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Abstract

A multi-hop relay network with multiple antenna terminals & quasi-static slow fading environment is
considered. The fundamental diversity-multiplexing gaaleoff (DMT) is analyzed in the case of half-duplex relay
terminals. While decode-and-forward (DF) relaying achi&the optimal DMT in the full-duplex relay scenario, it
is shown that the dynamic decode-and-forward (DDF) prdtacbieves the optimal DMT if the relay is constrained
to half-duplex operation. For the latter case, static prot® are considered as well, and the corresponding DMT
performances are shown to fall short of the optimal perferceawhich indicates that dynamic channel allocation
is required for optimal DMT performance over half-duplelasenetworks. The optimal DMT is expressed as the
solution of a convex optimization problem and explicit DMXpeessions are presented for some special cases.

I. INTRODUCTION

Relays are commonly used in wireless networks to improveérrmance, although the fundamental
capacity limits of relay channels have yet to be fully chtedzed, even for simple systems [1]. Rather
than focusing on capacity limits, we are interested in attar&ing the tradeoff between the rate gain
through multiplexing versus the robustness gain througérdity associated with multiple-antenna relays.
We will focus on a multiple antenna multi-hop system in whiblke transmission from each terminal can
be received only by the next terminal in the network, as showiig. 1. We call this the multiple-input
multiple-output (MIMO) multi-hop relay network. The linkare assumed to be quasi-static, frequency
non-selective Rayleigh fading, and the channel state nmétion (CSI) is available only at the receiving
end of each transmission.

We analyze this system in terms of the diversity-multiphgpiradeoff (DMT) in the high signal-to-noise

ratio (SNR) regime introduced in [4]. DMT analysis is useifulcharacterizing the fundamental tradeoff
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between the reliability and the degrees of freedom of a comcation system. In DMT analysis, reliability
is measured in terms of the diversity gain, which charantsrithe rate of decay of the error probability
with increasing SNR. The number of degrees of freedom is uredsby the spatial multiplexing gain,
which is the rate of increase in the transmission rate witiRSBIMT analysis has also been applied to
multiuser channels such as the multiple access channehgstelay channel [3], [9]-[12] and the two-way
relay channel [6], [7]. DMT analysis is a tool to characterthe fundamental limits of a communication
system in a fading environment, and it has guided the dedigmagtical space-time codes that approach
these theoretical limits [16]- [19].

In a general cooperative relay channel, the source trasgmiss received by both the relay and the
destination terminals and the source and the relay tersicabperate to transmit the message to the
destination [2], [3]. The DMT analysis was first applied tperative systems in [3] in which the DMT
for simple amplify-and-forward (AF) and decode-and-fordv@dDF) protocols was characterized. In [9],
a dynamic decode-and-forward (DDF) protocol is proposetl @malyzed from the DMT perspective. In
DDF, the relay terminal listens to the source transmissiail it can decode the message, and then starts
transmitting the message jointly with the source termiffdle DMT of DDF is shown to dominate all
other protocols, but it does not meet the cut-set upper bdantiigh multiplexing gains. In [10], the
DMT achieved by the DDF protocol is improved slightly by ugisuperposition coding. In [12], under the
assumption of full CSI at the relay terminal, the comprass$-forward (CF) protocol is shown to achieve
the optimal DMT performance. Recently, [13] showed thatGeprotocol can indeed achieve the optimal
DMT in a single relay channel without the need of channeksi@fiormation at the transmitters. However,
a full characterization of the DMT curve is still an open peh in the case of a multiple antenna
half-duplex relay channel when the CSI is available onlyhat receiving terminals.

There has also been some recent interest in the DMT anatysmadlti-hop relay systems; in [20] and
[21] multiple single antenna relays operating in a distigoumanner are considered. Due to the distributed
nature of the relay nodes, amplify-and-forward relayingossidered, under which the achievable DMT

is characterized. The DMT of networks of disjoint parallelay paths is studied in [15], in which the



optimal DMT is characterized for single-antenna relaysh@ presence of more than three paths.

In this paper, we consider a MIMO multi-hop relay network m$-ig. 1. For this model, each relay can
decode the message without sacrificing degrees of freedarstéivt our analysis by considering a single
relay terminal [14], and then extend it to multiple relays.the case of full-duplex relays, the classical
decode-and-forward protocol achieves the optimal DMT gremfince [20]. In the half-duplex relay case,
we first find the DMT of static protocols in which the source dhne relay transmission periods are fixed,
independent of the channel realization. Then we consideXBF protocol of [9], in which the time
allocation depends on the realization of the source-relneel, and show that it achieves the optimal
DMT performance.

One of our goals in this work is to isolate the effect of chdnaléocation on the DMT in relay
networks by removing the direct link. By focusing on this trilop channel model and showing that the
optimal cannot be achieved by static protocols, we show ttietoptimal operation in half-duplex relay
networks require dynamic allocation of the channel ressaifiased on instantaneous channel conditions.
The benefits of dynamic resource allocation in cooperatpggesns is studied in [8] in the case of channel
state information at the transmitters.

In the multi-hop scenario, since the relay and the sourceotlransmit simultaneously, they do not need
to use distributed space-time codes, which are harder iaeea practice [22], [23]. Furthermore, there is
no need to inform the source or the destination terminalsiati® relay decision time as opposed to the
general relay scenario. Hence, the dynamic relaying sclieithe case of the multi-hop relay channel can
be realized by using an incremental redundancy code at tirees18] and any DMT optimal space-time
code at the relay. Although the DMT of DDF has been previossigwn to dominate other protocols
in the case of general half-duplex relay channels, here weepits optimality in the multi-hop multiple
antenna relay scenario. In a concurrent work [24], Gharaal. girove the optimality of the DDF protocol
in a single antenna multiple access relay network. In [6], hege shown that the optimal DMT in a
multi-hop network can also be achieved by a dynamic CF pobtoc

The rest of the paper is organized as follows. We introdueesttstem model in Section Il. In Section



lIl we focus on a single relay scenario. In Section IlI-A weaddcterize the DMT of a full-duplex MIMO
multi-hop relay channel. Then in Section IlI-B, we considetic DF protocols for the half-duplex relay
case, and find their DMT curves. In Section IlI-C we find the DMfTthe DDF protocol and show that
it achieves the upper bound; hence it is optimal. We also givexplicit characterization of the DMT
for some special cases. Section 1lI-D is devoted to the coisgra of the DMT’s achieved by different
antenna allocations among the terminals. Then we extendrmlysis to the scenario with multiple relay
terminals in Section IV. Finally, Section V concludes the@afollowed by appendices.

[l. SYSTEM MODEL

Here we introduce the system model. We consider a multi-letywork with K+ 1 terminals as in Fig.
1. Here, the first terminal’ is the sourceterminal, the last terminal’x ., is the destinationterminal,
while the rest are theelay terminals. Terminall; is assumed to hav#/; antennas foi = 1,..., K + 1.
We call this system aM, ..., Mg.1) multi-hop MIMO relay network. The channel from termingl
to terminalT;., is given by

Y, = S]\]\;RHiXi +W,, (1)

)

fori=1,..., K, respectively. HereY is the received signal at termin@], . Note that the transmission
from terminalT; is received only by termindl;, ;. Channels are assumed to be frequency non-selective,
guasi-static Rayleigh fading and independent of each pthat is, fori = 1,..., K, H; is an M, 1 x M;
channel matrix whose entries are independent and idelgtitiatributed (i.i.d.) complex Gaussian random
variables with zero means and unit variances (i.e., theY’ Af€0, 1)). The additive white Gaussian terms
also have i.i.dCN(0,1) entries.X;, i = 1,..., K, are M; x L input matrices of the terminals, where

L is the total number of transmissions over which the chammelonstant. We have short-term power

constraints at each of the terminals giventbyce( E[X7X;]) < M;L. Fori =1,..., K, we define
M} 2 min{M;, M;,}.

We assume that the receivers have perfect channel statenetion while the transmitters know only the

channel statistics.



Following [4], for increasingS N R we consider a family of codes and say that the system achaves
multiplexing gain ofr if the rate R(SNR) satisfies

- R(SNR)
SNR—oo log(SNR)

The diversity gaind of this family is defined as

log P.(SNR)
— lim —7F,
SNR—o log(SNR)

d=
in which P,(SNR) is the error probability. For each defined(r) as the supremum of the diversity gain
over all families of codes. The full characterization of AT curve for a MIMO system is given in
the following theorem [4].
Theorem 1:[4] For a MIMO system withM; transmit and)/, receive antennas and sufficiently long

codewords, the optimal DMT curvé,, r,(r) is given by the piecewise-linear function connecting the

points (k,d(k)), k =0,...,min(M;, M), where
d(k) = (My — k)(Ms — k).
For the rest of the paper, we always consider codes with mirfflg long codewords so that the error
event is dominated by the outage event.
[1l. DMT oF THEMIMO M ULTI-HOP CHANNEL WITH A SINGLE RELAY

In this section, we consider a(\/, M,, M3) system with a single relay terminal, i.ely = 2.
Generalization to the multiple relay scenarios followsrthe results in this section, and will be considered

in Section V.

A. Full-duplex Relaying

We first consider the full-duplex relay case. The next theoshows that the DMT tradeoff of the
end-to-end system is equal to the worst-case DMT tradeoffach link along the multi-hop path.

Theorem 2:The DMT d{whmMg(r) of an (M,, M, Ms) full-duplex system is characterized by

Al (1) = min{dan g (1), das,as (1) }- (2



Proof: The converse is easily obtained from the cut-set bound; &éipaaty is bounded by the rate
that can be transmitted over each hop. Hence, the end-t®btidis bounded by the DMT of each hop,
each of which is a point-to-point MIMO channel. The achigigbfollows since DF relaying is in outage
if any of the links is in outage. The outage event is domindigdhe link that has the highest outage
probability, or equivalently, the DMT is dominated by thenmimum diversity gain. This result, which was

shown in [20], is included here for completeness. [ |

B. Static Protocols for Half-duplex Relaying

In the half-duplex relay scenario, the totaltime units need to be divided among the source and the
relay transmissions. We first consider static protocolsrettiee time allocation is fixed, independent of
the channel states. However, similar to the generalizeddgeand-forward protocol in [25], we consider
unequal division of the time slot among the source and theg/r@lhe source transmits during the firdt
channel uses, where@ < a < 1. The relay tries to decode the message and forwards oveethaiming
(1 —a)L channel uses. We call this protoat#code-and-forward with fixed time allocati@idF), and its
DMT is given in the next proposition.

Proposition 1: The DMT of the half-duplex My, M,, M3) relay channel with fixed time allocation

0<a<l)is

P (1) = min {th% (f> S drsnts ( ’ >} 3)
a 1—a
Proof: This result follows easily from Theorem 1 with simple scgliof the DMT curve due to time
division. [ |
We can see from the above DMT that the highest multiplexing fya the fDF scheme imin{a M7, (1—
a)M;}. On the other hand, the highest diversity gain is limited\iemin{/;, M3}. We illustrate the
DMT of a (4,2, 3) system with a fixed time allocation af = 0.3 in Fig. 2.
Since different time allocations result in different DMTreas, we can optimize the time allocation

based on the multiplexing gain [11], [25]. We call this prmabDF with variable time allocation(vDF).

Note that this is still a static protocol since the time adition variable is determined based only on the



multiplexing gain and is independent of the channel reabna For each multiplexing gain, the diversity
gain is the minimum of the two diversity gains in (3), hence tptimal time allocation variable(r) is

the one that satisfies

v T T
d]\/ﬁ{:]\/f%]\/fg(r) = thMg (@) = dMQ,M;, <1—7a(r)> . (4)

Corollary 1: The number of degrees of freedom of @, M-, M3) multi-hop relay channel with the

My M
M;+M;

vDF protocol is while the maximal diversity gain i8/; min{ M, M3}.

We now present the DMT for some special cases because a betesad form expression is not
tractable. We first consider thé/,, 1, M3) system assuming, without loss of generality, > M;. Since
the two hops for this setup are multiple-input single-ottfMISO) and single-input multiple-output
(SIMO) systems, respectively, the DMTs are characterizetl @, = M;(1—r) anddy, a, = Ms(1—7),

respectively. We defingl = M;/M; andB =2 1 -7 — A(1+7r). We haveA > 1 and B < 0, and we find

—B+ /B2 —4A(A-1)r
alr) = 204 1)

for A # 1. We havea(r) = 0.5 if A = 1. The DMT achieved by the vDF protocol in(@, 1, 3) system
is plotted in Fig. 3. In this figure, we also plot the DMT for tfigF scheme with a fixed time allocation
a = 0.5.

If we haveM; = M3 = M, then the optimal time allocation is= 0.5 independently of the multiplexing
gain, and the DMT is given byliP 1. /() = das,(2r).
C. Dynamic Decode-and-Forward Protocol for Half-duplexiagng

In [9], Azarian et al. proposed the dynamic decode-and-#odwprotocol for the cooperative relay
channel with single antennas. In DDF for the relay chanhel,source transmits during the entire timeslot
using an incremental redundancy type codebook. This cosigrmenables the relay to decode the message
after receiving only a portion of the codeword, and hence riflay decodes the message when the
accumulated mutual information over the source-relay obhis sufficient for the transmission rate.
Thus, the relay decoding time becomes a random variablehwdtépends on the source-relay channel

guality. As soon as the relay decodes the message, it stanntitting.



The achievable DMT of the DDF scheme in the case of the singlenaa cooperative relay channel is
characterized in [9], where it is shown to dominate the DMTamplify-and-forward (AF) and decode-
and-forward (DF) based protocols and, more strikingly,dbieve the DMT upper bound for multiplexing
gainsr < 0.5. Hence, DDF is DMT optimal in this range of low multiplexingigs for the single antenna
cooperative relay channel. An improved DDF scheme is ptedeim [10] in which the source terminal
transmits two data streams rather than one, and only oneesktbtreams benefits from cooperation.
Although this improves the achievable DMT performancetilt does not meet the MISO upper bound
for r > 0.5.

Recently, it has been shown [13] that the optimal DMT for agk@rantenna relay channel is achieved
by the compress-and-forward (CF) scheme with a fixed andl ¢ique allocation between the relay listen
and transmit times. For this system, the DMT of this fixed tiatlecation CF scheme meets thex 1
MISO upper bound; however, this is not the case when we havffemetht numbers of antennas at the
source and the destination [12]. Our goal here is to isolageetfect of time allocation on the DMT and,
hence, we consider a multi-hop MIMO channel.

We consider using the DDF protocol for the multi-antennatirhdp relay channel, and show that it
achieves the upper bound, that is, DDF is DMT optimal in tleisg. The intuitive explanation behind
the optimality of DDF in this setting is as follows: In the rtithop relay scenario, the message needs to be
decoded at the relay terminal, since otherwise the de&gtmatould not be able to decode it either, due to
the data processing inequality. However, any fixed timecation scheme either wastes multiplexing gain
since it cannot exploit the good states of the source-retenieel, or results in outages in the case of a
poor quality source-relay channel. On the other hand, bgreimg decoding at the relay and dynamically
allocating the source transmission time based on the saalag channel state, DDF achieves the optimal
DMT performance. Our results, apart from characterizirggdptimal DMT for multi-hop relay networks,
highlight the importance of dynamic operation over fadietpy networks.

Theorem 3:For the(M;, M,, M3) system with a half-duplex relay and rafe= r log SN R, the outage



probability of the dynamic decode-and-forward protocogiigen by

Pu(r) = SNR=7"®)
where
2 MF
dDDF(’I“) = inf Z Z 2] —1 + |M Mi+1|)ai7j (5)
(o, a2)602 i=1 j—
and

02 £ {(al, az) c RMf—’_ X RMS—’_

Qg 2 2 gy 2 0,1 >

Si(aq)Sa(as) }
Si(aq) + Sa(ag)

in which we have defined

M*
Silog) 2> (1 —ay )™, fori=1,2. (6)
j=1
Proof: The proof of the theorem can be found in Appendix A. [ ]

Let db; i, (r) denote the optimal DMT for ar{M, M, M;) half-duplex relay system. In the
following theorem, we prove that this optimal DMT perforneans achieved by the DDF protocol. Here,
as opposed to the general relay channel where a direct lisksebetween the source and the destination,
the optimal DMT does not meet the MISO bound. We charactehiegeDMT upper bound by taking into
account the time allocation between the listen and transmés [27].

Theorem 4:DDF is DMT optimal for MIMO multi-hop half-duplex relay chaels, i.e.,

d}]t/[LMg,M;( )= dzlv)f?zlch ]\/fg(r)
Proof: The proof of the theorem can be found in Appendix B. [ |

Corollary 2: The number of degrees of freedom of @, M, M) multi-hop relay channel @”i*,

while the maximal diversity gain i8/, min{M;, M3}. Hence, the end-points of the optimal DMT curve
can also be achieved by static relaying, i.e., with fixed tatlecation.

It can be seen from Theorem 3 that the DMT of a half-duplex nindp relay channel is not a piecewise-
linear function any more as opposed to a point-to-point Mikl@nnel. The non-linearity in the DDF is

due to the requirement of dynamic time allocation whichlitsea random variable.
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We do not provide a general closed form expression for the ¥IMIIMO multi-hop channels. Next
we show that for given\/;, M, and M5 and a fixed multiplexing gaim, the optimization problem in
(5) can be cast into a convex optimization problem, and heacebe solved efficiently by interior point

methods [26].

Definep; ; £ o, ;—1. Then the optimal diversity gain can be found by solving thifving optimization

problem:
2 M
min Y Y (25 — 1+ [M; — My |)(1 + Bi ) (7a)
i=1j=1
such that 3;; <0 (7b)
—B3i; —1<0 (7¢)
Mi g Mg
— Zﬂjflﬁl’”zﬂj}fz’” —r<0,i=1,...,M;,j=1,...,M;. (7d)
Y21 B+ 32 By
ForB = [fi1--Prmr Boi1---Paasz)”, define
My My
h(ﬁ) & Zj:ll ﬂl,j Zj:21 627j _r
A Ve :
i1 B+ 220 By

It is possible to show that

h(B)V2h(B) = Vh(B)Vh(B)T,

that is, h(3) is log-convex, hence, also convex. Then, we conclude tlbfitimization problem in (7)
iS convex.

Here we give an explicit characterization of the DMT for saspecial cases. We first consider the cases
when the relay terminal has a single antenna, i\&.,= 1, or when both the source and the destination
terminals have a single antenna, i.&l; = M3 = 1.

Corollary 3: The DMT of an(M;, 1, M3) system is

1-—2r

d}J\L/ll,l,Mg(r) = min(Mb Ms) 1—r

for 0 <r <1/2, and0 elsewhere.



11

Corollary 4: The DMT of a(1, M, 1) system is

1—2r
1—17r

dill,Mg,l(r) = M,

for 0 <r <1/2, and0 elsewhere.

Proof: In both cases, both of the hops have only a single degreeefidom. From (5), we have
dDDF(’r‘) =mina;; + ag;

such thato;; > 0,7=1,2 and

(1 — Oz171)+(1 — Oé271)+
(1 — Oz171)+ + (1 — Oé271)+

>T.

The optimal solution satisfies;; < 1, ¢ = 1,2. Then we can write the Karush-Kuhn-Tucker (KKT)
conditions and obtain the diversity gain given in the c@mgll Due to the convexity of the optimization
problem, the KKT conditions are also sufficient, hence tiverdity gain we find characterizes the optimal
DMT. [

In Fig. 3 we illustrate the DMT of thé4, 1, 3) multi-hop MIMO relay channel, which is achieved by
the DDF protocol. We see that the DDF dominates the statitopots at all multiplexing gains but the
end-points. As stated in Corollary 2, these end-points @adhieved by static time allocation as well.

Next, we give an explicit expression for the optimal DMT fdret(2,2,2) multi-hop MIMO relay
channel.

Corollary 5: The DMT of the(2,2,2) system with a half-duplex relay is given by

000 i 0<r<1/2

dyoo(r) =4 3=t jf 1/2<y<2/3 (8)

1—r

Wnif 2/3<r <1

The DMT of the(2,2,2) system is illustrated in Fig. 5. The topmost curve in the #&gisr the DMT
of a2 x 2 MIMO system, which can be achieved by a full-duplex relaye Téwest curve is the DMT of

the vDF protocol. Note that for this symmetric scenario vi@Buces to fDF with: = 0.5.
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D. Antenna Allocation

In a practical multi-hop relay system, adding antennaséarbbile terminals is costly, hence, a relevant
problem is how to allocate a given number of antennas amoadettminals in the network. It is also
possible that, we are given three terminals with a fixed nunolbentennas, and asked to assign these
terminals as the source, the relay and the destination fomapperformance. Since error probability
serves as an appropriate performance measure for manyissgrar results in this paper on the optimal
DMT of the multi-hop relay system provide design insights tbese problems based on the outage
probability performance which closely approximates th@reprobability in the high SNR regime.

As an example, consider a total®antennas available to us. We can hawbfferent antenna allocations
among the three terminal§2,2, 1), (2,1,2), (3,1,1) or (1,3, 1). The optimal DMT of thesel different
systems, achieved by DDF, is plotted in Fig. 4. As we can sem fthe figure, the optimal antenna
allocation, in terms of the diversity gain, depends on therafing multiplexing gain. Thé3, 1, 1) systems
dominates at low multiplexing gains, while th{e, 2, 1) system dominates at higher multiplexing gains.
The DMTs of the(3,1,1) and the(2,1,2) systems are dominated by the other two systems due to the
single antenna available at the relay. We can prove thagngifaree terminals with any fixed number
of antennas, assigning the one with the maximum number @haas as the relay terminal will always
maximize the optimal DMT. On the other hand, for more thantal tof 5 antennas assigning the antennas
equally among the terminals will achieve a better DMT parfance even at lower multiplexing gains.
For a total of M = 3m antennas € Z%), the highest diversity gain achievable by the3m — 2,1)
system isM — 2, while the (m, m, m) system can achieve a diversity gainrof, which surpassesm — 2

for m > 2.
[V. MULTIPLE RELAYS

In this section, we extend our results to a multi-hop MIMOwmk with multiple half-duplex relay
terminals. We consider afW, ..., My,,) network with K + 1 terminals as introduced in Section II,

whereT; is the source nod€] . is the destination and the remaining nodgs. .., T are the relays.
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In the case of full-duplex relays, the result for a singl@yeh Theorem 2 directly extends to the multiple
relay scenario by using the DF protocol for relaying. The DMTgiven in the following corollary [20].

Corollary 6: The DMT d{wl a (1) of an (M, ..., M) full-duplex system is characterized by

.....

dg/h ..... MK<T) = izl?.l.i’%_ldj\/[i,ﬂ/[#l(r)- (9)

Next, we consider the more interesting case of half-dupdéays. We will show that the DDF protocol
achieves the optimal DMT performance in a multiple relaywwek as well. Similar to the single relay
setup, the source terminal starts transmitting the firssags, and the first relay listens until it accumulates
enough mutual information to decode this message. Oncecdd#s this message, it starts forwarding it
to the next relay. Note that, due to the half-duplex constrdahe source terminal cannot transmit until
the first relay terminal is done with forwarding the messagé¢he next relay. However, if the channel
from the first relay to the second relay is in a deep fade, thissmission might take a long time, which
in the end delays the transmission of all the following mgesaTo mitigate this problem of propagating
delays over the messages, we restrict the transmissiondirmach message over two consecutive hops.
If it was not decoded, than this message is dropped and ageigadeclared. We have the following

result.

: h
. Hllgl(_2 sz’J\/[i+17Mi+2 (T), (10)

i=1,...,
and this optimal DMT performance is achieved by the DDF protoNote thatd},, ,,, ,,, (7) is the optimal
DMT of a single half-duplex relay characterized in Theorem 4

Proof: The proof of the theorem can be found in Appendix C. [ ]

V. CONCLUSIONS

We have derived the diversity-multiplexing tradeoff of M@/multi-hop half-duplex relay networks.
For full-duplex relays, the decode-and-forward protoadiiaves the optimal DMT, which is simply the
minimum of the DMTs of the links. In the case of half-dupleXases, we have shown that the dynamic

decode-and-forward protocol, in which the relay listenslwecoding and then forwards the message,
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achieves the optimal DMT, which is no longer a piecewisedinfunction of the multiplexing gain. We
have shown that the optimal DMT for any given multiplexingrgaan be found by solving a convex
optimization problem. We have also shown that this optimMTDperformance cannot be achieved by
static time allocation. Finally, we have provided expliekpressions for the DMT of some classes of
half-duplex multi-hop relay systems, and compared theeaelhle performance with fixed and dynamic

time allocation.

APPENDIX A
PROOF OFTHEOREM 3

For the achievability scheme, we assume that the inputsthtthe source and the relay are Gaussian
with identity covariance matrices. Let the transmisside itze R = r log SN R, and define

SAI\;RHZ-HI ) . (11)

7

Ci(H,) 2 log det (1 +

The relay listens forT" channel uses until it decodes the message. Hence, Weaha\féogcfﬂ.
If « > 1 then the relay is in outage, which leads to an outage for thelevhystem. Ifa < 1, then
the relay transmits during the rest of the timeslot for— «)7" channel uses. Conditioned on successful

decoding at the relay with < 1, the outage probability over the second hop is given by

P{rlogSNR > (1 —a)Cy(Hy)} = P {rlog SNR > <1 — %) C’g(Hg)}

C1(H,)Cy(Hy) }
Cl(H1)+CQ(H2) )

=P {r log SNR > (12)

Let A\i1,..., A1, be the nonzero eigenvalues IaIZ-HZT for i« = 1,2. Suppose);; = SNR " for

j=1,...,M;, i=1,2. We havé

M*

i SNR
j=1 i

My
= log [] SNRO-w)" (13)

i=1

!Define the exponential equality g§SN R)=SNR®, if limsn gz oo %751%5) = ¢. The exponential inequalities and > are defined
similarly.
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where (z)* £ max{0, z}. Using these exponential equalities, we can rewrite (1Xplews

P{rlogSNR > (1 —a)Cy(Hy)} = P {rlog SNR > C1(H;)Cy(Hy) }

C1(Hy) + Cy(Hy)
log SNR®(*1) Jog SNR*2(*2) }
log SNR® (@) 4 Jog SNR ()

p{r> et |

=P {log SNR" >

where we haves;(a;) = Zj-\fl(l — i )"

Then the overall outage probability can be written as

Put) = PUz i)} 4 P Sifen) > > gaSien |

Si(ar) + Sa(az)
B S1(aq)S:(az)
= P{r> Sl(al)—l—Sz(az)}’

since we have

Si(aq)Sa(as)
Si(ay) > 51 (o) + Sa(s)

for all (a1, as).

We define

o £ {(al,az):r> Silaa)Ss(aa) }

Sl(al) + 52(062)
Then using the joint probability of the eigenvaluesifH! given in [4], the outage probability can be

computed as

Pu(r) = /Op(al,az)daldaz
o My

- / H H SNR—(ZJ'—1+|M2‘—ML'+1|)sz:,jda1da2

O 21 j=1

where0’ £ O N (RMi+ RM: ).

Using Laplace’s method as in [4], we obtain the exponenteiavior of the outage probability as

dDDF

Pu(r) = SNR=7") where

9 My

dPPE(ry =" inf > N (25 — 1+ |M; — Mija|)a, (14)

(al,az)EO i=1 ]:1
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with

O =S {(al,az) € RMT—’_ X RM§+|

S S
Qg > > a2 0 fori=1,2, andr > 1(01)5a () } .

Sl (al) + Sg(az)

APPENDIX B
PROOF OFTHEOREM 4

We give an upper bound for the DMT of the MIMO multi-hop halfpdex relay channel, and show
that the DDF DMT given in Theorem 3 matches this upper bourad.aLe (0, 1] be the portion of the
source transmit time, i.e., the source transmits over tlsedit channel uses. Hence, the relay transmits
over the remainingl — a) L channel uses. Here we assume that the time allocation ipéndent of the
message, i.e., it cannot be used for information transons#s shown in [12] this does not affect the
DMT of the system.

From the two cut-set bounds, the instantaneous capétily;, H,) is upper bounded by [27]

gnag( min{aI(Xl;Y1|H1),(1 —G)I(XQ,Y2|H2)}
0<a51§;(‘§iQ)SPi
whereQ; and Q. are the input covariance matrices at the source and the telaynals, respectively.
Since the capacity is maximized with Gaussian inputs,lagdet(-) is an increasing function over the

cone of positive semi-definite Hermitian matrices, theansineous capacity can be bounded as
C(H;,Hy) < max min{aCy(H,), (1 — a)Cy(Hy)},
where we define
Ci(H;) £ log det(I + SNRH;H), (15)

which is the capacity random variable corresponding to auticovariance matrix of\/;1.
We can further upper bound the capacity by assuming optimalallocation at each channel realization.

The instantaneous capacity is maximized at each channdatsan for

B 62(H2)
a(Hy, Hy) = C1(Hy) + Cy(Hy)’
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and the corresponding upper bound is

C\(H,)Cy(H,)
C(Hy, Hy) < Ci(H,) 4+ Co(Hy)

For a transmission rate &8 = r log SN R, the outage probability lower bound is given by

7(?1(H1)C’27(H2) }
Cl (Hl) + CQ(HQ) '

Pou(r) > P {r log SNR, > (16)

Using the characterization of the eigenvalues of the cHamarices given in Appendix A, we obtain

. Sl(al)SQ(az)
Pou(r) = P{T> 51(a1)+52(a2)}

in which S;(«;) is as defined before. Then the outage probability is lowenHded by

Pout(r) 2 /Op(alaaz)daldOfQ
2 M

- / H H SNR_(zj_l‘HJ\/[i—MiJﬁl‘)ai,jdaldQZ.

i=1j=1
Note that the outage probability upper bound has the saneesitiy gain function as the DDF protocol

found in Appendix A. Hence, DDF is DMT optimal.

APPENDIX C
PROOF OFTHEOREM 5

For eachi =1,..., K — 1, consider the two consecutive hops from termihato 7;,,; and then from
T;11 to T, 5. Assume a genie aided scheme where the messages are praviterdhinal 7;, and the
channel outputs of termindl, ., are made available to termina); ;. The DMT of this genie aided setup
will be an upper bound on the DMT of tHé/;, ..., Mk.) system for eacl. The DMT of the two-hop

channel fromT; to 7}, is found in Theorem 4 adfMi,Mm,MM(?“)’ from which we obtain

d}fwl ..... MK(T) < 1mi1[1<_2 d}fwi,MiH,MiH(T)-

Next we prove that the DDF algorithm achieves this upper doun the achievable scheme, each
message is transmitted over each hop until the receivernadates enough mutual information to
successfully decode this message. Once the receiving nerrdecodes this message and forwards it

to the next terminal in line, the transmitter starts sendimg next message. Thus, each terminal in the
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network starts forwarding a message after it decodes itessfaglly and when the next terminal in the
sequel finishes forwarding its own message.

We constrain the total time each terminal spends for a messag, the total time for listen and
transmit modes, to some fixed value, which is small compared tyet still large enough to achieve the
instantaneous capacity. Hence, the message will be in eutamnd only if the total time spent over two

consecutive hops is beyond this constant. We define the ®eweaent over terminal$;, 7, ; andT;,, as

, 1
pi rlogSNR rlogSNR 1} (17)

r) £ Pr{ + >
out(7) CH) ' Cn(Hi)
fori=1,..., K — 1, whereC;(H,) is the instantaneous capacity as defined in (15). Hence,ygters
will be in outage if there is an outage over any of the conseeuiops over the terminals. From the

union bound, we have

Pu(r) < Kz_:l P! (). (18)
i=1

Since the exponential behavior of the outage probability lmé dominated by the slowest decaying term
in the summation, the achievable DMT will be dominated by ti@imum. This concludes the proof of

the theorem.
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Fig. 1. The(Mi, Ma, ..., Mx+1) MIMO multi-hop relay network. Each terminal can receiveyothie signal transmitted by the terminal
preceding itself in the network.

DMT of (4,2,3) half-duplex relay channel with a=0.3
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Fig. 2. The dotted and the dashed curves corresponrtl 1¢r) anddz,3(r), respectively. Note that the dashed curve also correspands
the DMT in the case of a full-duplex relay terminal. The satigtve is the DMT curve of &4, 2, 3) half-duplex multi-hop relay with fDF
protocol anda = 0.3.
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DMT of (4,1,3) half-duplex relay channel
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Fig. 3. The DMT curve of g4, 1, 3) multi-hop relay channel. The two topmost curves corresgorttie cut-set bounds, where the dashed
curve is also the DMT for a full-duplex relay. The DDF, vDF affitF protocol witha = 0.5 are also illustrated, where the DDF curve is
the optimal DMT with half-duplex relaying.

DMT of (2,2,2) half-duplex relay channel
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Fig. 4. The DMT of a(2,2,2) system. From top to bottom, the three curves correspondetdulirduplex relay DMT, the half-duplex
relay DMT which is achievable by DDF protocol, and the DMT bétstatic protocol withu = 0.5.
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