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Fig. 1. The illustration of the enroliment and identificatiprocesses over two databases.

respectively. See Fig. 1 for an illustration of the system;, j =1,2.
model. The underlying assumption is that the feature vector In the identification phase}; and W, are chosen inde-
are i.i.d. according to a probability distribution specifc pendent of each other and the database entries, and uniforml
each group. We have, fof = 1,2 and1 < m; < M;, overthe setsM; = {1,...,M;} and My = {1,..., M},
P[X}(m;) = ] = [['_, Px,(x;:), over the finite feature respectively. The realizations are not known to the usehef t
alphabetsﬂf database.

We assume that we have separate databases for the mal&pw, consider an individual whose feature vector is derived
and the females in the population. The databases are fornfieun those ofl¥; and W, through a DMC characterized by
by an enroliment phase, in which the noisy version of thB x, x, with finite alphabetZ, that is,

feature vector of an individual is observed and recordeti¢o t n n)yn n yn n
. ) Z" = 2" X7 (W) =27, X9 (Ws) =
corresponding database. We denote the observed noisydeatu [ XL (W) = 2 (W2) = 3]
vectors byY;"(m;) for males and’5*(m2) for females, which _ HPZ\X1,X2(Zi|x1i7x2i) 1)

are assumed to be the outputs of the corresponding discrete
memoryless channel (DMC), which might be different fo{'/vhereY" Xr -
males and females. The DMCs are characterizedPpy x,
and Py, x, for males and females, respectively, wherg
i = 1,2, are the finite observation alphabets. We have

=1

Z"™ form Markov chains forj = 1,2. The
user of the database observes a noisy version of the feature
vector Z" of the individual corrupted by the DM@z with
finite output alphabe, where P[T™ = "|Z" = z"] =

?: PT VA ti Zi).

PY]"(m;) = y}'| X} (m;) = 7 H v;1x; (Yjilji), 1_[O\llera‘ll,(th!e jc)Jint distribution of the random variables et

system is given by

forj=1,2andl <m; < M;.

In the enrollment pjhase each entry is compressed befor)e(z1 Xavivaz 1 = P P P Prapa Pzix o Prize (2)
it is recorded to the database, and only the compressEie user wants to identify?; and W», the two parents
descriptions of the observed feature vectors are storetlein fancestors) of the observed individual from each databgse b
database. We consider two distinct deterministic funstitm using the noisy obser\g\anon vectd* and the entries of the
compression of each groug; : Y* — £; = {1,...,L;}, two database$l;(m;)},, _,,j=1,2.
for j = 1,2, where£; denotes the mdex set for the com- The identification functlon is defined gs: £M1 X L‘M2 X
pressed observat|0n vectors We denote the index for enfff — M; x My, and the correspondlng estimates are
mj € {1,...,M;} aslj(m;) = f;(Y]*(m;)). These indices denoted by (Wi, Ws) = g¢(I1,15,T™), where we define
refer ton- Iength codewords of two separate codebooks of sife = I;(1),..., I;(M;), andIy £ Iy(1), ..., Ir(M>).
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The average error probability in the identification process Corollary 1: If R = H(Y;) for j = 1,2, then the two
is defined as bounds match and the |dent|f|cat|on rate region is chariaetkr
as the rate pairgRi, RS) satisfying

R} < I(Yy; T|Ya),
Ry < I(Yy; T|Y7) and

pra Pr[(W1,Wa)# (W1, W) | (W1, Wa2)=(w1,w2)].

M D
My Mo (w1, wg)

Definition 1: (RS, RS, R}, R%) is an achievablecompre-
sion/identification rate tuple for a parent identificatigistem

if, for any ¢ > 0 and sufficiently largen, there exist deter- R+ Ry <I(Y1,Yy;T)}.
_minis_ti_c e_nrollmen_t functionsf; and f> and a deterministic |t \we are interested in identifying a single parent, e.ge, th
identification functiong such that case of asexual reproduction, the problem reduces to finding

the rate region for compression and identification for alsing
database, i.e.to = )» = 0. In this case, we have a single
and P < e. Markov chain and the upper and lower bounds match, and we

Definition 2: The capacity regionR for a parent iden- recover the rate region obtained in [3], [4]:
tification system is the set of all achievable rate tuples Corollary 2: The compression/identification rate region for
(RS, RS, Ri,RL). a single database system is the union of all rate gaifs R} )

[1l. M AIN RESULT satisfying

In this section, we provide single-letter inner and outer
bounds on the achievable rate region. These two bourfds some auxiliary random variablé; such thatU; — Y; —
do not match in general, and the capacity region for th€;, — Z — T forms a Markov chain.
parent identification problem is still open. As is common Remark 1:1t is pointed out in [6] that the capacity/storage
for many multi-user information theory problems, the bosindradeoff problem (or, the pattern recognition problem asest
are expressed in terms of auxiliary random varialilesand in [3]) for a single database as in Corollary 2 is inherently
Us, which are defined over finite alphabet séts and i4>, related to the information bottleneck (1B) method introddc
respectively. For a given joint distributioPx, x, v, v,.zz in [7]. Hence, the solution of the IB problem also constisute

1 1 .
—log L; < Rj and —log M; > R}, for j =1,2, (3)
n n ' -

R{ > I(Uy;Y1) and R} < I(Uy;T)

that is in the form of (2), we define two different sets: a solution for the rate region in Corollary 2. However, this
N equivalence is established based on the single-letteactear
Pin ={(U1,U2) + Puitax: o i Y2, 2T = ization of the capacity region. For identification over nplé
Puvi Py Pxy xa v va, 2,1} databases we do not have a capacity characterization. On the
and other hand, we can identify an equivalent multivariate IB
vt 2 {(ULUs) © Ui —Yi— X1 —Z—T, problem [8] for the achievable rate region. Hence, we can

use the algorithms proposed for the multivariate 1B problem
in [8] to numerically evaluate these regions.

The setP;,,, in addition to the two Markov chain constraints IV. PROOF OFTHEOREM 1
in P,u:, has the additional constraint that/, Y1, X;) is
independent ofUs, Y3, X»).

For a given pair of auxiliary random variablé$/;, Us)
jointly distributed with Xy, X5,Y7,Y5, Z, T, we define the
following rate region:

Ug—Yg—Xg—Z—T}.

We start with the proof of the inner bound, that®s;,, C R.
We assume thatR$, RS, Rt, R}) € Riy. Fix anye > 0.

Codebook generationFor database = 1,2, generate a
codebook consisting of; length« codewords i.i.d. with
distributionpy;. Enumerate these codewordslas(/;) where

Ru, v, = {(RS, RS, Ri, RS) = RY > I1(Uy; Yy), I, €{1,...,L;}. We will determineL; later.
RS > I(Us; Ya), Enroliment:Given the noisy observation of a feature vector
Ri < I(U1; T|U:), y; € Y}, define the enroliment functioffi; as the smallest
1= 2P0 12 |ndexl such thayy, Ur (1)) € Tpp, v, - We setf;(y}) = 1
5 < I(Us;T|Us) and if no such codeword exits.
R: + R, < I(Uy,Us; T)}. Identification: In the identification phase, given any

t"m € 7", I, and I, we define the identification func-
tion g as the smallest pair of indices; and w, such
that (¢, U7 (11 (w1)), Us' (I2(w2))) € Tipy,p,).- We set
g(t™,1;,I5) = (1,1) if no such pair can be found. We define
Rin é{( 1, B3, Rl) (R{, R3, RZ) € Ru,,u, (W1, w2) = g(t", In, Iz).

Single letter bounds oMk are given in the following
theorem, whose proof can be found in Section IV.
Theorem 1:R;,, € R C Rout, Where we define

for (Ul, ) € Pm} and 4) Probability of Error Analysis:Define the following events
Rout é{(Riv Rga Riv RZQ) : (Ri’ Rgv Rzi’ Ré) € RUl,Uz Elj(wj) £ {(Yf(w]), U7n(17 (wj))) € T[Tlllej]e}
for (Ul, UQ) S Pout}v (5)

B 1We use strong typlcallty arguments in the proof, where theokall =™
and A denotes the convex hull of the sdt strongly e-typical with X is denoted byT[X] See [9] for further details.
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for j=1,2, and where (13) follows sincd¥; is a deterministic function of

I . . I,,I, andT™; (14) follows from Fano’s inequality. From here
Es (w1, wg) £ {(T UT (I (wn), U3 (Ta (w2))) € T[TUle]E}- we can obtain

The probability of error can be bounded as follows: (1—€)logMy —1 < I(Wy;1y, 15, T™) (15)
P < P[EY; (w1)] + P[ET;(w2)] =I(W1;T" 11, 1) (16)
+ P[ES(w1,w2)|E11(w1), E12(w2)] = HWi|I1,I) — HWq|I;,1,,T") a7
+ > PlEy(mywa)+ Y PlEa(wi,my)] < HWh|Iy, Iy, Wa) = HWh L, I, T, W2)  (18)
myF#wy maFws = I(W1§ Tn|W27 I, 12) (19)
+ Z P[Ey(my,ma)]. < H(T"|\Wa,Is) — H(T" Wy, Wa, 14, 1) (20)
mMFWL,MeFEWe = H(T"|Io(W2)) — H(T"|I1(Wh), I2(W2))  (21)

It is easy to see thaP[EY;(w;)], j = 1,2, can be made \yhere (16) follows sincdV; is independent of the database
arbitrarily small for a sufficiently large, if entries(I;,I); (18) follows sincelV; is independent oV,
I dcondiong e i, r 1) o

hence we setl; = 2"+ Similarly, we can also let "2 7 Wo.

We define, forj = 1,2, U;; & (T*~1, I;(W;)). Using this

P[Ez(wl,w2)|E11(w1) E12(w2)] go to zero for sufficiently definition and (11), we obtain

large n. which follows from the Markov Lemma [10].

We also have, (1—€e)nR: —1 < H(T"|1,(Ws)) — H(T"| I, (W), I,(W3))
< —n(I(T U1|U2)—— n .
> PEay(ma,ws)] < M2 (6) = [HTIT, L(Wa))
myFAw, =1
which can be made arbitrarily small for sufficiently largef, —H(Ty|T* ", I, (W), I(Wa))] (22)
1 ; n
o 08 ML S IT3Uh|U) e Ry —e " < S [H(T|Us,) — H(Ti|Us 4, U, )] (23)
Similarly, we also need =
1 . — » _ .
Zlog My < I(T;Us|Uy) — € < Rb — . (®) = DT U1l Uz, (24)
n =1
Finally, for the last term in the error probability bound  Hence, we have, fofj, k) € {(1,2),(2,1)}
Z?nl#w1,7n2¢w2 P[E2(m1,m2)]§M1I\,{22*"(I(T;U1,Uz)*5)_’ (9) 1 E 1i T U, |U )] L (25)
- - iy Vj,i|VEki -
can be made arbitrarily small for sufficiently largef, nia "

1 (log My Hlog Ma) <I(TUs Us)— < Ri 4+ R —e. (10) For the total rate of identification we have

Since we can choos&f, and M, such that (7), (8) and (10) 08M1M2 = H (Wi, W2) (26)
are all satisfied, we have shown thaf — 0 asn — occ. = H(W1, Wa Ly, 1o, T") + I(Wy, Was 11, I, T™) - (27)

This proves that the average probability of error, averaged < H(Wl,W2|W1, Wz) + T(Wy, Wa; I, 15, T™)  (28)
over the ensembles of codebooks, can be made arbitrarily <1+ P'log My Ms + I(Wy, Was 1y, Io, T") (29)

small given(R{, RS, Ry, Ry) € Ri,. Hence, there exists at _ _ _
least one code with a[bltranly small average probability ovhere (29) follows from Fano’s inequality. Then, we can @it
error. The convex hullR;,, is achieved based on the usual(1 —)log My M — 1 < I(Wy, Wa; I, I, T™) (30)

time-sharing arguments. o

Next, we prove the outer bound, that i® C Rouw:. = I(Wy, W2 T" 1, Iy) (31)
Assume that RS, RS, Ri, Ry) € R. Then, for anye > 0 and < H(T") = H(T" W1, W, 1, Ip) (32)
sufficiently largen, there exist enrollment and identification H(T™) — H(T™|I;(Wy), I,(W>)) (33)
functions f1, f2 andg such that

[
M=

[H(T;|T") — H(T|T, L(Wh), I(Wa))]

L; <2"F and M; > 2"F (11) £
for j =1,2, and P! < e. We have 2
’ ‘ < S H(T) — H(T|UL:, Us,)] (34)
log My = H(Wq |1y, Lo, T7) + I(Wy; 11, I, T") - (12) i=1
< HWi|Wh) + T(Wh; 10,15, T7) (13) _ Z": L(T U 5. U )] (35)
<14 Plog My + I(Wy; 14,15, T™) (14) = T
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where (31) follows sincel/; and W, are independent of Next, we introduce a time-sharing random variabjein-

the database entried,,I,); and (33) follows sincel™ is dependent of all the other random variables of interest and
independent ofl; (my) with my # Wi and I(mg) with uniformly distributed oveK1,...,n}. We can rewrite (25) as
mo # Ws. Finally, we can obtain ‘ 1

(1= e)R; < [[(Tq; UglU2.0. Q)] +

(1—€)(Ry + R) = [[(T; Uh|Us, Q)] + %

SIP—‘

S 1
Z (T3 Uri, Ua,i)] + - (36)
=1

We need to show that/; ; and U, ; satisfy the Markov where we defined the new random variable§'as Ty, U; £
chains in the outer bound. We show thét; — Y1,;(W1) — U; g andU; = Us . Following similar steps to those for (36)
X1,,(Wh) — Z; — T; form a Markov chain. Since we alreadyand lettingn — oo ande — 0, we obtain
know that }ﬁ,l(Wl) — Xl,i(Wl) — Z; — T and U17i —

Y1..(W1) — X;,;(W7) form Markov chain relationships, it is R?_l < (T3 Uh|U2, @), (39a)
sufficient to show that’; ; — (Y1,;(W1), X1,:(W1)) — Z; and Ry < I(T;U|Uy,Q) and (39b)
Uri—(Y1.(Wh), X1 ,(Wh), Z;)—T; form two Markov chains. Ri + Ré < I(T; Uy, Us|Q). (39¢)
I(Uvi; ZiY1,:(Wh), X1,:(Wh)) = H(Un,i|Y1,:(W1), X1,:(W1)) Also definingY; 2 Y; ¢ andYs £ Ys o, we obtain

H(T ! [_ Ilj/(Ui;i'}/lI;Iif(W;)(’ XlI;I/i(W1)72i)’ Rf > I(Y1;U1,]|Q) and (40a)
- ( ) 1( 1)| l,i( 1)1 l,i( 1)) Rs > I(YQ;UQ, |Q) (40b)

— H(T" 1, L(W)|Y1,:(Wh), X1,i(Wh), Zi),
= H(Ti71|Y1i(W1) X1,:(Wh))
H(L (W) [T, Y3 (Wh), X1,:(Wh))
H(TZ 1|Yl l(Wl) XIZ(WI) l)
— H(L(W)|T 1, Y1 ,:(Wh), X1,:(Wh), Zs),

It is possible to show that the set of rate points satisfyB@) (
and (40) is equivalent t& ;.
V. CONCLUSIONS

We have studied the tradeoff between the storage and the
identification rates over multiple databases. We have densi

H(L (W) [T, Y, (Wh), X1,:(Wh)) ered the joint identification of ancestors over two separate
— H(IL,(W)|T Y, Y1 (Wh), X1 (Wh), Zs), databases, which consist of the compressed noisy obsersati
—0 37) of the data vectors. We have presented single-letter inner
’ and outer bounds on the set of achievable rate points, which
where the last equality follows sincel; — Zz; — identify a tradeoff between the compression rates and the
(X145, Y1, TN — I(W;). Similarly, it can be shown identification rate region; the lower the compression rébes
that I(Uy ;; Ti|Y1.:(Wh), X1.:(Wh), Z;) = 0. the enrollment process, the larger the identification radgon.

Next, we bound the enrollment rates. Foe 1,2, we have
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