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Fig. 1. The illustration of the enrollment and identification processes over two databases.

respectively. See Fig. 1 for an illustration of the system
model. The underlying assumption is that the feature vectors
are i.i.d. according to a probability distribution specificto
each group. We have, forj = 1, 2 and 1 ≤ mj ≤ Mj,
P [Xn

j (mj) = xn
j ] =

∏n

i=1 PXj
(xji), over the finite feature

alphabetsXj .
We assume that we have separate databases for the males

and the females in the population. The databases are formed
by an enrollment phase, in which the noisy version of the
feature vector of an individual is observed and recorded to the
corresponding database. We denote the observed noisy feature
vectors byY n

1 (m1) for males andY n
2 (m2) for females, which

are assumed to be the outputs of the corresponding discrete
memoryless channel (DMC), which might be different for
males and females. The DMCs are characterized byPY1|X1

and PY2|X2
for males and females, respectively, whereYi,

i = 1, 2, are the finite observation alphabets. We have

P [Y n
j (mj) = yn

j |X
n
j (mj) = xn

j ] =

n
∏

i=1

PYj |Xj
(yji|xji),

for j = 1, 2 and1 ≤ mj ≤ Mj .
In the enrollment phase, each entry is compressed before

it is recorded to the database, and only the compressed
descriptions of the observed feature vectors are stored in the
database. We consider two distinct deterministic functions for
compression of each group:fj : Yn

j → Lj = {1, . . . , Lj},
for j = 1, 2, whereLj denotes the index set for the com-
pressed observation vectors. We denote the index for entry
mj ∈ {1, . . . , Mj} as Ij(mj) = fj(Y

n
j (mj)). These indices

refer ton-length codewords of two separate codebooks of size

Lj, j = 1, 2.
In the identification phase,W1 and W2 are chosen inde-

pendent of each other and the database entries, and uniformly
over the setsM1 = {1, . . . , M1} and M2 = {1, . . . , M2},
respectively. The realizations are not known to the user of the
database.

Now, consider an individual whose feature vector is derived
from those ofW1 and W2 through a DMC characterized by
PZ|X1,X2

with finite alphabetZ, that is,

P [Zn = zn|Xn
1 (W1) =xn

1 , Xn
2 (W2) = xn

2 ]

=
n

∏

i=1

PZ|X1,X2
(zi|x1i, x2i), (1)

whereY n
j − Xn

j − Zn form Markov chains forj = 1, 2. The
user of the database observes a noisy version of the feature
vectorZn of the individual corrupted by the DMCPT |Z with
finite output alphabetT , where P [T n = tn|Zn = zn] =
∏n

i=1 PT |Z(ti|zi).
Overall, the joint distribution of the random variables in the

system is given by

PX1,X2,Y1,Y2,Z,T = PX1PX2PY1|X1
PY2|X2

PZ|X1,X2
PT |Z . (2)

The user wants to identifyW1 and W2, the two parents
(ancestors) of the observed individual from each database by
using the noisy observation vectorT n and the entries of the
two databases{Ij(mj)}

Mj

mj=1, j = 1, 2.
The identification function is defined asg : LM1

1 × LM2
2 ×

T n → M1 × M2, and the corresponding estimates are
denoted by(Ŵ1, Ŵ2) = g(I1, I2, T

n), where we define
I1 , I1(1), . . . , I1(M1), andI2 , I2(1), . . . , I2(M2).



The average error probability in the identification process
is defined as

P n
e , 1

M1M2

∑

(w1,w2)
Pr[(Ŵ1,Ŵ2)6=(W1,W2)|(W1,W2)=(w1,w2)].

Definition 1: (Rc
1, R

c
2, R

i
1, R

i
2) is an achievablecompre-

sion/identification rate tuple for a parent identification system
if, for any ǫ > 0 and sufficiently largen, there exist deter-
ministic enrollment functionsf1 and f2 and a deterministic
identification functiong such that

1

n
log Lj ≤ Rc

j and
1

n
log Mj ≥ Ri

j , for j = 1, 2, (3)

andPn
e ≤ ǫ.

Definition 2: The capacity regionR for a parent iden-
tification system is the set of all achievable rate tuples
(Rc

1, R
c
2, R

i
1, R

i
2).

III. M AIN RESULT

In this section, we provide single-letter inner and outer
bounds on the achievable rate region. These two bounds
do not match in general, and the capacity region for the
parent identification problem is still open. As is common
for many multi-user information theory problems, the bounds
are expressed in terms of auxiliary random variablesU1 and
U2, which are defined over finite alphabet setsU1 and U2,
respectively. For a given joint distributionPX1,X2,Y1,Y2,Z,T

that is in the form of (2), we define two different sets:

Pin , {(U1, U2) : PU1,U2X1,X2,Y1,Y2,Z,T =

PU1|Y1
PU2|Y2

PX1,X2,Y1,Y2,Z,T },

and
Pout , {(U1, U2) : U1 − Y1 − X1 − Z − T,

U2 − Y2 − X2 − Z − T }.

The setPin, in addition to the two Markov chain constraints
in Pout, has the additional constraint that(U1, Y1, X1) is
independent of(U2, Y2, X2).

For a given pair of auxiliary random variables(U1, U2)
jointly distributed with X1, X2, Y1, Y2, Z, T , we define the
following rate region:

RU1,U2 = {(Rc
1, R

c
2, R

i
1, R

i
2) : Rc

1 ≥ I(U1; Y1),

Rc
2 ≥ I(U2; Y2),

Ri
1 ≤ I(U1; T |U2),

Ri
2 ≤ I(U2; T |U1) and

Ri
1 + Ri

2 ≤ I(U1, U2; T )}.

Single letter bounds onR are given in the following
theorem, whose proof can be found in Section IV.

Theorem 1:R̄in ⊆ R ⊆ R̄out, where we define

Rin ,{(Rc
1, R

c
2, R

i
1, R

i
2) : (Rc

1, R
c
2, R

i
1, R

i
2) ∈ RU1,U2

for (U1, U2) ∈ Pin}, and (4)

Rout ,{(Rc
1, R

c
2, R

i
1, R

i
2) : (Rc

1, R
c
2, R

i
1, R

i
2) ∈ RU1,U2

for (U1, U2) ∈ Pout}, (5)

and Ā denotes the convex hull of the setA.

Corollary 1: If Rc
j = H(Yj) for j = 1, 2, then the two

bounds match and the identification rate region is characterized
as the rate pairs(Ri

1, R
i
2) satisfying

Ri
1 ≤ I(Y1; T |Y2),

Ri
2 ≤ I(Y2; T |Y1) and

Ri
1 + Ri

2 ≤ I(Y1, Y2; T )}.

If we are interested in identifying a single parent, e.g., the
case of asexual reproduction, the problem reduces to finding
the rate region for compression and identification for a single
database, i.e.,X2 = Y2 = ∅. In this case, we have a single
Markov chain and the upper and lower bounds match, and we
recover the rate region obtained in [3], [4]:

Corollary 2: The compression/identification rate region for
a single database system is the union of all rate pairs(Rc

1, R
i
1)

satisfying
Rc

1 ≥ I(U1; Y1) andRi
1 ≤ I(U1; T )

for some auxiliary random variableU1 such thatU1 − Y1 −
X1 − Z − T forms a Markov chain.

Remark 1: It is pointed out in [6] that the capacity/storage
tradeoff problem (or, the pattern recognition problem as stated
in [3]) for a single database as in Corollary 2 is inherently
related to the information bottleneck (IB) method introduced
in [7]. Hence, the solution of the IB problem also constitutes
a solution for the rate region in Corollary 2. However, this
equivalence is established based on the single-letter character-
ization of the capacity region. For identification over multiple
databases we do not have a capacity characterization. On the
other hand, we can identify an equivalent multivariate IB
problem [8] for the achievable rate region. Hence, we can
use the algorithms proposed for the multivariate IB problem
in [8] to numerically evaluate these regions.

IV. PROOF OFTHEOREM 1

We start with the proof of the inner bound, that is,R̄in ⊆ R.
We assume that(Rc

1, R
c
2, R

i
1, R

i
2) ∈ Rin. Fix any ǫ > 0.

Codebook generation:For databasej = 1, 2, generate a
codebook consisting ofLj length-n codewords i.i.d. with
distributionpUj

. Enumerate these codewords asUn
j (lj) where

lj ∈ {1, . . . , Lj}. We will determineLj later.
Enrollment:Given the noisy observation of a feature vector

yn
j ∈ Yn

j , define the enrollment functionfj as the smallest
indexlj such that(yn

j , Un
j (lj)) ∈ T n

[UjYj ]ǫ
1. We setfj(y

n
j ) = 1

if no such codeword exits.
Identification: In the identification phase, given any

tn ∈ T n, I1, and I2, we define the identification func-
tion g as the smallest pair of indicesw1 and w2 such
that (tn, Un

1 (I1(w1)), U
n
2 (I2(w2))) ∈ T n

[TU1U2]ǫ
. We set

g(tn, I1, I2) = (1, 1) if no such pair can be found. We define
(ŵ1, ŵ2) = g(tn, I1, I2).

Probability of Error Analysis:Define the following events

E1j(wj) ,

{

(

Y n
j (wj), U

n
j (Ij(wj))

)

∈ T n
[UjYj ]ǫ

}

1We use strong typicality arguments in the proof, where the set of all x
n

strongly ǫ-typical with X is denoted byT n

[X]ǫ
. See [9] for further details.



for j = 1, 2, and

E2(w1, w2) ,

{

(

T n, Un
1 (I1(w1)), U

n
2 (I2(w2))

)

∈ T n
[TU1U2]ǫ

}

.

The probability of error can be bounded as follows:

Pn
e ≤ P [Ec

11(w1)] + P [Ec
12(w2)]

+ P [Ec
2(w1, w2)|E11(w1), E12(w2)]

+
∑

m1 6=w1

P [E2(m1, w2)] +
∑

m2 6=w2

P [E2(w1, m2)]

+
∑

m1 6=w1,m2 6=w2

P [E2(m1, m2)].

It is easy to see thatP [Ec
1j(wj)], j = 1, 2, can be made

arbitrarily small for a sufficiently largen if

1

n
log Lj ≥ I(Uj ; Yj) +

ǫ

2
;

hence we setLj = 2n(Rc
j+ǫ). Similarly, we can also let

P [Ec
2(w1, w2)|E11(w1), E12(w2)] go to zero for sufficiently

largen which follows from the Markov Lemma [10].
We also have,

∑

m1 6=w1

P [E2(m1, w2)] ≤ M12
−n(I(T ;U1|U2)−

ǫ
2 ), (6)

which can be made arbitrarily small for sufficiently largen if,

1

n
log M1 ≤ I(T ; U1|U2) − ǫ ≤ Ri

1 − ǫ. (7)

Similarly, we also need

1

n
log M2 ≤ I(T ; U2|U1) − ǫ ≤ Ri

2 − ǫ. (8)

Finally, for the last term in the error probability bound
∑

m1 6=w1,m2 6=w2
P [E2(m1,m2)]≤M1M22−n(I(T ;U1,U2)− ǫ

2
)
, (9)

can be made arbitrarily small for sufficiently largen if,

1
n

(log M1+log M2)≤I(T ;U1,U2)−ǫ≤Ri
1+Ri

2−ǫ. (10)

Since we can chooseM1 andM2 such that (7), (8) and (10)
are all satisfied, we have shown thatPn

e → 0 asn → ∞.
This proves that the average probability of error, averaged

over the ensembles of codebooks, can be made arbitrarily
small given(Rc

1, R
c
2, R

i
1, R

i
2) ∈ Rin. Hence, there exists at

least one code with arbitrarily small average probability of
error. The convex hullR̄in is achieved based on the usual
time-sharing arguments.

Next, we prove the outer bound, that is,R ⊆ Rout.
Assume that(Rc

1, R
c
2, R

i
1, R

i
2) ∈ R. Then, for anyǫ > 0 and

sufficiently largen, there exist enrollment and identification
functionsf1, f2 andg such that

Lj ≤ 2nRc
j andMj ≥ 2nRi

j , (11)

for j = 1, 2, andPn
e < ǫ. We have

log M1 = H(W1|I1, I2, T
n) + I(W1; I1, I2, T

n) (12)

≤ H(W1|Ŵ1) + I(W1; I1, I2, T
n) (13)

≤ 1 + Pn
e log M1 + I(W1; I1, I2, T

n) (14)

where (13) follows sinceŴ1 is a deterministic function of
I1, I2 andT n; (14) follows from Fano’s inequality. From here
we can obtain

(1 − ǫ) log M1 − 1 ≤ I(W1; I1, I2, T
n) (15)

= I(W1; T
n|I1, I2) (16)

= H(W1|I1, I2) − H(W1|I1, I2, T
n) (17)

≤ H(W1|I1, I2, W2) − H(W1|I1, I2, T
n, W2) (18)

= I(W1; T
n|W2, I1, I2) (19)

≤ H(T n|W2, I2) − H(T n|W1, W2, I1, I2) (20)

= H(T n|I2(W2)) − H(T n|I1(W1), I2(W2)) (21)

where (16) follows sinceW1 is independent of the database
entries(I1, I2); (18) follows sinceW1 is independent ofW2

and conditioning reduces entropy; and (21) follows sinceT n

is independent ofI1(m1) with m1 6= W1 and I2(m2)) with
m2 6= W2.

We define, forj = 1, 2, Uj,i , (T i−1, Ij(Wj)). Using this
definition and (11), we obtain

(1 − ǫ)nRi
1 − 1 ≤ H(T n|I2(W2)) − H(T n|I1(W1), I2(W2))

=

n
∑

i=1

[

H(Ti|T
i−1, I2(W2))

−H(Ti|T
i−1, I1(W1), I2(W2))

]

(22)

≤
n

∑

i=1

[H(Ti|U2,i) − H(Ti|U1,i, U2,i)] (23)

=

n
∑

i=1

[I(Ti; U1,i|U2,i)] . (24)

Hence, we have, for(j, k) ∈ {(1, 2), (2, 1)}

(1 − ǫ)Ri
j ≤

1

n

n
∑

i=1

[I(Ti; Uj,i|Uk,i)] +
1

n
. (25)

For the total rate of identification we have

logM1M2 = H(W1, W2) (26)

= H(W1, W2|I1, I2, T
n) + I(W1, W2; I1, I2, T

n) (27)

≤ H(W1, W2|Ŵ1, Ŵ2) + I(W1, W2; I1, I2, T
n) (28)

≤ 1 + Pn
e log M1M2 + I(W1, W2; I1, I2, T

n) (29)

where (29) follows from Fano’s inequality. Then, we can write

(1 − ǫ) log M1M2 − 1 ≤ I(W1, W2; I1, I2, T
n) (30)

= I(W1, W2; T
n|I1, I2) (31)

≤ H(T n) − H(T n|W1, W2, I1, I2) (32)

= H(T n) − H(T n|I1(W1), I2(W2)) (33)

=
n

∑

i=1

[

H(Ti|T
i−1) − H(Ti|T

i−1, I1(W1), I2(W2))
]

≤
n

∑

i=1

[H(Ti) − H(Ti|U1,i, U2,i)] (34)

=

n
∑

i=1

[I(Ti; U1,i, U2,i)] . (35)



where (31) follows sinceW1 and W2 are independent of
the database entries(I1, I2); and (33) follows sinceT n is
independent ofI1(m1) with m1 6= W1 and I2(m2) with
m2 6= W2. Finally, we can obtain

(1 − ǫ)(Ri
1 + Ri

2) ≤
1

n

n
∑

i=1

[I(Ti; U1,i, U2,i)] +
1

n
. (36)

We need to show thatU1,i and U2,i satisfy the Markov
chains in the outer bound. We show thatU1,i − Y1,i(W1) −
X1,i(W1) − Zi − Ti form a Markov chain. Since we already
know that Y1,i(W1) − X1,i(W1) − Zi − Ti and U1,i −
Y1,i(W1) − X1,i(W1) form Markov chain relationships, it is
sufficient to show thatU1,i − (Y1,i(W1), X1,i(W1)) − Zi and
U1,i−(Y1,i(W1), X1,i(W1), Zi)−Ti form two Markov chains.

I(U1,i; Zi|Y1,i(W1), X1,i(W1)) = H(U1,i|Y1,i(W1), X1,i(W1))

− H(U1,i|Y1,i(W1), X1,i(W1), Zi),

= H(T i−1, I1(W1)|Y1,i(W1), X1,i(W1))

− H(T i−1, I1(W1)|Y1,i(W1), X1,i(W1), Zi),

= H(T i−1|Y1,i(W1), X1,i(W1))

+ H(I1(W1)|T
i−1, Y1,i(W1), X1,i(W1))

− H(T i−1|Y1,i(W1), X1,i(W1), Zi)

− H(I1(W1)|T
i−1, Y1,i(W1), X1,i(W1), Zi),

= H(I1(W1)|T
i−1, Y1,i(W1), X1,i(W1))

− H(I1(W1)|T
i−1, Y1,i(W1), X1,i(W1), Zi),

= 0, (37)

where the last equality follows sinceTi − Zi −
(X1i, Y1,i, T

i−1) − I1(W1). Similarly, it can be shown
that I(U1,i; Ti|Y1,i(W1), X1,i(W1), Zi) = 0.

Next, we bound the enrollment rates. Forj = 1, 2, we have
the following:

nRc
j ≥ log Lj

≥ H(Ij(Wj))

= H(Ij(Wj)) − H(Ij(Wj)|Y
n
j (Wj))

= I(Ij(Wj); Y
n
j (Wj))

= H(Y n
j (Wj)) − H(Y n

j (Wj)|Ij(Wj))

=

n
∑

i=1

[

H(Yj,i(Wj)) − H(Yj,i(Wj)|Y
i−1
j , Ij(Wj))

]

=

n
∑

i=1

[

H(Yj,i(Wj)) − H(Yj,i(Wj)|Y
i−1
j , Ij(Wj), T

i−1)
]

(38)

≥
n

∑

i=1

[

H(Yj,i(Wj)) − H(Yj,i(Wj)|Ij(Wj), T
i−1)

]

≥
n

∑

i=1

I(Yj,i(Wj); Uj,i)

where (38) follows from the fact thatYj,i(Wj) −
(Y i−1

j , Ij(Wj)) − T i−1 forms a Markov chain.

Next, we introduce a time-sharing random variableQ in-
dependent of all the other random variables of interest and
uniformly distributed over{1, . . . , n}. We can rewrite (25) as

(1 − ǫ)Ri
1 ≤ [I(TQ; U1,Q|U2,Q, Q)] +

1

n
.

= [I(T ; U1|U2, Q)] +
1

n
,

where we defined the new random variables asT , TQ, U1 ,

U1,Q andU2 , U2,Q. Following similar steps to those for (36)
and lettingn → ∞ andǫ → 0, we obtain

Ri
1 ≤ I(T ; U1|U2, Q), (39a)

Ri
2 ≤ I(T ; U2|U1, Q) and (39b)

Ri
1 + Ri

2 ≤ I(T ; U1, U2|Q). (39c)

Also definingY1 , Y1,Q andY2 , Y2,Q, we obtain

Rc
1 ≥ I(Y1; U1, |Q) and (40a)

Rc
2 ≥ I(Y2; U2, |Q). (40b)

It is possible to show that the set of rate points satisfying (39)
and (40) is equivalent tōRout.

V. CONCLUSIONS

We have studied the tradeoff between the storage and the
identification rates over multiple databases. We have consid-
ered the joint identification of ancestors over two separate
databases, which consist of the compressed noisy observations
of the data vectors. We have presented single-letter inner
and outer bounds on the set of achievable rate points, which
identify a tradeoff between the compression rates and the
identification rate region; the lower the compression ratesfor
the enrollment process, the larger the identification rate region.
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