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1 Introduction

In this paper we study the small time path behavior of double stochastic integrals of the
form V(t) = fot (Jo b(u)dW(u))T dW (r), where W is a d-dimensional Brownian motion and
b an integrable progressively measurable stochastic process taking values in the set of d x d-
matrices. We first prove a law of the iterated logarithm under general assumptions. Then,
we prove additional results under continuity assumptions on b. The results for V? can easily
be generalized to double stochastic integrals of the form fot ( Jo b(u)dM (u))TdM (r), for
d-dimensional martingales M (t) = fg m(r)dW (r) corresponding to regular enough matrix-
valued processes m.

Results on the small time path behavior of stochastic integrals can be applied to charac-
terize the set of all starting points from which a given controlled continuous-time stochastic
process can be driven into a target set at a pre-specified future time. It is shown in [7]
and [8] that under suitable conditions, the set of initial data from which a controlled state
process can be steered into a target set, satisfies a dynamic programming principle (DPP),
from which a dynamic programming equation (DPE) can be derived. Since in [7] and [8]
the control process is constrained to take values in a subset of R? the essential step in
the derivation of the DPE from the DPP is an analysis of the small time behavior of sin-
gle stochastic integrals. In [6], the problem of super-replicating a contingent claim under
gamma constraints is studied. This problem naturally leads to an analysis of the small
time behavior of double stochastic integrals. The results in [6] are obtained under the
assumptions that the contingent claim depends on only one underlying asset and that the
gamma constraint is an upper bound. In this paper, we provide a more extensive study
of the small time path behavior of double stochastic integrals than in [6] and discuss the
super-replication problem under upper and lower gamma constraints.

In Section 2, we establish the notation and discuss basic examples of double stochastic
integrals. The main results of the paper are stated and proved in Section 3, and in Section
4 it is shown how they can be used to find the super-replication price of a contingent
claim in the presence of gamma constraints that are more general than in [6]. We keep the
presentation in Section 4 simple by making strong assumptions. For a general treatment of
the super-replication problem under gamma constraints in a multi-dimensional framework,
we refer the reader to the accompanying paper [2].

2 Problem formulation and notation

Let (€2, F, P) be a complete probability space endowed with a filtration F := {F(¢), t > 0}
that satisfies the usual conditions. We are interested in the small time behavior of double
stochastic integrals of the form

Vo(t) = /Ot (/0 b(u)dW(u))TdW(r) ,t>0, (2.1)

where {W(t), t > 0} is a d-dimensional Brownian motion on the filtered probability space
(Q,F,F,P), {b(t),t > 0} is an integrable F-progressively measurable stochastic process



with values in M9, the set of d x d matrices with real components, and T denotes the
transposition of matrices.

In the easy case where {WW(t), t > 0} is a one-dimensional Brownian motion and b(t) = 3,
t > 0, for some § € R, we have

g

Vot) = 5 (W2(t) —t) ,t>0.

It follows from the law of the iterated logarithm for Brownian motion that,

, 2V8(¢)
lim sup
o h(t)

= forevery >0, (2.2)

where 1
h(t) := Ztloglogg, t>0,

and the equality in (2.2) is, as all other equalities and inequalities between random variables
in this paper, understood in the almost sure sense. On the other hand, it can be deduced
from the fact that almost all paths of a one-dimensional Brownian motion cross zero on all
time intervals (0, ], € > 0, that

2VA(¢)

lim sup
t\0

= —0@ forevery [3<0. (2.3)

The purpose of this paper is to derive formulae similar to (2.2) and (2.3) when W =
{W(t),t >0} is a d-dimensional Brownian motion and b = {b(¢), ¢t > 0} a progressively
measurable matrix-valued stochastic process. Note that if b(t) = 3, t > 0, for some fixed
symmetric matrix 3, then

2V (t) = W ()T W (t) — Tx[B]t, t > 0,

where Tr denotes the trace of a matrix. It is already not completely obvious if the formulae
(2.2) and (2.3) have analogs in this case and how they look like. In Section 3, we will prove
extensions of (2.2) and (2.3) for processes of the form (2.1).
By I; we denote the d x d identity matrix. For y € R”, we set |y| := (y + ... +y2)'/?,
and for 3 € MY,
Bli= suwp |Gyl

yeR4 |y|=1

By S?% we denote the collection of all symmetric matrices of M?, and for all 5 € 8%, we set

A(B) :=min{y" By : y e R, |y =1},  AN(B) :=max{y’ By : y e R?, |y| = 1}.

Note that A* and )\, are continuous, and therefore, measurable functions from S% to R. We
endow the set S¢ with the usual partial order

B>« ifand only if M\(8—a) >0,

and we set Sf‘f_ = {ﬁGSd : ﬁz()}.



3 Small time path behavior of double stochastic integrals

The main results of this section are Theorem 3.1 and Theorem 3.3. The Corollaries 3.7
and 3.8 are consequences of Theorem 3.1 and Theorem 3.3, respectively. Proposition 3.9,
whose proof is straightforward, is given because, along with the Corollaries 3.7 and 3.8, it
is needed in Section 4 of this paper and in the accompanying paper [2].

Theorem 3.1
a) Let {b(t), t > 0} be an M%-valued, F-progressively measurable process such that |b(t)| < 1
for allt > 0. Then

b
lim sup 2Vl <1.
£\0 h(t)

b) Let 8 € 8% with largest eigenvalue X*(3) > 0. If {b(t), t > 0} is a bounded, S¥-valued,
F-progressively measurable process such that b(t) > (8 for all t > 0, then

, 2V (t)
lim sup
o h(t)

For the proof of Theorem 3.1 a) we need the following exponential estimate:

> N(B).

Lemma 3.2 Let A and T be two positive parameters with 2X\T < 1 and {b(t), t > 0} an
M-valued, F-progressively measurable process such that |b(t)] < 1, for allt > 0. Then

E[exp (2AV!(T)) | < E [exp (2AV"4(T))] .

Proof. We prove this lemma with a standard argument from the theory of stochastic
control. We define the processes

Yo(r) =Y (0) + /T b(u)dW (u) and Z°(t) := Z(0) + /t(Yb(r))TdW(r), t>0,
0 0

where Y (0) € R% and Z(0) € R are some given initial data. Observe that V°(t) = Z°(t)
when Y (0) = 0 and Z(0) = 0. We split the argument into three steps.
Step 1: Tt can easily be checked that

E [exp (2AZ'(T))| F(t)] = f (£, Y"4(t), Z"(2)) , (3.1)

where, for t € [0,T], y € R? and z € R, the function f is given by

T
f(t,y,z) = E [exp <2)\ {z —|—/ (y+W(r)—wi)" dW(r)})}
t
= exp (2A2) E [exp (A 2y " W(T —t) + |W(T — t)> — (T — t)})]
p% exp (202 — AT —t) + 2uX*(T — t)|y|?]
and p := [1 — 2X\(T —t)]~!. Observe that the function f is strictly convex in y and

% f

= @(t,y,Z) = 92(t7y72)y7 (32)

2 .
D, . f(ty,z) :



where g2 := 8uX\3(T —t) f is a positive function of (,, 2).
Step 2: For a matrix 3 € M, we denote by £° the Dynkin operator associated to the
process (Yﬁ, Zﬁ), that is,

1 1
£F = Dyt ST [T D] + 5|yl D2 + (By)" D

where D_ and D? denote the gradient and the Hessian operators with respect to the indexed
variables. In this step, we intend to prove that for all t € [0,7], y € R? and z € R,

Lof(t,y,z) = Llf(t,y,z) = 0. 3.3
e ft,y, 2) ft,y, 2) (3-3)

The second equality can be derived from the fact that the process
Y (t), 24 @1)) , te 0,17,

is a martingale, which can easily be seen from (3.1). The first equality follows from the
following two observations: First, note that for each 3 € M¢ such that || < 1, the matrix
I; — 36T is in Sﬁ. Therefore, there exists a vy € Sff such that

I, —BAT =42,

Since f is convex in y, the Hessian matrix Dgyf is also in Si. It follows that ngyf(t, z,y)y €
Si, and therefore,

Te[D;, f(t, z,y)] — Te[86" D, f(t,z,y)] = Te[(Ia — BB") D, f(t, x,y)]
= Tr[yD;,f(t,z,y)7] > 0. (3.4)

Secondly, it follows from (3.2) and the Cauchy-Schwartz inequality that, for all 3 € M¢
such that || <1,

(By)' D2 f(t,y.2) = ¢*(t,y,2)(By) "y < g*(t.y, 2)lyl* = y" DL f(t,y,2) . (3.5)
Together, (3.4) and (3.5) imply the first equality in (3.3).

Step 3: Let {b(t), t > 0} be an M%valued, F-progressively measurable process such that
|b(t)| <1 for all t > 0. We define the sequence of stopping times

T = T/\inf{tZO : |Yb(t)|+\Zb(t)\zk} , keN.

It follows from It6’s lemma and (3.3) that

F0,¥(0),2(0)) = f (Tk7yb(7'k)azb(7'k)) _/OTk Lo ¢ (t,Yb(t),Zb(t)) dt
_/OTk[(Dyf)Tb+(DZf)yT] (thb(t),Zb(t)> W
f (Tk,Yb(Tk),Zb(Tk))

= [T1Du s+ (D200 (170, 20 W ).

v

5



Taking expected values and sending & to infinity, we get by Fatou’s lemma,

E [exp (20274(T))] = (0, (0), Z(0))

> liminf B |f (7, Y?(m), 2'(70) )|
> E [f (T, Y”(T),Zb(T))} - E [exp (2)\Zb(T)>] ,
which proves the lemma. O

Proof of Theorem 3.1.
a) Let "> 0 and A > 0 be such that 2A\T < 1. It follows from Doob’s maximal inequality
for submartingales and Lemma 3.2 that for all a > 0,

P | sup 2VP(t) > a| =P | sup exp(2AVP(t)) > exp()\a)]
0<t<T 0<t<T
<exp(—Xa)E [exp (2)\Vb(T)>} (3.6)

< exp (—Aa) E [exp (2)\VI‘1 (T))]
=exp (—Aa)exp (—AdT") (1 — 2AT")~

Nl

Now, take 6, n € (0,1), and set for all k£ € N,
ap = (1+n)2h(0%) and N, = [20F(1 +n)]7L.
It follows from (3.6) that for all k € N,
P| sup 2VP(t) > (1+ n)2h(0k)] < exp (—d> <1 + 1)d/2 (klog 1)7(1“7) .
0<t<@k 2(1+mn) n 0
Since

S k040 <o,
k=1

it follows from the Borel-Cantelli lemma that, for almost all w € €2, there exists a natural
number K%7(w) such that for all k& > K%7(w),

sup 2V0(t,w) < (1 +n)%h(0F).
0<t<0k

In particular, for all t € (651, 9],

h(t
2Wh(t,w) < (1+n)%h(0%) < (1+77)Qé>.

Hence,

92 b 2

lim sup V(@) < (L+m) .
o h(t) ¢
By letting 8 tend to one and 7 to zero along the rationals, we conclude that
9 b
lim sup V) <1.
o h(t)

6



On the other hand,

9 b
lim inf V() = —limsup > ,
RE TR RSP R

and the proof of part a) is complete.
b) There exists a constant ¢ > 0 such that for all ¢ > 0,

cly>b(t) > B> —cly, (3.7)
and an orthogonal d X d-matrix U such that
§:=UpU" = diag\*(8), A, - -, Adl ,
where A*(8) > Ay > --- > )\ are the ordered eigenvalues of the matrix 3. Let
7 := diag[3c,¢,...,¢] and ~:=UT3U.
It follows from (3.7) that for all t > 0,
T=Bz2v-0b(t) =0,

which implies that

[y =bO)] < |y =Bl =N (v =8) =T —B) =3c—A(3).
Hence, by part a),

, 2V770(¢)
limsup —————=
£\0 h(t)

Note that the transformed Brownian motion,

< 3c— N (B). (3.8)

W(t):=UW(t),t>0,

is again a d-dimensional Brownian motion and

v T _
lim sup 2V(t) lim sup (t)" AW (t) — Tr(y)t
~No  h(t) N0 h(t)
V()TAW (t) — T V() TAW (t
_ Jimsup ()" AW (t) — Tr(y) — Jimsup ()" AW (@) (3.9)
£\0 h(t) £\0 h(t)
i 2
> limsup 36( 1(1)) = 3c.
£\0 h(t)
It follows from (3.9) and (3.8) that
, 2Vh(t) _ . 2V(t) . 2V77b(1)
lim su > limsu —limsup ————% > 3c— (3¢ — \* = \*(3),
O T R S TO R
which proves part b) of the theorem. O

In the next theorem we refine the statements of Theorem 3.1 under stronger assumptions.



Theorem 3.3 Let {b(t), t > 0} be an M%-valued, F-progressively measurable process such
that

t
/ lb(r)|*dr < 0o for allt>0.
0

Assume that b(0) is a deterministic element of S®, and there exists a random variable ¢ > 0
such that almost surely,

/t b(r) — b(0)[> dr = O(t'+¢)  fort \, 0. (3.10)
0

a) If A*(b(0)) <0, then

b
lim sup 2V2(0) = —Tr[b(0)].
N0 t

b) If X*(b(0)) > 0, then

hr;l\Sélp TONE A*(6(0)) .

Remark 3.4 Note that for deterministic € > 0, condition (3.10) follows if there exists a
constant C' > 0 such that

E [\b(t) - b(o)ﬂ <COt*, fort>0. (3.11)

Indeed, if (3.11) is satisfied, then

|b(r) " lb(r) = b(0)?
l/ r1+s dr < 00, therefore, Tdr < 00,

and we have for all ¢t € [0, 1],

t b dr < |b t1+5 |b t1+€
) - s ar < [ POZHOL ) PO gy e,

To prove Theorem 3.3 we need the following

Lemma 3.5 Let {W(t), t > 0} be a d-dimensional Brownian motion and 3 € M®. Then
liminf |W t)'BW ()| =0. (3.12)

Proof. It follows from the self-similarity property of {W(t), ¢t > 0} that the Gaussian
sequence,

X(n):=e"’W(e™),nel,

is stationary, and the fact that

lim E [X(n)'X(0)] =0,

n—oo



implies that it is ergodic (see e.g., Section V.3 in [5]). Hence, the sequence
Y(n) = |X(n)"BX(n)| =" |W(e ™) W ™|, neZ,

is stationary and ergodic as well. Therefore, we can apply the ergodic theorem (see e.g.,
Theorem V.3.3 in [5]) to conclude that for all 6 > 0,

n—1

Jim Z 1o(Y (1) = B [ (Y(0)] = PY(0) <] > 0.

This shows that
liminf Y(n) =0,

n—oo

which implies (3.12). O

Proof of Theorem 3.3.
Since b(0) is symmetric, we have for all ¢ > 0,

2V (1) = 22O (1) + 212 (1) = W (1) Tb(0)W (t) — Tr[b(0)]t + 2VP (1) , (3.13)

where

b(t) :==b(t) —b(0), t>0.

Denote by M; the j-th component of the d-dimensional local martingale fo w)dW (u),
r > 0. It follows from assumption (3.10) that the quadratic variation process (M) satisfies
almost surely,

(M /Zb u)du = O(r'*e)  for t \, 0.
0 k=1
By the Dambis-Dubins-Schwarz theorem (see e.g., Section V.1 in [4]), there exists a Brow-

nian motion Bj such that M;(r) = Bj o (M;) (r), r > 0. Hence, it follows from the law of
the iterated logarithm for Brownian motion that almost surely,

2 14+¢/2
M;(r) = O(r +e/2) for r N\, 0.

This implies that almost surely,

/ ZM2 O(t*5/2) for t \, 0,
and another application of the Dambis—Dubins-Scharz theorem yields
b
t
lim V@) =0. (3.14)
tN\O T

a) If A*(b(0)) <0, then for all ¢t > 0,

W ()Tb(0)W(t) <0,



and part a) of the theorem can be deduced from (3.13), (3.14) and Lemma 3.5.
b) If A*(b(0)) > 0, it follows from Theorem 3.1 b) that

b(0)
lim sup 270 )

nsup = > X (b(0)) . (3.15)

To show that actually,

VPO .

lim sup A*(6(0)), (3.16)

£\ h(t)

we denote by A*(b(0)) = A\ > Ay > --- > \; the ordered eigenvalues of b(0). There
exists a positive integer £k < d such that Ay > --- > A\ > 0 and, in case that k£ < d,
0> Agyr1 > --- > Ag- Let U be an orthogonal d x d-matrix such that

Ub(0)UT = diag[A, Ao, ..., Ad] .-

The process

W(t) :=UW(t),t>0),

is a again a d-dimensional Brownian motion, and for all ¢ > 0,

lim su M — limsu W ()Tb(0)W () — Tr[b(0)]¢

t\op h(t) B t\Op h(t)
Lo SNT0)? S A (0)
a t\0 P h(t) N p h(t)

< A= AN(6(0))

where the last inequality follows from Theorem 3.1 a). This and (3.15) imply (3.16), which,
along with (3.13) and (3.14), proves part b) of the theorem. O

Our proof of Theorem 3.3 is based on the decomposition (3.13) and the estimate (3.14).
The next example shows that (3.14) need no longer be true if assumption (3.10) is replaced
by the condition that almost surely,

|b(t) —b(0)] -0 as t—0.

Whether Theorem 3.3, or some variant of it, can be proved under weaker assumptions, is
an open question.

Example 3.6 Let d =1 and b(t) = 1/logloglog(1/t). Then,
/0 /0 b(w)dW (u)dW (r) —W(t)/o b(r)dW(r)—/O b(r)W(r)dW(r)—/O b(r)dr
—W (1) [W(t)b(t)— /0 W(r)db(r)} - /0 b(r)dr
1 t t
-3 [WQ(t)b(t)— /D W2(r)db(r) — /0 b(r)dr} (3.17)
1 t
=5 W00 W) [ W)
. /0 W2 (r)db(r) — | /0 b(r)dr .

10



Clearly, fot b(r)dr = o(t), as t \, 0. Since

2
11 1 1

b(r) = - 1 L) -
rlog o loglog ;: \ logloglog ;-

it follows from the law of the iterated logarithm for Brownian motion that for ¢ \, 0,
t t ¢ 1
/ W2(r)db(r) = / W2(r)¥ (r)dr = O (/ rlog log 7ab’(r)dr)
0 0 0

_ 0</()t1dr>—o(t).

t ¢
W(t)/ W(r)db(r) = W(t)/ W (r)b' (r)dr
0 0
1 [t 1,
= O tloglog — rloglog —b'(r)dr
t 0 T
/ [t / 1
= o( tloglog/ r_édr> = o(t loglog>.
t Jo ¢
/ 1 loglog &
ty/loglog— =o0 t&gt1 , ast \, 0,
t log log log 7

it follows from (3.17) that

Similarly, for ¢ ™\, 0,

Since

, Iy f3 b(w)dW (u)dW (r) , Tw2(t)b(t)
lim sup T = limsupt—-—+"5- =1
N0 log log N0 loglog 7
log log log % log log log %

a

The next two corollaries are straightforward consequences of the Theorems 3.1 and 3.3,
respectively.

Corollary 3.7 Let {M(t), t > 0} be an R%-valued martingale defined by
t
M(t) = / m(r)dW(r) £ > 0,
0
where {m(t), t > 0} is an M%-valued, F-progressively measurable process such that
t
/ Im(r)|?dr < 0o for allt >0,
0
and there exists a random variable € > 0 so that almost surely,
t
/ m(r) — m(O)2dr = O(#%)  for £\, 0. (3.18)
0

11



a) Let {b(t), t >0} be a bounded M®-valued, F-progressively measurable process such that

for all t >0, |m(0)Tb(t)m(0)| < 1. Then
. 92 t u T
hr;l\i?p 0] /0 (/0 b(u)dM(u)> dM(r)| <1.

b) Let 3 be a bounded, F(0)-measurable, S®-valued random variable with \*(3) > 0. If
{b(t), t > 0} is a bounded, S?-valued, F-progressively measurable process such that for all
t>0,

m(0)Tb(t)m(0) = 5,

then

fmsu h(i) /0 t < /0 ' b(u)dM(u))TdM(r) > M(8).

Proof. It can easily be checked that

/Ot </O b(u)m(u)dW(u))Tm(r)dW(r) = /Ot </0 c(u)dW(u))TdW(r) + Ry(t) + Ro(t),
where
c(t) = m(0)"b(t)m(0),

Rit) = /O ([ o [m(u)—m(O)}dW<u>)Tm<o>dW<r> and
Rat) = /O ( /Orb(u)m(u)dW(u)>T[m(r)—m(O)]dW(r).

As in the proof of Theorem 3.3 it can be deduced from assumption (3.18) and the Dambis—
Dubins-Schwarz theorem that

lim Raft) _ im Ralt) _ 0.
AN N0t

In particular,
lim Ra(t) = lim Ra(t)
tNO h(t) N0 h(t)

Now, part a) of the corollary follows from Theorem 3.1 a). Furthermore, by conditioning

=0.

on o(f3), we can assume that [ is deterministic and deduce part b) of the corollary from
Theorem 3.1 b). O

Corollary 3.8 Let {M(t), t > 0} be an R¥*-valued martingale defined by
t
M(t) = / m(r)dW(r), t>0,
0
where {m(t), t > 0} is an M%-valued, F-progressively measurable process such that

t
/ im(r)|2dr < oo for allt > 0.
0

12



Let {b(t), t >0} be a bounded, M%-valued, F-progressively measurable process such that
b(0) is S¥-valued, and assume there exists a random variable € > 0 such that almost surely,

/|m 0 dr = O(™)  and /yb ) b(O)2dr = O(t™F)  for t N, 0.

a) If \*(m(0)Tb(0)m(0)) <0, then
‘ 9 [t r T
hr;l\Sélp t/o </0 b(u)dM(u)) dM (r) = =Tr[m(0)Tb(0)m(0)] .
b) If \*(m(0)Tb(0)m(0)) > 0, then
. 92 t r T .
fmsup o /0 < /0 b(u)dM(u)) dM(r) = M (m(0)Tb(0)m(0)) .
Proof. As in the proof of Corollary 3.7 we decompose

/0 t < /O ' b(u)m(u)dW(u))Tm(r)dW(r)

into
t r T
/ ( / c(u)dW(u)) AW (r) + Ru(t) + Ra(t),
0 0

where

c(t) = m(0)Tb(t)m(0),
t T T
%Rl(t) - % /0 ( /0 b(u) [m(u)—m(O)]dW(u)) m(0)dW (r) — 0, for t N\, 0,

t r T
%RQ(@ - % /0 < /O b(u)m(u)dW(u)> () — m(0)] dW(r) — 0, for £, 0.

It follows from the assumptions that ¢ satisfies almost surely,
t
/ le(r) — ¢(0)2dr = O(t1F%)  for t \, 0,
0

and by conditioning on o(c¢(0)), we can assume that ¢(0) is deterministic. Then, the corol-
lary follows from Theorem 3.3. |

Proposition 3.9 Let {a(t),t >0} and {m(t), t > 0} be two F-progressively measurable
processes taking values in R and M9, respectively. Assume that {a(t), t > 0} is bounded,

t
/ Im(r)|*dr < oo for allt >0,
0
and there ezists a (0, 1]-valued random variable € such that almost surely,
t
/ 2 im()2 dr = O(5)  for £\, 0. (3.19)
0

Then,

lmy ¢3/2+ /0 t ( /0 Ta(u)du>Tm(r)dW(r) ~0.

13



Remark 3.10 It can easily be shown that

supE [|m(t)\2] < 00 (3.20)
>0

implies condition (3.19) for every constant € € (0, 1]. Indeed, it follows from (3.20) that for
every constant ¢ € (0, 1],

1 2 1 2
E / M dr] < oo and therefore, / M dr < oo
0 o T

7"1 1—¢

Moreover, for all t € [0, 1],

t 1 2
/ r? |m(7“)|2 dr < / ‘ml(iﬂ dr t37¢ .
0 o T°°

Proof of Proposition 3.9.
Denote X (t) = fg (fo a(u)du)Tm(r)dW(r), t > 0. By assumption (3.19), the quadratic
variation process (X) satisfies almost surely,

(X)(t) =0 ) fort\,0.

Now, the proposition can be deduced from the Dambis—Dubins-Schwarz theorem. O

4 Applications to stochastic control

In this section we show how results on the small time behavior of stochastic integrals can be
applied to derive partial differential equations from gamma constraints on hedging strate-
gies. Since these partial differential equations will be derived from a dynamic programming
principle (DPP), we refer to them as dynamic programming equations (DPE).

4.1 Super-replication under gamma constraints

For the sake of simplicity of presentation, we here consider a financial market that consists
of only two tradable assets. Markets with more assets are considered in the accompanying
paper [2]. Let T' > 0 be a finite time horizon, {W (t), ¢t € [0,T]} a one-dimensional Brownian
motion and FY' = {FW(t), t € [0,T]} the smallest filtration that contains the filtration
generated by {W(t), t > 0} and satisfies the usual conditions. We take the first asset as
numéraire and assume that the price of the second one is given by

2

S(r) = Soexp{<,u— ‘;) r—i—aW(r)} L7 e0,7],

for some constants Sp > 0, u € R and ¢ > 0. By possibly passing to an equivalent
probability measure, we can assume that 4 = 0. Then, given S(t) = s for some (¢,s) €
[0,T) x (0,00), the further evolution of S is

S(r) ;= sexp {J[W(r) —W(t)] - %(r — t)} ,ret,T]. (4.1)
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A self-financing trading strategy that is only based on information coming from observa-
tions of the price {S(r), r € [0,T]}, can be described by an F"-progressively measurable
process {Y (r), r € [t,T]} that is integrable with respect to {S(r), r € [t,T]} and denotes
the number of shares of the second asset held at any given time. Then, the wealth process
is given by

X(r) = X(t) + /t 'Y ()dS(u), r € [t,1], (4.2)

and the number of shares of the first asset held at time r is X (r) — Y (r)S(r).

We consider a contingent claim with a time T pay-off given by g(S(7T')), where g : (0, 00) —
[0, 00) is a measurable function such that g(S(T")) € L'(P). For the corresponding Black—
Scholes hedging strategy {YBS(’I") , T E [t T]} we have,

T
E[g(S(T))|F (1)) +/t YB3 (r)dS(r) = g(S(T)),
that is, starting with initial capital E [¢(S(T"))|F(¢)] at time ¢, the Black—Scholes strategy
replicates the contingent claim. If one requires the hedging strategy to satisfy constraints
other than conditions that exclude arbitrage opportunities, one cannot hope that the con-
tingent claim is still replicable, but in many cases, it is possible to super-replicate it with
finite initial wealth. A gamma constraint is a restriction on the variation of the hedging
strategy due to changes in the underlying asset. To be able to express gamma constraints
more explicitly, we require the process Y to be of the form

Y(r)=y+ /tr a(u)du + /tr y(w)dS(u), r € [t,T], (4.3)

for y € R and «a, v bounded, FW-progressively measurable processes. Then, a self-
financing trading strategy is determined by the starting value y and a pair of bounded,
FW _progressively measurable processes v = (,7). By a gamma constraint we mean a

restriction on the process . In the following we consider gamma constraints of the form:
Lo < 8% (rpy(r) <T*, r e [t,T], (4.9)

where I', < I'* are two given constants. We call a control process v = («,y) admissible if
a and 7 are bounded, FW-progressively measurable processes and ~ satisfies the constraint
(4.4).

To emphasize the dependence on the initial data, we denote by (St,s,Xt”, R Yt"’s’y) the
processes given by (4.1), (4.2) and (4.3) corresponding to the admissible control v and
the initial data (SLS,X;”S’I?y,)Q”’S,y) (t) = (s,z,y). The collection of admissible controls
v is denoted by A;,. From the boundedness of o and v it can be deduced that for all
vE A, supyc,<r E [{}Q,”s’y(r)Sw(r)}Q] < 00, and therefore, Xy , . is a square-integrable
martingale. In particular, admissible controls do not lead to arbitrage.

The problems

w(t,s,y) :=inf {2 : XY, (T) > g(Sis(T)) for some v € A} (4.5)
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and
v(t,s) := inf w(t,s,y) (4.6)
yeR
= inf{z: XY ,,(T) > g(Ss(T)) for some y € R and some v € A} ,

can both be viewed as stochastic target problems. Problem (4.5) is very similar to the one
treated in [7] and leads to the study of the small time behavior of single stochastic integrals.
In problem (4.6), Y is no longer a state variable, and one is naturally led to an analysis of
the small time behavior of double stochastic integrals.

In the next two subsections we derive DPE’s for w and v. Our main objective is to show
how one can find these DPE’s and where results on the small time behavior of stochastic
integrals are needed. To avoid the use of the theory of viscosity solutions and lengthy
approximation arguments, we will make some strong assumptions along the way. In par-
ticular, we will assume that the infima in (4.5) and (4.6) are attained and the functions w
and v are smooth. Also, we will only show that w and v are supersolutions of the corre-
sponding DPE’s. A more detailed discussion of the super-replication problem under gamma
constraints and rigorous proofs without simplifying assumptions can be found in [2].

4.2 DPE for the value function w

We derive the DPE for w in three steps.

Step 1: Dynamic programming principle. We assume that for each (t,s,y) € [0,T) x
(0,00) x R, there exists an admissible control v = («, ) such that

XY g2y(T) > g (Sts(T)) , where x = w(t,s,y).

t787x7y

Let 7 be an FW-stopping time with values in (¢, T]. For each § > 0, we define 75 := 7A(t+0),
and we set (8, 2,9) := (St,5, XV 24 Yisy) (75). It can be deduced from
re.5..g (1) > g (S7,5(T))

that £ > w (75, 5,7), that is,

75
w(t, S, y) + / Ytl,js,y(r)dst,s('r) Zw (7'5, St7S(T5)’ Y;fl,/s,y(Té)) . (47)
t

Step 2: Application of Ité’s lemma. We further assume that the value function w is smooth.
Then, we can apply [td’s lemma in (4.7) to get for all § > 0:

_ /t " e(rydr — /t " p(r)dSee(r) > 0, (4.8)
where

&r)y = G'w (7‘/\7’,5},5(7“/\T),Y}'js,y(r/\T)),
Y(r) = (ws+ywy) (r AT, Ses(r A7), Y, ,(r AT)) =Y, (r AT),
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and G is the Dynkin operator associated to the two-dimensional process (S,Y"):

Grw(t,s,y) = wi(t,s,y) + at)wy(t,s,y) (4.9)
1 1
—|—§o2s2wss(t,s,y) + 57( Y202 sPwy, (L, s, y) + (1) o?s*wey (L, s, y) .
If we set

To=inf {r >t [V (r) —yl+ |log S;s(r) —logs| > K} AT,
for some constant K > 0, then the processes £ and v are bounded.

Step 3 : Small time path behavior of single stochastic integrals. Since £ is bounded, it follows
from (4.8) that there exists a constant L > 0 such that

/ —1p(u)dSt s(u / —p(u)St s(u)odW(u) > —L(r —t) forallre[t,7]. (4.10)

By the Dambis-Dubins-Schwarz theorem, there exists a Brownian motion {B(r), r > 0}
such that

r

[ —vtwsi. =5 ( [ wstoa) e,

Hence, it follows from (4.10) and the law of the iterated logarithm for Brownian motion
that for all £, > 0,
PllY(u)| > e forall u € [t,t+6]] =0.

By the definition of ¢) and the gamma constraint (4.4) on the process -, this provides
_SF (_wy(t> S, y)) S SQ(:U - ws(t7 S, y)) S SF (wy(t¢ S, y)) ) (411)
where St is the support function of the interval [, T*] defined by

Sr(u) := . iugr uc,ueR.
« lc<I'*

Since 9 is bounded, we can take expected values in (4.8) and divide by § to obtain

B [—;/tm&(r)dr} >0,

which, in the limit § — 0, implies that
—Guw(t, s,y) := sup {—g(“70)w(t, 5,9) : a € Rand I, < s%c < F*} >0, (4.12)
where G(®) is given by (4.9). Combining (4.11) and (4.12), we obtain
G (s,y,wt(t,3,y),Dw(t,s,y),DQw(t,s,y)) =

min {—gw(t, 5,y); sy — [sPws — Sr(—wy)(t,s,9) ; —s%y + [s%ws + St (wy)](t, s, y)} >0.

With similar arguments to the ones used to show the subsolution property in [7], it can be
proved that w is also a subsolution of the equation

G (Sa Y, ’th(t, S5, y)v D’UJ(t, S, y)v D2’U.J(t, 5, y)) =0. (413)

We omit this proof because it has nothing to do with the small time behavior of stochastic
integrals.
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4.3 DPE for the value function v

For the derivation of the DPE for v we have to restrict the control processes further by
requiring that « is right-continuous and for all ¢ € [0, 7], there exists an € > 0 such that
almost surely,

/OT (w4 t) — ()| du = O(r1e)  for r \, 0. (4.14)

Again, we proceed in three steps.

Step 1: Dynamic programming. We assume that for each (¢,s) € [0,7) x (0,00), there is
an admissible control (y,v) = (y, «,7y) such that
XZS’%y(T) > g (S,s(T)) , where z =wv(t,s),

For a (t, T]-valued F"-stopping time 7 and § > 0, we set 75 := T A (t+0). As in Subsection
4.2, it can be shown that

v(t,s) + /;6 }Q’js7y(r)d5’t,s(r) > v (75, St,5(75)) - (4.15)

Step 2: Application of It6’s lemma. Again, we assume that the value function v is smooth.
Then, we can twice apply It6’s lemma in (4.15) to get for all § > 0:

- [Cewar- | T“{u [ etwau [ Tw<u>dst,s<u>}dst,s<r> >0, (416)

where
E(r) = Lo(rAT,Sis(rAT)),
¢ = ws (ta 5) - Y,
o(r) == Lvg(rAT,Ses(rAT))—al(r),
P(r) = v (r AT, Sps(rAT))—~(r),

and L is the Dynkin operator associated to the process S:
Lo(t,s) :=wv(t,s) + 302321155@, s) .
If we set
T:=inf{r >t : |log Sy s(r) —logs| > K} ,

for some constant K > 0, then the processes &, ¢ and 1 are bounded.

Step 3: Small time path behavior of double stochastic integrals. It follows from the bound-
edness of £ that there exists a constant C'y > 0 such that for all § > 0,

[ e < cua. (4.17)
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From the boundedness of ¢ and Proposition 3.9 it can be deduced that

t+9
%1{1%5]/ /gi) JdudSy s (r |—hm |/ /gi) JduSy s(r)odW (r)| =0. (4.18)

Furthermore, since almost all paths of S; ¢ are Hélder-continuous of order 1/3, it follows
from Corollary 3.7 a) that

1
limsup ——— |/ / Y (u)dSy s (u)dS s (r)]
o h(d)

‘ 1 t+9
:hrél\s(l)lp m ]/t /t () St,s(w)odW (u)Se s(r)odW (r)| < oo.

(4.19)

It can be seen from (4.16) together with (4.17), (4.18) and (4.19) that

lim sup

1 7
s m/t (d5s(r) <0,

from which it can be derived by the Dambis—Dubins-Schwarz theorem and the law of the
iterated logarithm for Brownian motion that ( = 0. Therefore, (4.16), (4.17) and (4.18)
imply that

. 1 Ts T
hIgl\S(l)lp 7o) /t /t P(u)dSy,s(u)dSes(r) < 0. (4.20)

Since 1) is right-continuous, it follows from (4.20) and Corollary 3.7 b) that ¢(¢) < 0. Note
that by the definition of ¢ and the gamma constraint (4.4),

I, < 5% (vss(t, ) —(t)) < T*. (4.21)

By the boundedness and continuity of £, we obtain from (4.16) and (4.18) that

t liminf — )dSt.s(uw)dSy,s(r) . 4.22
6t) < timint = [ [ (S )de.(0) (422
Since v is smooth, the process vys(r, S¢,s(r)) is almost surely locally Holder-continuous of
order 1/3. Hence, since ~ satisfies (4.14), the process v satisfies (4.14) as well. Therefore,
we can apply Corollary 3.8 a) to conclude that

. . 1 Ts5 T

h%n\}(r)lf 5/1; /1; —1)(u)dSt,s(w)dSy (1)

o 1 t+6 pr
= h%n\jgf 5/1; /t—1/J(u)St7S(u)JdW(u)Sns(r)adW(r)
= SO,

which together with (4.22) shows that

£(1) < 50*50(t),
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that is,
1
—vg(t,s) — iozsz(vss(t, s)—(t)) > 0. (4.23)
Combined, (4.21) and (4.23) yield the following:

A (vt(t,s),sgvss(t, s)) = sup F (Ut(t, s), s2vgs(t, ) +ﬂ) >0,
B>0

where
F(p,A) := min{—p— %O’QA; '™ —A; A—F*} .

In [2] it is proved under weaker assumptions and with more general control processes that
the value function v is a viscosity solution of the equation

E (0(t, s), 8%vss(t, 5)) = 0. (4.24)

4.4 Discussion of the assumptions and related literature

Using approximation arguments, it can be shown that w is a viscosity solution of the DPE
(4.13) without the assumption that it is always a minimum and smooth (see [7] for more
details). Under additional continuity conditions on « it can also be shown that v is a
viscosity supersolution of the DPE (4.24) without assuming that it is always a minimum
and smooth. For instance, with the arguments of Section 5 of [2] it can be shown without
assumptions on v that it is a viscosity supersolution of (4.24) if  is required to be of the
form

y(r)=z+ /tT A (w)du + /tT VA (w)dW (u), € [t,T], (4.25)

for z € R and ~!,~? progressively measurable processes, and suitable boundedness condi-
tions are satisfied. It is an open problem whether the supersolution property of v can be
shown without continuity assumptions on ~ like (4.25) or (4.14). Another open problem is
whether the value function v corresponding to trading strategies of the form (4.3) with
of the form (4.25) is also a subsolution of (4.24).

However, assume that g is continuous and let vB5(¢,s) = E[g(S;s(T))] be the Black—
Scholes price of g(S;s(T")). Then it follows from the comparison result, Proposition 3.9, in
[2] that v > vBS on [0,T) x (0,00), and v > v®3 on [0,T) x (0, 00) whenever the function
g(s) + ' log s is not concave. On the other hand, without boundedness assumptions on
the process a in (4.3), it follows from Theorem 4.4 in [1] that v < v®S on [0,T) x (0, c00)
irrespective of the form of g.

To allow for a proof of a partial dynamic programming principle that is needed in the
proof of the subsolution property of the value function, the control processes in [2] are also
permitted to contain finitely many jumps. More precisely, the trading strategies in [2] are
of the form

N-1 T T
Y(r)= Z Y"1, <r<rpin} +/1; a(u)du —|—/t Y(u)dSis(u), relt,T], (4.26)
n=0
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where t = 79 < 7 < ... is an increasing sequence of [t,T]-valued FW _stopping times
such that the random variable N := inf{n € N : 7, = T} is bounded, all y" are F" (r,,)-
measurable random variables and «, v are FW -progressively measurable processes satisfying
certain boundedness and continuity conditions (see Subsection 2.2 in [2]).

Denote by v/"™P$ the value function corresponding to this class of trading strategies. It
is shown in [2] that v/"™PS is the unique viscosity solution of (4.24) in a certain class of
functions. Again, for continuous g, it follows from the comparison result, Proposition 3.9
in [2] that v/"™Ps > ¢BS on [0,7) x (0,00), and v/"™Ps > 4BS on [0,7) x (0,00) whenever
g + I'"log(s) is not concave. On the other hand, if the number of jumps N in (4.26) is
only required to be finite but not bounded, then it follows from Lemma A.3 in [3] that
pIUmPs < 9B on [0, 7) x (0, 00) for all g.
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