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1 Introduction

We consider a market that consists of a money market account and a stock
that pays no dividends. All economic activity takes place in a time interval
[0,T] for some T € (0,00). Borrowing and short-selling are allowed, the
borrowing rate is equal to the lending rate, and it is possible to buy and
sell any fraction of stock shares. Moreover, there exist no transaction costs
and stock shares can be be bought and sold at the same price. We assume
that there exist two stochastic processes (X¢)iejo,r] and (Yi)iepo,r] on a
probability space ({2, .4, P) such that money in the money market account
evolves according to (X¢):eo,7) and the stock price follows (Y;)seqo,17-
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A fractional Brownian motion (fBm) with Hurst parameter H € (0, 1],
is a continuous, centered Gaussian process (Bf!);cg with covariance

1
Cov (Bf', BI) = 5 (|t|2H + s - - S\ZH) t,scR. (1.1)

B? is a two-sided Brownian motion. The paths of B! are straight lines with a
normally distributed slope. For H € (1,1] the correlation of two increments
of B over non-interlapping time-intervals is positive, and for H € (0, 3)

it is negative. It can easily be seen from (1.1) that E[(Bff — Bf)?] =
[t — s\ZH. Hence, Kolmogorov’s continuity criterion applies (see e.g. Theo-
rem 1.2.1 in Revuz and Yor (1999)), and it follows that almost all paths of
BH are locally Holder continuous of order « for every a < H. Furthermore,
BH has stationary increments and is H-self-similar, that is, for all @ > 0,
(BE)icr has the same distribution as (a Bf);cg. More details about fBm
can be found in Section 7.2 of Samorodnitsky and Tagqu (1994). We call

X;=1, Yi=Yy+vt+oB tc0,T], (1.2)
the fractional Bachelier model and
Xy =exp(rt), Yi=Yyexp({r+v}t+oB), te(0,1], (1.3)

the fractional Samuelson model or fractional Black-Scholes model. For the
moment we assume that Yy, o are positive constants and v, r are real con-
stants, but all our results will also hold true if vt is replaced by any function
in C'(Ry) and rt by an arbitrary right-continuous stochastic process. For
a discussion of the empirical evidence of correlation in stock price returns
see e.g Cutland et al. (1995) or Willinger et al. (1999) and the references
therein.

For H € (0,1)u(3,1), (Bf)i>0 is not a semimartingale (see e.g. Liptser
and Shiryaev (1989) or Rogers (1997)). Hence, it immediately follows from
Theorem 7.2 of Delbaen and Schachermayer (1994) that in both models
(1.2) and (1.3) there exists a weak form of arbitrage called ‘free lunch with
vanishing risk’ consisting of simple integrands that are predictable with re-
spect to the smallest filtration that satisfies the usual assumptions and con-
tains the filtration generated by the discounted stock price process. Rogers
(1997), Shiryaev (1998) and Salopek (1998) give arbitrage strategies for fBm
models.

Rogers (1997) constructs arbitrage for the fractional Bachelier model
(1.2). His strategy comsists of a combination of buy and hold strategies
and works for all Hurst parameters H € (0,3) U (3,1). However, as self-
similarity of the process Y is essential for its construction, Rogers’ arbitrage
only exists in the case v = 0, i.e. Y; = Yy + o B . Moreover, Rogers models
Y, for t € (—o00,0] and to generate a profit on the time interval [—1,0),
his arbitrage strategy needs to know the whole history of Y from time —oo
until the present.
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In Shiryaev (1998) only the case H € (3,1) is treated. An integral with
respect to B is defined and it is indicated how it can be shown that for
regular enough functions F', the modified It6 formula

dF(t, By = 6,F(t, B )dt + 9, F(t, Bf YaB} (1.4)

holds. Using this for the fractional Bachelier model (1.2) with H € (3, 1),
one can choose a ¢ > 0 and set

V) = —c(vt+ anI)2 —2cYy (vt + aBtH) , Ui =2c (vt + UBtH)

to obtain
t
w&+ﬁn:%m+%m+/ﬁanqmwwﬁ?
0

Hence, if continuous adjustment of the portfolio is allowed, (9°,9) is a
self-financing arbitrage strategy for the fractional Bachelier model. For the
fractional Samuelson model (1.3) with H € (1,1), one can set for all ¢ > 0,

9 = cYy {1 —exp (21/t+2chfI)}, ) = 2c {exp (l/t-l-O'BtH) -1}.

It follows from (1.4) that

t t
ﬁ&+ﬁn:%&+%%+/ﬁ%&+/ﬂﬁn
0 0
= cYp exp(rt) {exp (Vt + chtH) — 1}2 ,

which shows that (99, 9!) is a self-financing arbitrage strategy for the frac-
tional Samuelson model.

More generally, it follows from Young’s theorem on Stieltjes integrability
(see Young (1936)) that if a stochastic process (Y;)i>o is almost surely
continuous and of bounded p-variation for some p < 2 (this is the case for
Y in (1.2) and (1.3) when H € (3,1)), then for a real function f on R that
is locally Lipschitz, the path-wise Riemann-Stieltjes integral fot f(Y,)dYy,
exists for all ¢ > 0 and equals F(Y;) — F(Yy), where F' = f. In Salopek
(1998) this is used to construct a self-financing arbitrage strategy for two
financial assets whose price processes X and Y are almost surely continuous,
of bounded p-variation for some p < 2 and such that X; # Y; for all ¢.

In this paper we want to do the following two things: for a class of models
that contains (1.2) and (1.3) for all H € (0,%) U (3,1), first, construct as
simple as possible arbitrage strategies and secondly, find an as big as possible
class of trading strategies that does not contain arbitrage.

The structure of the paper is as follows: In Section 2 we introduce dif-
ferent classes of trading strategies and define the notions of ‘free lunch with
vanishing risk’, ‘arbitrage’ and ‘strong arbitrage’. In Section 3 we construct
arbitrage strategies. As in Rogers (1997) our arbitrage strategies consist of
combinations of buy and hold strategies. Therefore we need no integration
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theory for fBm. Moreover, to generate a profit on the time interval [0, T,
our strategies need only know the history of the discounted stock price Y/X
from time 0 on. However, these strategies can only be performed if it is pos-
sible to buy and sell within arbitrarily small time intervals. In Section 4
we show that arbitrage can be ruled out from models of the form (1.2) and
(1.3) by introducing a minimal amount of time i > 0 that must lie between
two consecutive transactions.

2 Trading strategies

In this section the time interval is an arbitrary compact interval [a, b]. Money
can be invested in a money market account where money grows according to
a stochastic process (X¢)ie[a,p) and a stock whose price follows a stochastic
process (Y;)¢e[a,p)- We first give the definition of different notions of arbitrage
and specify the trading strategies afterwards. For the time being a trading
strategy is just a pair ¥ = (9°,9") of stochastic processes (9);ec(q,p and
(ﬁ%)te[mb]. 99 X, describes the money in the money market account at time
t and 9§ the number of stock shares held at time ¢. Hence, the evolution of
the portfolio value of a strategy ¢ is given by

V2= 90X, +01Y;, t € [a,b].

Since we want to use X as numéraire, we require it to be positive. We set

- VY
V= and V':=-L t¢ca,b].
t Xt

Definition 2.1 Let £ be a [0, oo]-valued random variable with P[¢ > 0] > 0.
a) A sequence of trading strategies {9(n)},~_| is a &-FLVR (¢-free lunch

with vanishing risk) if

n—oo

lim (f/bﬂ(n) — f/f(")) =¢ in probability, and

(2o
oo
{9(n)},2, is a FLVR if it is a &' -FLVR for some [0, oc]-valued random
variable & with P&’ > 0] > 0.

b) A trading strategy ¥ is a &-arbitrage if f/bﬁ — f/f = £ almost surely.
¥ 4s an arbitrage if it is a £ -arbitrage for some [0, oo]-valued random
variable & with P[¢’ > 0] > 0.

¢) A trading strategy ¥ is a strong arbitrage if there exists a constant ¢ > 0
such that ‘7;7’9 — V7 > ¢ almost surely.

It is clear that we must put certain restrictions on a trading strategy to
give it an economic meaning. First of all, trading strategies should only be
based on available information. To describe the evolution of information we
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introduce a family of o-algebras F = (F});¢[q,5- We assume that at any time
t € [a,b], X¢ and Y; can be observed and no information is lost over time.
In other words, F is a filtration and

FXY g ((Xu)ue[w] , (Yu)ue[w) CF foralltela,b].
Note that

Y . ¥ X,Y
FV =0 <(Yu)u€[07t]> c FXY forallt € [a,b].

Furthermore, we require X and Y to be progressively measurable with
respect to F. This is in particular the case when X and Y are right-
continuous, and it ensures that for all F-stopping times 7, the stopped
processes (Xrat)iela,p] and (Yrat)iea,p) are also progressively measurable
with respect to F. To construct arbitrage in fBm models of the form (1.2)
or (1.3) it is enough to consider combinations of buy and hold strategies.

Definition 2.2

a) The set of simple predictable integrands is given by
S(F) := {golqa} + Z;le 9il(r ) i =2,a=11<... <7, = b;
all ;s are F-stopping times; go is a real, Fq-measurable
random variable; and the other g;’s are real, F, -measurable
random variables} .
The class of simple predictable trading strategies is given by
O3(F) := {19 = (190,191) 00,9t € S(]F)} .
b) The set of almost simple predictable integrands is given by
aS(F) := {gol{a} + Z]oil Gilerym) ta=11 <12 < ... < b
all 7;’s are F-stopping times; go s a real, Fo-measurable
random variable; the other g;’s are real, F;,-measurable
random variables; P[3j such that 7; = b] = 1}.
The class of almost simple predictable trading strategies is given by
O25(F) := {19 = (190,191) s 00,9 € aS(IF)} .
¢) For 9' = golyay + 3521 9i1(r;.540) € @S(F) we define
(7.91 . Y)t = Z;il gj(YTj+1/\t - Yq—]./\t), te [a, b] .
(Note that this is almost surely a sum of finitely many terms and
the process ((191 ~Y)t)te[a7b} is progressively measurable because

(Y%)te[a,b] iS~)
Definition 2.3 Let ¥ = (¥°,9') € ©35(F). There exist stopping times
CL:7-1§7—2§~~~§b

such that 90 and 91 can be written in the form

oo )
9’ = fOl{a} + Z fj1(7j57j+1]7 0 = gol{a} + Zgj]‘(Tj,T]‘+1] . (2.1)

Jj=1 J=1
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We set 79 = a — 1 and call ¥ self-financing for (X,Y) if for all j > 1,
k=1,...,5 and >0,

Ly <ok =<y} {(fj+l = fi—k) Xy + (9j+1 — Gj—k) YTj} =0.
(2.2)
(Note that property (2.2) is independent of the representation (2.1) of 9.)
Furthermore, we set

65 {19 € O5(F) : 0 is self-ﬁnancing} and
o328 = {19 € OS(F) : 0 is self—ﬁnancing} .
Proposition 2.4 Let 9 = (9°,9') € ©25(F). Then the following are equiv-
alent:
(i) 9 is self-financing for (X,Y)
(i) almost surely, V) = V7 +~(190 - X),+ (0'-Y), forallte [a,b]
(iii) 9 is self-financing for (1,Y)
(iv) almost surely, V;’ =V + (191 . ff) for all t € [a,b]
t

Proof Let a =1, < 1 < ... < b be an increasing sequence of F-stopping
times such that

0 1
"= fol{ay +ij1(mrj+11’ v :901{@}+Zgj1(7jﬁj+1]'
i=1 i=1

(i) = (ii): It follows from (i) that there exists a measurable {2 C 2 with
P[.Q} = 1 such that for each w € (2, equation (2.2) holds for all j > 1,
k = ,jand I > 0 Slmultaneously For t = a, the equation in (11)
holds for all w € £2. Furthermore, there exists a measurable 2" C 2’ with
P [2"] = 1 such that for all w € 2", there exists for every ¢t € (a,b],a j € N,
such that t € (75, 7;j41], and

j—1

VI (00 X)), + (00 Y), = foXr, + 90Yr + D fi (Xry, — X2,)
i=1

+fj JF Zgl Tit1l ) + 9 (Y Y"'j)

J J
=D X (fico = i)+ D Ve (gim1 — 9) + [ Xe + g;Vy = 09X, + 0}V,
i—1 i=1

This shows (ii).
(ii)) = (i): Let j > 1, k=1,...,jand I > 0.
On {Tj_k < Tj—k4+1 = Tj41 < Tj+l+1} we have
(fi41 = fi—r) Xoy + (9541 — gj—k) Yo,
= (fj+lXTj+L+1 +gj+lYTg+L+1) - (fj—kXTj + gj—kYTj)
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—fiti (XTJ‘+Z+1 - XTj) — gj+l (YTj+l+1 - YT]‘)

_ 0 1 0 1
- (79Tj+1+1X7'j+l+1 + 197'j+1+1YTJ+l+1> o (ﬁTjXTJ' + ﬂTJYTj)
j+l j+l
- [ﬂgXa + ﬂ}lya + Z fz (X'ri_H - XTZ) + ng (Y'ri_H - Yn)
i=1

1=1
i1 i |

+ ﬂgXa + ﬂ(llYa + Z fl (XTi+1 — XTz) + Zgz <Y7i+1 _ Yn) a.:b. O,
i=1 i=1

which proves (i).
The equivalence of (i) and (iii) is trivial, and the equivalence of (iii) and
(iv) can be shown in the same way as the equivalence of (i) and (ii). O

Remark 2.5 It follows from Proposition 2.4 that for all ¥ € ©35(F), almost
surely,

ﬁ?:VjJr(ﬂl-?)t_ﬁm,te[a,b}.

This shows that if we identify indistinguishable processes, the map
9= (000" — (V2,0")

is a bijection from ©25(F) to L°(F,) x aS(F). In particular, there exists for
all (£,0') € L°(F,) x aS(F), a unique 9° € aS(F) such that ¢ = (4°,9") is
in ©25(F) and VY = ¢.

In QSafS(IFY) there exist so called doubling strategies which can create
strong arbitrage even in the standard Samuelson (or Black-Scholes) model
((1.3) with H = 1). It was noticed by Harrison and Pliska (1981) that
they can be ruled out by putting an admissibility condition on the trading
strategies. We use the admissibility condition of Delbaen and Schachermayer
(1994). Tt is more liberal than the one of Harrison and Pliska (1981) but
restrictive enough to exclude arbitrage in the standard Samuelson model.

Definition 2.6 For ¢ > 0, we call ¥ € ©O35(F) c-admissible if

: oY T9) s 1Lyv) > _
almost surely, telﬁf,b] (V;5 v, ) telf}zf,b] (19 Y)t > —c.

We call 9 admissible if it is c-admissible for some ¢ > 0. Furthermore, we
set

QSSfyadm(IF) = {0 € O5.(F) : ¥ is admissible } and
0284 (F) := {9 € ©2F(F) : ¥ is admissible } .

sf,adm
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3 Construction of arbitrage

Theorem 3.1 Let BY be a fBm. Let T € (0,00), v € C*[0,T] and o > 0.
Then in all four cases

(i) He (1), Yi=v(t)+oBf, te0,T]
(i) He(3,1), Yi=exp(v(t)+oBff), te0,T]
(iii) H € (0,1), Yi=v(t)+ 0B, tc[0,T]
(iv) H € (0,3), Yi=-exp(v(t)+0oBf), te(0,T],

there exists for every constant ¢ > 0 and alln € N, a 91 (n) € S(]F{/) such
that

|
3=

e

3
IS8

a) P [(191(71) . ?)T = c} >1
b) inf,epo7] (ﬂl(n) V) > -

In particular, the strategies 9(n) = (9°(n),9"(n)) € OF 4m(F¥), n € N,
where ¥°(n) is given by

90(n) = (01(n) .?)t — 9 n)Y;, t€[0,T],neN,

form a c-FLVR. In the cases (iii) and (iv), 9'(n) can be chosen such that
also

o) [9t(n)] < L.
Theorem 3.2 In all four cases (i)-(iv) of Theorem 3.1 there exists for every
constant ¢ > 0, a L-admissible c-arbitrage ¥ € stadm(lﬁ‘y). In the cases (iii)
and (iv), ¥ can be chosen such that ’191’ <1

For the proofs of Theorems 3.1 and 3.2 we need the following three
lemmas.

Lemma 3.3 Let (Zt)ie[a,p) be a continuous stochastic process. If
PlZy=Z,] =0, (3.1)

and for all € > 0, there exist FZ -stopping times a = 19 < ... < 7, = b such
that
n—1
Plmax S (Zoini — Zeni)’ 22| <, (3.2)
te(a,b) =

then there exists for all M > 0, a 8 € S(F?) such that

a) P[(B-2),<M]< 3 and
b) infyepan) (8- Z), > —37-
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Proof Let M > 0. It follows from (3.1) and (3.2) that there exist an € > 0
such that

1
P |:(Zb — ZQ)Q < €:| < m (33)
and FZ-stopping times a = 79 < ... < 7, = b, such that
— 2 € 1
P Zooint—Tont) > | < —. 3.4
tren[gflf] par ( 1A g/\t) = M2 < Wi (3.4)

Since Z is continuous,

1

. 2 €
E:=inft€la,b : ‘ (Zejint = Zojne)” 2 VeS|
j

n

(set inf( =b)

I
=

(3.5)
is an FZ-stopping time (see e.g. Proposition 1.4.5 in Revuz and Yor (1999)),
and (3.4) implies

PlE<b < ﬁ (3.6)

Furthermore,

2 n—l
B = (M+ ) Zry = Za) Yoy a1 Li0,6)

Q

is in S(F#), and for all t € [a, b],

n—1

2
(Zt/\§ - Za)2 - (Z’Fj+1/\t/\E - Z‘Fj/\t/\ﬁ) - (37)
J

M+ 37

B-2), =

I
=)

This together with (3.5) implies b). From (3.7), (3.6) and (3.3) it follows
that

M‘Fﬁ n—1 )
- P - (Ze — Z Zryoine — Zone) ¢ <M
Jj=0

1
< P[(Z — 2,) <5} gP[§<b]+P[(Zb—Za)2 <5} <7
This shows a), and the lemma is proved. |

Lemma 3.4 Let (Zt).c(q,5) be a continuous stochastic process. If for all L >
0 there exist FZ -stopping times a = 79 < ... < T, = b, such that

1
Z = 2) <L <1 (3.8)
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then there exists for all M > 0, a 8 € S(F?) such that
a) P[(B-Z), <M] <
b) inficlap) (6-2), > —5; and
c) 181 < -

Proof Let M > 0. Since Z is continuous,
Ev:=inf{t € la,b]:|Z; — Zo| > N} (we setinf () = b) (3.9)

is for all N > 0 an FZ-stopping time and {{y < b} — 0, as N — oo.
Therefore there exists an N > 2, such that

Pley <b] < ﬁ (3.10)

By assumption (3.8) there exist FZ-stopping times a = 79 < ... < 7, = b,
such that

1
2 2
§0 o = Z2) < NA(M2 +1) <537 (3.11)

It is easy to see that

:: MN2 Z TP T 1(7'11"'J+1]1[0 En]

is in S(F#) and satisfies ¢). For all ¢ € [a, b],

2 2
(6 Z t MN2 Z TJ+1/\t/\§N - ZT]'/\t/\fN) - (Zt/\fN - Za)
7=0

(3.12)
This together with (3.9) implies b). From (3.12), (3.10) and (3.11) it follows
that

P(B-Z), < M]
[ 1 n—1 9
2
=P MN2 Z (ZTj+1/\§N - ZTj/\EN) - (Z§N - Za) <M
7=0

nfl

2
<P Z 7'J+1/\§N_ Ty/\EN) < M?N? + N?

1
Pléy < b+ ZO = Z2) < N2(M? +1) <97

This shows a), and the lemma is proved. O
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Lemma 3.5 Let B be a fBm and T,p,q > 0. Then:

a) nPH=1=a 5707 |B(J+1)T H I 22 0 i L1
b) npH-1+4 Z |B(]+1)T |p (n2e) oo in probability,

i.e. forall L >0 there exists an ng such that for all m > ng,

P |npH=ita 570 \B<J+1>T BY |IP<L| <t

Proof See Lemma 2.1 in Cheridito (2001b). 0

Proof of Theorem 3.1 By self-similarity of B it is enough to prove
Theorem 3.1 for T'= 1.

(i) He (3,1), Yi=v(t)+oBf te0,1]
It is clear that (Y/t)te[o,l satisfies (3.1). Since the function v is Lipschitz and
almost all paths of (B;");c[0,1] are Hélder continuous of order a for every
o € (3, H), it follows that

n—1

rn[(z)uf] (f/HlM - YQM) "= () almost surely. (3.13)
tef0,1] 4 n n
Jj=0

This shows that (ﬁ)te[o,l] also satisfies (3.2). Thus, it follows from Lemma
3.3 that for all n € N, there exists a 3(n) € S(FY) such that

a) P [(ﬂ(n))})l < c] <1 and

b) infyeqo] (5@) : Y)t > -1
For every n € N,
&, = inf {t : (ﬂ(n) ~)~/)t = c} (we set inf() =1)

is an FZ-stopping time, and for 9'(n) := 8(n)ljg¢,) € S(F?) we have

a) P [( ?)1 c}>1—% and
b) infyepo 1) ( Y(n) - )t >

(i) H € (3,1), Yy =exp (v(t) +oB{),t€[0,1]:
(ﬁs)te[o,l] satisfies (3.1), and it is clear that (3.13) still holds true. Hence,
(Yt)te[&l] also satisfies (3.2), and the proof can be concluded as in case (i).
(iii) H € (0,1), Y, = v(t) + oBH , t € [0, 1]:
To show that (ﬁ)te[o,l] satisfies (3.8) we choose an L > 0. It follows from
Lemma 3.5 a) that

3=

n—1

,Z‘BJH _

n—>oo)

0in L'.
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Hence,
n—1 ] ]
> 2|w(E) —v(d) (oBH - oBY )|

(=) 0 in L1

o L nl‘ H  pH
<2/l 1o 3 |8 -
In particular, there exists an ny € N, such that for all n > ny,
5 LEL / H H 1
P ; \2@(%) (1)) (0B%s —oBT)| > L < L

On the other hand, Lemma 3.5 b) implies that there exists an ny € N, such
that for all n > ns,

n—1

2 1
P Z(aBﬁl—aBg) <2L| <5

n

=0

Hence, for all n > max(ny,ns),

~ - 2
P (YHI —Yl) <L

n

3
|
—_

<.
Il
o

3
—_

<P (UB?W# —032)2—%2@(%)—%%)) (UB,H# —UBI;) <L

<.
[}

3
—_

2
<p (O—B?j - aB{j) <L

.

=0
n—1
+P |

Jj=0

, . 1
2|w(E) — v(d)) (oBlL, —oBY)| > L] < ;.

This shows that (ﬁ)te[o,l] satisfies (3.8). By Lemma 3.4 there exists for all
n €N, a B(n) € S(F?) such that

Having shown this, we can construct 9¥'(n) as in (i). By c) we get
|9t (n)| < L.
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(iv) H € (0, 1), Y; = exp (v(t)+oBH),te0,1]:

Since (Yt)te[&l] is positive and continuous, min,ep, 1 Y; > 0. Therefore,
there exists an € > 0 such that

~ 1
P | min Y; < —.
L?ﬁ%ﬂ] = 5} “ar
It follows from what we have shown in the proof of (iii) that there exists an
n € N, such that
n—1 ~ ~ 2 1 1
Py (0¥ —m¥;) < 5L| <5z

. 2L
7=0

Since for all j,

i+l Fa
n n

> <min fﬂ) ’111}7& flnf/l ,
t€[0,1] n n

we obtain

n—1

P Z(f/ytl —37%)2<L

j=

B n—1 _ ~ 2 1 1
<P[min Y; <g} +P > (Vi —¥,) < L) <5
t€[0,1] = n n € L
This shows that (Yt)te[o,l] satisfies (3.8). Thus, ¥!(n) can be constructed as
in (iii). Again, [¢'(n)| < L. This completes the proof of the theorem. O

Proof of Theorem 3.2 Since BY is self-similar, it is enough to prove
the theorem for T'= 1. We split (0, 1] into the subintervals

I,:=(apn=1-2""b,=1-2""], neN.

By Y™ we denote the restriction of Y to I,, and by F¥" = (ft’?n)teln the
filtration generated by Y. Note that ]—"27 "c ]-"t{/ foralln e Nand t € I,.

Since B has stationary increments, it follows from Theorem 3.1 that
there exists for all n € N, a 3(n) € S(FY") such that

n

2) P[(xs(n)-f/n)b <c+;] <1
b) infres, (g(n) . f/n) o 5"

For -
8= By,

n=1
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§:zinf{t€ [0,1] : (ﬁ-f/)t:c} (we set inf() =1)

is an FY -stopping time. It follows from a) and b) that P[¢ < 1] = 1. There-
fore, 9! := Bl ¢ belongs to aS(FY) and (9°,9") with

90 = (191 ~f/)t—19}17t, telo,7],

is a L-admissible c-arbitrage in @?gad (IFY/) In the cases (iii) and (iv) all

B(n)’s can be chosen such that [8(n)| < 1. Then, [9'| < L too, and the
theorem is proved. O
Remarks 3.6

1) More generally, conclusions a) and b) of Theorem 3.1 hold whenever
the discounted stock price (Y;):e[o, 1) satisfies conditions (3.1) and (3.2) of

Lemma 3.3. If (fft)te[o,T} fulfils condition (3.8) of Lemma 3.4, then a), b)
and c) of Theorem 3.1 are valid. In particular, condition (3.2) is fulfilled by
all processes with vanishing quadratic variation and condition (3.8) by all
processes with infinite quadratic variation. For different generalizations of
Lemma 3.5 see e.g. Shao (1996), Takashima (1989) or Kono and Maejima
(1991). Shao (1996) contains results on p-variation of Gaussian processes
with stationary increments. Takashima (1989) gives sample path properties
of ergodic self-similar processes, and in Kéno and Maejima (1991), results
on Holder continuity of sample paths of some self-similar stable processes
can be found.

2) In a model (X¢,Y})seo,7) With strong arbitrage it is possible to super-
replicate a European call option with time-T pay-off Cr = (Yr — K)*,
K > 0, without initial endowment in the following way: At time 0 one
borrows money from the money market account to buy one stock share.
Then one applies a strong arbitrage strategy to generate the amount of
money needed to pay back the debt without selling the stock share. At time
T one owns a stock share and has no debts. This hedges the option. The
following example shows that Cr can have a positive super-replication price
if the model (X¢, Y;)ie[o,r) only admits arbitrage:

Let (Bt)ief0,1) be a Brownian motion and (Bf)co,1] a fBm with Hurst
parameter H € (0, 3)U(3,1). Let £ be a random variable that is independent
of B and BY and such that P[¢ = 0] = P[{¢ = 1] = 1. Let r,v and o > 0,
be constants. Then, the model

Xy =exp(rt), Y, =exp{(r+v)t+o((1-¢B,+¢Bf)} ,te0,1],

has arbitrage but no strong arbitrage in 628 | (FY). Is is clear that the

sf,adm
super-replication of C; with a strategy from ngadm (FY) costs at least the
Black-Scholes price.
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4 Exclusion of arbitrage

The arbitrage strategies that we constructed in Section 3 act on ever smaller
time intervals. They can be excluded by introducing a minimal amount of
time h > 0 that must lie between two consecutive transactions.

Definition 4.1 Let F = (F3):ep0,1) be a filtration and h > 0. We define

n—1

golgoy + Zgjl(%"'jﬂ] €S(F) :Vj, i1 =7 +h and
Jj=1

OL(F) := {9 = (0°,9") € 65 : ¥°, 9" € S"(F)} .

S™(F) :

In the following we will show that none of the models (i)-(iv) of Theorem
3.1 has an arbitrage in |J,,., O%(F").

Then, for all ¢ > 0 and all h and T such that 0 < h < T,

P{ inf Zt20:| =P
te(h,T)

sup Z; < —c| > 0.
te(h,T)

Proof Let ¢ > 0and 0 < h <T. Clearly, (—Z;):>0 has the same distribution
as (Z¢)e>0. Hence,

P[ inf Zth]:P

te[h,T] te[h,T)

sup Z; < —c] .

We denote by pw the Wiener measure on (C[0,T],B), where B is the o-
algebra generated by the cylinder sets. It follows from Lévy’s modulus of

continuity for Brownian motion A(see e.g. Theorem 1.2.7 in Revuz and Yor
(1999)) that pw (2] =1, where (2 :=

=0

W€ Cl0,T] ¢ w(0) =0 and ¥t € [0,7], lim — 2D =)

s (5)

For every w € 2, fg(t — $)H=2dw(s) can for all t > 0, be defined as a
Riemann-Stieltjes integral which is continuous in ¢ (this can be proved like
Proposition 1.3 in Cheridito (2001a)). Hence, we have

t
P{ inf thc} = uw {wef? : inf / (t—s)Hédw(s)Zc] .
te[h,T) te[h,T] Jo

Let us first assume H € (%, 1). In this case we set

H+ 1 ool .
mi= (C-I—T 2) and A, i =qwe N : sup |lwpt) <1y,
h** Tz t€[0,T]
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where w,, is given by wy, (t) := w(t)—mt, t € [0,T]. By Girsanov’s Theorem
there exists a probability measure pu,, on 2 that is equivalent to py such
that (wm(t))tejo,r) is a Brownian motion under p,. It is well known that
tm [Am] > 0. Equivalence of puw and p,, implies that also

pw [Am] > 0. (4.1)

For all w € 2 and ¢ € [0,T],

tsz*%ws: tws 71 sz*%s
| =y haute) = [t - ) -9 da

= (H - %)/o Wi (s)(t — 5)T 2 ds + (H — %)/O ms(t —s)7~3ds
1 t 3 tH-&-%
=(H—§)/O win (s)(t — s)H 2ds+mr+%

For w € A,,,, we obtain for all ¢ € [h, T] the following estimates:

(H - ;)/Otwm(s)(t — )T ~%ds > —(H — %) /Ot(t —s)T=3ds > —TH" 7

and, by our choice of m,

(H+3 (t>H+%< . o
m =1\ c+ T 2)20+T 2,
H+ 35 h

Hence,

t
/ (t— s)H*%dw(s)ds > _TH=3 L o4y TH-3 — .
0

It follows that

te(h,T)

A, C { inf /Ot(t—s)H—%dw(s) > c} 7

which together with (4.1) proves the lemma for H € (3, 1).

For H € (0,1), the proof is slightly more delicate. Since all w € 2 are
Holder continuous of order « for every a < %, there exists a constant § > 0

such that

pww [A(;,d)} >0,
where
A(Lé) = {w € : sup |w(t)] < 1 and  sup M < 5}
2 t€[0,T] 2 t.s€l0,7] (t —s)2 2
We set Hal ) . 1
S [” G- gt hH”] ,
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wm(t) == w(t) —mt, t € [0,T]

and define p,, as before. Furthermore, we set

1 A 1
A (=,06) = {w €N :wy€ A(,5)} .
2 2
Since (wm (t))tefo, 1) is @ Brownian motion under f,,,
1 1
and therefore,
1
U {Am(2,§)] >0. (4.2)
For w € 2 and t € [h, T, we can write
t 1 t 1
[ =9 tdute) = [ (=" Halus) - wie)
0 0
1 ‘ s .
= (=) [ ol = (o) ¢ = )" Eds + 1Rt
0
(3 ) [ omtt) — o) 0 )" 410 £
=(z— Wi (t) —wm(8)] (t —s)" " 2ds 2Wn, m .
2 0 H+ 1
Ifwe Am(%, 8) and t € [h,T], we can estimate the three preceding terms
as follows:
1 k s
(3= ) [ om(®) — ()] ¢~ )" Eds
0
1 ! L 1 20, .
> (= — _rlds > (= — HNVZET%
> (2 H)Oé(t s) ds (2 H)HT ,
tH= 30, (t) > f%hH*l,
s g\ Hte 1 25 i 1
=(= C_HZTT 4 ZpHs
mH+% () [c+(2 )H +=h
1 20 _mu 1
> Z _H)= ZpH-3
c+( H)H +ch
It follows that
t
/ (t— s)H_%dw(s) >c.
0

This and (4.2) prove the lemma for H € (0, 1).
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Theorem 4.3 Let B be a fBm with H € (0,%) U (3,1). Let T € (0,00),
o > 0 and v : [0,T] — R be a measurable function such that
supyeo, 1 [V(t)| < 0o. Consider the two cases

(i) Yy =v(t) + 0B, t€[0,T]
(i) Y; = exp (v(t) + o BfT), t € [0, T]

If

n—1
9" = golgoy + D 9il(ry mypa) € J S"(EY)
j=1 h>0

and there exists a j € {1,...,n — 1} with Plg; #0] >0
then in case (i),

P[(ﬁl-f/)Tg—c} >0 forallc>0,

P[(ﬁl-?)T<0] >0.

Proof For notational simplicity we give the proof for Y; = BH and Y, =
exp(B{’). The generalizations to the cases (i) and (ii) are 0bV10us To prove
the theorem for V; = B we fix an h > 0, and consider a

and in case (ii),

n—1

H
9l = gol{g} + Z gjl(Tj’.,.J_*_l] € Sh(]FB ) ,
j=1

such that there exists a j € {1,...,n — 1} with P [g; # 0] > 0. If
k=max{je{l,...,n—1} : Plg; #0] >0},
then

191 BH Zg] ( Tie1 g) almost surely.

Let ¢ > 0. It is clear that

[ &
r Zgj( Ha B < (4.3)
ZP Zgj( 7'+1_ )—’_teS[I:LpT]gk (Bv{i+t_B7{{)§_C

Let

9= {we M) : w(0) =0 and vt > R, lim — 2D =¢(8)

Vi log(

=05,

)
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B the o-algebra of subsets of 2 that is generated by the cylinder sets and
P the Wiener measure on (£2, B). Without loss of generality we can assume
that (Bf')i>0 is defined on (Q,B, P) by the improper Riemann-Stieltjes
integrals

¢
Biw = [ [t-9"F -1 (-9 H] doto) £ 20 (@)
(see Proposition 1.3 in Cheridito (2001a)). We define the filtration F? =
(F)ieo.r) by
Ftﬁ ::J{{WGQ : w(s)ga} : —oo<s§t7aER}.
It is clear that F? contains the filtration FB” = (ffH)te[07T}, which is given
by
]:tBH :za{Bf : Ogsgt}.

Therefore the FBH-stopping times 71, ... 7, are also ]FQ—stopping times. In
the following we split each function w € {2 at the time point 7% (w). We set

T1w(s) := w(8) 1 (—oo,mp ()] (5), s € R,
mow(s) = w(tk(w) + 8) — w(mk(w)), s >0,

and let .
2 = {m(w) eRR:we Q} ,

B; the o-algebra of subsets of {2 that is generated by the cylinder sets,
25 := {Wg(w) € C[0,00) : wE Q}

and By the o-algebra of subsets of (2 that is generated by the cylinder
sets. It can easily be checked that the mapping m : (£2,8) — (f21,8;) is

ff;—measurable. On the other hand, it follows from Theorem 1.32 of Protter
(1990) that (maw(s))s>0 is a Brownian motion under P which is independent

of F£. It can be seen from (4.4) that for all w € Q2 and t € [h,T),

k—1
S 0; (BE. = BE) +0c (Bl — BI) | (@) = Ui(mw. maw)
j=1

where for wy € 21, we € {25 and t € [h, T,
Up(wr,wa) := U%w1) + gr(wr) (U} (w1) + UF (w2))

k—1
Uown) = (Yo g; (BE,, —BE) | (@),
j=1
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Since (Uy)¢ejn,r is a continuous stochastic process on (£21 x 22,81 @ By),
the set

A= {(WlaWQ) € x 2y 1 sup Up(wi,we) < —C}
telh,T)

is B; ® Bs-measurable. It follows from Proppsition A.2.5 of Lamberton and
Lapeyre (1996) that for almost every w € (2,

E [1A (71, 72) |.7-'T!ﬂ (w) = ¢ (Mmw) ,

where the mapping ¢ : 21 — R is given by ¢(w1) := E[la(w1,m)] ;w1 €
;. Since U} (wy) is for all w € 21 continuous in ¢, SUP;c(p, 7] Ul (w) is for
all w1 € (2 finite. Therefore and since (mow(t));>0 is a Brownian motion
under P, it follows from Lemma 4.2 that for fixed wy € §24,

¢(w1) =P | sup Up(wi,m) < —
te(h,T)
> P |U%w) + sup gp(w)Ul(wi)+ sup gp(w))UZ(m) < —c] >0.
te[h,T] te[h,T)
Therefore,
k—1
P Zgj ( gﬂ —BTFJI_) + sup gi (Bfk_H —Bg) < —c
J=1 te(h,T)

—E[l4(m,m) = E [E [1A (11, 72) |f§§” =E[pom]>0.

This and (4.3) prove the theorem in the case Y, = BE.
If Y; = exp(Bf!), let us assume there exists an h > 0 and a

n—1

H
- 901{0} + Zgj1(7j77j+1] S Sh(FB )
j=1

such that there exists a j € {1,...,n—1} with Plg; #0] > 0 and
(9 -Y)r > 0 almost surely. If

!
H H
kE=min¢ ! : P[g # 0] >0 and Z,%‘(eB’JH—eB"J’)EOa.s. ;

j=1
then either

H

k—1

B BHE
Zgj (e Titl —e U‘) = 0 almost surely, or
Jj=1
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H H

k—1
P Zgj (eBUH —eBTa‘) <0] >0.
j=1
In both cases, P[C] > 0 for

H

k—1
H
C = Zg] (eBTj+1 _ eBTj) S 0
Jj=1

With the same method that we used in the first part of the proof one can
deduce from Lemma 4.2 that for almost all w € C,

k—1
H H H H -
p Zgj (eBTjJrl _ eBTj> + sup gk (eBTk+t _eBTk) <0 fTQk (w) >0,
Jj=1

te[h,T)

which implies that

[ &
H H
P> g (eBwl —eB*a'> <0
i=1

(k-1
H H H H
> P Zgj (eB”“ - eB”) + sup gx (eBTk“ - eBTk> <0| >0.
j=1 te[h,T)

This contradicts our assumption and therefore, completes the second part
of the proof. O

It follows from Theorem 4.3 that if trading strategies are restricted to the
class [J,-o ©%(FY), then in case (i) there exist no non-trivial admissible
strategies and in particular no FLVR, and in case (ii) there exists no arbi-
trage. An inspection of the proof of Theorem 4.3 shows that in case (ii), a
¥ € Upso O (FY) can only be admissible if ¥ is almost surely non-negative.

It follows from similar arguments to the ones in the proof of Theorem
4.3 that in both cases (i) and (ii) the cheapest way to super-replicate a Eu-
ropean call option with a strategy ¥ € |J,-, ©%(F") is to buy the stock. In
particular, in both cases (i) and (ii) of Theorem 4.3 the model (X¢, Y;)¢ejo,7]

is incomplete when trading strategies are restricted to (J, -, @2 (FY).
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