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Abstract
We are in the midst of a data deluge, with an explosion in the volume and richness
of data sets in fields including social networks, biology, natural language processing,
and computer vision, among others. In all of these areas, machine learning has been
extraordinarily successful in providing tools and practical algorithms for extracting
information from massive data sets (e.g., genetics, multi-spectral imaging, Google and
FaceBook). Despite this tremendous practical success, relatively less attention has been
paid to fundamental limits and tradeoffs, and information theory has a crucial role to
play in this context.
The goal of this tutorial is to demonstrate how information-theoretic techniques and
concepts can be brought to bear on machine learning problems in unorthodox and fruitful
ways. We discuss how any learning problem can be formalized in a Shannon-theoretic
sense, albeit one that involves non-traditional notions of codewords and channels. This
perspective allows information-theoretic tools—including information measures, Fano’s
inequality, random coding arguments, and so on—to be brought to bear on learning
problems.
We illustrate this broad perspective with discussions of several learning problems,
including sparse approximation, dimensionality reduction, graph recovery, clustering, and
community detection. We emphasise recent results establishing the fundamental limits
of graphical model learning and community detection. We also discuss the distinction
between the learning-theoretic capacity when arbitrary “decoding” algorithms are allowed,
and notions of computationally-constrained capacity. Finally, a number of open problems
and conjectures at the interface of information theory and machine learning will be
discussed.
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Part I

1.1

Introduction [Slides 1–6]

• Standard books on concentration of measure include Ledoux [Led01] and Boucheron
et al. [BLM13]; see also the sources from this morning’s tutorial!
• The curse of dimensionality manifests itself in various ways, both computational and
statistical. Roughly speaking, it refers to the fact that computational and statistical
complexities for many problems explode exponentially in the dimension of the problem.
See slide 36 for a concrete illustration in the context of non-parametric regression.
• There are various “no free lunch” theorems that show that, in the absence of lowdimensional structure, very little can be done in high-dimensional learning problems
with limited samples. Standard examples of low-dimensional structure include sparsity
(in vectors or matrices), rank constraints or eigendecay (in matrices), as well as additive
decompositions and ridge models (for regression, density estimation). See the overview
papers [NRWY12, Wai14b] for more details about high-dimensional statistics.
• There are various well-studied connections between information theory and statistics
(e.g., see Cover and Thomas [CT91]) including the role of Kullback-Leibler divergence
in hypothesis testing, relations between Fisher information and KL divergence, etc.
• Particularly relevant connections for this tutorial are the general view of a statistical
estimation problem in terms of channel coding, and the intimate connections between
metric entropy, Fano’s inequality, and lower bounds on the minimax risk.
• In their classic paper, Kolmogorov and Tikhomirov [KT59] make connections between
statistical estimation, metric entropy and the notion of channel capacity.

1.2
1.2.1

Graphical model selection
Background and past work [Slides 9–13]

• The model for binary random variables considered here is a heterogeneous form of
Ising model [Isi25], in which the edge weights are allowed to be distinct. It is a very
special case of a graphical model; see the books [KF10, WJ08] for more details on
graphical models in machine learning.
• Chow and Liu [CL68] showed that the problem of finding the maximum likelihood tree
is equivalent to solving a maximum weight spanning tree problem, which can be solved
in polynomial-time. Karger and Srebro [KS01] show that this desirable property does
not extend to graphs of treewidth larger than one. (By definition, an ordinary tree
has treewidth one.)
• By the Markov properties of graphical models, detecting the absence of edges is
equivalent to detecting conditional independence relationships among variables. There
is a very large literature on the use of testing methods for graph selection (e.g., [KB07,
SGS00, BMS13, ATHW12]).
1

• The idea of pseudolikelihood dates back to the work of Besag [Bes75, Bes77]. Csiszar
and Talata [CT06] analyze a model selection method based on combining pseudolikelihood with a BIC penalty [Sch78].
• Meinshausen and Buhlmann [MB06] proposed the use of the Lasso (`1 -regularized
linear regression) as a method for performing neighborhood selection at a given
node of a graphical model, and provided some high-dimensional consistency results
allowing for the number of nodes p to be larger than the sample size n. Zhao and
Yu [ZY06] prove consistency under milder conditions, whereas Wainwright [Wai09b]
provides sharp lower and upper bounds on the performance of `1 -relaxation for variable
selection, as well as various information-theoretic lower bounds [Wai09a]. See also the
papers [FRG09, AT10] for related results.
• For binary graphical models, Ravikumar et al. [RWL10] analyzed the performance of
`1 -regularized logistic regression, corresponding to a form of neighborhood selection.
The performance of `1 -relaxations is well-known to depend on certain “incoherence”
conditions; Bento and Montanari [BM09] proved that these conditions are violated
with high probability at some point above the phase transition level for the Ising
model.
• A variety of other simple algorithms have been explored for selecting discrete graphical
models. For instance, Bresler et al. [BMS13] analyze a simple thresholding and testing
algorithm for discrete graphical models, with emphasis on the case of bounded degree
graphs. Netrapalli et al. [NBSS10] analyzes a greedy algorithm, whereas Anandkumar et
al. [ATHW12] analyze the performance of a local testing method under various notions
of local separation. Bresler [Bre14] proposes an algorithm for learning arbitrary Ising
models (without incoherence conditions) that is efficient on bounded degree graphs.
1.2.2

Role of the ratio n/(d2 log p)

• Slide 14: The data used to fit this network consisted of the voting records of the US
Senate over the period 2006—2008.
• Slide 16: These curves were generated by applying the `1 -regularized LR method [RWL10]
to simulated data drawn from star-shaped graphs on p nodes with a maximum degree
d = d0.1e, obtained at the hub node. The plots shows the probability of the method
correctly recovering the graph (all edges correct, no false inclusions) versus the sample
size n.
• Slide 17: This slide shows the same probability of correct recovery, now plotted versus
the rescaled sample size n/(d2 log p) where d is the maximum degree, and p is the
number of nodes. It shows empirically that this ratio is the right way of measuring the
capacity in a broad class of graph recovery problems. The theory on Slide 18 provides
confirmation that this ratio is the correct order parameter.
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1.3
1.3.1

Sparse PCA
Basics [Slides 22–24]

• Principal component analysis is a widely used technique for dimension reduction and
data compression; see the books [Jol04, And84] for furthe details.
• Johnstone [Joh01] discusses the inconsistency of classical PCA in the high-dimensional
setting, and considers various forms of spiked covariance models. For a standard spiked
model (without sparsity), there is an interesting asymptotic transition that occurs as
a function of p/n. In particular, if p/n → α, then there is a threshold SNR ν = ν(α)
below which the maximal eigenvector of the sample covariance matrix is orthogonal
to the population eigenvector. Essentially, the high-dimensional noise (due to having
p  n directions) accumulates too quickly, and swamps the signal.
• Slides 23–24: These are instances of what are known as “eigenfaces”. They can be
used to perform forms of face recognition. The sparse eigenfaces were approximated
using a truncated form of the power method for computing eigenvectors.
1.3.2

Diagonal thresholding and optimal algorithm [Slides 25–28]

• The spiked covariance model was first introduced by Johnstone and Lu [JL09a], who
also proposed diagonal thresholding (DT) as a pre-processing step for a multistage
procedure.
• Amini and Wainwright [AW09a] proved matching upper and lower bounds on the DT
method for variable selection, proving that n/(k 2 log p) is the correct order parameter.
They also used an information-theoretic argument—in particular, one based on the
Fano method—to prove that the transition of an optimal method occurs as a function
of n/(k log p).
1.3.3

SDP relaxation and computational barriers [Slides 29–34]

• Slide 29: The “lifting procedure” described here is a standard one for deriving SDP
relaxations of nonconvex programs. Its application to sparse PCA is due to d’Aspremont
et al. [dEJL07].
• Amini and Wainwright [AW09a] showed that the SDP relaxation is always at least as
good as the DT method. Moreover, they proved a conditional guarantee: namely, that
if a rank one solution exists, then the SDP method has a recovery threshold of order
n/(k log p). Empirically, they observed that a rank one solution exists for sparsity
k  log p; other authors have proved that rank one solutions do not exist in the “hard
regime”.
• Berthet and Rigollet [BR13] prove that conditioned on the (conjectured) averagecase hardness of the planted k-clique problem, there is a gap between the classical
and polynomial-constrained minimax rates of detection. Since this work, other authors [MW13] have proved related gaps, using different reductions also based on planted
clique.
3

1.4
1.4.1

Structured non-parametric regression
Basics [Slides 35—37]

• Non-parametric regression is widely studied in statistics and machine learning; see
the books [GKKW02, Tsy09, vdG00, EL07, GKKW02, HMSW04, Was06] for more
background.
• The notion of minimax risk plays a central role in mathematical statistics, and there
is a very large literature devoted to techniques for upper and lower bounding it
(e.g., [LC73, Bir83, Bir87, Tsy09, HI90, Has78, Yu93, YB99, Gun11]). In general, the
primary interest is in obtaining upper and lower bounds that capture the dependence
on sample size n, dimension d, as well as other structural parameters of the problem
(e.g., smoothness, sparsity etc.).
• In the classical formulation of minimax theory, the infimum over all estimators is
completely unconstrained, and hence allows for estimators that may have prohibitive
computational or memory requirements. A more recent line of work (e.g., see the
paper [Wai14a] and references therein) is exploring the notion of constrained statistical
minimax, in which this infimum is further constrained (based on computational, storage,
or privacy constraints). The computational gap in the sparse PCA problem (slide
32) can be understood as an instance in which there is a substantial gap between the
classical and computationally-constrained minimax rates.
1.4.2

Metric entropy [Slides 38—40]

• Slides 38, 39: the notion of metric entropy emerged from the Russian school, with major
contributions by Kolmogorov and his collaborators; see the seminal paper [KT59] for
a beautiful overview. It is a central concept in the area of approximation theory; see
the books [Pin85, DL93] for further details.
• Slide 40: See the paper [KT59] for a more detailed discussion of this case, as well as
many more examples (e.g., involving higher order smoothness constraints).
1.4.3

Reduction and master equation [Slides 41–42]

• Slide 41: This standard reduction is the first step in any of the Le Cam, Assouad or
Fano methods for lower bounding the classical minimax risk. See the overview paper
by Yu [Yu93] for a comparison of these three approaches, as well as Chapter 15 from
the book in preparation [Wai15].
• Slide 42: There are many different forms of master equations for obtaining lower
bounds on minimax rates; these involve either quantities like the metric entropy, or in
certain pairwise cases, related objects such as moduli of continuity. Le Cam [LC73]
provided the first, involving the Hellinger distance; see also Donoho and Liu [DL91]
for a broader framework based on this idea. The master equation in Slide 42 arises
from a special case of a more general framework due to Yang and Barron [YB99]. (For
our specific regression model, the error metric k · kn is the same as the KL divergence
up to constant pre-factors, which leads to this simplified matching condition.)
4

1.4.4

Examples [Slides 43–45]

• Slide 43: The problem of sparse linear regression has been studied intensively in
the context of both compressed sensing, and also in statistics and machine learning.
Compressed sensing shares parallels with coding theory, in that the choice of the
vectors xi is under the user’s control (and are typically chosen to induce favorable
properties). In machine learning applications, the covariate vectors xi are a design
parameter, and it is desirable to have results that allow for substantial correlations
between the elements of xi —a condition excluded by incoherence or restricted isometry
conditions.
• A large body of work has focused on the performance of `1 -relaxations (e.g., [Nem00,
GR04, CT05, CT07, Don06a, Don06b, BRT09, vdGB09]), and their behavior is now
very well-understood.
• Raskutti et al. [RWY11] prove upper and lower bounds on the minimax error in sparse
regression over `q -“balls”, over the range q ∈ [0, 1]—in particular, sets of the form
p
X

Bq (Rq ) = θ ∈ Rp |
|θj |q ≤ Rq .
j=1

This analysis, combined with known results on the performance of `1 -relaxation over
`q -balls [NRWY12], shows that `1 -methods achieve minimax rates for the `2 -error
kθb − θ∗ k2 .
√
• In sharp contrast, for the prediction error kX(θb − θ∗ )k2 / n, it is known that the
Lasso or any related `1 -method will not achieve the minimax rate unless the matrix
X satisfies restrictive conditions like the RE condition. These conditions are not
necessary for an optimal (exponential-time) method, so that there is a gap between
`1 -performance and optimal performance. This gap turns out to be fundamental, as
can be made precise by a rigorous complexity-theoretic analysis [ZWJ14, ZWJ15].
• Slide 44: The metric entropy scaling stated in this slide is proved in the paper [KT59].
2α

• There are a large number of computationally efficient methods that achieve the n− 2α+1
minimax rate for α-smooth regression, including kernel estimators with appropriately
chosen bandwidth [Was06] methods based on orthogonal series expansion [Tsy09], as
well as M -estimators based on reproducing kernel Hilbert spaces [RWY14].
• Slide 45: There are a broad range of structured models for non-parametric regression.
Minimax rates associated with additive models were derived by Stone [Sto85]; see
also the papers [HT86, BHT89]. Various authors have studied variants of the sparse
additive model (e.g., [MvdGB09, RLLW09, KY10]). The minimax rates sketched out
here were proved in detail by Raskutti et al. [RWY12].
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Part II

2.1

Introduction [Slides 1-9]

Inverse problems on graphs. A large variety of machine learning and data-mining
problems are about inferring global properties on a collection of agents by observing local
noisy interactions of these agents.
[Slide 2]. A prominent example is the problem of detecting communities in social and
biological networks [For10]. Slide 1 shows two examples of social networks, a user’s Facebook
network1 and a blog network2 . In the Facebook network, vertices represent users and edges
represent friendships between users. In the blog network, vertices represent blogs and edges
represent hyperlinks between blogs (ignoring directions). In both cases, a problem of major
interest is to identify groups of nodes that are “alike”, i.e., communities (further discussion
on these notions will come later on). Considering that each node has some hidden community
attribute, and assuming that edges are placed placed depending on these attributes, in
a noisy fashion (e.g., two people in the same community may not always connect, and
conversely, two people in different communities may sometimes connect), this problem is an
inverse problem where the edges are observed and the node attributes are unknown.
[Slide 3] A different example concerns image segmentation in computer vision. Slide 2
represents segments of a lizard picture3 . An approach pioneered by [SM97] to extract image
segments is to build a graph of similarities of the pixels (or group of pixels). Simplifying
things, define a graph where nodes are pixels and connect pixels with some measure of
similarity which may depend on both their proximity and their colors/intensities (see the
cup picture4 ). The hidden attributes of the nodes are in this case the segments that they
belong to, and the edges of the graph provide noisy measure that depend upon these. Hence
we have again an inverse problem from edge to node variables.
[Slide 4] The previous approach uses what is called a “graph of similarity,” which connects
elements in data sets based on their pairwise relationships, and from which one desires
to reconstruct clusters of similar nodes. This is a broadly employed approach in machine
learning and data-mining. Slide 5 provides5 three additional examples: (i) information
retrieval in text documents, where words may be connected based on co-occurrences, (ii)
unsupervised image classification, where images are connected based on joint features, (iii)
products categorizations, where books or movies are connected based on similar ratings of
users, or conversely, where users are connected based on similar ratings of products. In
all of these, the graph provides local noisy measurements of hidden variables about the
nodes, and one wishes to recover these variables, or their similarity classes. Identifying
1

Taken from https://griffsgraphs.wordpress.com/2012/07/02/a-facebook-network/

2

Taken from http://allthingsgraphed.com/2014/10/09/visualizing-political-polarization/

3

Taken from http://www.eecs.berkeley.edu/Research/Projects/CS/vision/grouping/

4

Taken from http://scikit-image.org/docs/dev/auto examples

5

Illustrative images taken from Google images.
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these clusters can then be used to mind data, to recognize images of a same type, to
cluster users for more accurate recommendations, to unveil biological functionality of groups
of proteins (PPI networks), to improve medical diagnosis based on similar patient records etc.
[Slide 6] The common model for all these examples is that a network is generated from
hidden variables at the nodes and one wishes to solve the inverse problem. At the end of
this note, we will see that dimensionality reduction problems (e.g., sparse-PCA) can also
be related to such inverse problems. Note that this is somewhat dual to the problem of
learning graphical models, where the node variables are observed, and where one wishes to
recover the underlying edges that capture the node dependencies.
[Slide 7] Are graph-based codes another such example? Note quite, but not too far either.
The problem of decoding a code is also an inverse problems, where noisy observations are
made based on groups of unknown node variables. In fact, the channel produces noisy
outputs of groups of the node variables (the information bits). The main difference with
machine learning problems is that the code is a design parameter in communications, and
can take some quite sophisticated forms, that may not be local (think of a random or polar
code). Even an LDGM code that takes local XORs of the bits, though typically not pairwise,
is still very different since one also constraints the left node degrees. Traditional codes are
hence not natural models for ML applications. On the other hand, once admitted that the
code emerging from ML applications is not a design parameter and is somewhat unorthdox,
the channel perspective and decoding problems remain effective. We hence ask the following:
• What are the relevant channels and codes in the ML applications?
• What are the recovery requirements?
• Are there fundamental limits to the decoding problems in such models?
We next focus on community detection and clustering which encompass most of the
applications previously discussed.

2.2

Community detection and clustering [Slides 10-11]

In community detection, one wishes to recover similarity classes of the node attributes. For
the purpose of this tutorial, we will consider communities and clusters as being equivalent
notions. These are often interchanged in the literature, though clusters may sometimes refer
more specifically to groups of nodes having denser intra-connectivity, or higher proximity in
some metric, whereas communities may also represent more abstract similarity relationships,
which can be disassortative (e.g., with more connections across the groups). In this tutorial,
we will use ‘community detection’ or ‘clustering’ for same purposes.
Detecting communities (or clusters) in graphs is a fundamental problem in networks, computer
science and machine learning. This applies to a large variety of complex networks (e.g., social
and biological networks) as well as to data sets engineered as networks via similarly graphs,
where one often attempts to get a first impression on the data by trying to identify groups with
similar behavior. In particular, finding communities allows one to find like-minded people in
7

social networks [GN02, NWS], to improve recommendation systems [LSY03, XWZ+ 14], to
segment or classify images [SM97, SHB07], to detect protein complexes [CY06, MPN+ 99], to
find genetically related sub-populations [PSD00, JTZ04], or discover new tumor subclasses
[SPT+ 01].

2.3

Exporting Shannon’s program [Slides 12-13]

Community detection is not a new problem. It has been around for at least two/three
decades, and it exploded more recently with the emergence of social networks. The problem is
notoriously hard. Defining what is a good clustering can be subject to debates in applications.
However, even if one uses a model with groundtruth to set this question, the problem of
recovering the communities is typically hard. As well see, even the most basic problems
such as min-bisection are NP-hard [DF89, BCLS87, CK99, BS04]. Consequently, myriads
of heuristics have been proposed for community detection methods, driven mainly efficiency
criteria. This is in particular a well known challenge for Big Data problems where one
cannot manually determine the quality of the clusters [RDRI+ 14], and where computational
barriers take place.
The goal in this tutorial is somehow to shift the focus temporarily from algorithms
to information theory. We mention ‘temporarily’ because eventually the goal is to obtain
efficient algorithms. However, we plan to follow the recipe of information theory in data
transmission: to understand how to devise efficient and robust algorithms (i.e., that succeed
in the most challenging regimes), we will first look for an understanding of the fundamental
limits of community detection problems. This will hopefully allow us to set benchmarks and
line-of-sights for algorithms, similarly to Shannon’s coding theorem which has driven coding
theory (and part of the communication industry) for many years. Such a line-of-sight has been
missing in community detection, but has started to appear more recently, in particular for the
stochastic block model [Co10, DKMZ11, Mas14, MNS14, ABH14, MNSb, YC14, AS15a].

2.4

The Stochastic Block Model [Slides 14-15]

[Slide 14] The stochastic block model (SBM) is a canonical model for community detection.
It is one of the most popular network models exhibiting community structures [HLL83,
WBB76, FMW85, WW87, BC09, KN11]. The model was first proposed in the 80s [HLL83]
and received significant attention in the mathematics and computer science literature
[BCLS87, DF89, Bop87, JS98, CK99, CI01, McS01], as well as in the statistics and machine
learning literature [SN97, BC09, RCY11, CWA12]. The SBM puts a distribution on nvertices graphs with a hidden (or planted) partition of the nodes into k communities.
Denoting by pi , i ∈ [k], the relative size of each community, and assuming that pairs of
nodes in communities i and j connects independently with probability Qi,j , the SBM can be
defined by the triplet (n, p, Q), where p is a probability vector of dimension k and Q a k × k
symmetric matrix with entries in [0, 1].
The success of the SBM relies on the fact that it is overall a good model. This does not
mean that it is 100% realist, but it is an insightful model for community detection, and can be
realist with slight extensions. In a sense, it plays a similar role to the DMC in communications.
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[Slide 15 & 36] The SBM recently came back at the center of the attention at both the
practical level, due to extensions allowing overlapping communities [ABFX08] that have
proved to fit well real data sets in massive networks [GB13], and at the theoretical level due
to new phase transition phenomena discovered for the two-community case [Co10, DKMZ11,
Mas14, MNS14, ABH14, MNSb, YC14, AS15a]. To discuss these phenomena, we need to
first introduce the figure of merits:
• Weak recovery (also called detection). This only requires the algorithm to output a
partition of the nodes which is positively correlated with the true partition (whp6 ).
Note that weak recovery is relevant in the fully symmetric case where all nodes have
identical average degree,7 since otherwise weak recovery can be trivially solved. If the
model is perfectly symmetric, like the SBM with two equally-sized clusters having the
same connectivity parameters, then weak recovery is non-trivial. Full symmetry may
not be representative of reality, but it sets analytical and algorithmic challenges. The
weak-recovery threshold for two symmetric communities was achieved efficiently in
[Mas14, MNS14], settling a conjecture established in [DKMZ11]. The case with more
than two communities remains open.
• Partial recovery. One may ask for the finer question of how much can be recovered
about the communities. For a given set of parameters of the block model, finding
the proportion of nodes (as a function of p and Q) that can be correctly recovered
(whp) is an open problem. Partial results were obtained in [MNSa] for two-symmetric
communities, and the a general result for large degrees is given in [AS15a].
• Almost exact recovery One may also consider the special case of partial recovery
where only an o(n) fraction of nodes is allowed to be mis-classified (whp), called almost
exact recovery or weak consistency, but no sharp phase transition is to be expected for
this requirement.
• Exact recovery (also called recovery or strong consistency.) Finally, one may ask
for the regimes for which an algorithm can recover the entire clusters (whp). This
is non-trivial for both symmetric and asymmetric parameters. One can also study
“partial-exact-recovery,” namely, which communities can be exactly recovered. While
exact recovery has been the main focus in the literature for the past decades, the phase
transition for exact recovery was only obtained last year for the case of two symmetric
communities [ABH14, MNSb]. The general case has been solved in [AS15a].

2.5

The two-symmetric case (2-SBM) [Slides 16-24]

We refer to [ABH14] for the results presented in slides 16-24.
The main result states that recovery is possible in the regime p = a log(n)/n, q =
b log(n)/n, a, b > 0, if and only if
√
√
a− b≥2
(1)
6

whp means with high probablity, i.e., with probability 1 − on (1) when the number of vertices diverges.
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At least for the case for communities having linear size. One may otherwise define stronger notions of
weak recovery that apply to non-symmetric cases.
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with an efficient algorithms achieving the threshold. Moreover, this is the bottleneck regime,
and other regimes of p and q can be deduced from the above, as long as p  q (i.e., as long
as p and q are not of the exact same order).

2.6

The general SBM [Slides 25-40]

We summarize below slides 25-40 and refer to [AS15a] for the details (and [AS15b] for the
case where the parameters are unknown).
The main results in [AS15a] are for partial, almost exact and exact recovery, respectively
in the constant, ω(1) and log(n) degree regime.
I. Partial and almost exact recovery in the general SBM. The first result of [AS15a]
concerns the regime where the connectivity matrix scales as Q/n for a positive symmetric
matrix Q (i.e., the node average degree is constant). The following notion of SNR is
introduced8
SNR = |λmin |2 /λmax

(2)

where λmin and λmax are respectively the smallest and largest eigenvalue of diag(p)Q.
The algorithm Sphere-comparison is proposed that solves partial recovery with exponential accuracy and quasi-linear complexity when the SNR diverges, solving in particular
almost exact recovery.
The following is an important consequence of the main theorem in [AS15a], as it shows
that Sphere-comparison achieves almost exact recovery when the entries of Q are scaled.
Theorem 1. [AS15a] For any k ∈ Z, p ∈ (0, 1)k with |p| = 1, and symmetric matrix Q
with no two rows equal, there exists (δ) = O(1/ ln(δ)) such that for all sufficiently large δ
there exists an algorithm (Sphere-comparison) that detects communities in graphs drawn
from SBM(n, p, δQ) with accuracy 1 − e−Ω(δ) and complexity On (n1+(δ) ).
2

(a−b)
For k symmetric clusters, SNR reduces to k(a+(k−1)b)
, and [AS15a] shows that if the
SNR diverges, then almost exact recovery is solvable efficiently. Moreover, the SNR must
diverge to ensure almost exact recovery in the symmetric case.

II. Exact recovery in the general SBM. The second result in [AS15a] is for the regime
where the connectivity matrix scales as log(n)Q/n, Q fixed, where it is shown that exact
recovery has a sharp threshold characterized by the divergence function
X

D+ (f, g) = max
tf (x) + (1 − t)g(x) − f (x)t g(x)1−t ,
t∈[0,1]

x∈[k]

named the CH-divergence in [AS15a]. Specifically, if all pairs of columns in diag(p)Q are
at D+ -distance at least 1 from each other, then exact recovery is solvable in the general
8

Note that this in a sense the “worst-case” notion of SNR, which ensures that all of the communities
can be separated (when amplified); one could consider other ratios of the kind |λj |2 /λmax , for subsequent
eigenvalues (j = 2, 3, . . . ), if interested in separating only subset of the communities.
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SBM. This provides in particular an operational meaning to a new divergence function
analog to the KL-divergence in the channel coding theorem (see Section 2.3 in [AS15a]).
Moreover, an algorithm (Degree-profiling) is developed that solves exact recovery down
to the D+ limit in quasi-linear time, showing that exact recovery has no informational to
computational gap (as opposed to the conjectures made for detection with more than 4
communities [DKMZ11]). The following gives a more general statement characterizing which
subset of communities can be extracted.
Theorem 2. [AS15a] (i) Exact recovery is solvable in the stochastic block model G2 (n, p, Q)
for a partition [k] = tts=1 As if and only if for all i and j in different subsets of the partition,9
D+ ((P Q)i , (P Q)j ) ≥ 1,

(3)

In particular, exact recovery is information-theoretically solvable in SBM(n, p, Q log(n)/n) if
and only if mini,j∈[k],i6=j D+ ((P Q)i ||(P Q)j ) ≥ 1.
(ii) The Degree-profiling algorithm (see [AS15a]) recovers the finest partition that can
be recovered with probability 1 − on (1) and runs in o(n1+ ) time for all  > 0. In particular,
exact recovery is efficiently solvable whenever it is information-theoretically solvable.
In summary, exact or almost exact recovery is closed for the general SBM (and detection
is closed for 2 symmetric communities). However this is for the case where the parameters
of the SBM are assumed to be known, and with linear-size communities.
The case where the parameters are unknown was recently solved in [AS15b], showing
that the parameters (including the number of communities) in the general SBM with linear
size communities can be efficiently learned.

2.7

An example with real data [Slide 41-42]

We refer to [AS15b] for an example on a real data set, detecting communities in the political
blog network of Adamic and Glance [AG05]. In particular, the algorithm of [AS15b] is shown
to achieve the state-of-the-art for this data set.

2.8

Open problems on community detection [Slide 44-53]

Below we present some open problems that have information theoretic flavor.
2.8.1

Stochastic block model

A. Recovery. [Slide 44] The CH-divergence is shown to be the fundamental limit for
recovery in [AS15a] when the relative size of communities is lower-bounded, i.e., linear-size
communities. One may wonder how general is the connection between f-divergences and
clustering problems. We will see later other types of block models for which such a connection may also take place. Here we simply mention that recovery may also be studied
in other regimes. First, the results of [AS15a] should extend to a slowly growing number
of communities, up to logarithmic orders, but there may be new phenomena taking place
9

The entries of Q are assumed to be non-zero.
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in the logarithmic regime or beyond. In [YC14], the symmetric SBM with k communities
is considered in regimes where p, q and k scale polynomially with n (see also [CSX12]).
Focusing on coarse scalings of the parameters, interesting regimes are identified where
community recovery is either solvable information-theoretically or computationally. One
may further look at the phase transitions for these regimes.
A. Detection and broadcasting problems. [Slide 45-46] The converse result in [MNS12]
shows that in the regime p = a/n, q = b/n, detection is impossible if (a − b)2 ≤ 2(a + b).
This is obtained by a reduction to the broadcasting problem on tree [EKPS00], which is
a nice information-theory problem. Consider a bit which is broadcasted over a tree with
independent BSCs on each branch. The number of children is governed by the so-called
offspring distribution of the tree. If the tree is viewed as the local neighborhood of a node
in the SBM, this is a Poisson distribution of mean c = (a + b)/2, and the BSCs have noise
parameter ε = b/(a + b). One can now ask the question of when (in terms of the offspring
distribution and the noise parameter) the bit can be detected given the leaves values at
large depth. Note that this is an unorthodox broadcasting problem (compared to traditional
information theoretic broadcasting problems), since one wishes only to recover the bit with
a probability that is away from 1/2 rather than close to 1. In [EKPS00], this problem is
solved for a broad class of offspring distributions, showing that detection is possible if and
only if c > 1/(1 − 2ε)2 . This gives (a − b)2 > 2(a + b) if the parameters are chosen as above.
Interestingly, the general extension of the broadcasting problem on tree with nonbinary variables is open. It is conjectured that gaps between information-theoretic and
computational reconstructions take place for larger alphabets. This resonate with the
following conjecture for multiple communities made in [DKMZ11], for the symmetric model
with k communities (probability a/n inside the clusters and b/n across).
Conjecture 1. For the symmetric k-SBM(n, a, b), there exists ck s.t.
(1) If SNR < ck , then detection cannot be solved,
(2) If ck < SNR < 1, then detection can be solved
information-theoretically but not efficiently,
(3) If SNR > 1, then detection can be solved efficiently. Moreover ck = 1 for k ∈ {2, 3, 4}
and ck < 1 for k ≥ 5.
C. Partial-recovery and the SNR-distortion curve. [Slide 47] Beyond detection, and
before almost exact recovery, one may ask how much can be recovered about the communities
at finite SNR. As shown in slide 49, an SNR-distortion curve is conjectured to take place,
which extends the above conjecture. There are three partial results about this problem:
(1) [MNSa] gives the answer for large enough SNR in the case of two symmetric communities
(using the broadcasting on tree problem);
(2) [AS15a] gives the behaviour for large SNR in the case of the general SBM;
(3) [DAM15] gives the behaviour for finite SNR but when (a−b)2 and a+b are both diverging
(keeping their ratio constant).
The general expression remains unkonwn. Techniques from information theory are likely
to be insightful here.
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2.8.2

Other block models

[Slide 48-52] There is a broad set of other block models, extending from the SBM. Three
important extensions for applications are models with corrected-degrees [KN11], overlapping
communities [ABFX08] and labelled edges [HLM12, XLM14]. Various partial results have
been obtained for these models, however the information-theoretic tradeoffs discussed
previously for recovery, detection and partial recovery are yet to be resolved.
A natural model for many real networks is the OSBM described for example in [AS15a],
where each node in the graph has a node-profile consisting of s bits (for, say, s attributes)
and where pairs of nodes connect in proportion to the number of joint attributes. One can
look at this as an SBM with 2s communities, but then the complexity of the methods in
[AS15a] scale terribly. Hence a different view is need for large s.
An interesting and simple variant of the 2-SBM is the 2-CBM. The model was defined in
[AM13, ABBS14a] and is a special case of [HLM12]. It is also related to many other models
[BBC04, KPSS10, AM, HG13, CHG, CG14, ABBS14b, GRSY14, PM14].
The 2-CBM(n, p, ε) is defined as follows. First a standard ER graph is drawn with edge
probability p. The nodes are split into two balanced clusters independently, and edges of the
ER graphs are colored in blue inside the clusters and red outside the clusters. Finally, each
color is flipped with probability ε. An SDP relaxation was proposed in [ABBS14a] for the
CBM, with a performance gap having roughly a factor 2. This gap was recently closed in
[BH14, Ban15]. It was also shown in [YP14] that a spectral algorithm achieves the threshold.
The detection and recovery thresholds are now known for this model [BH14, CRV15, SKLZ15].
Note that SDP relaxations for block models were also studied in [YC14, AL14, GV14].
Establishing the SNR-distortion curve for 2-CBM is open but may be reachable. The
recovery for k symmetric communities is also known [BH14], but not the asymmetric case.
In particular, a CH-divergence may take place again as the fundamental limit for recovery
in the general CBM (open). Similar conjectures are expected to take place for detection.
A model with a single planted community was recently studied in [Mon15]. In such a
case, the size of the planted community is much smaller than the ambient graph. If the
edge probability is 1 in the planted community, it becomes planted clique (see [DM13] for
example). For this model, [Mon15] shows that a detection gap is also expected to take place,
in even a coarser regime than for the SBM.
2.8.3

Beyond block models

[Slide 53] Graphons [Lov12] are natural extension of SBMs. A graphon is defined with a
continuous kernel w : [0, 1]2 → [0, 1]. Each vertex v in the graph is assigned a random
uniform number xv in [0,1], and edges are placed independently conditioning on the vertex
labels from the kernel w. How SBM can approximate graphons (in the spirit of piecewise
constant approximations of functions) under some regularity assumptions was studied in
[CWA12, ACC13]. These papers (as well as [BCS15]) study in particular the problem of
“estimating” graphons. The recovery problems for graphons, i.e., how node attributes may be
approximated, represent interesting problems. Note that there is a more general perspective
of graphons as limits of graphs related to Szemerédi regularity lemma, we refer to [Lov12]
for more details.
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2.9

Graphical channels [Slide 54]

Graphical channels were defined in [AM13, AM] as a class of channels inspired by inference
problems on graphs. They can be seen as memoryless channels encoded with an unorthodox
code which only takes k information symbols at a time. In other words, the tanner graph of
the code is a hypergraph with bounded edge-order. All examples discussed in this tutorial
can be casted as graphical channels (including sparse-PCA as next discussed).
It is natural to ask whether general properties of graphical channels can be obtained.
In [AM], we consider the case of uniform models for the graph, and discuss whether the
normalized mutual information n1 I(X; Y ) admits a limit. While this seems true in a general,
it is surprisingly hard to prove. We could only obtain the result for certain cases of kernels
(which includes most symmetric kernels), showing a sub-additivity property of the mutual
information. A different approach may exist to simplify such results. In addition, the value
of the limit is not found in [AM], which an interesting open problem. In terms of decoding
nodes reliably for graphical channels, it is possible that a CH-divergence limit takes place
for general cases. This is also an open problem.

2.10

Connection clustering/sparse-PCA [Slide 55-56]

Consider the following spiked Wigner model (see [JL09b] for spiked covariance matrix
models)
r
λ
Yλ =
XX t + Z,
(4)
n
where Z is Wigner (i.e., symmetric with i.i.d. standard Gaussian entries). In sparse-PCA,
X is i.i.d. Bernoulli(ε), i.e., there are about k = εn one’s (one may consider other sparsity
model), and the problem is to recover X from Yλ . Two references for information-theoretic
results are [AW09b, DM14].
How does this relate to the SBM, or more generally to clustering problems? The expected
adjacency matrix of the 2-SBM is also rank one, so the 2-SBM is also a perturbation of a
rank one matrix. More generally, the k-SBM is a rank k perturbation problem. However,
the 2-SBM has two main differences with the sparse-PCA problem above: (1) the SBM is a
purely binary model, i.e., the perturbation is also binary, whereas the spiked Wigner models
is a continuous perturbation, (2) the expected adjacency matrix in the SBM has “blocks”
that are balanced, where as XX t gets sparser for a binary vector X.
The second difference above can be easily adapted. Consider the same model as in (4)
but assume that X is instead i.i.d. Radamacher(1/2). Then XX t is exactly like the expected
adjacency matrix of the SBM (calling the community variables +1 and −1). Of course, the
new model — a blocked-spiked Wigner model — is still different than the SBM since it is a
continuous noise model. Is it really different though? Note that wstablishing an equivalence
between the SBM and the blocked-spiked Wigner model would interesting to connect the
problems and allow the exportation of methods specific to Gaussian noise models.
In [DAM15], it is shown that the equivalence holds when the SNR of the 2-SBM tends
to the SNR parameter λ in the blocked-spiked Wigner model, but when the average degrees
of the 2-SBM diverge. Using this connection, [DAM15] is able to compute the normalized
mutual information I(X; G)/n and normalized MMSE between the nodes variables and the
14

graph, with a single-letter formula. The latter exploits in particular the I-MMSE formula
[GSV05] which holds for Gaussian noise models. It further shows how to achieve the optimal
MMSE bound in the 2-SBM for that regime with an efficient AMP algorithm. The techniques
are similar to [DM14]. We refer to [DAM15] for the result presented in Slide 58.

2.11

Conclusion [Slide 57]

Community detection couples naturally with the channel view of information theory and
more specifically with:
• graph-based codes,
• f-divergences,
• broadcasting problems,
• I-MMSE,
in particular, with unorthodox versions of these. Much more of these connections are expected
to take place, involving existing information-theoretic tools or requiring the development of
new ones.
More generally, the problem of inferring global similarity classes in data sets from
noisy local interactions is at the center of many problems in machine learning, and an
information-theoretic view of these problems seems both needed and powerful.
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