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Abstract: We define a stochastic integral with respect to fractional Brownian motion B with
Hurst parameter H € (0, %) that extends the divergence integral from Malliavin calculus. For this
extended divergence integral we prove a Fubini theorem and establish versions of the formulas of
It6 and Tanaka that hold for all H € (0, %) Then we use the extended divergence integral to show

that for every H € (%, 3) and all g € C*(R), the Russo—Vallois symmetric integral f(f g(BHYd"BH
exists and is equal to G(Bf') — G(B!), where G’ = g, while for H € (0, §], f;(BtH)deBfI does
not exist.
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ot G’ = g, alors que pour H € (0, ], f;(BfI)QdOBfI n’existe pas.
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1 Introduction

A fractional Brownian motion (fBm) B¥ = {Bf t € R} with Hurst parameter H € (0,1) is a
continuous Gaussian process with zero mean and covariance function

E [BIBI] = - (1t + |s]*" — |t — s]*") . (1.1)
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If H = 1, then B is a two-sided Brownian motion, but for H # %, {Bf,t > 0} is not a
semimartingale (for a proof in the case H € (3, 1) see Example 4.9.2 in Liptser and Shiryaev [18],
for a general proof see Maheswaran and Sims [19] or Rogers [31]).

It can easily be seen from (1.1) that E [|Bff — BI|?] = |t — s|*/!. Hence, it follows from
Kolmogorov’s continuity criterion (see e.g. Theorem I.2.1 in Revuz and Yor [27]) that on any
finite interval, almost all paths of B¥ are 3—Hélder continuous for all 3 < H. Therefore, if u is a
stochastic process with Holder continuous trajectories of order v > 1— H, then, by Young’s theorem
on Stieltjes integrability (see [33]), the path-wise Riemann—Stieltjes integral fOT u(w)dBH (w) exists
for all T > 0. In particular, if H > %, the path-wise integral fOT f/(BHE)dBE exists for all
f € C*(R), and

T
F(BH) — £(0) = / f/(BH)dBH

(more about path-wise integration with respect to fBm can be found in Lin [17], Mikosch and
Norvaisa [21], Zahle [34] or Coutin and Qian [8]).

IftH < %, the path-wise Riemann—Stieltjes integral fOT f/(BH)dBE does not exist. For H = %,
the stochastic integral introduced by Itd [16] has proven to be a very fruitful approach and has
led to the development of classical stochastic calculus. Gaveau and Trauber [11] and Nualart and
Pardoux [23] proved that the It6 stochastic integral coincides with the divergence operator on
the Wiener space. Later, several authors have used the divergence operator to define stochastic
integrals with respect to fBm with arbitrary H € (0, 1). See for instance, Decreusefond and Ustiinel
[9], Carmona, Coutin and Montseny [6], Alos, Mazet and Nualart [2, 3], Coutin, Nualart and Tudor
[7]. In [3] it is shown that if H € (§,1), then for all functions f € C?(R) such that f” does not
grow too fast, the divergence of the process { f'(Bf'), t € [0,T]} exists and

F(BH) — £(0) = / " pBMeBt + 1 / U Bt (1.2)
0 0

In [7] it is proved that for all H € (3, 1), the process {sign (Bf’) , ¢ € [0,T]} is in the domain of the
divergence operator, and a fractional version of the Tanaka formula is derived. Privault [26] defined
an extended Skorohod integral for a class of processes that satisfy a certain smoothness condition
and showed that for this integral, formula (1.2) holds for every H € (0,1) and all f € C*(R) such
that f, f and f” are bounded. However, when using the approach of [26], the integral with respect
to fBm with H € (0, %) cannot be defined directly but must be constructed by approximating fBm
with more regular processes. Similarly to [3], Hu [14] defined a stochastic integral with respect to
fBm by transforming integrands and integrating them with respect to a standard Brownian motion.
Provided they both exist, the integral with respect to {Bm defined in [14] coincides with the one in
[3]. Duncan, Hu and Pasik-Duncan [10] introduced a stochastic integral for fBm with H € (3,1)
as the limit of finite sums involving the Wick product. It is shown in Section 7 of [3] that again,
this integral is the same as the divergence integral if both exist. Leaving the framework of random
variables and working in the space of Hida distributions, Hu and @ksendal [15] as well as Bender
[4] developed the integral of [10] further. In [4], for all H € (0,1), a fractional Tanaka formula



is proved, and an extended version of the formula (1.2) is shown to hold under the assumption
that f is a tempered distribution that can also depend on ¢ and satisfies some mild regularity
conditions. Gradinaru, Russo and Vallois [12] proved a change of variables formula for fBm with
H € [4,1) that holds for the symmetric integral introduced in Russo and Vallois [28]. If both
exist, the Russo—Vallois symmetric integral differs from the divergence integral by a trace term.
For more details, see [1] or the introduction of [12].

In this paper we first explore how generally a stochastic integral for fBm can be defined by
using the divergence operator from Malliavin calculus, and in particular, whether for the divergence
operator, there exist versions of It6’s and Tanaka’s formula for {Bm with any H € (0, %) Then, we

study Russo—Vallois symmetric integrals of the form f; g(Bf)d°BH | for deterministic functions
g:R—R.

It turns out that the standard divergence integral of fBm with respect to itself does not exist
if H € (0, %], the reason being that in this case, the paths of fBm are too irregular. However,
in the right setup, the standard divergence operator can be extended by a simple change of the
order of integration in the duality relationship that defines the divergence operator as the adjoint
of the Malliavin derivative. The definition of this extended divergence operator is simpler than
the definitions of the stochastic integrals in [26], [14], [15] and [4]. Moreover, it can be shown that
for the extended divergence operator, a Fubini theorem holds as well as versions of the formulas
of It6 and Tanaka for fBm with any H € (0, %) By localization, the extended divergence operator
can be generalized further, and one can prove that for every H € (0, 1), formula (1.2) holds for
all f € C*(R). A similar formula is valid for arbitrary convex functions. Hence, the change of
variables formulas that we show for the extended divergence integral in this paper are valid for
more general functions f than the change of variable formulas in [26]. On the other hand, our
change of variables formulas for the extended divergence integral are neither more nor less general
than the ones in [4]. Whereas in [4] f does not need to be a twice continuously differentiable
or convex function, it cannot grow to fast at infinity. Another important difference between the
divergence integral in this paper and the stochastic integral of [15] and [4] is that the stochastic
integral of divergence type in this paper is always a random variable whereas in [15] and [4], the
stochastic integral is defined as a Hida distribution. In the last section we use properties of the
extended divergence integral to show that for all real numbers a and b such that —oo < a < b < o0

and every H € (%, %), the symmetric integral

/ (BB (1.3)

in the Russo—Vallois sense exists for all g € C3(R) and is equal to G(B) — G(B), where G’ = g,
while on the other hand, for H € (0, §], the symmetric integral f;(BtH)2dOBtH does not exist.

That H = % is a barrier for the existence of integrals of the form (1.3) was simultaneously
and independently discovered in the paper [13] by Gradinaru, Nourdin, Russo and Vallois. Their
method of proof is different from ours and to show that the integral (1.3) exists for all H > ¢, they
need that g € C°(R). On the other hand, their result holds for more general symmetric stochastic
integrals than the one considered in this paper.

The structure of the paper is as follows. In Section 2, we collect some facts from the theory of
fractional calculus and discuss the first chaos of fBm with Hurst parameter H € (0,1). In Section
3, we show that if H € (0, iL then for —oo < a < b < oo, the process BtHl(a’b] (t) is not in the
domain of the standard divergence operator. We then introduce an extended divergence operator
and prove a Fubini theorem. Section 4 contains versions of the formulas of It6 and Tanaka for
fBm with Hurst parameter H € (0, 3). In Section 5, we show that for —oco < a < b < oo, the



Russo—Vallois symmetric integral fab g(BH)d° B exists for all g € C3(R) if and only if H > %, in
which case it is equal to G(B{) — G(BX), where G' = g.

2 The first chaos of fBm with H € (0, %)

Let {Bf , t € R} be a fBm with Hurst parameter H € (0, 1) on a probability space (€2, F, P) such
that
F=o0{B' teR}.

By £ we denote the linear space of step functions
n
Zajl(tj,tm] tn>1, 00 <t <ty < - <tpp1 <00,a; ER Y,
j=1

equipped with the inner product

j=1 k=1 £

H

n

- B o (B2, - BE) Yo (52, - BE)

j=1 k=1

Obviously, the linear map

Zajl(tjvtﬁl] = Zaj (Bg-%—l N BS) (2.1)
j=1 j=1

is an isometry between the inner product spaces £y and
span {Bfl, teR} C L*(Q),

where span denotes the linear span.

There exists a Hilbert space of functions which contains £y as a dense subspace. To describe
this Hilbert space, we need the following notions of fractional calculus. We refer the reader to
Samko, Kilbas and Marichev [32] for a complete presentation of this theory.

Let a = % — H. The fractional integrals I¢¢ and I¢p of a function ¢ on the whole real axis
are given by

ITp(t) = L/ (t—8)*"tp(s)ds, t € R,

I(a) J_o
and ) -
°o(t) == @/t (s—1)°lp(s)ds, L € R,

respectively (see page 94 of [32]). The Marchaud fractional derivatives D ¢ and D% ¢ of a function
@ on the whole real line are defined by

Yo(t) := lim DY t),te R
To(t) Elf(l) i,a<P()7 € K,



where

o __«a > p(t) —p(tFs)
iﬁway_IX1_a)l Tra ds,teR

(compare page 111 of [32]). It follows from Theorem 5.3 of [32] that I and I* are bounded linear
operators from L?(R) to L'/H(R). Theorem 6.1 of [32] implies that for all ¢ € L?(R),

DIy =¢ and D2I% =¢. (2.2)
In Corollary 1 to Theorem 11.4 of [32] it is shown that
I(L*(R)) := I$(L*(R)) = I*(L*(R)).

Let

N

1 e 2 1\
It follows from (2.2) that the space I*(L?(R)) equipped with the inner product
2 « «
<907 '(/)>AH = CH <D—<)07 D_¢>L2(R) )
is a Hilbert space. We denote it by Ag. It is shown in Pipiras and Taqqu [24] that for all , v € Ep,

<§07w>AH = <¢7$>£H

and that &g is dense in Ag. Therefore, the isometry (2.1) can be extended to an isometry between
Ay and the first chaos of {B{{ ,t € R}7

span’ (D (B t e R} .

We will denote this isometry by
¢ — B(p).

Remark 2.1 Let —co < a < b < 0o, and set
a,b
Ag{ I = {(p EAy o= wl(a’b](.)} .

Let o € Ay \ Aﬁ}”"]- Since I is a bounded linear operator from L?(R) to LY (R), there exists a
constant ¢ > 0 such that for all ¢ € A;‘;’b]’

—o00,a]U(b,00)

H
d@—wMHZI@—Mme@2<[ |MﬂWHﬁ> >0

This shows that Ag’b} is a closed subspace of Agy. On the other hand, let
a,b
exti={petu  p=0luy()},

and denote by Sg’b] the closure of Eg’b] in Ag. If p € Eg’b], there exists a sequence {¢n} -,
of functions in Eg’b] such that ¢, — ¢ in Ay and therefore also in L (Q). Tt follows that

Y E Ag’b}. This shows that 51(;,(;] C A%’b].




The right-sided fractional integral I)* ¢ of a function ¢ on the interval (a, b] is given by

b
I o(t) := ﬁ/t (s —)* " to(s)ds, t € (a,b]

(see Definition 2.1 of [32]). The right-sided Riemann-Liouville fractional derivative Df" ¢ of a
function ¢ on the interval (a,b] is given by

1 d

b
Dy_p(t) == _m&/t (s —t) “p(s)ds, t € (a,b]

(see Definition 2.2 in [32]). It is shown in Theorem 2.6 of [32] that I{* is a bounded linear
operator from L'(a,b] to L'(a,b]. It follows from Theorem 2.4 and formula (2.19) of [32] that for
all p € L(a,b),

Dy Iy =¢.

Clearly, the linear maps
M~ L*(a,b] — L*(a,b], f(t) = (t —a)"*f(t)

and
M L'(a,b] — L'(a,b], f(t) = (t —a)*f(t)

are bounded and injective. It follows that the map
J:=MYc I oM™ “:L*a,b] — L'(a,b]
is bounded and injective. Therefore, )\g’b] = J(L?(a,b]) with the inner product

m(2H — 1)H
(2 — 2H) sin(w(H — 1/2))

<(Pa¢>)\(;vh] = <J71@’J71¢>L2(a,b]

is a Hilbert space. In [25], Pipiras and Taqqu have shown that Eﬁf’b] is dense in )\E{Iz’b]. Let {¢n},—,

be a Cauchy-sequence in Egl’b]. Then, there exist functions ¢ € 5};’” and ¢ € )\Ef;’b] such that

¢n — @ in Ay and therefore also in LY (a,b]

and
©n — P in )\g’b] and therefore also in L'(a,b].

It follows that ¢ = 1. This shows that

)\S_}l,b] — @ C A(}‘}vb] . (23)

3 Extension of the divergence operator

In this section we define an extended divergence operator with respect to {Bfl ,te R} for H €
(0, %) We briefly recall the basic notions of the stochastic calculus of variations, also called
Malliavin calculus. For more details we refer to the books by Nualart [22] and Malliavin [20]. The
set of smooth and cylindrical random variables S consists of all random variables of the form

F:f(BH((pl)vaH(ﬁpn)), (31)



where n > 1, f € C;° (R") (f and all its partial derivatives have polynomial growth), and ¢; € Ag.
Since F = o {Bf', t € R}, S is dense in LP(Q2) for all p > 1. The derivative of a smooth and
cylindrical random variable F' of the form (3.1) is defined as the Ay -valued random variable

)
pF=%" %(BH(%), o BT (0,)) 05
i=1 7

For all p > 1, F — DF is a closable unbounded linear operator from L?(Q) to L?(Q,Ay). We
denote the closed operator by D and its domain in LP(Q2) by DP.

The divergence operator ¢ is defined as the adjoint of the derivative operator. For p > 1, let
D= p% > 1. By 4, we denote the adjoint of D viewed as operator from LP(2) to LP(Q, Ay ), that

is, the domain of d,, Dom §,, is the space of processes u € LP (€, Ag) such that
F—E(u,DF),

is a bounded linear functional on (S, ||.||5), and for v € Domé,, d,(u) is the unique element in
L?(Q) such that
E(u,DF),, =E[6,(u)F], (3.2)

for all F' € S. Obviously, if v € Dom d, NDom §,, for different p,q > 1, then §,(u) = §,(u). Hence,
one can define
Dom § := U Dom 6, ,

p>1
and for v € Dom §,
0(u) == dp(u), (3.3)

for some p > 1 such that v € Dom,,.

Remark 3.1 Let —co < a < b < 0o and consider the process { B}, a <t < b} on (Q, F@! P),
where

Fel =g {BF la<t<bl=0{Bf , a<t<b}.

Let 6(%% be the corresponding divergence operator defined analogously to the divergence operator
din (3.3). By (2.3), a process u € -, LP(€2, )\g’b]) can be viewed as a process in |-, LP(Q, Ay).
It can easily be checked that if u € |J ., LP(9, )\(P}l’b]) N Dom d, then u € Dom 6% as well, and
§(u) = 6@ (u).

p>1

Proposition 3.2 Let —0o < a < b < 00, and set
Uy = BtHl(ayb](t), teR.

Then 11
PlueAu]=1, for He(3,3),

and

PlueAg]=0, forHE(O,i].



Proof. First, let H € (i, %) It follows from Kolmogorov’s continuity criterion (compare e.g.

Theorem 1.2.1 in Revuz and Yor [27]) that there exists a measurable set Q C Q with P [fl} =1
such that for all w € Q, there exists a constant C’(w) such that

sup ’BH )| < C(w)
te(a,b)

and . .
B - B -
B BIOL o
t,s€(a,b]; t#s [t —s|*

We fix an w € Q and set
o(t) == ur(w) = B (w)l(ay(t), t€R,

and
C = Lé’(w), wherea:}—H.
I'l-—a) 2
Let € > 0. For t € (—o0,al,
DE . o(t) =0.

For t € (a,b],

|D+ 530 )|

< 2 |1 ”/ta
> F(]. — a) {t—a>e} .

p(t) — ot —s) > 1w
EO 2 s + ()] o ds

t—

t—a oo
< C <1{t—a>£}/ 57%7“d5+/ slads>
€ t—a
A 1 1 1
t—a)i 4+ —(t—a)"?| .
< Oyt Li-0]
For t € (b, 00),
o et - )|
D¢ <
D) < gt [ P
R t—a 1
< C s %s=C—[(t—b)"" = (t—a)"°]
t—b @

Hence, for all £ > 0, for all t € R, |DY _¢(t)| < v(t), where

0, if t € (—o0,d]
w(it)y=1{ © [(t )it a)—a] . ifte(ab
Clt—b)—(t—a)°], ifte(boo)

C= C( ! \/1>.
Z—a «

It can easily be checked that ¢ € L%(R). It follows that ¢ satisfies condition 1) of Theorem 6.2 of
[32]. Condition 2) is trivially satisfied. Therefore, Theorem 6.2 of [32] implies that ¢ € Ay, which
proves the first part of the proposition.

and




Now, let us assume that H € (0, i] The process
B =B, - B teR.

is also a fBm with Hurst parameter H. Since it is H-selfsimilar, for all ¢t € (0,b — a), the random
variable
b—a—t N N 2
2 / (Bﬂ_t —BH ) ds
0

has the same distribution as

b—a—t , _ N2 I L o\2
/ (B2, - BY) ds:t/ (B, — B deo
0 0
b—a
1 =1, N2
= (b—a—t)bta_l/o (BfH—Bf) dr. (3.4)

The process (Bf+1 — Bf ) is stationary and mixing. Therefore, it follows from the ergodic
x>0

theorem that (3.4) converges to
L N2
(b—a)E {(Bfl) } >0, in L' ast—0.
Hence,
b—a—t B B 2 It 5 2
t’2H-/ (Bsfit—Bf) ds—>(b—a)]E{(BlH> }  ast—0,
0

as well. Tt follows that there exists a measurable set Q C Q with P [Q} = 1 and a sequence of

positive numbers {¢;},- ; that converges to 0 such that for all w € Qand k > 1,

IV
T~
il
ey
I=
€
ey
)

S
\_/M

QU

V2

/ (thn s, (@) — 1a(w))? ds
R

v

b;“]E {(B{’)Q} 2H (3.5)

Now, assume that there exists an w € Q such that u(w) € Ag. By (6.40) of [32], the function u(w)
has the property

/ (st (w) — us(w))?ds = o(t**) ast — 0. (3.6)
R

But u(w) can only satisfy (3.5) and (3.6) at the same time if H > o = 1 — H, which contradicts
H < 1. Therefore, u(w) ¢ A for all w € Q, and the proposition is proved. O

Since Dom d C Up>1 LP(Q, Ay), Proposition 3.2 implies that processes of the form

Bff 1,41,

cannot be in Dom§ if H < %. Note that it follows from (2.3) that for H < 1, almost surely,

no path of {Bff, a <t <b}isin )\g’b] either, and therefore, {Bf7, a <t <b} ¢ Dom §(*?. Tn



the following definition we extend the divergence § to an operator whose domain also contains
processes with paths that are not in Ag.
We set

ANy o =I%Ex).

Since Ey is dense in L?(R), A% is dense in Ay. Furthermore, it can easily be checked that for
—0o<a<b<oo,

o [(t P e b)f—m] —T(H +1/2) Lau(t), t € R.

It follows from (2.2) that

1 H-1/2 H-1/2
DL1sl) = 517 (=P -n) ] e,
which shows that
DD (Afy) = DS (Ex) C LP(R), (3.7)
for all
S 1 ! in particular, for p = 2

Corollary 2 to Theorem 6.2 of [32] implies that for all ¢ € Ay and ¢ € Ep, the following integration
by parts formula holds:

/go(:v)Dj‘_i/J(x)dx:/chp(m)i/)(x)d:n. (3.8)
R R

By H,, we denote the n-th over-normalized Hermite polynomial, that is,

—1)* 2 d" 22
Ho(x):=1, and Hp(x):= ( n!) er T (6_7) ,m>1.

Furthermore, we set H_j(x) := 0. It can be shown as in Theorem 1.1.1 of Nualart [22] that for all
p=1,
span {H, (B (¢)) : n €N, o € Afy, [|¢lla, =1}

is dense in LP(Q).

Definition 3.3 Let u = {us, t € R} be a measurable process. We say that u € Dom™ d if and
only if there exists a 5(u) € U, LP(R2) such that for alln € N and ¢ € Ay with [|¢|[a, =1, the
following conditions are satisfied:

(i) for almost all t € R: uyH, 1 (B (p)) € L (),

(ii) E [u. H,_1(B"(¢))] DID¢(.) € L'(R), and

(i) c‘f‘,/RJE [usHy—1 (B (9))] DID® p(t)dt = E [6(u)Ha (B ()] -

Note that if u € Dom”™ 8, then 6(u) is uniquely defined, and the mapping 6 : Dom*§ — |J
is linear.

Lr(Q)

p>1

10



Remarks 3.4
1. Let n € N and ¢ € A%;. By (3.7), the process

H,_1(B"(¢))DID* p(t)

is in LP(Q, L4(R)) for all

1 1
p€[l,00) and q6<3/2_H, 1/2—H>'

By twice applying Holder’s inequality, it follows that if
u € LP(Q, LY(R))
for some

1
1 d S
p€(l,00] an q€<1/2+H,OO},

then
wH, 1 (B (9))DID%(t) € LYQ, LI(R)) = L' x ),

which implies that u satisfies conditions (i) and (ii) of Definition 3.3.
2. The extended divergence operator ¢ is closed in the following sense:
Let

1
12+ H’ Oo} '
Let {uk};il be a sequence in Dom™ 6 N LP (2, L4(R)) and u € LP(, LY(R)) such that

p€(l,00] and qE(

lim u* =u in LP(Q, LY(R)).

k—oo

It follows that for all n € N and ¢ € A%,

Jim i Hy 1 (BY (¢))DED o(t) = uy Hy—1 (B () DI D (1)

in L1(Q x R). If there exists a p € (1,00] and an X € LP(f2) such that

lim §(u*) = X in LP(Q),

k—o0
then u € Dom™ §, and d(u) = X.
Proposition 3.5
Dom™ 6 N U LP(Q,Ay) = Domd,

p>1

and the extended divergence operator § restricted to Domd coincides with the standard divergence

operator defined by (3.3).

Proof. Let uw € Domd = Up>1 Domd,. Then, there exists a p > 1 such that v € Dom{,, and
dp(u) € LP(Q2). In particular, u € LP(Q, Ay). Hence, it follows from Theorem 5.3 of [32] that
u € LP(Q, L'#(R)). Therefore, by Remark 3.4.1, u satisfies conditions (i) and (i) of Definition

3.3.

11



Now, let n € N and ¢ € A% with [|¢||a, = 1. The duality relation (3.2), the expression
DHy(B"(9)) = Hy1(B" ()¢
and the fractional integration by parts formula (3.8), yield
E [0,(u)H,(B" (¢))] = E(u, DHu(B™ (¢))),
= E[Ho 1 (B7(9)) (w)y,] = HE [Ha1(BY () (D20, D) L |

= 4E [Hn_l(BH(w)) /]R u DD ga(t)dt} (3.10)
Since (3.9) is valid, Fubini’s theorem implies that (3.10) is equal to
iy [ B JueH, 2 (B" (2))] DD p(t) dr
R

which shows that u also also fulfills condition (iii) of Definition 3.3. Hence,

Dom § C Dom* 6 M |_J LP(Q, An).
p>1

and the operator § from Definition 3.3 is an extension of the one defined by (3.3).
If w € Dom"d N Uy~ LP(2, Ar), then there exists a p > 1 such that u € LP(Q,Ay) and

§(u) € LP(Q). Let n € N and ¢ € A}, Theorem 5.3 of [32] implies that u € LP(Q, LY (R)), and
it follows that (3.9) holds. Therefore, Fubini’s theorem applies, and we get

B, DH, (B (0),., =B |y [ D2usth, (57 () D (o)
= E {ch/]Ruth_ngp(t)dtHn_l(BH(go))}

= % /RE [ueHy—1 (B (¢))] DED% p(t)dt
— E[p()Ha(B7(9))] -
It can be deduced from this by an approximation argument that
E(u,DF),, =E[6(u)F]
for all F' € S, which shows that © € Dom J, and therefore,

Dom™ N U LP(Q,Apx) C Domo.

p>1

Proposition 3.6 Let u € Dom* § such that E[u] € L?>(R). Then E[u] € Ag.

Proof. By definition 3.3, 0(u) € LP(2) for some p > 1. Let ¢ € A}, with ||¢|[a, = 1. For n =1,
condition (iii) of Definition 3.3 yields

C%/R]E[Ut] DD p(t)dt| = [E [6(u) B ()] | < [16(w)l| oI B ()]s (0 -
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where p = p%' Since there exists a constant 7 such that for all ¢ € Ap,

BT ()| o) = 51 B (@) r2(0) = ¥5ll¢lax -

the mapping
P c% / E [uy) DiDgg&(t)dt
R

is a continuous linear functional on A}, = I*(Ex) C Ay, which can be extended to a continuous
linear functional on Ag. Therefore, there exists a 1 € Ay such that for all ¢ € A}

G [ BlulDID (0t = (.p)a, = i [ DI0ED ()t (3.11)

It follows from the integration by parts formula (3.8) that (3.11) is equal to

£ /]R D(EDID p(t)dt

Hence,

/ ¢(t)DiDi‘so(t)dt‘ < 1B [u] |2 DA D gl ey

for all ¢ € A};. In the proof of Lemma 5.9 in Pipiras and Taqqu [24] it is shown that D (Eg)
is dense in L?(R). Analogously, it can be shown that DYD%(A};) = DY (Ex) is dense in L*(R).
This implies that 1 € L2(R), and it follows that E [u ] = 1. O

Theorem 3.7 (Fubini Theorem) Let (Y,), ) be a measure space and uf(w) € L°(Q x R x Y)
such that

(i) for almost all y € Y: u¥ € Dom™§
(ii) for almost all (w,t) € Q x R:

u(w) € LN(Y) and [, [u¥|du(y) € L*(Q x R)
(iii) for almost all w € Q: §(u)(w) € LY (Y) and

Jy 16(u)| du(y) € T(9).

/ udp(y) € Dom* 6 and 6 [/ wdu(y } / O(u?)du(y
%

Proof. Tt follows from assumption (i) that [, u¥du(y) € L*(Q x R). By Remark 3.4.1, [, u¥du(y)
satisfies conditions (i) and (i) of Definition 3.3. Assumption (iii) implies that [, d(u?)du(y) €
L2(2). Now, let n € N and ¢ € A%} such that ||¢|[a, = 1. Then

Then

& [ [ atduts) 15" ()] DID (0t
G ||| B[, (B ()] DD plt)dtauty)
| Bl (87 ()] duty)

= E {/y 5(uy)du(y)Hn(BH(<P))} ,

13



where the first and the third equality follow from the standard version of Fubini’s theorem. It can
be applied because

/ | |Hu—1(B" ()| [DYD2 (1) | dPdtdu(y)
OQXRXY

< H [ 1ldnty

HDiDg‘PHLz(R) < 0,
L2(QxR)

and

[ 10 (B ()] aPauty) < H [ 15 auty)
QxY Y

< 0
L2(Q)

Hence, [, u¥du(y) also satisfies condition (iii) of Definition 3.3, and the proposition is proved. [

4 Ito0 and Tanaka formula

In this section we establish versions of the formulas of It6 and Tanaka for any value of the Hurst
parameter H € (0, %) The basic ingredient is the next lemma, which contains It6’s formula for
smooth functions f such that f and all its derivatives do not grow too fast. In the whole section,
a and b are two are two real numbers such that —oco < a < b < 0.

Definition 4.1 We say that a function f : R — R satisfies the growth condition (GC) if there
exist positive constants ¢ and \ such that

A< i [(la| v BD]2H  and  |f(z)| < ce®  forallz € R.

Remarks 4.2
1. If f satisfies the growth condition (GC) for positive constants ¢ and A, then there exists a
positive constant £ such that

A= [0l VIO and  [f@)] e forallz € R, (11)

Hence, f(BH) € L?(Q) for all t € (a — &£, b+ &).

2. If f € C"(R) for some n > 1 and f(™ satisfies (GC) for some positive constants ¢ and A, then
it is easy to see that there exists a positive constant ¢ such that for all j = 0,...,n, fU) satisfies
(GC) for the constants ¢’ and A.

Lemma 4.3 (It6 formula) Let f € C®(R) such that for all n > 0, f) satisfies the growth
condition (GC) of Definition 4.1. Then

F/(Bf)1(ap(t) € Dom™s,

and

b
LB 0] = FB1 = 1B~ 5 [ 1Bl

14



Proof. Tt follows from the growth condition (GC) that
F(BI (1) € L2 x B) (42)
and .
F(BE) = $(BE) 5 [ 5B € ).

By Remark 3.4.1, (4.2) implies that the conditions (i) and (ii) of Definition 3.3 are satisfied. It
remains to verify condition (iii) of Definition 3.3, which reads as follows:

b
&, / E [/ (BH)H,_1(B" (¢))] (DD o) (1)t

= E

b
{f(Bf’ )= 1B = 5 [ s |t|2H} Hn(BH(@)] , (43)

for all n € N and ¢ € A% with ||¢||a, = 1. Let us first assume that a« = 0 < b < co. Then, (4.3)
simplifies to

b
&, / E [/ (B )H,_1(B" ()] (DD o) (1)dt

b
= E {f(Bsz)—f(O)—H/ f”(BfI)tQHldt}Hn(BH(w))] - (4.4)
0
Denote
1 192
p(o,y) := (2mro)~ 2 exp 5, ,o>0,yeR, (4.5)
and notice that g—g = %%’2’. Hence, for all n € N and ¢ € (0, ],
d d
ZE\|f)(gH - = 2H (n)
n [f (B; )} g IRp(t ) (y)dy

9 - n
= / 55 P ) 2HEET [ (y)dy
rR OO
—  peH-1 0? 2H ™) (\d
= 502PE ) (y)dy
R OY
= HET [ ) )iy
R
— HPHOR [f(””)(BtH )} . (4.6)
For n = 0, the left hand side of (4.4) is zero. On the other hand, it follows from (4.6) that
b
B /(5] - £0)~ H [ E[/(BI] 1 i =0,
0

which shows that (4.4) is fulfilled for n = 0.
Now, let n > 1. It follows from the integration by parts formula (3.8) that for all ¢ € (0, ],

t
(Lo 9}y, =4 / (DYD? ) (s)ds

15



This and (4.6) imply that for all ¢ € (0,],

d n
= (B [r™BH)] (1ea.9)4,)
HEAE [f2 (B (10,0, 0)) , + hmE |77 (BI)] (Lo, 9)y, ! (DID2g)(1).

Hence,

b
E {f(”)(Bzf{)} (Lop @)y, = H/O E {f(”JFQ)(BtH)] (Lo, )y, 21 1dt

b
+En /0 E [ Fo(BH )] (Lo ¢)y . (DID* ) (t)dt . (4.7)

It follows from Theorem 1.1.2 and Proposition 1.3.1 in Nualart [22] that for all k > 1 and ¢ € Ay
with [[¢f|a, =1,
Hy—1(B"(¢))p(t) € Dom§

and
8 [Hy—1(B™ () (t)] = kHy(B" (¢)).
Hence, by iteratively applying the duality relation (3.2), we obtain

E [f<n>(35)} (Lous )y, =n'E[f(BYH.(B"(9)] ,
E[£B5)] (1o 9)y,
E 0B (10, 9)y, = nlE [f" (B Ha(B (¢))] -

This together with (4.7) implies (4.4) for n > 1. Analogously, it can be shown that (4.3) is true in
the case —oo < a < b = 0. Now, it follows by additivity that (4.3) also holds in the general case
—o0<a<b<oo. (]

It can be derived from Theorem 8.1 in Berman [5] that the process {B}f,a <t < b} has a
continuous local time, that is, there exists a two-parameter process

= (n—=D'E [f'(Bf ) Ho1y(B¥ (9)]  and

{K?{a7t],a<t§b,yER}

which is continuous in ¢ and y such that for every continuous function g : R — R,

t
[ aBihas = [ st yiv. a<i<.
We define the weighted local time
{Ll(’a7t],a<t§b,y€R}
as follows:

(ds).

t
Lg(’a g = 2H/ sign(s) |s|*7 ! El(’a 1

It is also continuous in ¢ and y, and for all continuous functions g : R — R,

t
[ Bl = [ gt ydv. (4.
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Theorem 4.4 (Tanaka formula) Let y € R. Then
1(.7!700)(31{_1)1(a,b] (t) € Dom*§,

and
1
0 [1(y,oo)(BtH)1(a,b] (t)] = (Bl{{ - y)+ - (Bf - y)+ - L?(Ja b

Proof. We set for all k> 1,

/ / fz— Ydzdv, x € R,

where the function p is given by (4.5). Then, for all z € R,

x

fele) = =) and fi@) = [ p(z -0 = )+ Ly (@), ask— oo,

— 00

The functions f satisfy the conditions of Lemma 4.3. Therefore, for all k > 1, fL(Bf )14 (t) €
Dom™¢, and

§ [fr(B )10y ()] = fu(B) — fr —7/ F(BEyd ¢

By Remark 3.4.2, the theorem follows from the following three facts:

A) B ) (t) = 1(y.00) (B )1 (t) in L2 (2 x R),
B) fu(Bi") = fe(BY) — (B —y)T = (B —y)T in L*(Q), and

/ RBHAPT — L in LP(Q).

A) and B) are obvious. For the special case a = 0 < b < oo, C) is part of the statement of
Proposition 2 in Coutin, Nualart and Tudor [7]. By using the fact that time-reversed fBm is again
a fBm it can easily be checked that C) is also true if —oco < a < b = 0. Now, it follows by additivity
that C) is true for general —oo < a < b < 0. g

Remark 4.5 It immediately follows from Theorem 4.4 that for all y € R, the processes 1(_ ooy (Bf)1(4,5)(t)
and sign(Bf! — y)1(,(t) belong to Dom™4 and

. 1
O [Vt BN @n ()] = (B —9)™ = (B =)™ = 5Ly

and
§ [sign(B{" —y)l@wn(®)] = |By' —y| - |B —y| - Liaw-

If f is a convex function, we denote by f’ its left-derivative and by f” the measure given by

f"(ly,2)) = fL(2) = fL(y), —o0 <y <z < o0
Theorem 4.6 (Ito—Tanaka formula) Let f be a convex function such that

(i) f(Ba), f(ByT) € L*(Q),
(i) f2(BI)1(ay(t) € L*(Q x R), and

17



(iii f]R ‘L|(a b] J"(dy) € LQ(Q)7

where
LI, = 2H / 5P (ds).
Then
FL (B 144 (t) € Dom*s (4.9)
and )
S (B0 (0)] = FBE) = 7B = 5 [ L, 1" (). (4.10)
R

Proof. f' can be written as f’ (z) = f'(0) + g + h, where

and
M) == [ 1@ @
Note that
f(x) = F(z) + G(z) + H(x),
where
F(z) = f(0) + fL(0)x
x) = x : 2)dz = z—y) T’
Gla) = Loy (@) | a(2)d /[O’Oo)< v 1 dy),

and

0
H(@) = 1@ [ h)z= [ ) ).

It is enough to prove (4.9) and (4.10) for the cases

A) fla) = F(x)
B) f(z) = G(z)
C) f(z) = H(z)

separately. In case A), (4.9) and (4.10) follow from (2.1). To prove (4.9) and (4.10) in the cases B)
and C), let us first assume that a = 0 < b < co. Then, it can easily be checked that the conditions
(i)-(iii) still hold if f is replaced by G or H. Therefore, in the cases B) and C), (4.9) and (4.10)
follow from Theorem 4.4 and Theorem 3.7. If —oo < b < 0 = q, the cases B) and C) can be dealt
with analogously. For the general case —oco < a < b < oo the result follows by additivity. (Il

Remarks 4.7
1. If in Theorem 4.6, 0 < a, then condition (iii) reduces to [, L{, ;1 f"(dy) € L*(9).

2. If in Theorem 4.6, f € C?(R), then by (4.8), formula (4.10) can be written as

b
5[ (BI 0] = (B~ £(BI) — 5 [ 5/ BMal™

18



Corollary 4.8 Let f € C*(R) such that f" satisfies the growth condition (GC). Then

F/(Bf)1((t) € Dom*s (4.11)
and L
LB 0] = FB1 ~ 5B~ 5 [ 1Bl (1.12)
Proof.
f(z) =F(z) + G(z) + H(z),
where
F(z) = f(0) + f'(0)z,
G(x):/0 9(y)dy, gy /f
and

H@A%<@7 /f’

Clearly, (4.11) and (4.12) hold for F. To see that (4.11) and (4.12) hold for G, note that f7
satisfies the growth condition (GC). It follows that also g and G fulfill (GC). Therefore G satisfies
conditions (i) and (ii) of Theorem 4.6. The fact that

/\L|(ab] (dy) _QH/ £ (BH) 5[ ds,

shows that condition (iii) of Theorem 4.6 is also satisfied. Hence, Theorem 4.6 and Remark 13.2
imply that (4.11) and (4.12) hold for G. Analogously, it can be shown that (4.11) and (4.12) hold
for H, and the corollary is proved. O

Corollary 4.9 Let f : R — R be a function that satisfies one of the following two conditions:

(i) f € C*R) and f" satisfies the growth condition (GC).

(ii) f is convexr and satisfies the assumptions of Theorem 4.6

Moreover, let A € F such that f' (Bf)(w) = 0 P x dt-almost everywhere on the product space
A x (a,b]. Then & [/ (Bf)1(a(t)] =0 almost everywhere on A.

Proof. There exists a measurable subset Q C Q with P {Q} = 1 such that for all w € Q, the

function
Bf'(w), te(a,b],

is continuous and has no interval of constancy. For w € Q, we set

m) = zig, B() and - M() = mox B).

It follows from the assumptions and Corollary 4.8 or Theorem 4.6, respectively, that for almost all
weANQ:
f~ =0 on the interval (m(w), M (w)]
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and

5 [/ (BN (0] (&) = F(BY (@)~ F(BE (@) ~ 3 / LY, (@)f"(dy) = 0.

This proves the corollary. O

Let f € C?(R). Then we can define & [f’(BtH)l(a’b] (t)] by localization in the following way:
For all £ > 1, we set

Fr—k) it <—k
() = { @) i —k<az<k | (4.13)
a0 ite >k
L) = 1(0) + / " [y, « € R, (4.14)
and ”
ful@) = £(0) + / L)y, = € R. (4.15)

The sequence of sets

Qk:{sup ‘BtH|<k},k21,

a<t<b

is increasing, and

U =20, (4.16)
k=1
almost surely. It can easily be seen that
all fi satisfy the conditions of Corollary 4.8 (4.17)
and for all k > 1,
Fe(Bi ap () = [/ (B )1(ap (1) on Q x R. (4.18)
If we define
§[F/ (B an®)] =06 [fe(Bf N 1@wy®)] on Qy (4.19)

for all k£ > 1, we get from Corollary 4.8 that

b
5[ (BIan®)] = 1B~ (B2 ~ 5 [ 5Bl (120)

It follows from Corollary 4.9 that we obtain the same formula (4.20) if in (4.19) we replace the
pair of sequences {Q},, and {fi};—, by another pair {Qk}k , {fk}k that satisfies (4.16),
=1 =1
(4.17) and (4.18).
For a convex function f: R — R, we can modify (4.13), (4.14) and (4.15) to
V(E):= f"([-k, k)N E), E a Borel set,
Fo(x) = fL0) + f/([0,2)) ifz>0
@=L ) = o) ite<o

and

ful@) = £(0) + / " f )y, v R

20



Then the functions fi satisfy the conditions of Theorem 4.6, and the same localization procedure
as above yields

511 (B (0] = FBI) = 7B = 5 [ L1 (). (8.21)
R

As above, it follows from Corollary 4.9 that a different localization yields the same formula (4.21).

5 Symmetric integration with respect to fractional Brown-
ian motion

In this section we show that the Russo—Vallois symmetric integral of a general smooth function of
BH with respect to B exists if and only if H > é Throughout the section, a and b are two real
numbers such that —oco < a < b < 00, and g : R — R is a continuous function.

Definition 5.1 If the limit in probability

b H H
BHE _ B
P — lim BHyZite  Ttme 5.1
limy | 9(B;") 5 (5.1)

exists, we call it symmetric integral and denote it by
b
[ awitast.
a

Remark 5.2 The symmetric integral was introduced by Russo and Vallois [28]. According to
their definition, the symmetric integral of a stochastic process (X¢);e[q,5) With respect to another
stochastic process (Y)ie[q,b) is given by

by, Y ovva
P — lim X, (t+e)Ab (t—e)Vv
eNo0 J, 2e

dt.

Our Definition 5.1 looks slightly different. However, since g is continuous, we have for € € (0, 252),

b H H b H H
B - B B — B
/ g(BfI) t+e t—e It / (BtH) (t+e)Nb (t—e)Va It

2e 2e
I Hy(pH H 1o[ete Hy(pH H
= Py 9(B ) (Biie — By )dt — — 9(B ) (B, — By )dt
2e b—e 2e a
0 0 almost surely.
Hence, the limit (5.1) exists if and only if

P — lim /b (BH)B{*'I““” ~Bleove, (5.2)
=0/, 915 2e '

exists, and if they exist, the limits (5.1) and (5.2) are the same.
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Note that if h: R — R is a continuous function, then

b h(t+¢e)—h(t—c¢)

lim | h(t) = dt
_ ;1{%2% ( / " (Ot + )di — / b__ h(t—i—s)h(t)dt)
= 51{%2% </b: h(t)h(t+a)dt—/a:h(t)h(wra)dt)
= %hz(b) %hQ(a).

It follows that for all H € (0,1),

b H H
B B 1 1,
/ Bf%dt (EN0) 5(BbH)2 — i(Ba )2 almost surely,

which implies that
b
1 1
[ Braeslt = ity - i

for all H € (0,1). Since for H € [%,1), B has finite quadratic variation, it follows from Theorem
2.1 of Russo and Vallois [29] that for all H € [§,1) and g € C*(R),

/ (BB - G(B) - G(BY). (5.3)

where G is given by G(z) := [; g(y)dy, € R. In Theorem 4.1 of Russo and Vallois [30] it is
proved that for H = 1, formula (5.3) even holds if g € L2 (R).

For H € (0, %) the paths of BY are rougher than the paths of Brownian motion (recall that
BH has infinite quadratic variation if H € (0,3)). However, it follows from what is shown in

Section 4 of Alos, Leén and Nualart [1] that if H € (§, 3), then (5.3) is still true for all g € C*(R).

In Theorem 4.1 of Gradinaru, Russo and Vallois [12], formula (5.3) is proved for H = § and
g € C3(R).
In this section we show that for general g € C3(R), H = % is the critical value for the existence

of the symmetric integral in (5.3). The main result of this section is the following

Theorem 5.3
a) Let g € C3(R). Then for every H € (3, 3),

/ o(BI)'BE = G(BI) - G(BH),

where G is given by G(z) = fOL g(y)dy, x € R.
b) If H € (0, ¢], then

b
| @res:
a

does not exist.
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For the proof of Theorem 5.3 we need the following three lemmas and the subsequent proposition.

Lemma 5.4 Let H € (0,3) and g € C*(R) such that g" satisfies the growth condition (GC) of
Definition 4.1. Then there exists a & > 0 such that for all r,s,t € (a — &, b+ &),

E [g(B") (9(BY) — g(B))]

° 1y pH\ /(pH 0 1 . (9|U|2H
= / E[¢'(B{")g'(B)")] 5B (t,v) + 5E [g(B{)g"(B))] =5 — ¢ dv.

Proof. By Remarks 4.2, there exist positive constants ¢, A, £ such that g, ¢’ and ¢” satisfy (4.1) for
¢, A and &. Hence, it follows from Corollary 4.8 that for all r,s € (a — £,b+ &),

1 f° alw*"
9B~ 9(BE) = 6 [ (B + 5 [ oIS v,
where 1, (v) := —1(s(v) if s < 7. By (iii) of Definition 3.3, this means that for all n € N and
¢ € Ay with [|¢][,,, = 1, the following equation holds:
S
G [ B[/ (BI)H, (B (2))] DSD? p(e)d (5.4)
H H H L 1 pH H 9 \U\ZH
= E[(o(B) — o(BI) Ha(B" (@) ~ 5 [ Elg"(BIH(B"(o)] T —av.

An inspection of the arguments that lead to Corollary 4.8 shows that (5.4) still holds if ¢ is replaced
by the function 1(g 4. Then, it follows by approximation that the following version of (5.4) is also
true:

& / E [¢(BY)g'(BF)]| DID*1 0. (v)dv

1

= E[(o(BI) - o(B) o8] - 5 [ Bl BI(5)]

8|'U|2H

dv .
ov v

It remains to be shown that

_H_  i1_§Hg 0
;D27 " D2 1(07t](v)=%R(t,v).

—+ o=

But this follows immediately from
2 1_g 1 g
Ru(t,v) = (Lo L0w)s, = <D3 Lo, D2 1(0’”]>L2(R)
v 1_ 1
C%{/ (Dfr ip:z H1(07t]) (z)dz,
0

which is a consequence of the fractional integration by parts formula (see Corollary 2 to Theorem
6.2 in [32]). |

Lemma 5.5 For every H € (0, %) there exists a constant ap > 0 such that for all h > 0 and
z € R\ {0},

1 _
o lz+h*" — |z — hP" | < ag o7 (5.5)
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Proof. Fix h > 0. For all z € [h, ),

(@ +h)*M —(z—h)*" 1 L+y)*" -1 -y

2h x2H-1 2y ’

where y := % € (0,1]. The function

xT

A+y*" -1 —y*"
2y

is continuous on (0, 1], and
1 2H _ (1 _ . \2H
i L+ Y) (1-y)
¥\.0 2y

=2H.

Therefore,
1 2H _ 1— 2H
op = sup (1+y) (1-y)
y€(0,1] 2y

< o0,

which shows that
(v + h)*H — (x — n)2H

2h
for all A > 0 and z € [h,00). For h > 0 and z € (0, h), we have

< agz*-1 (5.6)

1 en| 1 o vom 211 211
— < —(2 < < . .
o lz 4+ h)*" =z —h)"| < Qh( h)** < agh <apz (5.7)
Since both sides of (5.5) are even in z, the lemma follows from (5.6) and (5.7). O

Lemma 5.6 For all H > 0 there exists a constant By > 0 such that for every n € (0,1) and all
t,s € R such that t # s,

1ot 2H 2H -1 B if H>
— — dv < e 4 . 5.8
277/“7 o — s Jo — 1 IR TE R b (5.8)

Proof. Since both sides of (5.8) are even in ¢ — s, it is enough to prove the lemma for the case

s —t > 0. It can easily be checked that there exists a constant Sz > 0 such that for all z > 0,

1

4H—1 : 1
L ﬁHZ y if H > 1
2z

z
y*" |y+1I2H1dy§{ :
5 B, | itHeE (0

It follows that for every n € (O, 1) and all ¢, s € R such that s —¢ > 0,

1 _
— v— S = — x xr+Ss— X
2H 2H 1d 2 2H t2H 1d
-

_1(s—1 e
- <s—t>4H -0 2,,)/ Py 1P ay

s—t

4H-1
- {( By ( ) L fH >
B (s — )4 if H € (0,1]
- { B , 1f H> 1
= (s—t)*=18y, f He(0,1] -
which proves the lemma. O
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Proposition 5.7 Let H € (§,3) and g € C3(R) such that g satisfies the growth condition (GC)
of Definition 4.1. Then

2 ’ Bt — B! H b4
L* — lim B £ —£dt = G(B;") - G(B
El\oag(t) 5 (By') —G(B,),
where G is given by G(x fo y)dy, © € R.

Proof. By Remarks 4.2, there exist positive constants ¢, A, £ such that g, ¢’, ¢” and ¢"” satisfy (GC)
for ¢, A, €. Tt follows from Lemma 1.2.2 of Nualart [22] that for all ¢ € (a,b] and € > 0,

9B (B, — B =6 [9(Bf)L—cirq] + 9 (B (10,4, L ttel)n,,

Hence,
[ o P Prea s L4y
where .
A, = / 6 [9(BI )Lt rya] dt
and

b
B, = / g/(BtH) <1(0,t], 1(t—e,t+6]>AH dt.

It can easily be checked that

1 1P
L N0 7/ g (B in L2(Q).
2e 2 /.
It remains to prove that
H 1 ’ / H 2H
- h{n 4. - =G(By') - G(B;) - 5 [ 9Bl (5.9)
€ a
Assume that 1
571117%0 ME [A:A;)] exists. (5.10)

This implies that (2—1EAE)E>0 is Cauchy as € \, 0, and therefore converges in L?(Q). It follows from
Theorem 3.7 that

b (v+e)Ab
A =6 [/ g(Bg{)l(tfe,tJra] (U)dt] =0 [l(aa,b+s] (U)/( g(BtH)dt

v—e)Va

)

and it can easily be checked that

1 (ere)nb H (e\0) . 2
2z Ha—e ] (V) : g(B)dt "—" g(BI)1(44(v) in L*(2 x R).

v—e)Va

Hence, it follows from Remark 3.4.2 that

L? —i{n —A =0 [g(BN) 10y ()] - (5.11)
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Since by Corollary 4.8,

b
S o(BI L] = GBI - GBI — 5 [ (Bl

(5.11) implies (5.9).
To complete the proof we have to show (5.10). Clearly, for all ¢ € (a,b] and € € (0, &),

9B e e (v) € L2

(check Definition 1.3.2 in Nualart [22]). Hence, it follows by property (3) on page 39 of Nualart
[22] that for all ¢, s € (a,b] and £,n € (0,§),

E [6 [g(Bf)(t—c.t4e)] 6 [9(BE)L (s s ]]
= [g(BH) ( )} <1(t e, t+e]s 1(5 ns+n]>AH
+E [¢'(B{")g' (B)] (Lo,4s Lis—mstm) a,y (Lie—estrels Lo n,
(B;

= E[g(BNg(BN)] [Ru(t+e,s+n) — Ru(t+e,5—n)
—Rpy(t— 55+n)+RH(t75 s—n)]
E[¢'(B{)g'(BI)] [Ru(t,s +n) — Ru(t,s —n)]

x [Ru(t +5 s) Ry(t—e,s)] .

+

Therefore,
1 1
—E AEA = 7 (Len De n)s
T EAeAs] = (e + Dey)
where
Ce = // B [Ru(t+2,5+1) — Rialt + £,5— 1)
—Rp(t—e,s+n)+ Ru(t —e,s —n)]dsdt
and
/ [ BB B s ) - Rt )
R(t+¢e,8) — R(t —e,s)]dsdt.
Furthermore,
Cep=Cl, +C2, +C2,,
where

b rb
Csl,n ::/ / E[ (BH)( (BH ) g(Bg-n))] [RH(t+575) 7RH(t76,S)} deta

/ (/’”” / ) Bg(BXL,)] [Ru(t+e,5) — Ru(t —e,5)] dsdt
=/ </l,n [ ) F)g(BIL) [Rur(t+2,5) = Raa(t — )] da.
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It can easily be checked that
: 2 3
,ln\04 (Cen+Cen)
b
OR OR
= [ (Blotanami) 52 w0 - £ losae)] ) .

It follows from Lemma 5.4 that
_Cel,n = EEJI + FE:"I )

where
ORy
BH e
- [ [ n )9/ (BI] S (1, 0)dv
X [Ru(t+e,s) — Ru(t —e,s)] dsdt.
and
Fa — /" BH el N
" / [ n gB) 28—
Ru(t+e,8) — Rp(t—e¢,s)]dsdt.
Obviously,
g ) 2m-1 ORp
51717\0 45 F., = H/ / "(BH)] sign(s) |s| 5 ——(t,s)dsdt .
Therefore, it is enough to prove that
. 1 .
E’171’r£0 y (Eepy — Dey)  exists.
We have
ORy
Be— / / [l (B - 3] 2 vy
s—n v
X [Rp(t+e,8) — Ru(t—e,s)]dsdt.

By Lemma 5.4 and the estimate

O 1) < (ol 4 o= ).

we obtain
£ [(B) (¢'(B) ~ o (BI)]
"B BI]] (w4 o =117 dw

A

=
o\

=

L H / C|E [ (B )™ (BEY]| ] du

A
2
T
=

\
o
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where

. ninHY 11 pH
TH = te[a,b]vglg[z(*&,bJrﬁ] |E [g (BS)g"(By )”

1
9 Eld (BF)a" (BH .
+2t6thg?ﬁ_&mfﬂ l9'(B{g"(BD]|

It follows from Lemma 5.5 that
1 _ _
gmH@+6ﬁ)fRH@f6ﬁ”§aH(mH{1+HAGEH1). (5.15)

By plugging (5.14), (5.13) and (5.15) into (5.12) we obtain

1 W’HHCYH 6+n o2 (Jof2H 2H—1
1o Ben = Deal < (WP o — P
0ﬂ2H ! u-sFH l)dvd&#.

Obviously, for all t, s € R, such that ¢ £ 0 and ¢t # s,

1 [t 9H (| j2H-1 2H -1 2H -1 2H -1
o v — | (w| Flo—t] )(m +lt— s| )dvﬂo

as 7\, 0. On the other hand, it follows from Lemma 5.6 that for all n € (0,£ A 1),

7/ _ |’U|2H71 o _t‘2H71) <|t‘2H Lyl s|2H71) g
3 28s (Jt2" 1= s if H e (4, 3)
< By (|S|4H—1 Yt — 3|4H_1> (|t‘2H—1 . $|2H—1) . ifHe (% i]

Hence, it follows from Lebesgue’s dominated convergence theorem that

1
i —(E., — D =0
e 4em (Ben em) ’

and the proposition is proved. ([l

Proof of Theorem 5.3.a
Let H € (3,4) and g € C3(R). For all k > 1, we set

g"(—k)  ifx<—k
g (@):=q ¢"(@) i —k<z<k
" (k) itz >k

x

g1 (y)dy, z € R,



and ”
Gi(x) := /0 g(y)dy, x € R.
The sequence of sets
Qp = {QIE?EJB‘& | <k} ,k>1,
is increasing, and

U Qr = Q almost surely .
k=1
On each € we have

b B BH b B BH

and
G(B") — G(BY) = Gr(B") — Gi(BL).

Since for all k > 1, g, satisfies the assumptions of Proposition 5.7, it follows that
b

L* — i Bl

lim /a 9k(B;")

This together with (5.16), (5.17) and (5.18) proves part a) of Theorem 5.3.

Proof of Theorem 5.3.b
It follows from what we have shown in the proof of Proposition 5.7 that

BH BH
Bive _Bie 6, (By) - culBl).

BE_—BH

b
2 : H\2 t—e
- dt
L A R =

exists if and only if

G
lim —=%
en\0 €n

s+n
/// E [B" (Bl — Bf)]agﬁ(t,v)dv
s v

X [Rp( t+z—: s)— Rp(t—e,s)|dsdt

= ///n Ry (t,v) — RH(tS)]aai(,)dU

X [Rg(t+e,8) — Ry(t—e¢,s)]dsdt

= // [Ri(t,s +n) — R(t,s —n)]

X [Ru(t,s +n)+ R(t,s —n) — 2R(t, s)]
X [Rg(t+e,5) — Rpy(t—e¢,s)]dsdt.

exists, where

Note that
Gey =G, +G2, +G2, +Gl

e
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(5.17)

(5.18)

(5.19)

(5.20)



where

I 2H 2H
Gy = 3 /{|8+n\ —|s =l }
X [RH(ta s+ 77) + R(ta s — 77) - QR(tv 8)]
X [Rp(t+e,8) — Ru(t—e,s)]|dsdt,
I 2H 2H
2, = g [ e=sru—pp-s—n
X [RH(tv s+ 77) + R(tv S — 77) - 2R(t7 8)]
x [|t+s|2H —Jt— a|2H} dsdt ,
: I 2H 2H
G2y = g | [ L= s el —te- s ]
x [ls + 0" + Js = " — 215"
x [|t—3—€|2H - |t—s+a|2H} dsdt
and
4 IR 2H 2H
G, = 3 (1t = s+ " = |t =5 = n*"]

X [|t—s+77|2H+|t—s—n|2H—2|t—s|2H}

X [|t— s+el —jt—s —5|2H} dsdt .

It can easily be checked that for all H > 0,
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1 1

Hence, if we can show that for H € (0, 5], -

G?m does not converge as €, \, 0, then the limit

(5.20) cannot exist. By transforming the double integral in (5.21) a couple of times we obtain
8 Lot 2H 2H
-Gt = = /[t—s+n —|t—s—n }
Sat, = o [ [ s —le=s—n)

X [|t—s+n\2H+|t—s—n\2H—2|t—s|2H}

X [|t —stel |t —s— €|2H} dsdt

Lo 2H 2H
— lw+n["" — [w—n|
&N Jo 0

2H 2H 2H
x [lw+ 1" + oo = 0" = 2 ]

X [|w +ef —jw - 5|2H} dwdv

1 b—a

— b—a—-w {w—&—n?H—w—nzH}
AN ) [jw+ 0 — =)

2H 2H 2H
x [l + 0 4w = = 2 ]
X [|w el - a|2H} dw.

It can easily be checked that for all H > 0,

1 [ 2H 2H 2H 2H 2H
) A (L T T (TR N VR I
0

X [|w+s|2H—|w—5\2H]dw—>O, ase,n\, 0.

To show that
I 2H 2H 2H 2H 2H
o [l ==l [ o =P 2] (522)
0

X [|w v e - e|2H} dw

does not converge as e, \, 0, we set ¢ :== b — a and let ¢ = dn for some d > 0. Then (5.22)

becomes
c

1
ar J, {|w+77|2H—|w—77\2H] [|w+77\2H+|w—77|2H—2|w|2H} (5.23)
X [\w + d77|2H —|w — dn\zH} dw
ntH=1 " 2H 2H 2H 2H 2H
= T [Tl P o= 1] [l 1P b = 1P 2o
0

X [\x v dPH - d|2H] dz.
For H € (0, ¢), the constant d can be chosen such that
o0
/ {|x PP g 1|2H} Dx PP 412 g |x‘2H}
0

X [\x+d|2H - \x—d|2H} dz € R\ {0} .
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Then, (5.23) explodes for n \, 0. For H = =, the expression

1

6’

1 o0

3/ [|x+1|2H—|x—1|2H} [\x+1|2H+\171|2H72|x\2H] [|x+d|2H7|x7d|2H} dz
0

obviously is not constant in d. Hence, we have shown that for H € (0, ], the limit (5.20) does not
exist, which implies that the limit (5.19) does not exist either. Since in any finite Wiener chaos
convergence in L? is equivalent to convergence in probability, it follows that

b H H
B _—-B
P — lim (BtH)QMdt
eN0 J, 2e

does not exist. O
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