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Introduction.

The value of money is equated with what can be got with it, and
this depends on the prices. The consequent dependence of the value of money
on prices, and how this can be practically invesbtigated, is what is here
for discussion. Genesis is in the form of question: Which is betfer - to
spend a certain amount‘of money at certain prices, or ahother amount, atb
some other prices? The gquesiion ls vague, though indispensible. =very-
thing depends on the manner in which it is to be made intelligible. But
when this menner is decided, in certain conspicﬁous possible ways, it will
appear as a perfectly definite and answerable question.

What can be got by expenditures with a ceritain amount of money at
certain prices is any combination of goods, to be called a composition,
whoge cost at those prices does not exceed that amount of money. This
restriction on composition, defining a balance, depends Jointly on the
prices and the available money expenditure, but no more than on the ratio
of prices to that expenditure.

A composition is said to be withln, on or over a balance, deter-
mined by prices and an expenditure, according as ité post at those prices
is at most, equal to, or greater than that expenditure. The conjunctions
of' balance and composition found by observation, each defining an expendi-

ture figure, and together defining an expenditure configuration, are to be

the data for the question.

Moreover, the guestion is to be mede intelligible in terms of an

hypothetical preference system which determines a best composition on any
balance, which will also e the best composition within that balance.

Such a preference sysbem will be called a proper preference system. Tt

is admissible in respect to any ohserved halance with a compogition on it

if that composition 18, according to the system, the best one in the




balance. When preference is measured by a differentiable preference func-
tion, with direction defined by the direction of the gradient, this
cri£erion is Gossen's law, that price and preference directions coincide
in equilibrium.

Bowever, 1f any data thus admits a proper preference system as an
hypothesis, by which it will be said to be consistent, it must admit an
infinity of such hypotheses. Preference anslysis of the data is to be an
.analysis of such a class of hypotheses,-which is either empty or infinite.
The fundamental question can now be put more explicitly: Which
is better, the best composition of goods that can be got with one expendl-
ture at one set of prices, or with another expenditure at another set of
prices? The decision of the betber and the best here is o be according
:to some preference hypothesis admissible on given data.

This duestion ugderlies the measurement problem .of the cost of
living. On any occasion expenditure is made at certain prices to obtain
goods desired in the process of living, supposedly in such a manner as to
achieve the highest standard attainable with the expenditure at the prices.
If prices change, then expenditure has to change compehsatingly, Lf the
same standard is to be mainbtained. %o specify this compensating change,
the cost of living index, with one occasion as base and another as

current occasion, is defined as the multiplier of expenditures which

willl compensate it for the pfice~change from the base to the current
occasion, according to some hypotﬂetical preference system.. But ii this
preference system is free to renge in the admiseible clsss for some data,
this index will be free to describe a certain rsnge. A problem, nowl
DPresented, and to which a solution wili be given, is to determine the

range of a cost of living measurement thus prescribed by given data.




'samuelsonl has pointed out the indeterminacy of the cost.of living measure-
ment; but that leaves the question of determining the extent of the
indeterminacy. Some formulae which have been obtained achieve this deter-
mination; but they are difficult to handle, and no numerical work has yet
been done with them. However, in the famillar case of making the gost of
living measurement between two periods, on the basis of expenditure déta
just for those periods, the answer is plain: The conventional index gives
’an upper limit, which can be approached arbitrarily closely. That is, no
better limit can be obtained without more data, or withodﬁ more restrictive
assﬁmptions about the underlying preference structure beyond that it is

.of the normal'type. This is the mosi important fact about index-number
“%heory with two-period data; that is, the posgibility of having developed
‘a theory, thus confined, is almost non-existeént, and this is confirmed
historically. But by allowing more dats, development, as has Peen exempli-
fied by-the method of W’ald,2 ig possible.

Wald has considered preference systems on a quadratic model,

represented by a guadratic function of compositlion whose magnitudes

decide the preference relation between composlitions. Now a quadratic
function can repfesent a proper preference system in a region_only if 1t
18 strictly convex and increasing in that region. This is because only

a strictly convex quadratic can have strictly convex levels. ¥urther, the
Engel curves, which are the loci of composition as expenditure varies
while prices are fixed, are lines concurrent in a point which defines the

centre of such a system.

' lPaul A. Semuelson, Foundations of Economic Analysis
(Harvard, 19%7).

2. Wald, "A New Formula for the Index of Cost of Iiving,"
Econometrica, Vol. T, No. 4 (Octcber, 1939), pp. 319-335.




Thus, not any pair of linear Engel curves can belong to a gquad-
ratic system: firstly, they have to be concurrent; and secondly, their
intersection has to be in a point over the balances associated with the
region in which the system is valid. waever, these matters left aside,
Wald has shown that if linear Ingel curves corresponding Lo two sets of
prices are known, then the ceost of living measurement is determinate
between occasions which haﬁé'those prices, on the hypothesis of a quad-
ratic model. He then shows that if these Engel curves pass through the
origin, the determination reduces to that provided by.Fisher's "ideal
index;”B But it should be noted that an admissible quadratic preference
hypothesis cannot have its centre at the origin. Samuelson's revealed
preference axiomh can be used to decide this. The Justification of the
Fisher index in the quadratic model vhich could arise here and which was

2 and Kbnﬂs6 is altogether illegitimate. Far

proposed by Buscheguennce,
from there being fprmal arguments going in favour of the ¥isher index,
there are precise formal arguments refuting its validity.

Now consider an expenditure configuration of four figures,
corresponding to four sets of prices. IFf the sets of prices are parallel

in pairs, and a quadratic model is assumed, then the two lines Joining

corresponding compositions must be Engel curves, and we have the situation

5Irving Fisher, The Making of Index Numbers. (New York:
‘Houghton Mifflin Company, 1827). ,

lLP. A. Samuelson, "Consumption theory in terms of revealed
preference," Bconomica 28 (1948), pp. 243-53.

%s. S. Buscheguennce, "Sur une classe des hypersurfaces. A propos
de '1' index idéal' de M. Irv. Fisher," Recueil Mathématique, XXXII, ¥
(1925}, Moscow. '

6A. A. Konlls, "The Problem of the True Index of the Cost of
Iiving," The Economic Bulletin of the Institute of Economic Conjuncture,
Moscow, Ho. 9-10 (36-37) (September-October, 192%), pp. GR-71.
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with a pair of-Engel curves hypothetically known of Wald. But again,
- these lines have to intersect in a polnt with a proper location for the
quadratic hypothesis to be legitimate.

~ Wald's case can be considered a special case of a general config-
uratioﬁ.of four figures. This general case has been investigated and it
is found ﬁhat though the configuration may be absolutely consistent, in
‘the sense of’ consistency already described, it need not be quadratically
consistent, in the sense .of including in the class of admissible hypotheses
a subclass on the quadratic model. However, if the quédratic class exists,
it will be infinite; and correspondingly, a cost of living measurement is
ranged in an interval, rather than having the point determination usuvally
osought, and which is obtained in Wald's special case. Point determination
s also .obtained in the case, intermediate between the general case and
Wald's case, in which just one Engel curve is known, that being for the
.dbject.occasioﬁ, and there is data for two other .occasions, in which the
prices need notb be parallel. When these prices are parallel, there is
return_again to Wald's case.

The formulae cbtained for ranging the cost of living on the
quadratic preference model are bound up with the formulze for ranging the
cost of living obtained without any further assumption on preference
structure beyond that it is of the normal type: +hey are bound up in
such alway as to exhibit them as providing'a smoothing principle, select-
Jing a subclasstof.admissib}e hypotheses which are distinguished as, in a
certain sense, fitting the data most smoothly. The cost of living
interval determined on the guadratic normal model thué has a statistical
meaning, in relation to the larger interval determined just on the

normal model, giving it a speclal ilmportance.
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A computer program has been ?fepared by Mr. Harold Samuels for
the criteria for the validity of tﬁe.quadratic,model,.and,theAcostAof
living calculatidns based .on that model when it is admissible. It has
beén-applied to a number of numericai exanples, including one in two

dimensions which admits a graphical representation.

. Market choic;

In the picture .of the market, there is some finite number n _of

simple goods, which can be considered as the domponents Mf 3---,/g of a

. L n .
composite good
g: {'g]_"'."‘gn} .
fThese goods are avallable for purchase.in any amounts ai E;ices Ty sy %

‘given .on any occasion, and forming a vector

P =(Tfl ‘,unn, Tfn} +

A collection of amounts §1 ey gn of the different goods defines a
composition in these goods, and is repregented by a vector

£ = {El PR RN En] .

:The purchase (p,x) , of a composition x at prices p , requires.an
" expenditure

e =p'x,

where

'x = x M Tt
p Foeo b T E

lgl
s the scalar product of the vector p with the vector x .

When the expenditure e 1s taken as the unilt .of money, prices

P ‘transform to relative prices
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‘e"_‘,-n-u) E—]-

The véctor u  defines the balance determined by

‘san expenditure e with prices p . A composition x is said to be within,

N, O OVEYr & balance u according as :

u'x <1, u'x =1 op u'x > 1 .

A purchase (p,x) has associated with it the balance u = E-,
where e =p'x ; so that
u'x =1,
Thus the composition in a purchase is on the associated balance,

are those such that

wy <1.
‘These compositions can be had as well as x without loss by further

-expenditure. But, in the purchase, x is singled out from among them.

The market thus appears as a field of choice to which money gives

access. An amount e of money, when the prices are P , gives choice of

goods in every composition x siich that

u'x < 1

_ 2
twWhere wu =

N o]

The market of common experience is also a field of choice arising

from opportunities of exchange of money for goods. But as such it can

hardly be grasped in all its complexities within the picture that has Just

been described. However, this picture gives a basic form for approaching

the market. But how dlfflcult 1t is to apply the picture to reality is seen

- 1n the multipllcity-and complexity of commodities, in their uncertain

_natUre, and uncertain availability;, and the difficulties in the very notion

of price. Ang there are all kinds of other imponderabilities with loecal

and temporal association to vitiate the picture besides.



2. Preferencelhypothesis.

Any act has the form of a choice. On any occasion, a single action
is impelled, and what is done appears as a selection from the plural possi-
'ﬁility of what might have been done, in other words a choice. Though there
“is no escape froﬁ this form, and an exploitation of it gives the general
method now to be followed, the application of this form is usually no simple
matter, as has been indicated in the case of the market.

When one possibility is selected by an agent out of an otherwise
undifferentiated fariety‘ef possibilities, this is taken.as a manifestation
.of preference for that selected possibility on the part of the agent. Thus,
when a purchase (p,x) is made, this is taken to show the preference, on
the part of the purchaser, fgr X over every other compoéition ¥y within
the balance associated with the purchase. Any other such composition is
équally a candidate for choice, at no greater expenditure, but x is
selected from .among them; and the method of explanation is to suppose that
this is because x 'is preferred to all these .other compositiong, in some

hypothetical preference system, represented by an order relation 5 on the

set Gf all compositions. Thus x 1s supposed elected, which is to say
se;gcted by’preférence.

Thus, from the purchase (p,x) is made the inference xSy for
all y % % such that u'y <1, where u = E— and e =3p'x . In this
inference, prices p enter only to the extent of determining ﬁhe
balance u .

Such an order B of compositions, which thﬁs regulates market

choice, defines a preference hypothesis. It elects a composition x on

a balance u as preferred to all obther compositions within u .
In potentiality, u can be any vector with positive elements.

A proper preference system is defined to be a minimal preference system




k]

'fwﬁich is sufficiently complete to elect a composition .on any balance from
all those compositions within that balance.
| Thus, if P 1is a pfoper preference system, then it is an order
Tﬁith the property that to every balance u there corresponds a composition
x , which may be denoted by x = fP(u) , Buch that u'x =1, and xPy for

every ¥y % x .such that u'y S_l .

3. Expenditure systems.

A functional dependence x = f{u) of composition x on balance

-

u _such that wu'x =1 , that is, which determines a composition.on every

balance, is to define an expenditure .system. VGenerally, u and x* can

be considered cbnfined to certain balance‘and composition domains B and
C , each being a region in the positive .orthant.of a Carteslan space .of
dimension n . .An expenditure system of the form f = 5 s that is,
which is derived_from.some proper preference system P , is called a

proper expénditure‘systemo

Bow 41f f£.=1 ‘where P is a proper preference system, then it

P

appears that P = ; Where

ki

is the chain extension (transitive closure) of the relation Q, defined

by

x%ya}{x:f(u),\y;éx,\u‘ySl.
It follows that f 18 proper if and . only if Pf 18 an .order; and since,
in its construction,' Pf is in any case transitive, all that need be asgked
is that it be irreflexive.

The proper preference systems are thus of the form P.= TP, ,
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where. T is an expenditure system for which Pf is irreflexive.
Enquiry has to be made into the structure.of proper preference

gystems. . Generally, not much can be said very concisely. But if . some

furtﬁer, possibly guite simple conditions are imposed, then the whole

matier becomes quite concise, and familiar.

For instance, let it be asked, of an expenditure system £ , that
u u
f{—) -~ fi=)| < M|p -0
| (P) G <wlp - of

by which condition (introduced by Houthakkerl)  might he called regular

(following UZawaE). Now let a regular preference system be one of the

form P = Pf where f is a regular expenditure .system, Then, for such a
preference system P , the following can be said: it is a proper prefer-
ence .system’ for which there exists a numerical function ¢ = @(x) , which
is strictly.iﬁcreasing, whoee levels are strictly convex, and has the
property

olx) > oly) <> xPy ,

Loy
by which it represents P . By this property, ¢ wight be sald to

measure P , or to be a gauge for P. If o is a gauge for P , then so
1s {g) , where w(t)- is eny strictly increasing function. So the
gauges of P form an infinite class of functions.

Tt is desirable to proceed only with the most essential supposi-

5 A T A S A LA T Sk A e

tions. While é proper preference system appears as the essential concept,

it will be seen.that some further conditions to be imposed, like regularity,
make for no new departure from the essential, when there is reference to

given empirical, and therefore finite, data.

lH. 5. Houthakker, "Revealed preference and the utility function,”
Economica 17 (1950), pp. 159-17h.

%n. Uzawa, "On the logical relation between preference and
revealed preference," Technical Report No. 38, Department.of Economics,
Stanford University, 1956; or Mathematical Methods in the Social Sciences,
Stanford Mathematical Studies in the Social Sciences V (Stanford, 1959).
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Mn expenditure .system 18 the more basic concept, rather than a
preference system; since it deals directly with acts of be?aviour, rather
than. a controlling preference system. A regular preference system has the
gﬂvéntage that it is associated with a regular expenditure  system, and
also that it is representable by a numerical function which is strictly
increasing and whose levels are strictly convex. Any such function will be

called a normal preference function. While a regular preference system

always has a normal preference function Ffor & gauge, and any normal prefer-
ence function 1g a gauge for a proper preference system, it is not obvious,
nor yet pfoved, nor pefhaps important, that a normal preference function
-should always be a gauge for a regular preference system. Regularity is
Just an example of sz simple condition .on behaviour which gives an admitted
preference .system a peculiayly simple structure.

It appears that a normal, for -example, a regular, preference
system has levels, defined by the levels of any function it has for a
gauge; and these levels are completely .ordered. Preference order for
compositioﬁs,on different levels corresponds to the order of those levels;
and there is no preference order determined for compositions on the same
leval: Such a peéuliér kind of .order, which is represented by a complete
order .of classes of elements between which thgre is no order, defines a
Bcale. Thus a regular preference gystem is a scale, though a proper
Preference system is not necessarily a scale. The relation measured by

& normal preference function may be called a normal preference scale. Tt

is apparently somewhat more general than sz regular preference scale; it
is a prbper preference system with the additional requirement that it be
& scale, and is something between a bProper and a regular preference
System, having generality together with a rarticularity that makes it

Peculiarly workable. But these distinctions, which are conspicuous for
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the formal concepts, lose substance in empirical application, when they

appear to have egqual scope.

h, Qost.of living.

According to the idea of the cost of living, it is the cost of
mainbaining at given prices a given standard of living. Goods are
consumed in the process of living and the different goods are consumed
in different amounts which together define a possible composition of con-
sumption. Standard .of living is defined by preference between such possible
compositions.

Thus cost of living is made intelligible in terms of preference
between possible compositions of. consumption, say according to some
normal preference scale P . Suppose prices are fixed within certaln
periods, say years, and to vary between years, and that consumption is
measured as the aggregate thfoughout a year. Consider two years, to be
indicated by 0 and 1 , and which are to have the role.of a base and
.a current year. .Consumption in these years appears with composition

X Xy end is obtained at prices P, Py and therefore for expenditures

0.’

' . Ps Py .
ey = Py 'X s 8 =Pp'% g0 the balsnces are u, = E; 5 Uy = EI . It is
asked: what is the minimum cost €15 at the current prices Py of

maintaining a standard not inferior to that found in the base year? This

minimum cosd ®0 defines the cost of living, for the current year rela-

tive to the base year. The multliplier Piy 7 such that e

10~ %1P10 ?

of current expenditure which will thus compensate for the price change

between the bage and current year, defines the cost-of-living index, for

the current year relative to the base year. It is defined by the condi-

u .
tion that fP(uo) and fP(E;_) be on the same preference level.
: lo
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It is all very well to have a cost~of-1iving concept |

AN
I -
depending on preferences. But preferences have to be known, \ Ro
I
if they are to be of any use; and generally they are not alto- rg_% . }ﬁu?o
. /L,{ P B
! P u‘Ko

gether known. They are .only known to the extent that they can
be determined by given data, necessarily finite, and therefore Tragmentary.
Thus, empirically, preferences can be determined.only.incompletely. Correg-
pondingly, there will be anxincompleteAdeterminacy.in the cost-of-living
nmeasurement. The problem which Presents itself ig té discover the extent
to which it is determined,.on.any given data,

Hypothetical preferences can'only be inferred f?om their hypo-
thetical effects on choice, as expressed in expenditures. Hence, expendi-
ture data for s variety of different occasions, say years, are to be made
the basis for the measurement .of the cost of living, in respect to the
ﬁrices found in one of these‘years and the standard of living cbtained in
another. This is how the éostvof—living problem is first to be‘coﬁceived.
Eventually, it is some kind of statistical concept which is not invalidated,
however erratic thé data, that is wanted. But this rigid concept has to
underly any further. concept.

The hiétory.of the.coét.of dliving problem has very largely been
& search for an algebraical formula, involving expenditure data belonging
Just to the base and current oceasion, which could with good reason be
considered as an index of the cosb-of-living. An index of such a form and
With such a Justification was never found. But one may ask: why should
the index be given by an algebraical formula; why -should it involve Just
the expenditure data for the base and object occasions; why, in view of
the hecessary indeterminacy arising from incomplete knowledge .of préfer-
€nces, should it be given s point~determination; and finally, why should

it always be properly definable, seeing that it depends for ite meaning
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on preferences, the existence .of which requires a consistency of behaviour
which may not be borne out by the data? The answer appears negative for

all these questions.

“

5. Expenditure data.

A vector pair u,x which, being such that u'x =1 represents
a balance u together with a composition x which is on it, wili be

denoted by [uj;x] . TIt.is taken to define an expenditure figure

E = [ux]
which, geometrically, can be viewed as an hyperplane - the locus of compo-
gitions on the balance u - together with a particular point on that
hyperplane - the composition x . Thus, with any purchase (p,x) , there
is associated the expenditure Tigure [u;x] ; Where u is the associated
balance.

Now, given an expenditure system f , to every u there corres~
ponds an expenditure figure B = [u;x] where x = f(u) , which is said
.to belong to f .

Any'cdllection of expenditure figures defines an expendlture

configuration, The collection Ef = {E} of expenditure figures E

belonging to an expenditure system f defines the expenditure configura-

tion associated with f ; and.any subconfiguration E C:Ef defines an

expenditure subconfiguration of f . (iven .any expenditure configuration
E 3 it i8 called complete if it is of the form E, = ‘Ef , that is, if

1t is the configuration belonging Lo some system. A complete configura-

- tion defines a completion of every configuration conbtaining it. Thus if

 -|€ f 9: are two configurations of which E; is complete and such thét

'%F(: £ , then F. is a completion of ‘5 . Assuming balance and




composition domains which are infinite, a finite configuration F cannot
be complete, but has a variety of completions.
Every expenditure configuration ?} has a preference relation

P defined b
¥ ¥

where

XQ}.Yﬁ![u;'X} E}/\.Y?éx/\u‘yfl.

Then, for an expenditure system I , with assopciated configuration Ef 3

Mso, if F ( E , then Pyc PE .

The a priori form .of a preference structure is derived by
assoclation with an expenditure pystem which admits a preference structure.
This association is the requirement .of general method. But.beyond,this
form, all that can be taken as known about preference must be by .cobser-
vation. |

The data of .observation, of the kind to be admitted, are expendi-
tures.on a variety of goods.on a variety of similar occasions, obtaining
goods in -certain smounts ab certain prices.

Iet there be some k + 1 ocecasions, for example yearly periods,
indexed by r =0, 1, -y kK o Iet M = (pr,xr) be the market purchase,
observed in occasion r , of a certain composition in some n goods at
certain prices, given by vectors X,.sP, of order- n . Then the
assembled data forms the scheme

M= (M), 051,400,k .

Associated with the purchase h& , there is the expenditure

figure
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D .

where u = EE s and e, = pr'xr is the total money expenditure in the
. N i

purchase. These expenditure figures together form.a finite expenditure

cont'iguration
F = (), = 0,1,..0,k
The expenditure configuration E? is directly associated with the
scheme of market data M :
M—>F .
But the same configuration F could be derived from different possible
data M . While M has a direct obsérvational meaning, it is taken as

relevant to preference structure .only in reduction to F that is, the

e

preference analysis of M 1s to be Just an analysis of ¥ .

I£!is true, there can be all kinds of .other. data: answers to
questionnaires, the Weather, and so forth. But it .is taken, so as to limit
and define .our subject, that what is significant is not what an .agent, such
88 a consumer, .says - which may not be believed, and is in amy case,
generally.éf unfathomable significance - but what the agent does. Assuming
the standard picﬁure.of the market, whatever the difficulties in that, what
the consumer does .is something in an observable framework, with coordinates
‘Which are, in ﬁrinciple, rather definite. As for the weather and such
factors, of undoubted relevance to preference, it is not yet known how %o
prOfitably take them into account; and the first step s to ignore them.

It is manifest in immediate experience that such factors are forces for
-change of preference. But an entity must be known in some proper sense
before it can -seriously be sald to change. And the first task, before
there can be any analysis .of change of preference, is to have the frame-
work in which the preferences are to be taken as known.

As for the additional data, which is contained in M but not

in E#, this 1s relevant to an analysis which exceeds preference analysis




as here considered, which relates to the way a given expenditure is allo-
cated to .some different commoditigs when prices are given, It touches on
demand analysis which takes that expenditure.on the commodities not as
independently given but as dependent .on the prices. Such an analysis could
be considered a preference analysis in a wider scheme, in.wﬁich there is
considered the .additional choice possibilities of reserving money for other
use, possibly.SPendiné.it elsewhere, . or .of spending it directly .on the
considered commodities. The commodities are wanted goods, and therefore
make a claim.on expenditure; and this analysis would have interest in the
strength of this claim in competition with other claims, which egprésses
demand .

Given a finite expenditbure configuration ‘¥ s such as may be
derived from market data obtained by observation, the general method is to
consider all its completions; in particular all its completions iimited
by requirement.of having a certain structure, such as contipuiﬁy, regu-
larity, differentiability, or of conforming to some algebraical modei,
When preference structure is the goal of analysis, there is added the
requirement of preference cgonsistency, in the exact, and also possibly in
.éome approximate éense. The approximate .sense would be .such as to allow
explanation of whatever is .observed as belonging 40 a consistent system
but with discrepancies due to error and disturbance. Here, howéver, there
is to_be confinement to tﬁe_strict analysis; but this must be recognized
a8 of over-limited scope, when, as is usuval, there is a large and somewhat

disordered accumulation of data to be taken into a single analysis.
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6. Adwissible hypotheses.

Iet it be .supposed that some market data M has been obtained, by
observation on some consumer,. in respecf to some n commodities in some
k +1 occasions, and that from this there has been .obtained an expenditure
gonfiguration F ;. 0f k +1 figures in n dimensionm.

There‘is to be considered a totality of preference hypoﬁheses foy«
the consumer that is to be admitted on the dsta. This totality requires not
the entire data M, but the configuration ¥ derived from it.

The general method is to suppose that observed acts which each
single out a composition X,. on.a certain balance u, , are elements in a
systematic behaviour which, in potentiality, singles out a composition
x =f{u) on every possible balance u according to some rule f . Thus,
first‘there_is considered the totality of expenditure systems f adwmitted
by F , being euch that x,=f() (r=0,1,...,k) .

.But usuwally, in taking such a completion of observations, a struc-
ture is imposed on that completion; such as continuity or differentiebility.
This is the general method‘of forming expectations from observations,
making use of a pripri smoothness 6r other sbructural assumptions aboub
behaviour. But here there is special concern with preference as an
hypothesis of behaviour control. It happens that if f is proper, being
associated with a preference system P s being .of the form f = f

P
this requires the continuity .of f , and also certain differentiability

s then

broperties. A certain smoothness is thus a built-in aspect of the prefer-
ence hypothesis. Moreover, if f is of this form, and also regular, then
P must be g scale, admitting a numerical function ¢ as a gauge. This
coincides with the usual picture of consumer behaviour, in which there is
Supposition of a "utility" function regulating expenditures. If the

function ® 1s differentiable, having gradient g = g(x) , then, since




¢ = o{x) is to be a minimum under the constraint u'x =1 , there have to

be the equilibrium conditilons

g, = UM, (r = 0,1,..4,k) ,

where 8. = g(xr) » and -kr xr‘gr since gr‘x =1 .

T

The concept is thus arrived at of the existence of a numerical
function ¢ = @(x) which determines the composition x on any balance
i as the maxiwma of ¢ under the constraint u'x =1 . For this
determination to be always possible, ¢ has to be .strictly increasing,
~and have strictly convex levels, in the domain of x . 'Iet x be confined
%o a - compact composition domain, C . Then it can be shown that ¢ can be
chosen to be a convex fﬁnction In that domain. Such a function can be
.bmoothed into a continuously differentiable function, or even a funchtion
“With any number -of derivatives; which approximates it arbitrarily closely;
80, cmpirically, there is no further limitation in considering only con-
tinuously differentiable preference functions, though the .analysis while
then somewhat simplified, need not be thus confined. -
A proper preference .system P such that Pg(: P 1is to be con-
Bldered a preferenée hypothesis admissible on the data F . It can be
-Bhown that éuch exist 1if and only if P§ is an order, by which céndition
the configuration F may be .said to be -consistent.

Rather than consider all proper preference systems which are
- admissible on T, thére.may be considered the class /53. among these
Which are normal preference scales, it being known that these at least
-include the admissible regular preference scales, that is.all those
PIoper preference systems which are regular. For these preference
Bystems Agg_, it is known thal they are represented in some convex
‘Beighbourhood of the pointe %, ‘by-a numerical function @ which is

Strictly increasing and, beyond having strictly convex levels, is
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strictly convex. The same scale S .corresponds to a variety of functions.
But to each function there corresponds just one scale measured by it. The
totality Agﬁ.,of hypotheseé admissible on & can be approached by way of
the totality T, of such convex functions ¢ which represent them.

A method of preference analysis consists in analysis of the
totality ,8g:.of preference hypotheses admissible on an empirical configur-
étion ?} , and investigation of the.fange.of any characteristic of a
scale S as S ranges in Agg . It is a .rather rigid method, since
F  may Pe disorderly, in which cage AS%- will be.emﬁty. One could do
better in .some respects by génerally.viewing F as disturbed from an
orderly configuration on some constfuctive model. But this method never-
theless ig the first and most fundamenﬁal,one. Mathematically 1t depends

.on investigation of the class [, of function ¢ which are strictly

F

Ancreasing gnd convex and under the constraints usx-= 1 (r =0,1,...,k)

have maxima at x = X,

7. Ranging the .cost of living.

Thélindex—number problem .of the cost.of living has always been

a conceptual problem: how to turn the somewhat vague question as to the
cost .of maintaining a given standard of living into a definite principle
of measurement. There need not be just one way'of doing this, because

the .question thus simply put is loose, and there are some different senses
for its intelligibility. But there is a most direct sense which can be
Singléd out, which has first claim for consideration, though its investi-
gation is far from marking the whole problem. A clarification has to be
made of the meaning of having preferences. Economic theory commonly

proceeds on Lthe assumpbion that all agents have preferences regulating
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their cholces. But consumers dQ not know their preference systems. And
economists do not know them either; though they have talked about them
in the abstract. And it has to be recognized. that to make choices is not
necessarily to have preferences. So it may well be .asked what can be the
-slgnificance of.such a theory.

However, the hypothesis may be admissible.on given data; and then

it is possible to proceed directly, and consider all feasible hypotheses.

Given an expenditure.configuration F , which presents the data
_of .observation, there is a class {%;.of preference systems which are
'-admissible hypotheses, and, if there are any, each, without any further
principle of limitation, is egqually a candidate for construction as an

“hypothesis. Relative to any one -system S € ,g s there is a determina-

F
:tion QTS(S) of the multiplier;of expenditure in occagion r so as to
,maintain, at the prices.of.occasibn r , & standard of living equivalent
te that found in .occasion s . It;is asked: what is the range of

. PrS(S) as S ranges in 2&; ? Thig 1s a definite question, and it has
8 definite answer: the range is an interval, whose lower and upper limits
'..pi;_s (%), pgs(é). cen be determined from I by certain formulae. These
formulae will now be described. But it hés to be admitted {that, though in

them a principle is made perfectly precise, it is not obvious how to

-evaluate them,

The cross-structure of the expenditure configuration & = {Er}

with figures E, = [u ;Xr} is defined by the array D

. = (Drs} of

*

© trosg-deviations Drs = ur‘xS ~ 1 Dvetween its figures. (r % B; ;8 = 01,044,k

The following conditions in the cross-structure .are equivalent.

P ‘oo - <
I. D, S0,D, <0,..; D <0

Ampossible for distinet =v,8,t,...,9 taken from 0,1,...,k .
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IL. hi‘DrS + hSDS“b + e+ quqr >0

for some Xr >0 and for all distinet r,s,%,...,q taken from O0,1,...,k .

III' }\r‘> 0O 3 )\-rDrs > CPS - q) (I‘ 4:5; I',S = 'O,l,!c-)k)

r

for some (Ar,cpr) .

Iet A= {?%r} and ¢ = {q)r] « Then, _moreover, A satisfies II-‘
1f and.only i€ (A,8) satisfies ITI. for some & .

Condition I., which is {the Houthakker condition appl_,ied finifel;y,
toy“’ﬁhe finite configuration 122 ; .is the condition that P{;. , which is
the minimal transitive relation with the property

Dpg SO %P X,

be irreflexive, and there.:f‘ore an order. Tt is.a neceésary condition that
‘% admit a normal preference hypothesis, that is ,gﬁ: =|='O 3 and it can
- be .shown also to be a gufficlent condition.
Thus all These three conditions are eguivalent to the condition
/gg_ 4: 0 for the existence of.a& normal preference scale 8 which is an
‘admiss_i‘ble hypothesis for F . In this and only this case, A which
satisfies II. and (A,®) which satisfy III., exist. .

Iet (A,0) now denote any solution of IIT,, so that A denotes

any solution of II. 'Then A,® define level and multiplier sets for Sr, .

clet @ = {ar} be any set of numbers o > O such that Xy =1, and

let
X = PG s Py T mfar ’
Then
i — | BT —
prs(‘}) = min min {ur X3 (x=xt)‘ut>\t > - cpt(t =0,1,...,k)}
Ao x :
and
e} ,
o, (F) =maxmin {u 'x_ ; ¢ > .
. rs AS « rTa’ Q 8
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For any p.. lhere exists a scale S e JgSf such that prs(s) = Ppg if

and .only if

om (%) <p_<pd (%) .

rs Trs rs
Iet this range for the cost-of-living index p,, be called the sbsolute
ﬁn_gg, .on the data provided by the .expenditure configuration .

Some .of the preference .systems in /SS may be rather patho=
logical, by which we may take to me&n having levels.which are not well-
rounded. We may attempt to be more .selecti%re , and Athrough th_is obtain a
narprower range for Prs corresponding Yo more agreegble systems in‘ (8g .

Instead of asking .of level and multiplier setse A; & that.

MiDpg P~ qJ:;‘ > - MgDap 7
in “otherr words that the differénqesl cps' - cpr lie in the .i-ntérvalg

- spsr"" '}‘-rDrs] , one may ask more restrictively that they lie at the mid-
--points.,of these intervals. That is,

1
P~ % “é@‘rDrs -'?\spsr) )

-~ Such a A& will be called a median solution. Of course, a median solu-

tion way not exist. But 1T it does, with )\r >0, in vwhich case median
consistency may be said to hold for F , the range of P TEY be

narrowved to correspond to it, defining a median range. A median golution

always exists for k <3 , but need not have Nr >0. If k=3, an
essentially unique median solution . always exists. 8o for k =3 , we

only have to ask if A, >0 The ,c-.oncept of a median solution may be
given s, general. scope by .suitadbly defining a medlan discrepancy for any

“level and multiplier sets, and seeking those with minimum discrepancy.
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8. Algebraical method.

The consistency .of 3 gives definition of an absolute range for
Prg 7 which is hard to calculate, and the more restrictive median consis-
tency, if it holds, provides the narrower median range, which is somewhat
easier to‘calculate. The calculations are not made according to an
explicit algebraical formula, but.are .of a combinatorial type, invelving

solutiong of systems of linear inequalilties. Tt would be .of advantage 1T

an algebralcal formula could be found, locating a range within the absolute

or even the medisn range, and especially so if this corrésyonded to some
peculiarly interesting class of hypotheses. BSuch a class 1s provided by
preference scales which can be measured in a convex neighbourhood of the
points X, by a quadratic function. If any such are admissible, then

will be said to satisfy the .gondition of quadratic.consistency. Such a

guadratic hypothesis can perhaps be taken as the model of the smoothest,
least péthological,_of‘the admiséible hypotheses. The ranging.of the cost
of living with respect to this class could be .gignificant in this respect.
Alse the .quadratic hypothesis 1s a constructive algebraical model which is
the natural model for a stavistical analysis, in which it has a role
analogous to thaﬁ_of the linear hypothesis in regression analysis.

The .algorithm for ranging a cost of living measurement.on bthe
quadratic hypobhesis applies to a configuration of four figures (k =3)
Thig is conpected with the fact that .only in this case of four figures
a8 median solution generally exists and is essentlally unique; and also

it 1s bound up with the peculiar relatlon between median consistency and

Quadratic consistency. Given quadratic consistency, the quadratic range
for pfs will be determined as a subinterval of the absolute range.
Thus there are three consistency conditions of increasing strengbh and

correspondingly, three intervals for ranging the cost of living, one




lying inside another. But the stronger the condition required, the

N by

narrower the .scope of the associated ﬁethod, so the calculation.on the

quadratic method has leastvsqqpeﬂof the three., Nevertheless, it has
special importance, for the reasons indicated, and since any configura-
tion can be regarded ag obtained.by disturbance of a guadratically con- ﬂ
sistent configurationj Thig, however, is not the concern here, where
discussion 1s to be coniined to an exaqt rather than an approximate kind

of analysis.

ALGORITHM. let ¥ = [Er} be an expenditure configuration of four figures

E. = {ur ,'xr] (r =0,1,2,3) , with cross deviations determined by

1
=udx - 1.
Dy TG - L

et A= {hr] be four multipliers whose three independent ratios are

determined from the cycle-reversibility equationg

“ol2 =0, go

03 051 = 0

Cors = (%opor + M Dy *.hspso) - (kspsr + AP +?\.oD‘os) :

.or ro

Then let @ = {qE}. be four levels whose intervals are determined from the

median equation

Q.- =%’(?\D - D ).

. e O .or r.ro

These multipliers and leveis are uniquely determined by arbitrarily taking

A T=lo 9, =0

|

|

where
|

Now let |
— |

|

|

|

and form the matrices




X = {erxo} s Gy = {gr—gol

of order nx 3 . The 3 x 3 malbrix Xo’Gb should be symmetric, by

consequence of the conditions determining the numbers Kr .

The ecriterion for quadratic congistency is hl’%ﬁ’hE >0, and

that XO‘GO be negative definite.

Calculate

Wow calculate

A‘._ l: 7 1 "lt
M= P * 38 Xo(Xo Gb) Xo 8o *

Quadratic consistency provided, it is necessary that

Fas
.(PI.<MJ

g0 it is possible to calculate

1
o~ A =
= = M) a2
X, {AE(quM)] ’
§ o
r TN’
T
and then
B = Uf(xs-xr) :
With quadratic conslsteney given, it should be found automatic-
ally that

~

ars <'6rs < Drs .

as

Assuming n > 4., quadratic consistency implies the existence

of an infinity of normal completions.of the configurations which belong

%o guadratic preference functions.

Any one of these gives a determination

0? the fractional change ars in the expenditure of occasion r which

Sxactly compensates for the price-change from occasion s . 'The totality

of these determinations describes the open interval

<® <8 .
rs re rs
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9, Computer program.

This program for carrying .out the cost-of-living algebraical
algorithm is written in the Bell II language for the IBM 650 computer.

All standard console settings for Bell IT should be used.

INPUT:

The input consists of the program deck, a control-card, and
the price and quantity data. The control-card stores +0 000 000 N and
40 .000 N 000 in addresses 299 and 300, respectively. If there are 36
commodities in our example, addresses 299 and 300 will read 40 000 000 036
and +0 000 .056 000; if two commodities, they will read +0 000 000 002 and
40 000 002 .000. The maximum number of commodities that this program can
accommodate is 50. The price vectors are put in consecutive addresses
beginning at 301, 351, 401, and 451, while the quantity vectors start at
501, 551, 601, and 651.

For example, when there are 50 commodities, the control-card
would read:

in colunne T-9 299

in . column 10 2

in columns 11-21 +0 000 000 0350
in columns 22-32 +0 000 030 000

The price and quantity vectors will be located as Tollows:

PO in‘addresses 301-330
Pl in addresses 351-380
P, in addresses 401-430
P§ in addresses 451-k80
XO in addresses 501-5%0
Xy in addresses 551-580
X5 ‘in addresses 601-630
X in addresses 651-680

W
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The input éhould have the fTollowing -order:

1. The Bell IT deck

2. The problem number card
The program deck

A Yzero card"

e N

For each standard problem

a. The control-card

b. All price and quantity data
QUTPUT :

The .output will have the following form:

1 TOL

2 105 o .

5 109 hox k4 D, row-wise matrix

4 T13

5 132 1x k% A vector

6 8352 1z lh ¢ vector

1 120 ‘

8 723 x5 GO‘XO row-wise matrix
9 726 ‘
10 T19 value of GO?XO determinant

901 901 if G "X is negative definite
0 0
13 or

902 Q02 1if GO‘XO is not negative definite
12 836 value .of H

13 751

ig ggg box k4 Srs row-wise matrix if all M > @,
16 763

17 776 _

ig ggg box 4 5, row-wise matrix

20 788

The first ¢olumn, which is the nuwber of the output card, has no significant
Deaning for -our preoblem. The second coluwmn -lists the addresses . of the first
humber in the given row. When we are calculating more than one standard

problem, this column will be repeated for each standard problem.
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EXAMPIE
In the Tollowing example we show the price and quantity data
(Table 1}, how it should be punched on the input cards (Table 2), the

output from the computer (Table 3), and the translated output (Table 4).

TABLE 1

PRTICE AND QUANTTTY DATA
1A. Price Deta
-"_—'-l—-—__.-.g_

Year -
;o) O 1 2 3
1| 5.0636 5.2906 5.6218 6.5089
2 1.27 2.07 3.58 2.40
Commodity
3 3.03 .78 10.66 7.00
4 L1233 1217 J12ho .1695
1B. Quantity Data
Year
X 0 1 2 : 3
1 6.90 6.75 7.8% 7.69
2 T, 502, 552, 585,
Commodity
3 k6.3 5%.5 - 56.7 55.0
41 10,k00. 12, 640. 1h,880. 15,680,




TABIE 2

PRICE AND QUANTITY INPUT CARD FORMAT

Ioc., N Field 1 Field 2 Field 3 Field b
‘Columns 7-9 10 11-21 22-32 35-4% b5l
Card
-NOe
1 299 2 4000000000% 40000004000
2 301 b 15063600050 +H.2T0000050 43050000050 +12330000i49
3 351 3 +5290600050 +2070000050 4780000050 +121T7000049
L o1 L 5621800050 43580000050 +1066000051 +12k20000kg
5 k51 b +5508900050 . 42400000050 +7000000050 41695000049
6 501 h +6900000050 770000052 630000051 42.040000054
7 551 b 46750000050 45020000052 5450000051 41264000054
8 601 B +7830000052 .45520000052‘ +5670000051, -+H1148800005k
9 651 k +7690000050 +5830000052 45500000051 +L568000054%
TABLE 3
OUTPUT CARD FORMAT
- Loc. N Field 1 - Field 2 Field 3 Field 4
Coluins 7-9 10 11-2 022430 33-43 Yk 5l
701 +HL609182049 4371315049 43954785049
705 ~12623680h9 H.3652950h9 +16965470k49
709 -21038950kg -10882280k9 . 279990048
713 -2705695049 -16012830kg =4389760048
752 +1000000050 1149631250 295415350 41164408250
832 1530219859 450198664hg 3552658249
720 =1579253448  ~ogsh7i7o48 ~3231949948
725 ~2934716848  -5888978048 - 6749290048
726 =323194%0048  -67h9286848 -80keh86218
- 719 =10924351 043
901 +1000000050
856 HT729750k9 _
751 H5953246h9  432981240k0 45952232849
755 -1274he21hg HL360278k49 41882811949
(59 -2116393749  -10926800k49 4197590048
763 ~270788454g ~L6148430k9 . hi816454L8
776 530219849 43019866k 55526582h9
780 =13310528h9 . H295T608h9 41750206549
84 =.2551135649 =111993754g - 4122905448
788 . -3051041949 =h5T5644548 -

~17368800k9




TABLE 4

THE TRANSLATED .OUTEUT

(rounded to 4 decimal places)

YA, D - Matrix

Year
D 0 1 2 3
0 1609 L3314 3955
1 -.1262 1365 .1897
Year
2 ~. 210k -.1088 .0k28
3 -.2706 -, 1601 ~-.0439
¥B. A and @ - Vectors
Year '
0 1 2 3
A 1.0 - 1.1406 1.2954 1.1644
® 0.0 C.15%0 3020 .3555%
he. G 'YX Matrix
[o I »)
Year
thxﬁ 1 2 5
L -.0158 - .0293 -.032%
Year 2 ~.0263% -.0589 -.0675
% - .0323 -.0675 - .0804
- -7
lqb'xol = -1.092 . 10

QO*X is negative definite

=> O

= 9775




TABLE 4 (cont.)

-~
4D, 8 - Matrix

Year _
8 o 1 2 3
0 .1595 5298 .3952
. 1 -.1274 | 1360 .1883
Year ‘
2 -.2116 -, 1093 L0420
3 -.2708 -.1615 -.0448
4YE. & - Matrix
Year
B 0 1 2 3
0 .1530 .3020 .5553
1 -.1%31 L1296 L1759
Year .
2 -.2531 -.1150 LOh1L
% -.3051 -, 1737 -, 0458

10. Iliustrations.

A number of numerical exemples wlll now be . shown, to illustrate
the algebraical method of ranging the cost of living. The calculations
have been carried out on the IBM 650 computer, using the program which has

Just bheen given.

Bxample 1. In the construction.of this example, there is first taken,
somewhat arbitrarily, a price and a quantity vector
Po = (21331“) ) XO = (5:6)7) 3
making a total expenditure of
po'x0=2x5+§x6+lkx"(=56

in an initial year, which is to be kept fixed as the prices subsequently
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change. Now each of the prices is raised one unit, in turn. When one

price is raised a unit, the corresponding quantity is diminished a unit,

and the other quantities raised a unit. The resulting quantities are then
sealed proportionately, 80 as to bring the expenditure to the fixéd total.
‘A1l that is intended in this procedure is to construct artificially
& .Bcheme .of .data that conforms to the normal idea that when a commodity rises
in price, .while other Prices remain fixed, less of this commodity is bought,
and, instead, there is an increase in the quantities of other commodities,

-whose prices have remained the .same,

In this way, there is obtained the following example, involving

three goods 1,2,3 and four years 0,1,2,3.

) 0 1 2 3

X 0 1 2 5'
1 5 3,446 5.250 5,533

o 6 6,051 k375 6,200

3 7 6.892 7.000 2.323

The cross.structure is given by the array of cross-deviation

P, 'x
—-Engi -1
D 0 1 2 3
0 0 -, 0615 -, 0781 -, 0952
1 . 0893 0 . 0156 (0)
o 1071 .Oh62 0 . 0159
3 1250 0615 .Ol69 0

I
[
]
l‘
I
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From this 1s constructed the graph of the preference relations.
Q

>

3
The preferences are thus consistent, and the relation is an order. It is

a partial order, since year 2,,determinedAin relation %o year .0, is
undetermined in relation to years 1 and 3.

The multipliers and levels are

A P
0 1 ‘ 0
1 © 1416 - JO9k0
2 1438 - 116
3 1.461 ~ 1389

4
The multipliers are all positive.
The level-order of the years, following the ¢-magnitudes, is

thus 0, 1, 2, 3 . This is a relation with graph
Q

3
It is thus a complete .order, which is a refinement of the partial order

Tirst .obtained.

The matrix G ' is
o o

G, "X, 1 | e 3
1 ~ . 0649 -.0262 -. 0312
2 | =, 0R62 -.0759 - . 0360
3 -,0512 ~ 0360 - . 0874

This is negative definite.
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Since the mulbtipliers A are positive and the matrix Gb‘XO is

negative definite, the condition of guadratic consistency is satisfied.

The peculiar method of .constructing the example was followed in

.the hope that it would profide quadratically consistent data, and here that

hope is fulfilled; This does not mean the hope would always be fulfilled:

that is a plausible conjecture, which does not happen to be true, as can

be .shown by a counter-example. All the same, it would be interesting o

have general rules for artificlally constructing "good" examples.

Accordingly, to the question, "Do there exist ﬁormal preference

. Bystens Which,_on the data, are admissible hypotheses, and which, in a |
convex neighbourhood of the points X, (r =0,1,2,3) , are represented

by quadratic functions?" the answer now is "Yes."

It may be added, further to this answer, that there is an
Anfinity of .such quadratic functions; however, rather remarkab}y, when

they are each normalized by addition and multipiication with suitable
constants, they all take the same values 9, &t the points x (r = 0,1,2,3),
Thug the .order determined for the years relative to each admissible .quad-
ratic preference hypothesis is invariant throughout the entire infinite
class, and idemtical with the ¢-order determined by the algorithm. This
P-order is a refinement .of the preference order P determined directly
from the cross-structure. While P is often a partial ordér, and can even
be null, this ¢-order is almost always g camplete .order.

It ma& now be asked what is the range of a cost of living measure-
ment ars corresponding to all admissible quadratic preference hypotheses.

In view of quadratic consistency, admissible quadratic hypotheses do exist

for this example; so this range is deflned for all r,s = 0,1,2,5 . Uhe

answer ig an interval whose lower and uppér limits %rs "grs according

To the algorithm, are:



5 0 1 2 3

0 -0 -.0739 - . 0877 -.1012

1 . 0806 0 - 0151 -. 0298

2 <1004 0159 0 -.0150

3 L1209 0327 . 0161 0

B 0 1 2 3

0 0 -.09%0 -.1161 -.1389

1 . 0664 0 -.0156 . <0317

2 .0807 0154 0 - 0159
3 .0951 . 0308 0156 .0 {

It 1s verified in every case

.

A
5  <d<D .
rs rs

A =1 - -
Since Drs = 1 , where ers =p.'x, 1s the cost of pur

ry

chages in year s evaluated at the prices in year r , so that

€. =€ +e D
rs rr rrrs

'Qrs is the fractional increment of the expenditure S in year r .needed
to raise it to the expenditure € needed to purchase in year‘ r which
exactly compensates for the change of prices from year s 4o year r .
Hence € = €. + erfars is a determina?ion_of the cost,lat prices of

year r , of maintaining a standard of living equivalent to that in year

8 , and is a determination of the cost .of living with years s and r as
base and current periods relative to a preference hypothesis that is
admissible .on the datd, And it appears, for any such ars s that

Brs < Drs .

~

The rumbers Brs 5 grs calculated by the algorithm thus range the cost .of %f

living measurement Srs relative to a certain class of admissible Ei
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hypotheses, and they bound it definitely less than the number Drs which

represents the conventional measurement.

Example 2. In constructing examples, instead of producing them first, and !
then making a trial to see if the admissib}e hypotheses exist, it is
possible to start with a normal hypothesis on the quadratic model and ‘ V
produce.examp;es directly from 1%, which will automatically have. this

. desired gonsistency.

This will be done .in two dimensions, for the advantage that
graphical representation and direct geowetrical qeasurement will then be
possible.

For a particularly simple procedure, let prefereﬁce level be
measured in .some suitable regilon by the distance squared from .some

suitable point. Take four points in the region, and the directions to the

radii to the centre from which level ig measured., 'C'r(‘ﬁ); wendie
1o
. C“‘-} 23] }')hﬁ,
X1{ o0 P23
- 112 7 s (T
a-lend 3o 1S 2 § &
o O-{iect I—(&}u‘_( \ Br\la_,.\ g i
\ .0 ! L3 i

T e e L e e it

-2

198 092 098 o, !
20 122 U3 1o sy 4

P
Uy Xy = | (reoa, 3)

P -t
U 25 Lot ULXz o




'% at those points.

and the points

L 30

The polnt-coordinates proyide -quantities, and thege directions .determine

rétios,pf prices, since they are the directions of the gradieht of level

Then, with ¢ = (10, 10) as the centre of measurement,.and

9 = -((x;-10)% & (x,-10)7). |

x| 0 1 2 3 \
12 7 5 5 |
215 2 5 6

the uniquely determined balance vectors

. The price vectors normalized to make unit total expenditure are

g | O 1 2 3 |
1| 8 '3 5 b
2 8 5 5 ’

are

The directly calculated multipliers

i
|

|
2 3

1u ‘ 0 L
1 195 .082  .098 .080
2 .ize .21%  L102 .10k

A= x‘g' and levels @

which are such thabt g, = urhr , and these, normalized to.-make .

A 0 %
0 b1 ‘_&4.5
1 57. 0 -36.5 ‘
2 50 25
3 49 ~20.5
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;0 =1 ,.qb =0, are
A P
0 1 o
1 902 .195
2 L1.220 L76
5 1.195 585

This normalization replaces © by the function

9 + 4.5
1
with maximum

o 45
M = -2 = 1.085

' -~
at the centre ¢ = (10, 10) .
The algorithm, proceeding indirectly on just the cross-structure,

will be found to reproduce these (A,9)-values exactly, the eross-structure

being:
D 0 1 2 3
0 0 610 .585 780
1 243 .0 486 568
2 ~4300 -.100 0 100
3 - 327 .20k -.082 0

The .order determined just from cross-structure is the partial order P

with graph
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and the ¢@-order is the complete .order 0, 1,.2, 3 with graph
3

P

2 0
_ i
¥hich is seen to be a refinement of P .

- Bither by arithmetical calculation or by graphical measurement,

there is obtained the table

& 0 1 2 3
0 0 .205 53 697
1 -.206 0 JBhO Lok
2 '"-55”’ "0208 O 009]'"
3 -.596 -.280 - . 087 0

Tor the compensation number 'ars based .on the preference system with level
measure by distance to the point €.

The algerithm cannot epply direction, since here n =2 , and it
generally reQuires n>53. With n-= 2., the matrix Gb‘XO must be

singular.  Here it is

0 "0 1 2 3
1 -.829 - . 366 -.488
o . =366 -.220 -.29%
3 -.188 - . 293 -.390

Bﬁt for rounding error, it is found that qb'xo is non~positive definite,
and that 1ts determinant vanishes. With the multipliers A\ all positive,
the criterion for quadratic consistency is satisfied, in the form it takes
for tWQ dimensions.

The following procedure will not be explained here, but it has
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its reason in the theory of calculation which underlies the algorithm.

Deiete the last row and column from Gb'Xb , to make

1 o - - t -1 _
G, "X, = ( 829 -.365 (G 'x )~ = (-%.55  T.59
-.365 =.219 7.593° -17.210
Then
4 =x - X (G'X i
o] [e3 8] ] o "0
= (2) ( 5 3)(-1+.555 7-595) (-609
5 -5 0 7.595 -17.210 .58%
= ( 9.99h4 (approximately ( 10‘) !) .
10.003 10
Also
~ 1, o y-1
M = - 5lg,'%,) (G X.) (x.'g))

It
¢

?
L(.609 .585) [ -4.555 7-595) -609>
7.505 -17.210 / \ .585

1.08% (approximately 1.085 !)

What has been done here is to reconstruct the centre € and
the maximum value ﬁ

8o far the following has been done: We had a circular prefer-
ence system and derived some data from it, associated,with four points.
We had a function ¢ , representing the preference system, and calculated

the multipliers and levels A and ¢ at the four points, the function

being normalized to make ko =1, mo =0 . This function had maximum

~

value M = 1.085 at the centre ¢ = {10, 10} . Also, from the prefer-
ence system, arithmetically Or by geometrical measurement from the

graph; the wanted numbers Srs are determined.
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Now we take the data derived from the preference system (and, so
to speak, forget how we got it). We verify quadratic consistency, so we
know it can be derived from some preference system on the quadratic model,
but we do not know the system (since we have forgotten it). Since n =2 B
there can generally be at most one such system. Trom the data, we recon-
struct the A and ¢ values we had before, and also the centre ¢ and
maximum value ﬁ of some guadratic preference funetion, about which we
know nothing further, beyond that it exists (not rememvering it is the
distance-squared from 2 ). The centre ¢C  was reconstfucted Just out of
curiosity, to show how the calculation works. Our serious interest is in
the numbers Brs , and we are not concerned with any other features of
the underlying preference system, let alone taking the trouble to actually
determine it. (We do not need to reconstruct the preference system we
started with, which we pretend to have forgotten, and in practical
situations never even know, to determine the numbers Srs ; in vwhich we
are intefested.)

With the formulae

i s .I_~
= - 2 = -
X, (eh - 29,32, U

EP‘IH:XD

and
~

U -%)
re ~ Ur'Rg T Xl
~ . ~

and using the numbers Kr B @r and M we now have, we find ars repro-
duces the numbers ars we determined directly from the preference map
with which we started.

The last two examples have been artificially constructed to
display the principles and practical working of the calculations. But
these calculations have to apply to natural data. We shall use daka

from Irving Fisher's "The Making of Index Numbers." He uses the data as

a basis for the comparison of results obtained using several different




formulae and the results here can also enfter into this comparison. He

gives prices and quantities for 36 commodities in the years 1913-1918.

Example 3. We take Irving Fisher's data fbr the 36 commodities in the
years 1913, iﬁ, 16 and 17. There is absolute consistency, and even median
conéistency, but not quadratic consistency, since the matrix 'Gb'Xo has
positive determinants. The results of the algorithm cannot therefore be
given the strict intefpretation we want; but we shall give them never-

theless. The years 1913, 15, 16 and 17 are listed as O, 1, 2, and 3 .

D 0 1 2 3
0 o . 089 187 194

1 - . 085 0 . 038 | . 092

o -.160 - . 087 0 . 0036
3 -.157 -.085 . 0078 o}

3 0 1 2 3

0 0 090 .188 186

1 -, 084 0 .092 090

2 -.158 -.085 0 . 0019
3 -.168 -.087 . 00201 0

B 0 1 ) 5

0 0 .082 152 151

1 -.093 0 081 080

2 -.206 -.096 0 ~. 0019
% -.218 ~-.100 . 0020 0




Example 4,

ten commodities 1, 3, 4, 9, 13, 22, 24, 32, 35, and 36 in the years 191k,

=h5.

The algorithm is now applied just to food, that is to the

Quadratic

15, 17, and 18, which will be listed as years 0, 1, 2, and 3.
congisteney is verified.
D 0 1 2 3
0 0 ., 0643 L0720 2003
1 -.518 0 + 0143 .1ho2
= -.0kg5 . 0066 0 L1301
3 -. 1694 -.1189 -.1151 0
3 0 1 2 3
0 0 . 0623 . 0666 2220
1 -.0539 0 005 Th 1383
2 -. 0549 - . 00556 0 .1280
3 -.1698  -.1222  -.1189 0
3 0 1 D 3
[¢ 0 0573 . 0609 1581
1 -.0591 0 00571 oML
2 -, 0606 - . 00358 0 L0968
3 -.2852 -.1819 - 175k 0




Exemple 5. Fuel, that is the four commodities 7, 8, 10, 23, for the

years 1913, 16, 17, and 18 (to be listed as 0, 1, 2, and 3, Quadratic

consistency is verified.

D 0 1 2 5
0 0 .161 331 395
1 -.126 0 137 .190
o ~.210 -.109 0 O3
3 -.271 -.160 - Ol 0
3 0 1 2 3
0 0 1160 330 395
1 -.127 o] 136 188
2 -,212 -.109 0 LOh2
3 -.271 ~.161 - OIS 0
5 0 1 o 3
0 0 153 302 355
| |
1 -.13% 0 .130 176
1 2 -.233 -.115 0 .01
i 3 =305 1Tk -.0h6 0




11. Wald's Index~Number Method.

Let ¢ be a convex quadrgtic in several variables with gradient
g . Then ¢ attains an absolute maximum, which can be assumed to be 0,
at a point: ¢ , called its centre, which is also the unique point at which
its gradient vanishes. Thus @(x) < 0 ; end the condition
o(x) =0, glx) =0, x=c
are equivalent. Also
¢x) = -é:(x—CJ 'g(x)
(x-c)tg(y) = (y-c)ialx) .
Any quadratilic which is increasing in any neighbourhood having g > O

(partial derivatives all positive}, and has convex levels ¢ = 9, » these

| l
being surfaces bounding convex regions @‘z-mo , has to be a convex fune-
tion, These general facts about quadratics now will be taken for granted,

Wald [EB;,ElE;] has considered the hypothesis that expenditures
are regulated by a quadratic preference function. But a proper preference

function must be increasing and have convex levels in the appropriate

neighbourhood,Jothefwise it could not have a unlgue maximum subject to

any expenditure-price restriction; and therefore it must be convex if W
quadratic. If the prices are p and the expenditure is e , then the
chosen composition of goods x such that p'x = e is determined by
Gossen's law that preference and price directions coincide in eguilibrium,
g =PH , |
when ed =x'g . As e varies with p fixed, the locus of x is a
1ine'through ¢ , which is the Engel curve for prices p .
Wald has supposed linear Engel curves for prices P, s Py

on two occasions to be given, and has shown how cost of living measure-

ments between the occagions can de made on the hypothesis of a quadratic



8.

preference function.

It has to be noticed that, for such a quadratic hypothesis to
be admissible on the data, the given Engel curves have to intersect in
-some point ¢ , which must moreover have a certain location, bounded away
from the origin by the price-expenditure constraints; so certainly ¢
cannot be at the orlgin. Wald's approach, thus qualified, can be greatly
simplified; and a formula can be obtained which directly modifies Fisher's
formula, in‘a way which should be considered a correction rather than a
generalization.

(vectors of

Suppose the data are that composition x , x

1

gquantities of goods) which are purchased at prices P, s Py (vectors of

o}

prices of goods) and that the Ingel curves intersect in a point ¢ , so
they are the lines joining ¢ +to xF With hypothesis of a

quadratic ¢ , Gossen's law gives

glx)) =pp , alx) =pm ,
for some positive Hy s By s which, in view of g Dbelng the
gradient of a quadratic with centre ¢ , have thelr ratio
determined by

- 1 ! = - 1 . .

(xge)tpy 'y o= (eme) TR iy
and they can be chosen otherwlse aribirarily, corresponding to the fact
that the same expenditure system is cdbltained when the preference function
is multipiied by an arbitrary constant.

Now

e bl

1
(rgmedtogiy » @) = Flaxy=e) 'pyky

olx ) = 5lx,

and hence the condition for

olx,) = olx,)




is

1 — . 1 . VI
' (%, e)p, ' (x-c) Y

1 - ,’/\'v )’P/ J;: "/
1 . T ~ = . e ; \){\
Dy TGk me)p T lxy c) P N
I8 <\}_.I “ A
In the case c =0 , this becomes the Fisher criterion o ;'
~ Fi REE

¥ 1
Po *P1 *o _ B>
¥ ] -
Py X P %y

establishing a relation, already well-known [Buschguennce, Konils, op. cit.],

. between the Fisher index and a special but improper form of quadratic

hypothesis: as has
hypothesis is to be
It is now

prices P, to have

an expenditure @l

o
X
o}

been remarked, this case must be excluded if a quadratic
properly admissible.

acked, what is the condition for an expenditure e, &t
the same value, so Tar as what can be got with it, as
The compositions

at prices Py -+

~
= x by * c(l-t) , &, = xt

184 + c(l—tl)

with Engel curves for P, Py such that

p 8 = @O , pl‘ﬁl = @1 ,

have to satisfy @(ﬁo) = @(ﬁl) , or the equivalent conditions just deduced.

Apparently,

g0 that

o
X = C
0

(2 IR | Qoap !
. - €, o, 'c . 8,-p,'c
o po‘(xoﬂci R pi’ixl-ci
2 . ¥ ' a on !
e0--PO ¢ o el pl ¢

- (XO-C)p ?fxo-ci S T pl'ixl—cj

O

and hence this condition is

2
[~ . ]
— 1
el pl c

reducing to the condition in the form already found in the case @0 =p

8 =p. "% .
1 171

.’ (xO~C)po' (xl-c)
Py’ (xl-=c)pl‘ (XO—C)

A"

T

o o’
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This formula determines the expenditure &

1 at prices Py

(D

. s . — l_ LAY _A
it determines the multiplier Qol-—-gg = pol(eo) of the expenditure e,

which will compensate it for the price change from P, to D, - This

multiplier defines the cost-of-living index for base and object oceasions

with prices p_ and p correspon&ing to any level of expenditure € .
b o 1 E y Xp o

It thus determines a cost.of living index corresponding to every standard

.of living, on a preference hypothesis which is both of the proper form and

admissible on the data. The preference hypothesis has been further
restricted to be of the special form which is represented by a quadratic

preference function in a certain neighbourhood containing X, 5 Xp In’

1

fact, 1f any, an infinite class of such hypotheses has to be admitted,
if there are moré than two goods, bubt each of these hypotheses ieads to
the game result for the wanted coét of ;iving measurement, and therefore
the choice between them 1s immaterial,‘so far as this measurement is

concerned.

Naturally, the rather complicated quadratic interval algorithm

already given for expenditure data of four -occasions applies to Wald's

case, since tThis is the special case in which the four price-vectors are
parallel in two pairs. Bubt peculiarly simple formulae go with this
special case, so the more general formulae are not needed.

Three linear Engel curves, through points X, » X n ) with

R
corresponding prices po » Py s Py intersecting in pairs and which are
not coplanar must be cbncurrent in a sgingle pointr ¢ ; but still the
gquadratic hypothesis will not be admissible unless
p,"(x;me) D) '(xy-c) P, (x -¢)-
Pl'(XO“C) P27(31=c) po'(xg—c)

=l.

which is eguivaleni to any expenditure @O at prices P, 5 O, equivalently,
- Fal
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GivenAany number of such curves, this condition applied to every three is
necessary and.sufficient for the admissibility of the quadratic hypothesis
on the data they provide; so it is generally not admissible for more than
two taken together. Nevertheless, the guadratic model can still e

- appropriate for analysis of data which are not exactly consistent on that
model, though this mekes for a statistical kind of analysis, and gives
rise to a more elaborate algebraical formalism.

The extreme simplicity of the formulae here derived for Wald's
case, and the fact that an intersecting pair of linear Engel curves gives
a convenlent statistical model for expenditure data in two periods, is a
recommendation for practical usefulness in Tilling the same role, in the
same two-period framework, as the conventionally used but conceptually
inadequate Laspeyres index. However, when analysis has to span several
years, such as would be the case in insurance policies based on.'"real-
value"--then the analysis should be .stiil more broadly based, and give
proper recognition to all available data, which, together with the data
in the base and object years, ére,all equally relevant to preference
structure.

Bowley has given a method of approximate index-number construc-
tion based on a quadratic preference hypothesis. The method of approxi-
mation has been criticized by Frisch;, who has proposed ancther
construction, also based on quadratics, known as the - "double~expenditure
method." This method also relies on an spproximation, the validity of

which has been criticized by Wald [op. cit.]. That eriticism can be

linked to the criticism made here of Fisher's formuls. However, the

lRagnar Frisch, "The Problem of Index Numbers," Econometrica
Vol. & (January, 1936), pp. 1-38. e

2Ibid, "The Double-Expenditure Method," Econometrigg,{j
(Janvary, 1938}, p. 85. -
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method based on quadratics which Wald proposes, when takenAtogether with
the further qualifications made here, is exact. Withogt these qualifi-
cations, it can _only be valld in some approximate .sense, since then no
proper gquadratic hypotheseés which are ekactly admissible .on the data

will exist.
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