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Abstract

We propose a new estimator of a nonparametric regression subject to time series errors that
improves on Xiao et al. (2003). Our method is based on a different whitening transformation
that produces a type 2 linear integral estimating equation for the regression function. We
investigate both the stationary case and the case where the error has a unit root. In the
stationary case we achieve efficiency improvements. In the unit root case our procedure is
consistent and asymptotically normal unlike the standard regression smoother. We also present
the distribution theory for the parameter estimates, which is non-standard in the unit root case.

We also investigate its finite sample performance and demonstrate its effectiveness.
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1 Introduction
In this paper we discuss the estimation of the unknown quantities in the model

B(L)Y, = A(L)m(X,) + <, (1)
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where ¢, is a martingale difference sequence and mean independent of the regressors X;, while
A(L) = Y272 a;L7 and B(L) = 3772 b; L/ are lag polynomial operators with ag = by = 1, where
Lz, = x;_1. The function m(.) is assumed to be unknown but smooth, and is the object of central
interest, although the dynamics of the model represented by A(L), B(L) are also fundamental to
the interpretation. We treat only the case where A(L), B(L) are described by a finite dimensional
parameter 6 = («, 5) € RP with a € RP* parameterizing A and € R parameterizing B. There are
two main cases to consider: (a) both Y; and X, stationary and short memory; (b) either X; or Y; or
both are non-stationary or long memory.

In the stationary case (a) the main issue is efficiency. A special case of interest is the nonpara-

metric regression model

}/;f:m(Xt)+ut7t:17"'7T7 (2)

where the covariates follow some stationary mixing process, while the residual process u; satisfies

A(L)Ut =& = Z QjUt—j- (3)
7=0

In this case, A(L)Y; = A(L)m(X}) + &, which is a special case of (1) with A(L) = B(L). In this
model there are many standard estimators of m and of the parameters of A(L) that are consistent.
However, unlike in the parametric case, the standard kernel regression smoothers do not take account
of the correlation structure in X; or u; and estimate the regression function in the same way as if
these processes were independent. Furthermore, the variance of such estimators is proportional to

the short run variance of u;, 02 = var(u;) and does not depend on the regressor or error covariance

functions cov(Xy, X;—;), cov(ug, us—;), j # 0. Practitioners accustomed to correcting standard errors
for dependence believe that the standard errors in nonparametric regression are therefore suspect.
As Conley, Hansen, Luttmer, and Scheinkman (1997) say: “Although theoretically correct the prac-
tice of ignoring serial correlation is not likely to work well for the temporal dependence present in
our short-term interest rate data”. This point has been addressed recently by Xiao, Linton, Car-
roll, and Mammen (2003) who proposed a more efficient estimator of m based on a prewhitening

transformation

Vi =Y a;(Yiey = m(Xi) = m(Xy) + e,
j=1

where the right hand side is now a standard nonparametric regression with whitened errors (and
replacing the unknown quantities on the left hand side by preliminary estimates of m and «). The
transform implicitly takes account of the autocorrelation structure. They obtained an improvement
in terms of variance over the usual kernel smoothers.

We propose an alternative strategy for estimation of m along with the parameters of A(L) in (2,

3). This is essentially to estimate the transformed model (1) as an additive (possibly infinite order)



nonparametric regression. Recently, Linton and Mammen (2005) have shown how to estimate similar
models using the theory of linear integral equations of the second kind; see also Carrasco, Florens
and Renault (2002). We obtain an estimating equation for m that is a type 2 linear integral equation
for each parameter value 6. To obtain the parameters # we optimize a profile likelihood criterion. We
show that our method has attractive theoretical and finite sample properties. In particular, it has
smaller asymptotic variance than the main method of Xiao, Linton, Carroll, and Mammen (2003)
and furthermore the asymptotics require weaker conditions. The parametric version of the regression
model (2) and (3) is a standard teaching topic in graduate econometrics, Harvey (1981, Chapter 6).
The traditional applications were in for example production studies where Y; is output and X; is
the capital/labour ratio of a given firm or industry observed over time. What is of interest is the
function m and its derivatives and it is not essential that the error term be serially uncorrelated. In
fact in many parametric studies serial correlation has been found in error terms.

We define our method in the more general model (1). The more general model (1) allows for richer
dynamics and is more plausible, see Harvey (1981, Chapter 7). For example, it is consistent with a
very general linear partial adjustment mechanism of actual Y to desired Y* when Y* = m(X). It also
corresponds more directly to the general ARMAX class of models treated in Hannan and Deistler
(1988) except that we have a particular nonlinear component.

We also consider the case (b) where some of the variables are nonstationary. This could arise for
example from a unit root in the residual u, or in X; or in both, see Phillips and Park (1998). In
this case, estimating in the original data (2) may lead to inconsistency, whereas the transformation
involved in (1) yields error terms with a lower order of nonstationarity/persistence and hence con-
sistency can be obtained. The estimation method is more or less the same as in the stationary case
although the justification of it differs. The distribution theory for the parametric part though is non
standard in this case: in fact we obtain T" convergence to Dickey-Fuller distributions under the unit

root.

2 The Stationary Case

In this section we suppose that (Y;, X;) are jointly stationary and weakly dependent mixing processes.

2.1 Estimation Method
2.1.1 Population Characterization

We first suppose that A(L), B(L) are known. Letting Z; = B(L)Y; we have

Zy =AL)m(Xy) + e = Z a;m(X_;) + e,
=0



which is an additive autoregression with i.i.d. errors where the additive components are subject to
the restriction that they all share a common function m. In view of the assumed stationarity, define

the function m as the minimizer of the criterion

Q(0y,m) = E {Zt—zajm(xtj)} : (4)

A necessary condition for m to be the minimizer is that it satisfies the first order condition

{Zt - Z ajm<xtj)} > arh(X,_y)

for any measurable function h. This implies, taking h(.) to be the Dirac delta function, that

Y aEZ|Xy =1 =) dmx)+ ) > aaEm(X,_;)| Xy = a]. (6)
=0 =0 J#k

This is an implicit equation for m(.). It can be re-expressed as a linear type 2 integral equation in

Ly(fo), where fy is the marginal density of X;. Define a; = a;/>"7"a? and af =37, o ajka;/ > 12, af,

and let fy; be the joint density of (X;, X;_;) and fy be the marginal dens1ty of X;. Then

=0 (5)

m(z) /’Hwy fo(y)dy, or m =m* + Hm, (7)
m*(x) = Za;‘E[Zt|Xt_j = 1]
=0
Z + fo,g y,
" Foly

j=+1
This is similar to the equation derived in Linton and Mammen (2005) with the exception that there
X, was lagged values of Y;. Equation (7) is an implicit equation in m and we need some conditions
on the operator H(x,y) to guarantee that there exists a unique solution.
AssumMPTION Al. The operator H(z,y) is Hilbert-Schmidt i.e.,

[ [ o) fowdady < o

A sufficient condition for Al is that the joint densities f; ;(y,«) have compact support and are
bounded away from zero on this support, which we shall assume below
Under assumption Al, H is a self-adjoint bounded compact linear operator on the Hilbert space

of functions Lo (fy), and therefore has a countable number of eigenvalues':

'These are real numbers for which there exists functions e;(.) such that He; = Aje;.
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with 37720 A7 < oo.

ASSUMPTION A2. There exist no m € M with ||m|2 = 1 such that 377, a;m(X;—;) = 0 with
probability one.

This condition rules out a certain ‘concurvity’ in the stochastic process. That is, the data cannot
be functionally related in this particular way. In the AR(1) case this says that there are no functions
m with ||m||y = 1 that satisfy m(X;) — pm(X;_1) = 0 with probability one.

Under A1-A2 there exists a unique solution to (7) that satisfies

= (I —H) 'm*. (8)

This is the main characterization used for estimation, although we must first extend this to the case

where a general 6 is used not necessarily the true 6.
For each 3,0, define Z,(8) = 372 b;(8)Y;—; and g;(x; B) = E[Z:(B)|X;—; = 2], j = 0, £1,. ..

=Y aj(@gla

+oo

o . fO,](y7 )
Ho(z,y) = jzi:l HC )fo( ) fo(z)’

where a}(a) = a;(a)/ Y72 a3 (@) and af (a) = 37,0 ajyr(a)a;(@)/ 372 af (o). We now let m vary
with 6, that is, (4) is defined for any 6, and let my be the function that minimizes (4); this satisfies
mg = (I — Hy) " 'm} for all 6 provided the conditions A1l and A2 hold uniformly over the parameter

space. Furthermore, we can define 6 = 0, is the minimizer of

Q0. my) = { Zaj o) (X, n} (9)

with respect to § € © and my = my,. We adopt this profiling approach to defining 6y, m( as this is
the way our estimation strategy works.

In practice one has to replace my and Hy by estimators. Furthermore, one has also to estimate
the parameters of the filters A, B.

2.1.2 Further Details

Suppose we have a sample {(Y7, X1),...,(Yr, X7)}. The general estimation strategy is
1. For each 6 compute estimators of mj, ﬁg of my, Hy
2. Solve an empirical version of the equation (7) to obtain an estimator my of my

3. Choose 6 to minimize the profiled negative log likelihood or least squares criterion with respect
to 0. Let m(z) = my(x).



Let 7 = 7(T') be some truncation parameter and define Z7(8) = > 7_,b;(8)Y;—;. The choice of
truncation depends on the dependence model A(L), B(L). For geometrically declining parameters
(as we shall assume) one can work with logarithmic truncation. For long memory sequences it would
be necessary to allow for algebraic 7.

For any sequence {Z] ()} and any lag j define the estimator g;(z; 8) = @y, where (ay, @1) are the

minimizers of the weighted sums of squares criterion

> A{ZI(B) = a0 — ax(Xij — 1)} Ky (X — @) (10)

t=j+1
with respect to (ag, a1), where K is a symmetric probability density function, A is a positive band-
width, and K(.) = K(./h)/h. Further define

T

. 1

foily,z) = T—j] > Knly — X)) Kn(x — X,_),
t=jl+1

folz) = %ZKh(a: —X,).

my(x) =Y as()g;(x; B)
7=0
+r N

Holz,y) = — af (o) =22
o)== 2 ) R

Then define my as any solution to the equation
m = i + Hem, (11)

in Lg(ﬁ)). Let 6 = arg mingee CA)T(H), where

Finally, let m(z) = my(x).

2.2 Asymptotic Properties

We suppose that {Y;, X;} is a stationary a-mixing process. Let F’ be the o-algebra of events
generated by the random variables {Y;, X;; a < j < b}. The stationary processes {Y;, X;} is called
strongly mixing [Rosenblatt (1956)] if

sup |Pr(AN B) — Pr(A)Pr(B)| = s(k) - 0 as k — oo. (12)
AeF° _ ,BeFe



We shall consider two cases. First, the ‘weak form case’ where we do not maintain that model

(1) holds with an i.i.d. error process. Second, we maintain that model (1) holds with a martingale

difference error sequence ¢;. To facilitate the asymptotic analysis, we make the following assumptions

on the residuals and regressors, the kernel function k(-), and the bandwidth parameter h. Let
15(8) = Zu(B) = ElZ(B)| X151, C15(0) = mo(Xy) — E[me(Xy)[X;—;] and

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

o) +oo
Wé,t = Za}(a)m,j(ﬁ) and ng,t = Z a}f(a)Ct,j(@- (13)
j=1 j=+1

The process { Xy, Yi}o . is stationary and alpha mizing with a mizing coefficient, s(k) such
that for some C > 0 and some large sq, s(k) < Ck=*.

E (|Yt|2p) < oo for some p > 2.

The covariate process {Xi},- . has absolutely continuous density fo supported on [—c,c| for
some ¢ < oco. The function m(-) together with the densities fo(-), and fo;(-) are continuous
and twice continuously differentiable over [—c,c|, and are uniformly bounded. fo(-) is bounded

away from zero on [—c,cl, i.e., inf_.<y<. fo(w) > 0.

The parameter space © is a compact subset of RP, and the value 0y is an interior point of ©.
Also, A2 holds, and for any ¢ > 0

inf  Q(0,mg) > Q(bo, My, ).

[10—0ol|>¢€

The density function \ of (n;;(3),n;,;(8)) is Lipschitz continuous on its domain. The joint
densities Noj,j =1,2,..., of (nio(B),170(B)), (n;;(B),n7;(B)) are uniformly bounded.

The parameters a € A and [ € B compact subsets of RP+ and RP* respectively. The coefficients
Satisfy SUPyeap—o.1.2 ||0%a;(@)/0a”|| < C@ for some @ < 1 and some finite constant C, while
infae 4 Y572 aj(a) > 0. Likewise, Supgep 1.2 10%b;(B) /08" < c for some b < 1 and some
finite constant C, while infsep Y 72 03(6) > 0.

The truncation sequence Tr satisfies T = C'logT for some constant C.

The bandwidth sequence h(T) satisfies T'/°h(T) — v as T — oo with v bounded away from

zero and infinity.

The kernel function is a symmetric probability density function with bounded support such that
for some constant C, |K(u) — K(v)| < Clu — v|. Define p;(K) = [ K(u)du and ||K|]3 =
[ W K?(u)du.

er satisfies B [e/[{ X322 o, {ei—i352] =0 a.s.
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B11 ¢; is i.i.d. and independent of the process {X,;}.

These conditions are similar to Linton and Mammen (2005) but we also need conditions on the
b;() coeflicients and separate conditions on X and Y.

Define the functions Bé(aﬁ% j = 1,2, as solutions to the integral equations

B{Q - 27] +H95¢]97

in which: o2
537 (x) = i)
200 NS e — oy d0E) o may)
0= 3 w0 { B =0 0 - [ ©ase ) )

where the operator V is defined as Vo = 9%/0x? 4+ 9?/9y?. Then define

KB
CUQ(ZL‘) - fO(x) Var[n@,t + n@,t]

bola) = sn(K) [B3() + B(a)]

where ngm, Jj = 1,2 were defined above in (13). We prove the following theorem in the appendix.
THEOREM 1. Suppose that B1-B9 hold. Then for each 6 € © and x € (—c,¢)

VTh [iig(x) — me(x) — h*bg(x)] = N (0,we()), (14)

Both the bias and variance in this result are quite complicated even though a local linear smoother
has been used in estimating g;. This is a ‘weak form’ result, where the model (1) is not assumed.

We next maintain a ‘semi-strong form’ assumption B10, which allows the filters to be misspeci-
fied except that the ensuing error term must still be orthogonal to the covariate process and its own
history. We obtain the properties of [ by an application of the asymptotic theory for semiparamet-
ric profiled estimators, see Severini and Wong (1992) and Newey (1994). This requires a uniform

expansion for my(x) and for the derivatives (with respect to @) of my(x). Define:

|15 32252 a (o) E e} | Xoj = 2

w(z) = 5 (15)
fola) [52, a3(ao)|
| )
) = 1) { Gr0) + (1 = ) 2 7 a2 . (16)

Let &:(0) = Z:(8) — >_7=g a;(@)me(X;—;), and let

825t

=F
J {aeaeT

(90)] and 7 = E{agt%af(eo)}.
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THEOREM 2. Suppose that Assumptions B1 to B10 hold. Then,

VT (0 —6,) = N(0,T'TJ7).

Furthermore, for x € (—c,c)
VTh ((z) — m(z) — h*b(z)) = N (0,w()).

Note that the autocorrelation of the induced error term e; does not affect the limiting vari-
ance although its heteroskedasticity does. Under the ‘strong form’ special case that ¢; is at least
conditionally homoskedastic, w(x) =||K|[302/ fo(x) 3_72, a3. Compare this with the usual kernel es-
timator, which has asymptotic variance wg,(z) =||K|[202> 72, 2/ fo(z), where C(L) = A(L)™'.

e
Compare with the estimator of Xiao, Linton, Carroll, and l\i[aminen (2003), which has variance
wxron(x) =I| K302/ folx). Tn this case, w(x) < wypoyy (1) < wye, (),

As in Linton and Mammen (2005, p789) it is possible to adjust the operator in order to produce
a simpler bias term. The modified estimator has bias

b(a) = ( Jim VT79) %u2(K)m"(a:),

T—o00

which is as for a standard local linear estimator in regression. With this implementation then we get
a straight mean squared error reduction.

Assumption B10 is needed for the consistency of the parameter estimates 0. In the pure regression

o
S§=—00

model (2, 3) one only needs a weaker assumption E [:[{X,} | =0 a.s. for consistent estimation
of m and € as is known from the parametric case.

Under the ‘strong form’ assumption B11 the parametric estimator is semiparametrically efficient.

3 Nonstationary Case

In this section we investigate the case where Y; can be nonstationary but X, is stationary mixing
as before. The most general case would be where both A, B contained unit roots either simple or
complex, so for example A(L) = (1 — L)A'(L), where A’(L) obeys the summability conditions in B6.
For expositional reason we shall focus on an even more special case where B(L) = A(L) =1 — L.
Consider the model
(1= pL)Ys = (1 — pLym(Xy) + 2, (17)

where in fact p, = 1 and €, obeys B11. In this case,
Ye = m(Xy) + u,

where u; = uy_1 + &; is a unit root process, Phillips (1987). We suppose that ug = 0.



Direct estimation of Y; on X; will produce inconsistent estimates of m. On the other hand our

estimation of the additive model
Y, =Y =m(Xy) —m(Xiq) + &

with white noise errors will produce consistent estimates of m. In fact, the theory for m, is exactly
as in Theorem 1. The Xiao, Linton, Carroll, and Mammen (2003) procedure is also inconsistent in
this unit root case because it relies on the initial standard nonparametric regression estimator that is
inconsistent. The task here is to determine that we can estimate the parameter p in (17) consistently
and thence estimate m consistently.

One issue is that for p # 1, the process (1 — pL)Y; is non-stationary and so some of the definitions
of the previous section don’t make sense. Instead we define mr, to be the potentially time varying

minimizer of .
1
Qr(m) = T Z E [{Y; — pYi1 — m(Xe) + pm(X-1) Y]
t=1
A necessary condition for m to be the minimizer is that it satisfies the first order condition

T
1
T Z E[Y; — pYi 1| Xy = 2] — pE[Y; — pY; 1| X1 = 7] (18)

t=1

= (Lt PA)may (@) + p (Elma,(X)| Xiy = a] + Elma,(X,-1)|X, = a]).

Then note that Y; — pY;_1 = m(X;) — pm(X;_1) + & + (1 — p)uy_1, and so E[Y; — pY; 1| Xy = 7]
and E[Y; — pY;_1|X;_1 = x] are time invariant. Furthermore, we have assumed that X; is stationary.
Therefore, there exists a time invariant solution to equation (18) as in the purely stationary case.?

Furthermore, the solution is characterized by the integral equation (7) with in this special case:

1

mi(w) = g (B = pYial X = a] = pBIY, = p¥ia| Xy =)
_ P foa(y, ) Joai(z,y)
Hole:y) = —17 75 (fo(y)fo(fr) - fo<y>fo<x)) |

What is different here is the error in estimating E [Y; — pY;_1]|X;_1 = z] for example can be large
unless p is close to one in which case the term (1 — p)u;_; is small and the process Y; — pY;_ is
almost stationary. The difference in behaviour of the resulting m, for p = 1 and p # 1 is what drives
the faster rate of convergence for p.

Define

T
@T(P) = % Z {Y: = pYi1 — my(Xy) + pmp(Xt—1>}2
t=2

and let p = argmin, @T(p). Let B denote the standard Brownian Motion on [0, 1].

2Note also that m, = m for all p.
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THEOREM 3. Suppose that assumption Bl holds for X, that B2 holds for ¢, that B3, B7-B9
and B11 hold. Then )
Jo B(s)dB(s)

fol B2(s)ds

Tp—1) =
Furthermore,
VTh ((x) — m(z) — h*b(z)) = N (0,w(x)),
where b(x) is defined in (16) and

E[e}|X: = 2] + E[e}| X1 = 1]

This can be generalized easily to allow for short run dynamics in addition to the unit root.

w(z) = ||K][3

4 Extensions

4.1 NonStationary X,Y

Suppose now that
Xe =X 1+,

with 7, also white noise and uncorrelated with &;. Thus X; is a unit root process. This makes
a substantial difference to the asymptotics since the operator H,(x,y) is now random; rates of

convergence are slower etc.

5 Numerical Results
We investigate the performance of our procedure on simulated data. We suppose that
Y, = m(Xy) + ue, up = pous—1 + €

with m(z) = By2%/2, where X; ~ N(0,1), and &; ~ N (0, 0). We examine the cases T' € {800, 400,200}
and p, € {0,0.2,0.4,0.6,0.8,1.0}, and use ns = 1000 replications. We compute our estimator m using
200 grid points and assuming in the first instance that p, is known. We also compute the standard
local linear estimator m, in both cases the Gaussian kernel was used.

We chose bandwidth to be optimal according to (asymptotic) weighted mean squared error

Pr(@) = ptin* [ (f(z) = m(o)]? olz)da,

T—o0 —c

which gives Aoy = crepTY°, where cx = (2¢||K||2/u2(K))Y5 is to do with the kernel and ¢y, =
(02 /(14 p2)Ba(Fo(c) — Fo(—c)))Y/?, where Fy(x) is the c.d.f. of the covariate, is to do with the model.

11



We have taken ¢ = 2, which corresponds to an interval containing almost 95% of the covariate
distribution. For the standard local linear estimator the optimal bandwidth is cxch,T~/° with
chyo= (02/(1 — pR)Ba(Fy(c) — Fy(—c))'/® provided p, # 1 (when p, = 1 we set p, in the formula
arbitrarily to 0.9).

In Figure 1 below we report the relative value of the performance measure

Cc

Pr(m) = E/ [m(x) — m(x)]2 fo(x)dx

—C

to Pr(m), where E is computed by the average over Monte Carlo simulations. Both estimators use
their optimal bandwidths, and consequently their theoretical relative efficiency is ((1—p2) /(14 p2))*/®.
This is plotted below along with the simulation average value for the different sample sizes against p
values. The results indicate that m is indeed more efficient than m and that the advantage takes off
after p, = 0.8; until this value the advantage is less than 20% in MSE terms. For small values of p,
the finite sample performance ratio is actually better than predicted, although this is partly because
m performs worse than predicted by its asymptotic theory. Note that when p, = 1 the standard

local linear estimator is inconsistent.
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Figure 1. Shows the empirical performance ratio Pr(m)/Pr(m) for different sample sizes along with the

asymptotic value Py, (m)/Ps(m) predicted from the asymptotic theory. X iid N(0,1).

We also looked at the case where X, is autocorrelated, specifically, X; = 0.95X;_; + u;, where
u; is normally distributed such that X; is marginally N (0, 1). Theoretically, this does not make any

difference, and in practice if anything relative performance is improved for this case.
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Figure 2. Shows the empirical performance ratio Pr(m)/Pr(m) for different sample sizes along with the
asymptotic value P, (m)/Px(m) predicted from the asymptotic theory. X; = 0.95X; 1 + u; with
Xt ~ N(O, 1)

We next examine the performance of the estimates of p. When p < 1 these behave pretty much
as predicted. When p, = 1, our simulations show that the variance of p decreases rapidly with
sample size with standard deviation being 0.0161, 0.00896, and 0.00458 for 7" = 200,400, and 800
respectively. Below we show the densities. As the sample size increases the density approaches the

Dicky-Fuller density.
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Density of Parameter Estimates in Unit Root case
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Figure 3. Shows the density of p for three diferent sample sizes. X; = 0.95X;_; + u; with X; ~ N(0,1).

A Appendix

A.1 Computational Appendix

We discuss briefly how we solve the equation (11) in practice. Note that one can rewrite (8) as an inte-
gral equation on [0, 1] as m/(s) = m}(s) + fol Hi (s, t)ymg(t)dt, where H})(s,t) = H}(Fy (s), Fy (1))
with y = Fy }(s),z = Fy }(t) and m)(t) = me(Fy ' (t)) and mj)(t) = mj(F;(t)) and Fy is the c.d.f.
of X;. For simplicity we drop the superfluous { superscript in the sequel. Let {¢;,,j =1,...,n} be
some equally spaced grid of points in [0, 1], and let ¢;,, = ﬁo_l(tm) be the empirical ¢;,, quantile of

X;. Now approximate (11) by

m@(%’m) = m;(%,n) + ZHH(QWM qj,n>m9(Qj,n)7 1= 17 <oy (19)
j=1

The linear system (19) can be written in matrix notation

(I, — Hy)iny = mj, (20)
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where [, is the n x n identity, my = (Mg(q1n), - -

while ., R .
ﬁg _ Z af (a) ljo,k(%,vz ) ]
k=+1 fO(QZ,n)f0<QJan) ij=1

is an n x n matrix. We then find the solution values my = (Mmg(q11), - .-

(20) by direct inversion when n is less than say 2000.

A.2 Proof of Theorems

A.2.1 Stationary Case

) ,ﬁg(qnm))T and m; = (m;(qin),-- -

105 (Gnn)) T

,Mo(qnn))’ to this system

PROOF OF THEOREM 1. The proof strategy follows Linton and Mammen (2005). First, for general
0 # 0y we apply Linton and Mammen (2005, Proposition 1). Thus we write

A~ % * A*,B A*,C /\*,D
my(z) —my(z) = g™ () + My (x) + 1y (2)

(Ho — Ho)ymo(x) = iy ® (x) + iy (x) + g (z),

where ;" () and ;" (z) are deterministic and O(T~2/%),

PP = e (K)my (@)
b PSS arter d B, — o 8)
) = 1) 3 i) {Foma(, )X = )10

where Vy = 9?/92% + 0%/0y?, while

1
~x,C
My~ (2) = 77

and the remainder terms ;" () and ;% (x) satisfy

sup |7’ﬁ;](x)} =0,(T7%?), j=D,G.
0cO,xeX

From this one obtains an expansion

g (x) — my(x) = mg () + my (x) + iy ©

= [ Wasasto )

() + 7y " () + 0p(T /%),

(23)

where mf = (I — Hp)"'my” and mf = (I — Hy) 'y, and the error is small uniformly over .
STEP 1. The first step is to establish the expansions (21) and (22). Write

Z(B) = Z](B) = D b(B)Yey.

J=7+1

15



Let g;(z; ) denote (10) with Z,(3) replacing Z; (/3). Then

max sup |g;(z;8) — g;j(z; 8)| = op(T_l/z). (24)

I1<G<T zex BeB

This follows because of the assumed decay rates on b; and the moment condition on Y.

Then for each j,

G 0) — @ 8) = = S (TN (9 4 (Kb (2 8) + Ry 8).
Thio(x) & h 2

where b;(x; 3) is the bias function and Ryp;j(x;3) is the remainder term. By a change of variables

and interchanging the order of summation we obtain

ZO Z K( e j) n-j;(B) = i1K <x_hXS ia;(@)ns,j(ﬁ)

t=1+1

Z a’()[G;(z; B) — Z a* Z <I —th) Z aj(a)n, ;(B)

+%M2(K) > a(@)b;(@; 5) + 0, (T %)

Note that uniformly over j < 7 and over z,

2 () e

t=j+1

) = 0,00/) = o),

so that one can shift the indexes with impunity.
We next establish the expansion (22). We have

/ngymg ) foly)dy — /Heﬂfyme()fo()

o[
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Denote by

%ma@/)dy = B[m(Xi_)|X, = 2] = r;(x).
Then write
J Josl@.y)may)dy _ 7 30 K (% hXt) i 2%
h@) TSR (R )
where

2

1 - X h

This is just like a local constant smoother of m;_; on X; and can be analyzed in the same way.

Therefore using E//b\ —c=(a— /b\c) /3 we have

ffo,j(x,y)mg(y)dy _ fo(@,y)
fol) fo(@)
7 2t K (x ) [miy — (@)
7 2 K (557)
Th Zt (m Xt) [me (X ]) _TJ( ) n Th Zt (m Xt) [mt - = (Xt—j)}
o K (55 i o K (55

Th Zt (z Xt) [mO(Xt J) - Tj(Xt)] + Th Zt (I Xt) [TJ(Xt) - Tj(x)]
Th Zt (z Xt) Th Zt (ff Xt)
h2

5 () E[m (X, ) | X, = a]

me(y)dy

12

2ri(z) fo(z)
fo(z)

12

1 ! z =X n? "
Th fo(w) ;K ( h ) Gy + 5 H2(K) {7} (z) +

by standard arguments where ¢, ; = mg(X;_;) — 7;(X;) = mo(X;—;) — E[mg(X;_;)|X;] is mean zero

+ Elmy (X )| X, = ] ((27)

sequence given Xj.
We have

Bimj(X )X =a] = [ Ry — [N )0,

, 1 dfo(x,y) folz)
ri(z) = fo(x)/ O me(y)dy——/fw T, y)myg

T;I(m) _ fO} /a f(),j(muy)me(y)dy_'_ |: fo x :| /f[)g x y mo

x) Ox?
il ) 9o (. y)

17



The bias terms in (27) are

nali€) [ry(o) + 2B [ ORI 0] )

However, there is a cancellation

(mi/ e y>m@<y>dy—2(f6(?2 [ stepmtars 75 [

fé( Ox
TR EON [ o
0(7) (9f0;(I?/
f0(>/ o Me(y)dy
L [ Phle) ) [
= o | ety - 55 [ fostesmo(w)as,
so the bias (28) is
n? 1 0% fo (z, y (x) 1 % foj(z,y) .
) | 1 [ T ity - B [ fostoimatiy + o [ ggyay]
_» 1 0 fo (=, Z/)m 0(®) 1 3f0,y(l’a?/)m
= a0 | [ gty - B+ / 00 ).
In conclusion, we have
[ At ymatu) Tty — [ HoCopymats) fov)dy
Tz — X4 ot
= G Rk (5 )§ e
B NS gt [8@), L[ (o) Phoyey)
) 2l e~ g (o Ha ) matwyi]
+0p(T’2/5).

STEP 2. The /T-consistency of 6 follows along the lines of Linton and Mammen (2005) using

the expansions obtained above uniform over 6.
STEP 3. This implies that one can treat € as known and one obtains a simpler expansion for

me, () —m(x). In particular:

Ny = Zisj — BlZigj1 X0 = ey + Y a [m(Xigjr) — Elm(Xeyj—x)| X4]]
k#j

Za Mg = Za Et+j + Z D an Xy k) — Elm(Xpy;1)| X])

Jj=1 k#j

18



+oo +oo

ZG; Zak m(Xeji) — Elm(Xes i) | Xi]] = Z aj [m(Xi15) — Elm(Xei) [ Xe]] = Z afCt,jy

J=1  k#j j=%1 j==%1
where a =a;/ Y 2 aj and a; = D k0 @4k D5 a?. It follows that
00 Foo 0o
Za}nt,j — Z a; Gy = Za}et,j. (29)
j=1 j=+1 j=1

Therefore, the stochastic part of (23), my“ (z)+my " (), simplifies. Likewise, there is a simplification

for the bias term mf (z) + m¥ ().
|
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A.2.2 Nonstationary Case

PrOOF OF THEOREM 2. Let
e(p) = Yi — pYio1 — mp(Xy) + pm,(Xeq) =Y — pYig — m(Xy) + pm(Xi1) = &+ (1 — plug

E(p) =Y — pYio1 — myp(Xe) + piny(Xioa)

We first establish the properties of an estimator that minimizes Qr(p), denoted p. In our case,

T

Qr(p) = %Zef—l—T TZZut 1+2(1—0p Zetut 1

= 2 T(1- gt [ Bs)ds+ 201~ po? [ BB,

where B is the standard Brownian motion, from which we obtain consistency of p at rate 7" and

| B(s)dB(s)
D= | B%(s)ds

We next consider the difference between @T(p) and Qr(p). We have

furthermore
(-

Qr(p) = Qelo) + 7 S E0) — =)} + 25 3 (Blo) — =ulp)} <o), (30)

t=2

e(p) —elp) = =(Mp(Xy) = m,y(Xy)) + p(Mp(Xe1) — mp(Xi-1)).

STEP 1. When p = 1 the properties of @T(p) can be derived as in the stationary case. In

particular,

-~

Qr(1) =" ¢ (31)
for some ¢ > 0; hence, @T(l)/T —P 0.

STEP 2. Derive the properties of m, —m, for p # 1. As in the stationary case we can approximate
m,—m, in terms of M} —m} and (ﬁp —H,)m,. The expansion for (ﬁp —H,)m, is as above. The main
difference concerns the fact that the expansion for m; —m contains a term that is large when p # 1
and indeed T/T\L; does not consistently estimate m7 unless p = 1. Therefore, m, —m, is dominated by

the large term in mj — mj. The intercept function m7 is

p
1
me) = 3 p? (EY: = pYia| Xy = ] = pE[Y; = pYi | Xir = 2])
1
] + p? [900(7) — pg1,(T)]
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a linear combination of go,(x) = E[Y;—pY;_1|X: = 2] and g1,(x) = E[Y;—pYi_1|X;_1 = x]. Therefore,
we must establish the properties of g;,(z) — g;,(z), j = 0,1, where g;,(z) are the estimates of g;,(x).
STEP 3. Derive the properties of gj,(z) — g;,(x), j = 0,1 and p # 1. We have

Yi=pYi—E[Y; — pYia| Xy = 2] = m(Xy)—m(z)—p (m(Xi—1) — E[m(X;-1)| Xy = 2])+ei+(1—p)ug-r.

Yi=pYia—E Y = pYia| Xy 1 = 2] = m(Xy) = E[m(Xy)| Xy 1 = x]—p (m(Xi 1) — m(x))+ei+(1=p)uss.
The terms m(X;) — m(z) and m(X,_1) — m(x) on the rhs contribute to biases; the stationary error
terms —p (m(X;_1) — E[m(X;_1)|X; = z]) + &, and m(X;) — E[m(X,)|X;_1 = 2] + &, may contribute
to the variance but are standard, it is the term (1 — p)u;_; containing the unit root that is different.
We have

- 1 T T — X 1 T r— Xy
5005 ~u) = gy 30 K (S ) - 2 K (S e

h2
+?M2(K)bj(x; p) + Ry(x;p) = 071 + 072 + 073 + Ry(w; p),

where the remainder term Ry (x;p) is of smaller order. This approximation is valid because the

X process is stationary so everything except dr9 is standard. We consider the term 7o and write

072 = \/T(l = p)ér(z) + \/T(l — p)np(x) with

T

frle) = ;E{hfo <$_f§>}uﬁ
> (e () =l () 7

ZUt = +0,(1) = Op(1)

M| =

Nl

nr(z) =

Clearly,

for all z.
We argue that np(z) = 0,(1). Note that E[n,;(z)] = 0 by independence of X, u processes. Define

= i (;,; _;(H) -F [hfolmK (m _;;Xﬂ | (52

This has (approximately as 7" — oo) covariance function

eovlepenn) = B |t (S50 ) e (TR )| e ()

fO,tfr(xwiL.) _ — —7r
Rl T
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Furthermore,

T
1 1
var [np(2)] = 7 Z [e7e] Eluiy] + ﬁz > Elerers] Eluguy)
=j+1 t#s
2
o~ %Z Z min{s, t}v.(t — s)
t#s
We have
9 T— T 9 T—-1 0o 9 0o
ng > min{s, 1}y (t—s) ~ = Z D vlt=s) =g Y s(T=5) Y vik) = 5 > (k)
t#s s=1 t=s+1 s=1 k=1 k=1

so that var [n,(x)] = O(T™'). Therefore

Gip() = gip(x) = VT (1 - p) 1 3 Ui—1

which is the same regardless of location = and j. By the usual arguments (Phillips (1987))
T

>

=

Therefore, (G;,(z) — g;,(z))/VT = (1 — p)o. [, B(s)ds for all z.
STEP 4. Obtain an approximation to £.(p) — e:(p). For p # 1 we have

gi(p) —eilp)
= —(my(Xy) = m(Xy)) + p(My(Xio1) — m(Xi1))
~ (i — ) (X0) + (i, — ms) (Xi)
-1
1+ p2

—1-p°
1—|—p Z

=1

/01 B(s)ds. (33)

12

H%p — 900l (Xt) + P*[G1p — 91,/ (Xs-1) = plGop — G0,)(Xi—1) = p[G1p — 91,)(X3)]

12

because the other terms are of smaller order in probability.
STEP 5. Obtain properties of the terms in @T(p).

1. We have
T 2

1 . 2 w 2 1 s)as
TZ{&(/)) —alp)) > TEYEE </0 Pl ) |
2. We have

2

=L S ) - el = 2T (/ 1 Be)ds)

14 p?



3. We have

_Z{ ) —ei(p)} e ~ 1+p Z 1 (1),

STEP 6. Obtain an expansion for Qr(p). We have

Or(p) ~ o +T(1— p)o? / B2 (s)ds + 2(1 - p)o? / B(s)dB(s)

L= </01 B(s)d5>2 _ =P, (/01 B(s)ds)2 -2, ),

(14 p?) 1+p 1+p

Therefore

2

FOn0) = (1ot [ B+ [ - At o ([ B

(L+p%)* 149
2

e By

1 1 2
/ B*(s)ds > </ B(s)ds> :
0 0
Therefore, with probability one:

10r(0) =41~ o) ﬁa (/ 1 B<s>d3)2 >0

for all p # 1. Hence, with probability tending to one

By Cauchy-Schwarz

lim inf QT( ) >

T—oo |p—1|>5 T

STEP 7. Combine (31) and (35) yields p L, 1, see for example Pakes and Pollard (1989).

STEP 8. Then reparameterizing p — r = 1 — p/T we get

2
Qr(r) ~ o + TU /Bz( )ds + 2%0?/8(3)(13(3) +o(T™)
so that the asymptotic distribution is just the Dickey-Fuller

J B(s)dB(s)
| B(s)ds

Tp—1) =

23
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