
ECO 305 — Fall 2003
Precepts Week 4 — Questions

This week we will work through an example with multiple constraints, to see how one or the other
constraint can be slack at the optimum. Time permitting, a second question reviews some theory and
empirics of demand functions. Once again, a solution handout will be available at the end of the precept.

Question 1:

Henry and Holly Hitch are a high-income two-children couple, who like to eat out and go to the theater.
In addition to the money it takes for these activities, they must get a babysitter for each evening out, which
is done through their babysitting cooperative. During the coming year, they will have $12,000, and 300
hours of babysitting credits, to use for their dining out and theater visits. Each dinner evening takes 3 hours
and costs $150, while each evening at the theater also takes 3 hours and costs $100. The number of dinners
out (X) and the number of theater visits (Y ) can be regarded as continuous variables.

(a) In an (X,Y ) graph, show their budget constraints for money and babysitting points. Show in the
graph all feasible combinations of (X,Y ). At what point F are the couple using up all available money as
well as all available babysitting points?

(b) The relevant part of the utility function of the Hitches is

U(X,Y ) = k ln(X) + ln(Y ) ,

where k is a positive constant. Find the algebraic expression for the marginal rate of substitution along an
indifference curve at a general point. Calculate the numerical value of the MRS at the point F .

(c) Find the Hitches’ optimal choice when k = 0.8. Repeat the exercise for the cases k = 1/3 and k = 3/2.
(Hint: think about the geometry in parts (a) and (b) and let that help you with the algebra and calculus.)

(d) Now suppose babysitting activities are monetized, at a price of $20 per hour. Thus the Hitches have
extra income of $6,000 to spend on dinners and theater, but each evening out now costs $60 more. Write
down their combined budget constraint. Solve their utility maximization problem for the general utility
function stated in (b), and then calculate the specific optimum choices for the particular values k = 1/3 and
k = 3/2. For each of these values of k, compare the optima you found here and those you found in part
(c) above, and comment on the differences between the two situations (combined budget constraint versus
separate money and babysitting point constraints).

Question 2:

Suppose goods X = (X1,X2, . . . Xn) have prices P = (P1, P2, . . . Pn). Take the Slutsky equation
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and show that

Compensated elasticity of Xi with respect to Pj

= Uncompensated delasticity of Xi with respect to Pj

+ Share of Xj in expenditure × Income elasticity of demand for Xi

The tables from Blundell in the lecture overhead handout of September 30 (reproduced on the next
page) gives all the information except the expenditure shares. Using the compensated and uncompensated
elasticities of demand for each good with respect to its own price, and the income elsticities, find the
expenditure shares on the various categories of goods for the two types of families.
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ECO 305 — Fall 2003
Precepts Week 4 — Solutions

Question 1:

(a) The money budget constraint is 150X + 100Y ≤ 12000 or 1.5X + Y ≤ 120. The babysitting point
budget constraint is 3X + 3Y ≤ 300 or X + Y ≤ 100. These are graphed below

Y
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80 100

F = (40,60)

The feasible region is that below both lines, going from (0,0) to (80,0) to (40,60) to (0,100) and back to
(0,0). The point F = (40,60) where both constraints hold as equalities is circled.

A digression: Here the overall constraint is the lower of the two constraints, whereas in the example of
the two phone calling plans it was the upper of the two separate constraints. The difference is simply that
here both constraints have to be met, whereas in that example the consumer, by choosing the plan, could
take either the one or the other constraint.

(b) The algebraic expression for the MRS along an indifference curve is

dY

dX
= −

∂U/∂X

∂U/∂Y
= −

k/X

1/Y
= −

kY

X

The MRS at F is therefore 60k/40 = 1.5 k in numerical value.
(c) The frontier of the feasible set has a kink at F. The slope to the left is 1 and the slope to the right is

1.5. When k = 0.8, the MRS at F is 1.2, which lies between the two slopes of the kinked frontier. Therefore
the optimum is at F.

When k = 1/3, the MRS at F is 0.5, which is flatter than the slope of the budget set frontier to the left.
Therefore the optimum is at a point of tangency along this branch. Setting the MRS = the slope 1, we have
(1/3)Y/X = 1, or Y = 3X. Also X + Y = 100 along this line. Therefore the optimum is X = 25, Y = 75.
You can also do this by Lagrange using just the babysitting constraint.

When k = 1.5, the MRS at F is 2.25, which is steeper than the slope of the budget set frontier to the
right. Therefore the optimum is at a point of tangency along this branch. Setting the MRS = the slope
1.5, we have 1.5Y/X = 1.5, or Y = X. Also 1.5X + Y = 120 along this branch. Therefore the optimum is
X = 48, Y = 48. You can also do this by Lagrange using just the money constraint.

Suppose that, instead of using this geometry and intuition, you wanted to proceed directly mathmatically
using calculus. How would you do this grand problem with two inequality constraints?. The Lagrangean is

L = k ln(X) + ln(Y ) + λ [12000− 150X − 100Y ] + µ [100−X − Y ]
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Each of X and Y has infinite marginal utility at 0, so both are going to be positive. The FONCs are

k/X − 150λ− µ = 0, 1/Y − 100λ− µ = 0

Both constraints cannot be slack (because otherwise greater quantitites of both X and Y remain feasible),
but one might be. We need to consider three cases: (1) Both constraints are binding, and λ, µ are both
non-negative. (2) The money constraint is slack and the babysitting constraint binding, so λ = 0, µ ≥ 0. (3)
The money constraint is slack and the babysitting constraint is binding, so λ ≥ 0, µ = 0. We try out each
case and see if it works out consistently.

Case 1. Solving the two constraint equations gives X = 40, Y = 60. Then the FONCs become

150λ+ µ = k/40, 100λ+ µ = 1/60

These have the solution
λ = k/2000− 1/3000, µ = (1− k)/20

Therefore everything for this case hangs together if k ≥ 2/3 and k ≤ 1.
Case 2. Since λ = 0, the FONCs become k/X = 1/Y = µ. Then X = kY . Using this in the binding

babysitting constraint, (1 + k)Y = 100, or Y = 100/(1 + k). Then X = 100 k/(1 + k). It remains to check if
the money constraint is indeed slack. Substituting these values of X and Y in that constraint, we need

15000 k/(1 + k) + 10000/(1 + k) < 12000

or (1.5 k + 1)/(1 + k) < 1.2 or 1.5 k + 1 < 1.2 + 1.2 k, or 0.3 k < 0.2, or k < 2/3.
Case 3 is left for you as an exercise; as you can guess, it will hold together if k > 1. Thus the calculus

gives us more precise understanding of how the cases split up and relate to one another.
(d) Now the Hitches have a total of $18,000 to spend on the two things; they pay $210 for each dinner

evening and $160 for each theater evening. Therefore they face a consolidated budget constraint

210X + 160Y = 18000

Standard Cobb-Douglas maximization gives the optimum choice for a general k as

X =
k

k + 1

18000

210
, Y =

1

k + 1

18000

160

For the two specific values of k.

k = 1/3
With consolidated constraints, X = 21.4, Y = 84.4. With separate constraints, it was X = 25, Y = 75.

In that sitution some money was unused. The Hitches would have especially liked to go to the theater
(k is relatively small so they value theater relatively more). But that used up too many scarce babysitting
points. Now they can buy more babysitting points using money, so they go to the theater more often. Utility
increases:

0.33 ln 21.4 + ln 84.4 = 5.446 > 0.33 ln 25 + ln 75 = 5.379

k = 3/2
With consolidated constraints, X = 51.43, Y = 45. With separate constraints, it was X = 48, Y = 48.

With a high k, dinners weigh more in the Hitches’ preferences. But money is the binding constraint, and
some babysitting points are going unused. With consolidation, they can cash in these points and eat out
more often. Utility increases:

1.5 ln 51.4 + ln 45 = 9.716 > 1.5 ln 48 + ln 48 = 9.678
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Question 2:

To convert the derivatives in the Slutsky equation
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into elasticities, we multiply by Pj and divide by Xi. In the second term, for the income elasticity, we
multiply and divide by M and rearrange thus:

Pj

Xi

∂Xi

∂Pj

∣∣∣∣
u constant

=
Pj

Xi

∂Xi

∂Pj

∣∣∣∣
M constant

+
Pj Xj

M

M

Xi

∂Xi

∂M

This is the same as the equation written out in words in the question.
Budget shares are then given by
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Observe that both terms in the square brackets are negative, but for a normal good, the second is more
negative, so the difference is positive.

Using this for Blundell’s figures, I get

Category Households with children Households without children

Food 0.3712 0.3197
Alcohol 0.0566 0.0777
Fuel 0.0881 0.0827
Clothing 0.1072 0.0953
Transport 0.1641 0.1932
Services 0.1088 0.1279

Total 0.8960 0.8965

Notes: [1] Don’t take this too seriously, because each of the magnitudes on the right hand side has some
statistical error in its estimation, and the differences between households with and without children are not
statistically significant. [2] The totals are less than 1 because the categories are not exhaustive.
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