) is independent ofD (1)

This assumption corresponds to the random assignment of D. It is useful to consider this assumption, as it

means that any bias in identifying average treatment effects will be due to censored selection, rather than to

the usual confounding problem. Furthermore, it is assumed that assignment to D, if it affects S at all, can

affect S in only “one direction”. This is a “monotonicity” assumption.

Assumption B

Pr [S1 = 0; S0 = 1] = 0 (2)

This assumption precludes the possibility that within a population of interest, some individuals are induced

to drop out of the sample because of the treatment. The choice of imposing Pr [S1 = 0; S0 = 1] = 0 rather

than Pr [S1 = 1; S0 = 0] = 0 is innocuous; a parallel argument to that presented below will hold if the

latter assumption is imposed instead. This assumption is akin to the monotonicity assumption in studies of

imperfect compliance of treatment (Imbens and Angrist 1994; Angrist, Imbens, and Rubin 1996).

Assumptions A and B imply that the difference between the means of the sample-selected treatment

and control groups is

E [Y jD = 1; S = 1]¡E [Y jD = 0; S = 1] (3)
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=
Pr [S0 = 0; S1 = 1jD = 1]

Pr [S = 1jD = 1] E [Y ¤1 jS0 = 0; S1 = 1]

+
Pr [S0 = 1; S1 = 1jD = 1]

Pr [S = 1jD = 1] E [Y ¤1 jS0 = 1; S1 = 1]

¡E [Y ¤0 jS0 = 1; S1 = 1]

In general, this will be biased for a particular parameter of interest: E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1] = E[Y ¤1 j

S0 = 1; S1 = 1]¡ E[Y ¤0 jS0 = 1; S1 = 1], the average treatment effect for the subpopulation whose

outcome data will be observed irrespective of treatment status. While the weights Pr[S0=0;S1=1jD=1]Pr[S=1jD=1] and

Pr[S0=1;S1=1jD=1]
Pr[S=1jD=1] can be identied from the observed data, E [Y ¤1 jS0 = 0; S1 = 1] and E[Y ¤1 jS0 = 1;

S1 = 1] cannot be identied without some further restrictions.

However, if the observed data can yield upper and lower boundsE andE such thatE · E[Y ¤1 jS0 =

1; S1 = 1] · E then there would exist bounds

E ¡E [Y jD = 0; S = 1] · E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1] · E ¡E [Y jD = 0; S = 1] (4)

for the average treatment effect for this subpopulation.

The approach in this paper is to construct these bounds by trimming the lower or upper tails of

the observed distribution of Y for the treatment group, by a proportion given by Pr[S=1jD=1]¡Pr[S=1jD=0]Pr[S=1jD=1] :

the proportion of the selected treatment group that is induced to have a non-missing value of the outcome

because of the assignment to treatment.

Proposition 1 Suppose Assumptions A and B hold, and Pr [S = 1jD = 0] 6= 0. Denote the observed den-
sity and cumulative distribution of Y , conditional on D = 1 (and S = 1), as f (y) and F (y), respectively.
Then

E ´ 1

1¡ p
Z F¡1(1¡p)

¡1
yf (y) dy · E [Y ¤1 jS0 = 1; S1 = 1]

and
E ´ 1

1¡ p
Z 1

F¡1(p)
yf (y) dy ¸ E [Y ¤1 jS0 = 1; S1 = 1]

where
p =

Pr [S = 1jD = 1]¡ Pr [S = 1jD = 0]
Pr [S = 1jD = 1]

Also, E
¡
E
¢
is equal to the smallest (largest) possible value for E [Y ¤1 jS0 = 1; S1 = 1] that is consistent

with the distribution of observed data on (Y; S;D).

Given Assumption B, E [Y ¤0 jS0 = 1; S1 = 1] equals E [Y jD = 0; S = 1], which can be computed

from the observed data from the control group.
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Corollary 2 Given Assumptions A and B and Pr [S = 1jD = 0] 6= 0
E ¡E [Y jD = 0; S = 1] · E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1] · E ¡E [Y jD = 0; S = 1]

where the lower bound (upper bound) is the smallest (largest) possible value for E[Y ¤1 ¡ Y ¤0 jS0 = 1; S1
= 1] that is consistent with the distribution of the observed data on (Y; S;D).

The “monotonicity” assumption is crucial to this approach. It ensures that subpopulation of the

control group for whom we observe outcomes consists only of those for whom S0 = 1; S1 = 1 – that

is, those who will always have non-missing outcome data, irrespective of the assignment to treatment.

The independence assumption is also important, since it is what justies the contrast between the trimmed

population of the treatment group and the control group.

An implication of Assumptions A and B is that as p vanishes, so does the sample selection bias.

The intuition is simply that if p = 0, then under the monotonicity assumption, the population with observed

outcome data – whether in the treatment or control group – is comprised of individuals whose sample

selection was unaffected by the assignment to treatment (those for whom S0 = 1, and S1 = 1). These

individuals can be thought of as the “always-takers” sub-population (Angrist, Imbens, and Rubin 1996),

except that “taking” is not the taking of the treatment, but selection into the sample.

It should be noted that the bounds are only informative insofar as Pr [S = 1jD = 0] 6= 0. Oth-

erwise, the distribution of observed outcome data for the treatment group would be completely truncated,

leaving no remaining data.

It should also be noted that these bounds can also be useful in typical latent-variable formulations

of the sample selection process (Heckman 1979). Consider the system of equations

Y ¤ = ¯0 + ¯1T + U (5)

Z¤ = °0 + °1T + V

where Y ¤ is an outcome of interest, T takes on the values 0 or 1, ¯1 is the treatment effect of interest. Y

is observed and equals Y ¤ if Z¤ ¸ 0, but is missing if Z¤ · 0. It is often assumed (for example, in maxi-

mum likelihood estimation of parametric selection models) that (U;V ) is independent of T . In addition, if

°1 ¸ 0, then it is possible to use the bounds proposed above to assess missing outcome bias. To see this, note
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that this system implies Y ¤1 = ¯0 + ¯1 + U , Y ¤0 = ¯0 + U , S1 = 1(V ¸ ¡°0 ¡ °1), S0 = 1 (V ¸ ¡°0),

where 1 (A) is an indicator variable that equals 1 in the event of A (0 otherwise), and D = T . The inde-

pendence of T implies Assumption A, and if °1 ¸ 0, then Pr (V < ¡°0 ¡ °1; V ¸ ¡°0) = 0, implying

that Assumption B holds also. It should be noted that the bounds proposed above can also be applied to

a more general “heterogeneous treatment effect” version of the above latent-variable formulation. Since

the independence and monotonicity assumptions are equivalent to a general latent index model (Vytlacil

2000), the above formulation can equivalently be re-cast in a latent-variable framework, yielding identical

identication results.

A curious difference between the above system and typical formulations of censored selection mod-

els, is that there are no exclusion restrictions utilized here. Typically, in order to achieve identication of

¯1 that does not rely upon functional form assumptions about the joint distribution of U and V , researchers

posit the existence of an additional variable that directly impacts sample selection, but is not included in the

outcome equation (Heckman 1990; Ahn and Powell 1993; Andrews and Schafgans 1998; Das, Newey, and

Vella 2000). The trimming approach proposed here does not utilize an exclusion restriction.

3 Trimming Using Baseline Covariates

In randomized experiments, researchers often possess “baseline” characteristics of both the treat-

ment and control subjects. These covariates are typically used to assess whether or not the randomization

“failed”, and if such a failure is not rejected by the data the covariates are often included in the analysis

to reduce residual variation. These covariates can be used in a modied trimming method that will lead to

tighter bounds on E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1] than that constructed without the covariates. I suppose that

there is no missing data on these baseline covariates, in contrast to the bounds analysis of Horowitz and

Manski (2000a).

Suppose there exists a vector of baseline covariates X, where each element has discrete support,

so that this vector can take on one of a nite number of discrete values. Focus on the values fx1; : : : ; xJg,

such that for each j = 1; : : : ; J , Pr (X = xj jD = 0; S = 1) 6= 0.
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Assumption C

(Y ¤1 ; Y
¤
0 ; S1; S0; X) is independent ofD (6)

Assumption C would hold if D were randomly assigned, and X were pre-determined, relative to the point

of random assignment.

Under this assumption, an upper (lower) bound forE [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1] can be constructed

by trimming the lower (upper) tails of distributions of y, conditional onD = 1 andX, by a proportion given

by pj = Pr[S=1jD=1;X=xj ]¡Pr[S=1jD=0;X=xj ]
Pr[S=1jD=1;X=xj ] . The overall mean of the truncated distributions of the sub-

groups of the treated is computed by averaging across values of X.

Proposition 3 Suppose Assumptions B and C hold, and Pr [S = 1jD = 0] 6= 0 for each j = 1; : : : ; J .
Denote the observed density and cumulative distribution of Y , conditional on D = 1 (and S = 1) and
X = xj , as f (yjxj) and F (yjxj), respectively. Then

E¤ ´
JX
j=1

Pr [X = xj jS = 1;D = 0] 1

1¡ pj

Z F¡1(1¡pj jxj)

¡1
yf (yjxj) dy · E [Y ¤1 jS0 = 1; S1 = 1]

and

E
¤ ´

JX
j=1

Pr [X = xjjS = 1;D = 0]
1

1¡ pj

Z 1

F¡1(pj jxj)
yf (yjxj)dy ¸ E [Y ¤1 jS0 = 1; S1 = 1]

where
pj =

Pr [S = 1jD = 1;X = xj ]¡ Pr [S = 1jD = 0; X = xj ]

Pr [S = 1jD = 1;X = xj ]
Also, E

¡
E
¢
is equal to the smallest (largest) possible value for E [Y ¤1 jS0 = 1; S1 = 1] that is consistent

with the distribution of observed data on (Y; S;D;X)

Corollary 4 Given Assumptions B and C and Pr [S = 1jD = 0; X = xj ] 6= 0 for each j = 1; : : : ; J
E¤ ¡E [Y jD = 0; S = 1] · E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1] · E¤ ¡E [Y jD = 0; S = 1]

where the lower bound (upper bound) is the smallest (largest) possible value for E[Y ¤1 ¡ Y ¤0 jS0 = 1; S1
= 1] that is consistent with the distribution of the observed data on (Y; S;D).

Intuitively, Assumption C implies that the assumptions used to justify the trimming procedure will

also justify trimming, conditional on X. Given bounds for E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1; X = xj ], it is

possible to average across values of X to produce bounds for E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1;X = xj].

The motivation for this modied trimming procedure is that using the covariates in this way will

lead to tighter bounds on the treatment effect parameter of interest.

Proposition 5 If Assumptions B and C hold and Pr [S = 1jD = 0] 6= 0 , then E¤ ¸ E and E¤ · E.
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Intuitively, this is true because a lower-tail truncated mean of a distribution will always be larger

than the average of lower-tail truncated means of sub-groups of the population, provided that the aggregate

proportion that is eventually truncated remains xed. An implication of the Proposition 5 is that in general,

using more baseline covariates will lead to producing tighter bounds on E [Y ¤1 ¡ Y ¤0 jS0 = 1; S1 = 1].

It is interesting to relate these trimming bounds to the estimand that would result from a “match-

ing on observables” approach to addressing missing outcome bias. Matching on the baseline covariates

would dictate computing the quantity
PJ
j=1Pr [X = xjjS = 1; D = 0] fE [Y jD = 1; S = 1; X = xj ]¡

E [Y jD = 0; S = 1;X = xj]g. A comparison with the comparable quantity in the Corollary above makes

it clear that this quantity will lie strictly in between the upper and lower “trimming” bounds.

4 A Comparison of Trimming to Using Bounded Support Conditions

There are three distinctive features of the trimming bounds proposed here. First, the model and

procedure is appropriate for situations in which the outcome has unbounded, or very large support. This

should be contrasted to a method that deals with missing outcomes by essentially assigning the values of

upper and lower bounds of support to missing data to bound parameters of interest (Horowitz and Manski

1998, 2000a). A limitation to the latter approach is that unbounded supports for the outcome variable will

often imply that there will be no informative bounds for parameters of interest (Manski 1995).

This advantage of trimming, however, does not come without a cost. The second distinctive feature

(and disadvantage) of the model proposed above is that it relies crucially on an unveriable assumption

about the selection process. For example, the model assumes that every control (treatment) group individual

who reported an outcome would have reported outcome if they had been assigned treatment (to the control

group) – a conjecture that simply cannot be veried one way or another. The appropriateness of this

“monotonicity” assumption may or may not be “plausible” depending on the particular application.

A third distinctive feature (and limitation) is that the bounds are only appropriate for average treat-

ment effects for a particular sub-population: those individuals whose outcomes will be observed, irre-

spective of the assignment to treatment. Thus, the model and procedure ignores the average treatment
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effects for the sub-population that was “induced” to yield valid outcome data because of the treatment,

E [Y ¤1 ¡ Y ¤0 jS0 = 0; S1 = 1]. It also ignores the average treatment effects for the sub-population that will

always have missing outcomes, irrespective of the treatment status, E [Y ¤1 ¡ Y ¤0 jS0 = 0; S1 = 0]. How-

ever, when supports of the outcomes are unbounded for these latter sub-populations, it is not obvious that

informative bounds could ever be constructed for these two parameters of interest.

Given these differences, a comparison between the “trimming” bounds and “imputation”-type

bounds may not be meaningful in one respect, since the bounds are for different parameters of interest.

(For ease of exposition, I refer to bounds generated through bounded support conditions as “imputation”-

type bounds, since in many cases it is equivalent to generating worst-case scenarios by assigning upper and

lower bounds of support to missing data). Nonetheless, it is informative to focus on a situation where both

procedures can be applied, in order to examine the conditions under which one set of bounds will be either

wider or tighter than the other, at a purely mechanical level. In the comparison that follows, I focus on the

case where Y ¤1 and Y ¤0 are binary outcomes, taking on the values 0 or 1. I also abstract from the use of

covariates.

The most readily comparable procedure in this context is that of Horowitz and Manski (2000a).

Their more general framework would imply (in this special case of only missing outcome data with no

covariates) lower and upper bounds, respectively, of

Pr [Y = 1jD = 1; S = 1]Pr [S = 1jD = 1] (7)

¡Pr [Y = 1jD = 0; S = 1]Pr [S = 1jD = 0]¡ Pr [S = 0jD = 0]

and

Pr [Y = 1jD = 1; S = 1]Pr [S = 1jD = 1] + Pr [S = 0jD = 1] (8)

¡Pr [Y = 1jD = 0; S = 1]Pr [S = 1jD = 0]

In essence, the procedure can be thought of as a construction of “worst-case” bounds by imputing the

missing outcome data with all 1’s or all 0’s appropriately.

The discreteness of Y implies that there will not be a proper density function for the outcomes
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of the treatment group with valid outcome data, nor will there be a corresponding one-to-one cumulative

distribution function. However, the trimming procedure described above can be modied appropriately, as

long as some care is taken in noting the location of the “steps” in the cdf. In this binary outcome case, it

can be shown that the lower and upper bounds for E [Y ¤1 ¡ Y0jS0 = 1; S1 = 1] will be, respectively,

max

·
0;
Pr [S = 1jD = 1]
Pr [S = 1jD = 0] fPr [Y = 1jD = 1; S = 1]¡ (9)

Pr [S = 1jD = 1]¡ Pr [S = 1jD = 0]
Pr [S = 1jD = 1] g

¸
¡Pr [Y = 1jD = 0; S = 1]

and

min

241; Pr [Y = 1jD = 1; S = 1]³
Pr[S=1jD=0]
Pr[S=1jD=1]

´
35¡ Pr [Y = 1jD = 0; S = 1] (10)

The lower bound is simply computed by reducing the fraction Y = 1 by the proportion in the excess group

(those with S0 = 0; S1 = 1), which effectively assumes that the trimmed group had Y ¤1 = 1, and inating

by a factor of Pr[S=1jD=1]Pr[S=1jD=0] , reecting that the denominator for computing the fraction Y = 1 has diminished

due to the trimming. This quantity will equal zero if all of the 1’s in the group are trimmed. For the upper

bound, assuming that the “trimmed” group all had Y ¤1 = 0 requires inating Pr [Y = 1jD = 1; S = 1] by
Pr[S=1jD=0]
Pr[S=1jD=1] to reect that the denominator for computing the fraction Y = 1 has diminished due to the

trimming. This quantity will equal 1 if all of the 0’s in the group are trimmed.

In the case where all the 1’s and 0’s would be trimmed in computing the lower and upper trimming

bounds, then the width of those bounds would be 1. Thewidth of the imputation bounds isPr [S = 0jD = 0]

+Pr [S = 0jD = 1]. So the comparison of the widths of the two bounds simply amounts to comparing the

quantity Pr [S = 0jD = 0] + Pr [S = 0jD = 1] to 1.

In the polar opposite case, where trimming the lower tail only eliminates 0’s and trimming the upper

tail only eliminates 1’s (so that themin andmax are not strictly binding at 1 and 0, respectively), then with

some re-arranging of terms it can be shown that the imputation bounds will be narrower than the trimming

bounds if and only if

Pr [S = 1jD = 1] > Pr [S = 1jD = 0]
3¡ Pr [S = 1jD = 0]
1 + Pr [S = 1jD = 0] (11)
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and

Pr [S = 1jD = 1] > 1¡ Pr [S = 1jD = 0] (12)

The second constraint exists because the width of the trimming bound can never be larger than 1. Focusing

on the upper triangular portion of Figure I, region A represents the combinations of Pr [S = 1jD = 0] and

Pr [S = 1jD = 1] such that the imputation bounds will be narrower than the trimming bounds. The vertex

of the region is Pr [S = 1jD = 0] = 1
3 and Pr [S = 1jD = 1] = 2

3 .

5 Testable Implications

While it is clear that the assumptions of the model proposed above are fundamentally unveriable,

it is important to examine whether the restrictions generate any testable implications, however weak they

might be.

As is well known, the independence assumption (C), which corresponds to random assignment,

has the implication that the baseline pre-determined characteristics X be distributed identically between

the treatment and control groups.

The monotonicity assumption (B) is restrictive enough to generate a testable restriction. In particu-

lar, if Pr [S0 = 1; S1 = 0] = 0, it implies that there exists no j, such that Pr [S = 1jD = 1; X = xj ] <

Pr [S = 1jD = 0; X = xj ]. Essentially, the monotonicity restriction is inconsistent with the existence

of j0 and j00 such that Pr [S = 1jD = 1; X = xj0] < Pr [S = 1jD = 0;X = xj0 ] while at the same time

Pr [S = 1jD = 1; X = xj00 ] < Pr [S = 1jD = 0;X = xj00].

Finally, suppose Pr [S = 1jD = 1] = Pr [S = 1jD = 0]. As mentioned earlier, in this case, As-

sumptions B and C imply that there is no sample selection bias, and that a simple contrast between

E [Y jD = 1; S = 1] ¡ E [Y jD = 0; S = 1] is valid for identifying a meaningful causal parameter. 0 =

Pr [S = 1jD = 1]¡ Pr [S = 1jD = 0] =PJ
j fPr [X = xj jD = 1] (Pr[S = 1jD = 1; X = xj ]¡ Pr[S =

1j D = 0;X = xj ])gbecause of Assumption C. Assumption B implies that Pr [S = 1jD = 1;X = xj ]¡

Pr [S = 1jD = 0; X = xj ] = 0 for j = 1; : : : ; J . It can then be shown, using Assumption C and Bayes’

rule, that this implies Pr [X = xjjS = 1; D = 1] = Pr [X = xjjS = 1; D = 0] for j = 1; : : : ; J . There-
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fore, if Pr [S = 1jD = 1] = Pr [S = 1jD = 0], then Assumptions B and C imply that the distributions of

the baseline covariates between the selected treatment group and the selected control group are identical,

which is testable given the observed data.

6 Conclusion

This paper has explored how treatment effect parameters can be bounded if a monotonicity assump-

tion is imposed on the censored selection process. It has been shown that a simple and intuitive trimming

procedure yields such bounds, and the use of baseline covariates will in general narrow their width. The

main benet from imposing the monotonicity restriction is that it allows one to generate bounds even when

the outcome variable has unbounded support. The main cost of the restriction is that such a behavioral

assumption may or may not be plausible, depending on the particular context of the selection problem.

Existing nonparametric bounding approaches (e.g. Horowitz and Manski 1998, 2000a) of unbounded out-

comes immediately suggest there will be no nite bounds on treatment effects. This can be informative

in the sense that it suggests that any nite bounds on treatment effects in this context will necessarily be

a consequence of some further stochastic restriction on the data generating process (Horowitz and Man-

ski 2000b). The issue then becomes Which restrictions have relatively large benets and/or small costs?

Viewed from this perspective, the benets of being able to analyze outcomes with unbounded (or extremely

large) support may, in some contexts, outweigh the cost of imposing the behavioral assumption that this

trimming procedure requires.
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Appendix A.

Lemma 6 Suppose the probability density f¤ (y) is a mixture of two probability densities, m¤ (y) and
n¤ (y) such that f¤ (y) = p¤m¤ (y) + (1¡ p¤)n¤ (y), where p¤ 2 [0; 1) is xed. Let F ¤ (y) be the
cumulative distribution function corresponding to f¤ (y). Consider the truncated density g¤ (y) which
is equal to 1

1¡p¤ f
¤ (y) on

£
F ¤¡1 (p¤) ;1¤, 0 otherwise. Then R1¡1 yg¤ (y)dy ¸ R1¡1 yn¤ (y) dy.

Proof of Lemma 6. First consider p¤ 2 (0; 1). Let N¤ (y) be the cumulative distribution function cor-

responding to n¤ (y). Compare the truncated density, g¤ (y) for y ¸ F ¤¡1 (p) (0 otherwise), to an ar-

bitrarily chosen n¤ (y) (that is not identical to the truncated density).
R1
¡1 yg

¤ (y) dy ¡ R1¡1 yn¤ (y) dy
=
R1
F ¤¡1(p¤) y

³
1

1¡p¤
´
f¤ (y) dy¡R1¡1 yn¤ (y)dy = R1F¤¡1(p) y

h³
1

1¡p¤
´
f¤ (y)¡ n¤ (y)

i
dy¡ R F ¤¡1(p¤)

¡1 y¢

n¤ (y)dy. Multiplying both sides by 1
N¤(F¤¡1(p¤)) yields

1
N¤(F¤¡1(p¤))

nR1
¡1 yg

¤ (y) dy ¡ R1¡1 yn¤ (y)dyo
= 1

N¤(F¡1(p¤))

R1
F ¤¡1(p¤) y

h³
1

1¡p¤
´
f¤ (y)¡ n¤ (y)

i
dy¡ 1

N¤(F ¤¡1(p¤))

R F¤¡1(p)
¡1 yn¤ (y) dy. By denition

n¤ (y) = f¤(y)¡p¤m¤(y)
1¡p¤ , so for any y on

£
F ¤¡1 (p¤) ;1¤ , n¤ (y) · 1

1¡pf
¤ (y). If n¤ (y) 6= g¤ (y), then it

can be shown that 1
N¤(F¤¡1(p¤))

h³
1

1¡p¤
´
f¤ (y)¡ n¤ (y)

i
dened on

£
F ¤¡1 (p¤) ;1¤ and 1

N¤(F¡1(p))n
¤ (y)

dened on
£¡1; F ¤¡1 (p¤)¤ are each proper probability densities that integrate to 1. The support of the for-

mer is strictly above the support of the latter. Therefore, 1
N¤(F¤¡1(p¤))

nR1
¡1 yg

¤ (y) dy ¡ R1¡1 yn¤ (y)dyo
> 0. If n¤ (y) = g¤ (y), then

R1
¡1 yg

¤ (y)dy =
R1
¡1 yn

¤ (y) dy.

Now consider p¤ = 0. Then g¤ (y) = f (y) = n¤ (y), so
R1
¡1 yg

¤ (y) dy =
R1
¡1 yn

¤ (y) dy.

Proof of Proposition 1. Assumption B implies that p = Pr[S=1jD=1]¡Pr[S=1jD=0]
Pr[S=1jD=1] = Pr[S0=0;S1=1jD=1]

Pr[S=1jD=1] . p

is strictly less than 1 by assumption. AssumptionB also implies that f (y) = pm (y)+(1¡ p)n (y), where

m (y) denotes the density of Y ¤1 , conditional on D = 1; S0 = 0; S1 = 1, and n (y) denotes the density of

Y ¤1 , conditional onD = 1; S0 = 1; S1 = 1. By Assumption A, n (y) is also the density of Y ¤1 , conditional

on S0 = 1; S1 = 1. By Lemma 6, E ´ 1
1¡p

R1
F¡1(p) yf (y) dy ¸

R1
¡1 yn (y)dy = E [Y

¤
1 jS0 = 1; S1 = 1].

To show that E equals the maximum possible value for E [Y ¤1 jS0 = 1; S1 = 1] that is consistent with the

distribution of the observed data on (Y; S;D), note rst that the observed data can be completely described

by f (y), the density of Y conditional on S = 1; D = 0, and the probability function Pr [S = s;D = d],

s; d = 0; 1. Set n (y) equal to the density 1
1¡pf (y) dened on

£
F¡1 (p) ;1¤, andm (y) equal to the density

13



1
pf (y) dened on

£¡1; F¡1 (p)¤where p ´ Pr[S=1jD=1]¡Pr[S=1jD=0]
Pr[S=1jD=1] = 1¡

³
1+Pr[S=0;D=1]

Pr[S=1;D=1]

´
³
1+Pr[S=0;D=0]

Pr[S=1;D=0]

´ ; there is only
one p consistent with the probability function Pr [S = s;D = d], s; d = 0; 1. These choices for n (y) and

m (y) are consistent with f (y) sastisfying f (y) = pm (y)+ (1¡ p)n (y), and consistent with any density

of Y conditional on S = 1;D = 0. Then E [Y ¤1 jS0 = 1; S1 = 1] will equal 1
1¡p

R1
F¡1(p) yf (y)dy ´ E.

An argument parallel to that above can be made for E.

Proof of Proposition 3. Given Assumption C, this implies that Assumption A holds, conditionally on

X. It is given that for each j; Pr [X = xjjD = 0; S = 1] 6= 0. So Pr [S = 1jD = 0] 6= 0 implies that

Pr [S = 1jD = 0; X = xj ] 6= 0 for all j = 1; : : : ; J . Thus, by the Proposition 1, it can be shown that

1
1¡pj

R1
F¡1(pj jxj) yf (yjxj) dy ¸ E [Y ¤1 jS0 = 1; S1 = 1;X = xj] for j = 1; : : : ; J . It follows that E¤ ¸PJ

j=1 Pr [X = xj jS = 1;D = 0]E [Y ¤1 jS0 = 1; S1 = 1;X = xj]. The latter quantity equals
PJ
j=1fPr[X

= xj jS0 = 1; S1 = 1](E [Y ¤1 jS0 = 1; S1 = 1; X = xj ] = E [Y
¤
1 jS0 = 1; S1 = 1])g by Assumptions B and

C.

To show that E¤ is the largest possible value for E [Y ¤1 jS0 = 1; S1 = 1] that is consistent with the distribu-

tion of observed data on (Y; S;D;X), note rst that the data can be completely described by f (yjxj), the

density of Y conditional on S = 1;D = 0; X = xj , the probability function Pr [S = s;D = djX = xj ],

s; d = 0; 1, and the probability function Pr [X = xj ], j = 1; : : : ; J . Since Assumptions A and B hold

conditionally on X, by the Proposition 1, 1
1¡pj

R1
F¡1(pj jxj) yf (yjxj) dy is the largest possible value for

E [Y ¤1 jS0 = 1; S1 = 1;X = xj] consistent with the observed data on (Y; S;D), conditional onX = xj , for

each j = 1; : : : ; J . It follows that
PJ
j=1Pr [X = xjjS0 = 1; S1 = 1] 1

1¡pj
R1
F¡1(pj jxj) yf (yjxj) dy is the

largest possible value for E [Y ¤1 jS0 = 1; S1 = 1]. Pr [X = xjjS0 = 1; S1 = 1] = Pr[X = xj jS = 1;D =

0], by Assumptions B and C, and the latter quantity can be expressed as Pr[S=1;D=0jX=xj ] Pr[X=xj ]PJ
k=1 Pr[S=1;D=0jX=xj ] Pr[X=xk] .

Thus, the largest possible value for E [Y ¤1 jS0 = 1; S1 = 1] that is consistent with the observed data on

(Y; S;D), conditional onX, and the probability functionPr [X = xj] is
PJ
j=1fPr [X = xjjS = 1; D = 0] ¢

1
1¡pj

R1
F¡1(pj jxj) yf (yjxj) dyg ´ E

¤.

An argument parallel to that above can be made for E¤.
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Proof of Proposition 5. Assumption B implies that pj ¸ 0 for j = 1; : : : ; J . Let g (yjxj) = 1
1¡pj f (yjxj)

on
£
F¡1 (pjjxj) ;1

¤
, 0 otherwise. Let h (yjxj) = 1

pj
f (yjxj) on

£¡1; F¡1 (pj jxj)¤, 0 otherwise. Then
f (y) =

PJ
j=1Pr [X = xjjS = 1;D = 1] f (yjxj) =

PJ
j=1Pr [X = xjjS = 1; D = 1] pjh (yjxj) +PJ

j=1 Pr [X = xj jS = 1;D = 1] (1¡ pj) g (yjxj). Let bp = PJ
j=1 Pr [X = xj jS = 1; D = 1] pj . Then

f (y) can be re-written as bpm¤ (y)+ (1¡ bp)n¤ (y), wherem¤ (y) = 1bpPJ
j=1fPr [X = xj jS = 1; D = 1] ¢

pjh (yjxj)g and n¤ (y) = 1
1¡bpPJ

j=1Pr [X = xjjS = 1; D = 1] (1¡ pj) g (yjxj). It is given that for each

j; Pr [X = xj jD = 0; S = 1] 6= 0. So Pr [S = 1jD = 0] 6= 0 implies that Pr [S = 1jD = 0; X = xj ] 6= 0

for all j = 1; : : : ; J . So pj 2 [0; 1) for j = 1; : : : ; J , and thus bp lies on [0; 1).
Consider rst bp 2 (0; 1). Sincem¤ (y) and n¤ (y) are both probability densities that integrate to 1, Lemma
6 applies: 1

1¡bp R1F¡1(bp) yf (y) dy ¸ R1¡1 yn¤ (y) dy. The denition of pj implies that bp =PJ
j=1fPr[X =

xj j S = 1; D = 1]
³
1¡ Pr[S=1;D=0;X=xj ] Pr[D=1;X=xj ]

Pr[D=0;X=xj ] Pr[S=1;D=1;X=xj ]

´
g. Simplifying, and by assumption C, bp =

1 ¡PJ
j=1

Pr[S=1;D=0;X=xj ] Pr[D=1]
Pr[S=1;D=1]Pr[D=0] = 1 ¡ Pr[S=1;D=0]Pr[D=1]

Pr[S=1;D=1]Pr[D=0] = 1 ¡ Pr[S=1jD=0]
Pr[S=1jD=1] = p. Then n¤ (y) =PJ

j=1 Pr [X = xj jS = 1;D = 1] 1¡pj1¡p g (yjxj). Using denitions of p and pj , this is equal to
PJ
j=1fPr[X

= xjjS = 1; D = 1]

Pr[S=1;D=0;X=xj ]Pr[D=1;X=xj ]
Pr[D=0;X=xj ]Pr[S=1;D=1;X=xj ]

Pr[S=1;D=0] Pr[D=1]

Pr[D=0] Pr[S=1;D=1]

g (yjxj)g. Applying Assumption C, and simplifying,

yields
PJ
j=1Pr [X = xjjS = 1; D = 1] Pr[S=1;D=0;X=xj ] Pr[S=1;D=1]Pr[S=1;D=1;X=xj ] Pr[S=1;D=0]

g (yjxj). Simplifying further yieldsPJ
j=1

Pr[X=xj ;S=1;D=0]
Pr[S=1;D=0] g (yjxj) =

PJ
j=1 Pr [X = xj jS = 1;D = 0] g (yjxj). Therefore, E = 1

1¡p ¢R1
F¡1(p) yf (y) dy ¸

PJ
j=1 Pr [X = xj jS = 1;D = 0]

R1
¡1 yg (yjxj) dy =

PJ
j=1fPr[X = xj jS = 1;D =

0] 1
1¡pj

R1
F¡1(pj jxj) yf (yjxj)dyg ´ E

¤.

Now consider the case p = 0. This means Pr [S = 1jD = 1] = Pr [S = 1jD = 0]. Given Assumption

B and C, this implies that Pr [S0 = 0; S1 = 1] = 0. Analogously, if pj > 0 for any j = 1; : : : ; J , then

Pr [S = 1jD = 1; X = xj ] > Pr [S = 1jD = 0;X = xj]which would imply that Pr[S0 = 0; S1 = 1jX =

xj ] 6= 0. Therefore, pj = 0 for all j = 1; : : : ; J . If pj = 0, then Pr [S = 1jD = 1; X = xj ] =

Pr [S = 1jD = 0; X = xj ]. Assumption C and re-arranging terms yields Pr [X = xj jS = 1;D = 1] =

Pr [X = xjjS = 1; D = 0], for all j = 1; : : : ; J . E ´
R1
¡1 yf (y) dy =

PJ
j=1fPr[X = xj jS = 1; D =

1]
R1
¡1 yf (yjxj)dyg =

PJ
j=1 Pr [X = xj jS = 1;D = 0]

R1
¡1 yf (yjxj)dy = E

¤.
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Figure I: Comparison between Trimming and Imputation Bounds 

A

Note: In region A, Imputation Bounds are narrower than Trimming Bounds


