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Abstract

This paper studies the identification and estimation of weighted average derivatives of con-
ditional location functionals including conditional mean and conditional quantiles in settings
where either the outcome variable or a regressor is interval-valued. Building on [Manski and
Tamer| (2002) who study nonparametric bounds for mean regression with interval data, we
characterize the identified set of weighted average derivatives of regression functions. Since
the weighted average derivatives do not rely on parametric specifications for the regression
functions, the identified set is well-defined without any parametric assumptions. Under gen-
eral conditions, the identified set is compact and convex and hence admits characterization
by its support function. Using this characterization, we derive the semiparametric efficiency
bound of the support function when the outcome variable is interval-valued. We illustrate
efficient estimation by constructing an efficient estimator of the support function for the case

of mean regression with an interval censored outcome.
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1 Introduction

Interval censoring commonly occurs in various economic data used in empirical studies. The Health
and Retirement Study (HRS), for example, offers wealth brackets to respondents if they are not
willing to provide point values for different components of wealth. In real estate data, locations
of houses are often recorded by zip codes, which makes the distance between any two locations
interval-valued. Analyzing regression models with such interval-valued data poses a challenge as
the regression function is not generally point identified. This paper studies the identification and
estimation of weighted average derivatives of general regression functions when data include an

interval-valued variable.

Let Y € Y C R denote an outcome variable and let Z € Z C R be a vector of covariates. The

researcher’s interest is often in the regression function defined by
m(z) = argming, E[o(Y —m)|Z = 2], (1)

for some loss function ¢ : R — R. For example, m is the conditional mean function of Y given 7
when g is the square loss, i.e., o(€) = €2/2, while m is the the conditional quantile function when
o(e) = e(a — 1{e < 0}). Our focus is on estimating the identified features of m when either the
outcome variable or one of the covariates is interval-valued. A variable of interest is interval-valued
when the researcher does not observe the variable of interest W but observes a pair (W, Wy) of

random variables such that
Wy, <W < Wy, with probability 1. (2)

In the presence of an interval-valued variable, data in general do not provide information sufficient
for identifying m. Yet, they may provide informative bounds on m. In their pioneering work,
Manski and Tamer| (2002) derive sharp nonparametric bounds on the conditional mean function
when either an outcome or a regressor is interval-valued. Suppose for example that the outcome
variable Y is interval-valued. Letting m; and my denote the solutions to with Y7, and Yy in
place of Y respectively and letting o(€) = €2/2, the bounds of Manski and Tamer| (2002) are given
by

mp(Z) <m(Z) < my(Z), with probability 1. (3)

When Y is observed and a component V' of the vector of covariates (Z’, V') is interval-valued, similar
nonparametric bounds can be obtained when the researcher can assume that the regression function

is weakly monotonic in V.

Recent developments in the partial identification literature allow us to conduct inference for the
identified features of the regression function when inequality restrictions such as are available.
For example, when the functional form of m is known up to a finite dimensional parameter, one may
construct a confidence set that covers either the identified set of parameters or points inside it with
a prescribed probability: (Chernozhukov, Hong, and Tamer, 2007; |Andrews and Shi, 2013)). One



may also conduct inference for the coefficients of the best linear approximation to the regression
function (Beresteanu and Molinari, |2008; (Chandrasekhar, Chernozhukov, Molinari, and Schrimpf,
2011)). This paper contributes to the literature by studying the estimation of another useful feature

of the regression function: the weighted average derivative.

A motivation for studying the weighted average derivative is as follows. A common way to make
inference for m is to specify its functional form. For example, one may assume m(z) = g(z; o) for
some 7y, where ¢ is a function known up to a finite dimensional parameter v. The identified set for
7o is then defined as the set of 4’s that satisfy the inequality restrictions: mp(Z) < g(Z;v) < my(Z)
with probability 1. Existing estimation and inference methods for partially identified models can
be employed to construct confidence sets for 7 or its identified region. However, such inference
may be invalid if g is misspecified, a point raised by [Ponomareva and Tamer| (2011)). In contrast,
the weighted average derivative is well-defined without functional form assumptions[T] Suppose m is
differentiable with respect to z a.e. Letting w : Z — R, be a weight function, the weighted average

deriwative of m is defined by
0 = Elw(Z)V.,m(2)]. (4)

Stoker| (1986) first analyzed estimation of this parameter. It has also been studied in a variety
of empirical studies, including Hardle, Hildenbrand, and Jerison| (1991); Deaton and Ng| (1998),
Coppejans and Sieg| (2005)), |(Carneiro, Heckman, and Vytlacil (2010), and |Crossley and Pendakur
(2010). This parameter allows a simple interpretation: the weighted average of marginal impacts of
Z on specific features (e.g., conditional quantiles) of the distribution of Y. Further, under suitable
assumptions on the data generating process, it can also serve as a structural parameter associated
with the function of interest. For example, if Y is generated as Y = G(Z) + € with G being a
structural function and € being mean independent of Z, the average derivative of the conditional

mean summarizes the slope of the structural function G.

In the presence of interval-valued data, the weighted average derivative is generally set identified.
This paper’s first contribution is to characterize the identified set, the set of weighted average
derivatives compatible with the distribution of the observed variables. Specifically, we show that
the identified set is compact and convex under mild assumptions. This allows us to represent
the identified set by its support function, a unique function on the unit sphere that characterizes
the location of hyperplanes tangent to the identified set. Support functions have recently been
used for making inference for various economic models that involve convex identified sets or have
convex predictions (See Beresteanu and Molinari, 2008; Kaido|, [2012; |Beresteanu, Molchanov, and
Molinari, 2011} |Chandrasekhar, Chernozhukov, Molinari, and Schrimpf, 2011; |[Bontemps, Magnac,
and Maurin, 2012). Building on the aforementioned studies, we derive a closed form formula for the
support function, which in turn gives an explicit characterization of extreme points of the identified

set. This characterization also gives closed-form bounds on the weighted average derivative with

L Another parameter that is also robust to misspecification is the coefficients in the best linear approximation to
m. Inference methods for this parameter are studied in Beresteanu and Molinari (2008), |Ponomareva and Tamer
(2011), and |Chandrasekhar, Chernozhukov, Molinari, and Schrimpf| (2011)).



respect to each covariate.

This paper’s second contribution is to characterize the semiparametric efficiency bound for
estimating the identified set when the outcome variable is interval-valued. A key insight here is that
the support function allows us to interpret the identified set as a parameter taking values in a normed
vector space. In recent work, using the theory of semiparametric efficiency for infinite dimensional
parameters, [Kaido and Santos| (forthcoming) characterize the semiparametric efficiency bound for
estimating parameter sets defined by convex moment inequalities. Applying their framework, we
characterize the semiparametric efficiency bound for the support function of the identified set of the
weighted average derivatives. Using mean regression as an example, we further illustrate efficient
estimation by showing that an estimator of the identified set for the density weighted average
derivative, which builds on Powell, Stock, and Stoker| (1989), is semiparametrically efficient. When
the interval censoring occurs on a covariate, the nonparametric bounds on the regression function
take the form of intersection bounds. We show that the support function of the identified set also
depends on these bounds. As pointed out by Hirano and Porter| (2009)), intersection bounds are
not generally pathwise differentiable, which implies that the identified set does not generally admit
regular estimation when a covariate is interval-valued. We then discuss a possibility of regular
estimation of the support function of another parameter set, which conservatively approximates the

true identified set.

This paper is related to the broad literature on semiparametric estimation of weighted aver-
age derivatives. For the mean regression function, Stoker (1986) and Hardle and Stoker| (1989)
study estimation of unweighted average derivatives, while Powell, Stock, and Stoker| (1989) study
estimation of the density weighted average derivative. (Chaudhuri, Doksum, and Samarov| (1997)
study the weighted average derivative of the quantile regression function. Semiparametric efficiency
bounds are shown to exist in these settings. See for example, Samarov| (1991)), (Chaudhuri, Dok-
sum, and Samarov| (1997)), and [Severini and Tripathi (2001). This paper’s efficiency results build
on Newey and Stoker| (1993)), who characterize the efficiency bound for the average derivative of
general regression functions that are defined through minimizations of various loss functions. The
optimal bandwidth for point identified average derivatives is studied in Hardle and Tsybakov, (1993))
and Powell and Stoker| (1996]). Other work on semiparametric inference on average derivatives in-
clude Nishiyama and Robinson| (2000} 2005) who study the higher-order properties of Powell, Stock,
and Stokers ((1989) estimator through Edgeworth expansions and (Cattaneo, Crump, and Jansson
(2010, 2013) who study small bandwidth asymptotics for the estimation of density weighted average

derivatives and a robust data driven selector of bandwidth.

The rest of the paper is organized as follows. Section [2| presents the model and characterizes
the identified sets. Section [3] gives our main results on the efficiency bounds. Section 4] constructs
an efficient estimator of ©y(P) for the mean regression example. We examine the finite sample

performance of the estimator in Section [5] and conclude in Section [6]



2 General Setting

Throughout, we let X € X C R%¥ denote the vector of observables that follows a distribution P.
We assume that the observable covariates Z € Z C R’ are continuously distributed and let f denote
the probability density function of Z with respect to Lebesgue measure. Suppose that w(z)f(z)
vanishes on the boundary of Z. By integration by parts, Eq. can be equivalently written as

0= /m(z)l(z)dP(x) , U(2) = —V.ow(z) —w(2)V.f(2)/f(2). (5)

This suggests that the weighted average derivative is a bounded (continuous) linear function of m
under mild moment conditions on [. Hence, bounds on m can provide informative bounds on 6.

This observation is especially useful when no a priori bounds on V,m are available. E]

2.1 Motivating examples

To fix ideas, we briefly discuss examples of regression problems with interval censoring. The first

example is based on nonparametric demand analysis (See e.g. |Deaton and Ngj [1998]).

Example 2.1. Let Y be expenditure on the good of interest. Let Z be a vector of prices of £ goods.
In survey data, expenditures may be reported as brackets, making Y interval-valued. A key element
in the analysis of demand is the effect of a marginal change in the price vector Z on expenditure Y.
For example, consider the conditional mean m(z) = E[Y|Z = z| of the demand. The (weighted)
average marginal impact of price changes is then measured by 6 = E[w(Z)V,m(Z)]. Similarly, one
may also study the average marginal impact of price changes on the conditional median or other

conditional quantiles of the demand.

The second example is estimation of a hedonic price model using quantile regression.

Example 2.2. Let Y be the price of a house and Z be a ¢-dimensional vector of house characteris-
tics. Let V' be the distance between a house and another location relevant for the home value (e.g.
a school or a factory causing air pollution). If data only record locations by zip codes, one may only
obtain an interval-valued measurement [V, Vi;] of the distance, where V7, and Vi are the minimum
and maximum distances between two locations. The researcher’s interest may be in the upper tail
of the house price, in particular in the weighted average effect of the j-th house characteristic (e.g.
square footage) on a specific quantile. Here, the weight function can be chosen so that it puts
higher weights on the houses that have specific characteristics the researcher considers relevant.
The weighted average effect can be measured by #U), the j-th coordinate of § = E[w(Z)V.g(Z,v)].

20n the other hand, the bounds on m do not generally provide useful bounds on its derivative V,m(z) evaluated
at a point z.



2.2 Identification when Y is interval-valued

Suppose Y is interval-valued. Throughout this section, we let = (yz, yu, 2’)’. Given (f)), the sharp
identified set for # is given by

Oy(P)={0€0O:0= /m(z)l(z)dP(x), m satisfies (1) with Y, <Y <Yy, P —as.}.  (6)

In order to characterize the identified set, we make the following assumptions on the covariates

7, loss function p, and weight function w.

Assumption 2.1. (i) The distribution of Z and I(Z) are absolutely continuous with respect to the
Lebesque measure on RY. Z is compact and convexr with nonempty interior; (ii) o is convexr and
satisfies 0(0) = 0, p(€) > 0,Ve, and o(€) — oo as |e] = 0o. A measurable function q(e) = do(e)/de

exists a.e., and q is bounded and continuous a.e.

Assumption 2.2. (i) w(z) and V,w(z) are bounded and continuous on Z.

As is standard in the literature, Assumption [2.1] (i) requires Z to be a continuous random vector,
where no component of Z can be functionally determined by other components of Z. We also assume
that this holds for [(Z). Assumption [2.1] (ii) imposes regularity condition on the derivative ¢ of the
loss function, which may require compactness of the supports of ¢; = Y; —m;(Z), j = L, U for some
specification of ¢ (e.g. square loss) while it is trivially satisfied for the conditional quantile, where
q(e) = a — 1{e < 0}. We further add the following assumption on P.

Assumption 2.3. (i) There is a compact set D C R containing the support of Y; in its interior for
j=L,U; (i) w(z)f(z) = 0 on the boundary OZ of Z, V. f(2)/f(z) is continuous, and E|[||l(Z)]|*] <
oo; (i) For each z € Z, z — E[q(Y; —m)|Z = z] = 0 has a unique solution at m =mj(z) € D for

j=L,U; (iv) my,my are continuously differentiable a.e. with bounded derivatives.

Assumption (ii) is a key condition, which together with other conditions, allows us to write
the average derivative as in ([5). This, in turn, enables us to obtain bounds on # from the non-
parametric bounds on m. Assumption (ii)-(iii) then impose regularity conditions on the density
function f and require that the regression functions m;, j = L, U are well defined. When Assump-
tion (iv) holds, we can use it to ensure the sharpness of the identified set.

Under Assumptions ©y(P) is a compact convex set. Hence, it can be uniquely charac-
terized by its support function. Let S* = {p € R’ : ||p|| = 1} denote the unit sphere in R’. For a
bounded convex set F', the support function of I' is defined by

v(p, F) = sup(p, z). (7)

zeF

Theorem is our first main result, which characterizes the identified set through its support
function. Let ' : R?* — R be defined pointwise by I'(wy, ws, w3) = 1{ws < 0}w; + 1{ws > 0}ws.



Theorem 2.1. Suppose Assumptions[2.1] and[2.9 (i)-(iii) hold. Suppose further that for each
z€ Z, Elq(Y —m)|Z = 2] = 0 has a unique solution at m(z) € D, and m is differentiable a.e. with
a bounded derivative. Then, (a) ©¢(P) is compact and strictly convez; (b) the support function of
Oy (P) is given pointwise by:

Mn%WD=/%MWWMH@ ®)

where my(z) = T'(mp(2), mu(2),'1(2)) = {p'l(z) < 0}mp(2)+1{p'l(z) > 0}my(2); (¢) If Assump-
tion[2.5 (iv) holds, additionally, ©y(P) is sharp.

Theorem suggests that the support function is given by the inner product between p and an
extreme point 6*(p), a unique point such that (p, 0*(p)) = v(p, Op(P)), which can be expressed as:

mmzfmvmwwm, (9)

where m,, switches between my, and my depending on the sign of p'l(z). Heuristically, this comes
from the fact that the support function of ©y(P) evaluated at p is the maximized value of the
map m — E[m(Z)p'l(Z)] subject to the constraint my(Z) < m(Z) < my(Z),P — a.s. The
maximum is then achieved by setting m to my when p'l(z) > 0 and to my otherwise. The
form of the support function given in belongs to the general class of functions of the form
E[T(6.(Z),0u(Z), h(p, Z))h(p, Z)] for some functions 0, dy, h. This functional form is common
in the literature on the best linear predictor of m. (See e.g. [Stoye, [2007; Beresteanu and Moli-
nari, 2008; Bontemps, Magnac, and Maurin, [2012; |Chandrasekhar, Chernozhukov, Molinari, and
Schrimpf, 2011).

Theorem also gives closed-form bounds on the weighted average derivative with respect to
the j-th variable. Let ) = E[w(Z)0m(Z)/0z9)]. The upper bound on #Y) can be obtained by

setting p to ¢, a vector whose j-th component is 1 and other components are 0. The lower bound

can be obtained similarly with p = —¢;. Therefore, the bounds on 6\9) are given as [Hg), ng)] with
g — / [1{19(2) > 0}m{(2) + 1{19(2) < 0}m¥(2)]19(2)dP(x) (10)
) = / [1{19(2) < 0}mP (2) + 1{19(2) > 0}mP (2)]19(2)dP(x). (11)

2.3 Identification when a regressor is interval-valued

We now consider the setting where one of the regressors is interval-valued. Let the vector of
covariates be (Z,V), where Z is fully observed but V' € ¥V C R is unobserved. Suppose that there
exists a pair (V, V) of observables such that V, <V < V; with probability 1. Our interest lies in

the average derivative of the regression function defined by:

g(z,v) = argmin, Eo(Y —u)|Z = 2,V =v]. (12)



Assuming g is differentiable with respect to z a.e., we define the weighted average derivative point-

wise by
0, = Elw(Z)V.9(Z,v)], (13)

where the expectation in is with respect to the distribution of Z. 6, is the average derivative
with respect to the observable covariates, fixing V' at a given value v. In order to characterize

the identified set for ,, we make use of the regression function of Y given all observable variables

Z = (Z',Vy, V). Specifically, for each (', vy, vy), define

’7(zva7UU) = argmlnuE[Q(Y - U,)|Z =z, VL = VL, VU = UU]' (14)

We make the following assumptions to characterize the identified set.

Assumption 2.4. (i) For each z € Z, g(z,v) is weakly increasing in v. For each v €V, g(z,v) is
differentiable in z with a bounded derivative; (ii) For each v € V, it holds that

Elq(Y —g(ZV)|Z=2V =v] = Elg(Y = g(Z,V))|Z = 2,V =]. (15)

Following Manski and Tamer| (2002), Assumption (i) imposes a weak monotonicity assump-
tion on the map v — g¢(z,v). Without loss of generality, we here assume that g(z,-) is weakly
increasing. Assumption (ii) is a conditional mean independence assumption of the “regression
residual” ¢(Y — ¢g(Z,v)) from (Vz, Vi), which means that (Vz, V) do not provide any additional
information if V' is observed. In the case of mean regression, this condition reduces to the mean

independence (MI) assumption in Manski and Tamer| (2002).

For each v, let =1 (v) = {(vp,vy) : vp < vy <o} and Zy(v) = {(vp,vp) v < vy <wvy}. Under

Assumptions [2.4] one may show that the following functional inequalities hold:

91(Z,0) < 9(Z,v) < gu(Z,0), P—a.s., for all v, (16)
where
gL(ZJU> = sup 7(27UL7UU)7 and gU(’Z?U) = inf_ V(ZJUL/UU)‘ (17)
(vr,wu)€EL (V) (vr,vu)€Ey (v)

We then assume the following regularity conditions.

Assumption 2.5. (i) There is a compact set D C R containing the support of Y in its interior.
(i) Elq(Y —u)|Z = 2] = 0 has a unique solution at u = ~v(2) € D; (iii) For each v €V, g;(z,v) is

differentiable in z with a bounded derivative for j = L,U.

This assumption is an analog of Assumption When Assumption (iii) holds, we may use
it to ensure the sharpness of the identified set. It requires that the functional bounds g;,7 = L,U
are differentiable in z. Since g;,j = L, U defined in are optimal value functions of parametric
optimization problems (indexed by (z,v)), this means that the value functions are assumed to obey

an envelope theorem. Various sufficient conditions for such results are known (see for example

8



Bonnans and Shapiro, 2000; [Milgrom and Segal, 2002), but this condition may not hold for some
settings, in which case the obtained identified set gives possibly non-sharp bounds on the average

derivatives.

Using an argument similar to the one used to establish Theorem [2.1] we now characterize the

identified set ©g,(P) for 6, through its support function.

Theorem 2.2. Suppose Assumptions (ii), and [2.5 (i)-(ii) hold. Suppose further

that for each z € Z andv € V, E[q(Y —u)|Z = 2,V = v] = 0 has a unique solution at u = g(z,v) €
D. Then, (a) ©g,(P) is compact and strictly convex; (b) its support function is given pointwise by

Mn@MPnzf%@wmwwwmx (18)

where gy(z,v) = I'(gr(z,0), gu(2,0),p'l(2)) = H{p'l(2) < 0}gr(z,v) + K{p'l(z) > O}gu(z,v); (¢) If,
additionally, Assumption [2.5 (iii) holds, ©¢,(P) is sharp.

3 Efficiency Bound

In this section, we show that a semiparametric efficiency bound exists for estimation of the sup-
port function when Y is interval-valued. Throughout, we assume that observed data {X;}? , are

independently and identically distributed (i.i.d.).

3.1 Efficiency bound for an infinite dimensional parameter

We first discuss elements of efficiency analysisf| Suppose that P is absolutely continuous with
respect to a o-finite measure p on X', which we denote by P < pu. Let M denote the set of Borel
probability measures on X and let M, = {P € M : P < u}. The set M, then may be identified

with a subset of the space L2, where:
B={siXoRilsly<och . sl = [ @)duo) (19

via the mapping s = y/dP/du. A model P is then a subset of M,,. We define curves and the tangent

space in the usual manner.

Definition 3.1. A function h : N — LZ is a curve in Li if N C R is a neighborhood of zero and
n — h(n) is continuously Fréchet differentiable on N. For notational simplicity, we write h,, for

h(n) and let h, denote its Fréchet derivative at any point 7 € N.

The tangent space of a model is then defined as follows.

3The theory of semiparametric efficiency for infinite dimensional parameters is discussed in detail in Chapter 5 in
Bickel, Klassen, Ritov, and Wellner| (1993). See also [Kaido and Santos| (forthcoming)).



Definition 3.2. For S C Li and a function sy € S, the tangent set of S at sy is defined as:
SO = {h, : 1+ h, is a curve in Li with hy = s9 and h, € S for all n} . (20)

The tangent space of S at s, denoted by S, is the closure of the linear span of S° (in Li)

The support function v(-, ©¢(P)) is a continuous function on the unit sphere. Following Kaido
and Santos (2011), we view it as a function-valued parameter taking values in C(S?), the set of
continuous functions on S*. A parameter defined on C(S) is then a mapping p : P — C(S?) that
assigns to each probability measure (Q € P a corresponding function in C(S*). In order to derive a
semiparametric efficiency bound for estimating p(P), we require that the mapping p : P — C(S)

be smooth in the sense of being pathwise weak-differentiable.

Definition 3.3. For a model P C M, and a parameter p : P — C(S) we say p is pathwise

weak-differentiable at P if there is a continuous linear operator p: S — C(S') such that

lim | {p(hn)(p) — p(ho)(p)

n—0 Sd9 7]

— p(ho)(p)}dB(p)| = 0 , (21)
for any finite Borel measure B on S* and any curve n + h, with h, € S and hy = \/dP/du.

Given these definitions, we now present the semiparametric efficiency notion for estimating p(P).
When p is pathwise weak-differentiable at P, the Hajek-LeCam convolution theorem (See [Bickel,
Klassen, Ritov, and Wellner| (1993))) implies that any regular estimator of p(P) converges in law to
G:

GLGy+ Ay,

where £ denotes equality in law and Ay is a tight Borel measurable random element in C(S*) inde-
pendent of G [f] Thus, a regular estimator may be considered efficient if its asymptotic distribution
equals that of Gyg. We characterize the semiparametric efficiency bound by computing the covariance

kernel for the Gaussian process Gg, denoted:

I (p1,p2) = Cov(Go(p1), Go(p2)) (22)

and usually termed the inverse information covariance functional for p in the model P.

3.2 Semiparametric efficiency bounds for support functions

In this section, we derive the semiparametric efficiency bound for estimating the support function
obtained in Theorem[2.1] Toward this end, we introduce some additional notation and add regularity
conditions. For each z € Z and j = L, U, let

ri(z) = —iE[q(Y; —m)|Z = z] . (23)

dm m=m;(z)

4T, } is regular if there is a tight Borel measurable G on C(S*) such that for every curve n hy in P passing
through pg = \/dPo/dp and every {n,} with 1, = O(n~2), v/n(T, — p(hs,)) % G where L, is the law under Py .

10



For the mean regression, r;(z) equals 1, and for the quantile regression, 7;(z) = fy,1z(m;(2)|2),

where fy,|z is the conditional density functions of Y; given Z for j = L,U.

Assumption 3.1. (i) p € M satisfies u({(yr,yv,2) : yr < wyuv}) =1; (i) p({(yr, yu,2) : F(z) =
0}) = 0 for any measurable function F : R — R.

Assumption 3.2. (i) There exists € > 0 such that |rp(z)| > € and |ry(z)| > € for all z € Z. (ii)
For any ¢ : X — R that is bounded and continuously differentiable in z with bounded derivatives,
Elp(X)|Z = 2] is continuously differentiable in z on Z with bounded derivatives; (iii) Elq(Y; —
m)e(X)|Z = z| is continuously differentiable in (z,m) on Z x D with bounded derivatives for
j=1LU.

Since P < p, Assumption (i) implies Y7, < Yy, P — a.s. Similarly, P < p and Assumption
3.1| (ii) implies P(F(Z) = 0) = 0, which is used to establish pathwise differentiability of the support
function. Assumption gives additional regularity conditions on P. Assumption (i) is trivially
satisfied for the conditional mean because r1(z) = ry(z) = 1. For the conditional a-quantile,
Assumption (i) requires the conditional densities of Y, and Yy to be positive on neighborhoods
of mp(z) and my(z) respectively. Assumption (ii)-(iii) are regularity conditions invoked in
Newey and Stoker| (1993), which we also impose here. It should be noted that these conditions
exclude the setting where either Y or Yy is discrete and ¢ admits a point of discontinuity on the

support of €, or €.

Given these assumptions, we now define our model as the set of distributions that satisfy As-

sumptions [2.3 and [3.2}

P={PeM: P < u,P satisfies Assumptions 2.3] and [3.2]}. (24)

For each @ € P, define p(Q) = v(-,0¢(Q)). The following theorem characterizes the efficiency

bound for the support function.

Theorem 3.1. Suppose Assumptions and[3.1] hold, and suppose P € P. Then, the inverse

information covariance functional is given by

17 (p1, p2) = Bl (X)), (X)] (25)

where for each p € S*, the efficient influence function v, is
Up(x) = w(2)p'Vamy(2) — v(p, Oo(F)) + Pl(2)G(2), (26)
and Y .m,, and (, are given by V.m,(z) = T(V.my(2), Vomy(2), p'1(2)) and Cy(z) = D(rp " (2)a(yp —

mr(2)),15 (2)a(yy — mu(2)). P'l(2)).

Theorem naturally extends Theorem 3.1 in Newey and Stoker| (1993) to the current setting.
When there is no interval censoring, i.e. my(Z) = m(Z) = my(Z), the obtained semiparametric
efficiency bound reduces to that of Newey and Stoker| (1993), i.e. v, = p', where 9 is the efficient
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influence function for point identified #. Theorem also shows that the variance bound for
estimating the support function v(p, ©¢(P)) at p is given by

Ellp(X)?] = Var(w(Z)p'V.my(2)) + E[|p1(Z)G(x) ). (27)

The first term in can be interpreted as the variance bound when m, is known but f is un-
known as this is the asymptotic variance of £ > | w(Z;)p'V.m,(Z;), while the second term can be
interpreted as the variance bound when f is known but m, is unknown. (See Newey and Stoker,

1993, page 1205 for a more detailed discussion.)

Theorem establishes that the support function of the identified set has a finite efficiency
bound. In the next section, we show that it is possible to construct an estimator that achieves this
bound in a leading example. Efficient estimation of the support function also has an important
consequence on estimation of the identified set. Namely, an estimtor of the identified set which is

constructed from the efficient estimator of the support function is also asymptotically optimal for
a wide class of loss functions based on the Hausdorff distance. (See Remark [4.1])

Remark 3.1. Powell, Stock, and Stoker| (1989) study the setting where m is the conditional mean,
and the weight function is the density weight: w(z) = f(z). The efficiency bound in Theorem
can be extended to this setting. For this choice of the weight function, the efficient influence
function differs slightly from Eq. due to f being unknown. Taking into account the pathwise

derivative of unknown f, one can show that the inverse covariance functional for this case is given
as in (25) with

Yp(x) = 2{f(2)p'Vamy(2) —v(p, ©0(P))} = 20"V f(2)(yp — myp(2)) (28)
where y, = T'(yz, yu, p'l(2)).

Remark 3.2. For the setting where an explanatory variable is interval-valued, Theorem shows
that the support function of ©g,(P) involves functions that are defined as the supremum (or the
infimum) of functions indexed by (vr, vrr), e.g. gr(2,v) = SUp(y, ez, @) V(% VL, vr). These types of
bounds are known as the intersection bounds (Chernozhukov, Lee, and Rosen, 2013)). In particular,
for parametric submodels n — P, passing through P, one may show that the support function

depends on the intersection bounds in the following way:

v(p, Oon(Fy)) = / [H{p'ly(2) < 0}gry(2,0) + H{p'ly(2) > 0kguy(z,0)]ply(2)d P, (@), (29)

where [, is defined as in () and g1, gu,, are defined as in ((17]) under P,. Hirano and Porter| (2012)
give general conditions under which intersection bounds are not pathwise differentiable therefore
do not admit regular estimation. When the set of z’s on which g, or gy, is pathwise non-
differentiable has a positive probability mass, the support function is pathwise non-differentiable
as well. Hence, v(p, 00, (P)) does not generally admit regular estimation. Therefore, for optimal

inference on v(p, Og,(P)), an alternative optimal criterion would be needed. (See for example |Song,
2010; (Chernozhukov, Lee, and Rosen) 2013).
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There is, however, a possibility for regular estimation of a function that approximates v(p, ©¢,(P)).
For simplicity, suppose that V; and Vi have discrete supports so that = (v) and Zy(v) are finite

sets. Then for a given x > 0, define

Z 7<Z7UL;UU)Z eXp(H’Y(ZaULy'UU)) (30>

(vp,00)eE, () EXP(KY(2, VL, 00))

gr(z,v; k)

(vr,wu)€EEL(v)
exp(—+7y(2,vr, vr))

(op.00) €20 () EP(=EY (2, 0L, v07))

gu(z,vik) = Z V(2 v, v) (31)
a 2

(vL,vu)€EY (v)
where the smooth weighted averages on the right hand side of the equations above conservatively
approximate the maximum and minimum respectively, where the approximation errors are in-
versely proportional to x (Chernozhukov, Kocatulum, and Menzel, 2012)). Suppose that the re-
searcher chooses a fixed k > 0. Define u(p;r) = [ g,(z,v;k)p'l(2)dP(x), where g,(z,v;k) =
D(gr(z,v; k), gu(z,v; k), p'l(2)). u(p; k) is then a conservative approximation of the support func-

tion v(p, O, (P)) whose approximation bias can be bounded as follows:
lu(p; k) — v(p, Ogu(P))| < CE[I(Z)|*]x™ uniformly in p € S*, (32)

where C'is a positive constant that depends on the cardinality of the support of (Vz, Vy). Note that
u(p; k) depends smoothly on the underlying distribution. This is because, as oppose to the maximum
and minimum, the smooth weighted averages in (30)-(31) relate gr, gy and 7 in a differentiable
manner. This suggests that, although regular estimation of v(p, ©¢,(P)) is not generally possible,

it may be possibile to estimate u(p; k) in a regular manner, which we leave as future work.

4 Estimation of Density Weighted Average Derivative in

Mean Regression

In this section, we illustrate efficient estimation by studying a well-known example. We focus on
the case where Y is interval-valued, and the parameter of interest is the density weighted average
derivative of the mean regression function as in Powell, Stock, and Stoker| (1989). That is, 6 =
E[f(Z)V.m(Z)], where m is the conditional mean of Y. The density weight is attractive for
practical purposes as it does not require the choice of a trimming parameter to control for the
stochastic denominator fi,h defined below, which would otherwise arise upon estimating the “score

function” 1P

Theorem[2.T]and the law of iterated expectations imply that the support function of the identified

9Powell, Stock, and Stoker| (1989) are interested in estimating index coefficients up to scale in a single index model.
The scale normalization implicit in the density weighted average derivative may not yield most easily interpretable
estimates. For this reason, [Powell, Stock, and Stoker| (1989)) also suggest estimating the rescaled parameter § =

0/E[f(Z)]. We consider an estimator of the identified set of 6 in Section
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set in this setting is given by
v(p, ©0(P)) = EY,p'l(Z)], (33)

where Y, = I'(Yz, Yy, p'l(Z)) and I(z) = —2V.f(z). Our estimator of the support function is a
natural extension of |Powell, Stock, and Stoker| (1989)) and replaces unknown objects in with
nonparametric kernel estimators and expectations with sample averages. Let K : R — R be a
kernel function. For each z € Z, i and bandwidth A, define the “leave-one-out” kernel density

estimator by

fin() = m i K (Z_hzj). (34)

j=lji

Our estimator of [ is then defined by I; ,(2) = =2V, f;4(z). The support function of Oy(P) is then
estimated by

A 1~ -
On(p) = = Y P lin(Z) Y, (35)
i=1

where f/m» is an estimator of Y, ;, which is not observed. For this, we let }A/;,’i =I(YL,, YUvi,p’l;;l),
where h is another bandwidth parameter. Computing the estimator in only involves kernel
density estimation and taking averages. Hence, it can be implemented quite easily. When the
researcher is only interested in the average derivative with respect to a particular variable, the
required computation simplifies further. For example, suppose the parameter of interest is the
average derivative 8Y) with respect to the j-th variable. An estimate of the upper bound on %)
can be obtained by computing the support function in (35)) only for one direction p = ¢;, ie.,

ég)n = Up(¢;). The lower bound can be computed similarly with p = —¢;.

We now add regularity conditions required for efficient estimation of the support function. Let
J=({+4)/2if ¢ is even and J = (¢ + 3)/2 if £ is odd.

Assumption 4.1. (i) There exists M : Z — R, such that

IVf(z+e) = Vo f(2)|| < M(2)]|e] (36)
IVo(f(z +€) xm;(z + €)) = V.(f(2) x m;(2))| < M(2)[lell, j=L,U, (37)

and E[|M(Z)|?] < oo. (ii) All partial derivatives of f of order J+1 exist. E[Y(9%f/0201) ... 920k))]
and E[Yy (08 f /0200 ... 9200))] exist for all k < J + 1.

Assumption 4.2. (i) The support Si of K is a convex subset of R® with nonempty interior with
the origin as an interior point. Let OSk be the boundary of Sk; (i1) K is a bounded, continuously
differentiable function with bounded derivatives, and [ K(u)du =1, [uK (u)du = 0; (iii) K(u) =0

14



for alluw € OSk; (iv) K(u) = K(—u) for allu € Sk. (v) K(u) is of order J:
/ujluj2-~~uj’“K(u)du:0, Nt <J (38)
/ujlujz---uj’“K(u)du%O, -t ge=J (39)

(vi) The J moments of K eist.

Assumptions and are based on the assumptions in Powell, Stock, and Stoker| (1989).
Assumption imposes suitable smoothness conditions on f, m; and my. Assumption then
gives standard regularity conditions on the kernel. A higher-order kernel is used to remove an
asymptotic bias. With these additional assumptions, the next theorem establishes the asymptotic

efficiency of the estimator.

Theorem 4.1. Suppose the conditions of Theorem hold and Assumptions and [{.9 hold.
Suppose further that h — 0, nh™2+t — 0o for some § > 0, nh® — 0, h — 0, and nh*@) = oo as
n — 0o. Then, (a) {0,(-)} is a regular estimator for v(-,©¢(P)); (b) Uniformly in p € S*:

Vi{n(p) — v(p, ©o(P))} = % Z[f(Zi)p’Vzmp(Zi) — v(p, Oo(P))]

- S VL)Y~ Z0) + (1) (40)

(c) As a process in C(SY),
V() = v( 00(P))} = Go . (41)

where Gq is a tight mean zero Gaussian process on C(S?) with Cov(Go(p1), Go(ps)) = I (p1, pa).

Remark 4.1. Each extreme point 8*(p) can be estimated by its sample analog estimator, 0, (p) =
%Z?zl lAm(ZZ)Y;,Z Using this estimator, we may also define an estimator of the identified set as

follows:
O, =co({0 €0 :0=10,(p), peS}), (42)

where co(A) denotes the convex hull of A. Theorem has direct consequences on the consistency
and asymptotic optimality of this set estimator. For any two compact convex sets A, B, let the
Hausdorff distance be dy(A, B) = max{sup,c4 infrep |[[a — b||, supycp infaea |[ja — || }. Due to the
equality of the Hausdorff distance between sets and the supremum distance between the correspond-
ing support functions dy (A, B) = sup,ese [v(p, A) — v(p, B)| for any compact convex sets A, B, we
have dg (0, ©y(P)) = O,(n~/2) by Hérmander’s embedding theorem (Li, Ogura, and Kreinovich,
2002). Further, Kaido and Santos (forthcoming) show that if ©, is associated with the efficient
estimator of the support function and L : R, — R, is a subconvex continuous function, it holds
under regularity conditions that

lim inf B[L(v/nds(Cn, ©9(P)))] 2 limsup B[L(v/nd (0., ©o(P)))] = EIL(|[Gol|o<)], (43)

n—00 n—o00
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for any regular convex compact valued set estimator {C,} for ©(P). That is, among regular set
estimators, 6, asymptotically minimizes a wide class of estimation risks based on the Hausdorff

distance.

Remark 4.2. Efficient estimators of the support function can also be used to conduct inference for
©¢(P) and points inside it using the score-based weighted bootstrap of Kline and Santos (2012).
Specifically, let W; be a mean zero random scalar with variance 1 and let {W;} be a sample inde-

pendent of {X;} . For each p € S, define the process:

Gr(p) = % > Wl X G __SWVZK(ZZ' B LR A N0} SCY)

i=1 j=1j#i

where the process G is a U-process which is first-order asymptotically equivalent to the profess
\/iﬁ Yoy Wi@bp(Xi)ﬁ In practice, the distribution of G} can be simulated by generating random
samples of {W;}, which weakly converges to G, conditional on {X;,7 = 1,--- ,n}. This distribution,
in turn, can be used to make inference. For example, a level 1 — o one-sided confidence set as in
Beresteanu and Molinari| (2008)) can be constructed as Cy,, = @?"/\/ﬁ, where é; = {0 € O :
infy o [|0 — 0’| < €} and ¢}, is the 1 — o quantile of sup,cqe{—G7(p)}4 (see also |Kaido, 2012;

Kaido and Santos, forthcoming)).

Remark 4.3. One may also construct a confidence set for a particular coordinate ) of  or its

identified set ©%(P). For example, a symmetric confidence set for ©F(P) can be constructed as

¢ = [0, — 9 /v/n,08), + D/ v/n),

where ¢/’ is the 1 — a quantile of maxpe(,;,—,; 1 —Gn(P) }+-

5 Simulation evidence

In this section, we examine the finite sample performance of an estimator of the support function
through Monte Carlo experiments. Throughout, we let Z; = (Z1,, Z24, Z3,)', where Z;;, = 1 is a

constant, and Z,; and Zs; are continuously distributed. For 5 = (1, 1), we generate:
YVi=ZB+e¢ i=1,...,n, (45)
where ¢; is a standard normal random variable independent of Z;. We then generate (Y7, Yy;) as:
YL,Z’ =Y, —c— 621‘2221' - 632'Z§i
Yo, =Y +c+ €2i2227; + 63iZ§i ) (46)

where ¢ > 0 and ey; and eg; are independently uniformly distributed on [0, 0.2] independently of
(Y;, Z;). Here, cis a design parameter that controls the diameter of the identified set. The identified

sets under three different values of c are plotted in Figure

6This can be shown following an argument similar to the one in Section 3.4 in [Powell, Stock, and Stoker| (1989).
The proof is omitted for brevity.
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We report estimation results for two different estimators of the support function. Since scale
normalization implicit in € may not allow a simple interpretation of estimation results, we follow

Powell, Stock, and Stoker| (1989) and renormalize the weighted average derivative as follows:
0 = E[f(2)] " E[f(2)V.m(2)]. (47)

Integrating by parts, it holds that I,E[f(Z)] = E[V.Zf(Z)] = E[ZI(Z)], where I, is the identity
matrix of dimension . Thus, § can be rewritten as § = E[I(Z)Z] ' E[l(Z)m(Z)]. Our first estimator

of the support function applies this renormalization to the sample counterpart and is defined by
1 n . 1 n R
STV ~1
=p'(— Lin(Z:)2;)  — Lin(Z:i)Yyi 48
0 =V (202 Y, (48)

where l}vh uses a Gaussian kernel. This estimator may be interpreted as the inner product between
p and a boundary point estimated by an instrumental variable (IV) estimator, which regresses Y, ;
on Z; using lAi,h as an instrument. Our second estimator replaces the Gaussian kernel with a higher

order kernel[]

Tables report the average losses of these estimators, measured in the Hausdorff distance
measures: Ry = Eldy(0n,00(P))], Riy = E[du(0,,00(P))] and Roy = Eldy(09(P),0,)]. We
call them the Hausdorff risk, inner Hausdorff risk and outer Hausdorff risk respectively. The
directed Hausdorff distance dy is defined by dy(A, B) = SUP,e 4 infpep ||a — bf|, which has the
property that dg (64(P),0,) = 0 if Og(P) C O, but takes a positive value otherwise. Hence, Roy
penalizes ©,, when it is a “small set” that does not cover ©¢(P). On the other hand, R;y penalizes
O, when it is a “large set” that does not fit inside ©¢(P). The Hausdorff risk Ry then penalizes

~

©,, for both types of deviations from Oy (P).

Table [1| reports Ry, R;y, and Roy for the first estimator under different values of ¢, h, and n.
Throughout simulations, we have set h = h for simplicity. One observation is that, for any value of
n when ¢ = 0.5 or 1, Ry is increasing in h, which suggests that a larger bandwidth (oversmoothing)
may introduce an outward bias to the set estimator. This is consistent with the outer hausdorff
risk Roy being decreasing in h when identified sets are relatively large (¢ = 0.5,1). However,
Ry is not increasing in h when the identified set is small (¢ = 0.1) suggesting that there may be
different sources of risk that could affect R;y in this setting. For example, even if one uses a small
bandwidth and the estimated set itself ©,, is small, its location may still be biased so that it does
not stay inside O¢(P). The Hausdorff risk Ry takes both errors into account and seems to have a
well-defined minimum as a function of the bandwidth. For example, when ¢ = 1 and n = 1,000,
the Hausdorff risk is minimized when the bandwidth is about 0.6.

Table [2 reports results for the bias-corrected (second) estimator. Again, for ¢ = 0.5 and 1, Ry
is increasing in h, and Roy is decreasing in h, which suggests an outward bias with oversmoothing,

but this tendency is not clear when the identified region is relatively small (¢ = 0.1). We also note

"Detailed description of the construction of the higher-order kernels is in [Powell, Stock, and Stoker (1989) Ap-
pendix 2.
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that the bias correction through the higher-order kernel improves the lowest Hausdorff risk but not
in a significant manner. In sum, the simulation results show a tradeoff between the inner and outer
Hausdorff risks. The optimal bandwidth in terms of the Hausdorff risk seems to exist, which makes

these two risks roughly of the same order.

6 Concluding remarks

This paper studies the identification and estimation of weighted average derivatives in the presence
of interval censoring on either an outcome or on a covariate. We show that the identified set of
average derivatives is compact and convex under general assumptions and further show that it can be
represented by its support function. This representation is used to characterize the semiparametric
efficiency bound for estimating the identified set when the outcome variable is interval-valued. For
mean regression with an interval censored outcome, we construct a semiparametrically efficient set

estimator.

For practical purposes, an important avenue for future research is to develop a theory of optimal
bandwidth choice. The simulation results suggest the Hausdorff risks vary with the choice of
bandwidth. It is an open question how to trade off different types of biases (inward, outward, and
shift) and variance. Another interesting direction for future research would be to study the higher
order properties of first-order efficient estimators, which would require an asymptotic expansion as

in Nishiyama and Robinson, (2000)) extended to the context of interval censoring.
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SUPPLEMENTAL APPENDIX

In this supplemental appendix, we include the proofs of results stated in the main text. The contents of
the supplemental appendix are organized as follows. Appendix A contains notations and definitions used
throughout the appendix. Appendix B contains the proof of Theorems and Appendix C contains
the proof of Theorem and auxiliary lemmas. Appendix D contains the proof of Theorem Appendix
E then reports the Monte Carlo results.

APPENDIX A: Notation and Definitions

Let II : X — Z be the projection map pointwise defined by « = (yr, yu, 2) — 2. Let v = IIxu be the pushforward
measure of 4 on Z. We then denote the marginal density of P with respect to v by ¢Z(z). By the disintegration
theorem, there exists a family {u, : 2 € Z} of probability measures on X. Throughout, we assume that u, is
absolutely continuous with respect to some o-finite measure \ for all z € Z. We then denote the conditional density

function of P with respect to X by v¢(yL, yu|z).

For any 1 < p < oo, we let || - ||,» be the usual LP-norm with respect to a measure m, where || - || > denotes the

essential supremum.

APPENDIX B: Proof of Theorems 2.1l and 2.2

Proof of Theorem Bl We first show that the identified set can be written as
Oo(P) ={0: 0 = E[m(2)I(Z)], P(mr(Z) <m(Z) <my(Z)) = 1}. (B.1)
For this, we note that, by Assumptions and arguing as in the proof of Theorem 1 in [Stoker| (1986)), we have
Elw(Z)V.m(Z)] = E[m(Z)I(Z)]. (B.2)

Further, the distribution of Y first-order stochastically dominates that of Y. Similarly, the distribution of Yy first-
order stochastically dominates that of Y. Since ¢ is nondecreasing by the convexity of p, it then follows that, for

each u € R,
Elg(V — )| 2] < Elg(Y - w)|Z] < Elg(Yy - u)|Z], P~ as. (B:3)

Eq. then follows by (B.3]), Assumption (iii), and the hypothesis that E[¢(Y — u)|Z = z] = 0 has a unique

solution at u = m(z) on D.

For the convexity of ©g(P), observe that for any 61,05 € ©¢(P), there exist my,mg : £ — R such that
0; = Eim;(2)l(2)] and mp(Z) < m;j(Z) < my(Z),P —a.s. for j =1,2. Let a € [0,1] and let 8, = a1 + (1 — )0s.
Then,

0o = E[ma(Z)l(Z)]a

where my, = amy + (1 — a)mg. Since mp(Z) < mo(Z) < my(Z), P — a.s., it follows that 6, € ©¢(P). Therefore,

Op(P) is convex.

We show compactness of ©¢(P) by showing ©¢(P) is bounded and closed. By Assumption ()-(ii), for any
RS @0(P),

09| < sup [m(2)| E[IY(Z)|] < sup |2|E[I9(Z)[] < 00, forj=1,--- L. (B.4)
z€EZ x€D
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Hence, ©¢(P) is bounded. To see that ©¢(P) is closed, consider the following maximization problem:

maximize E[m(Z)p'l(Z)], (B.5)
st. mp(Z) <m(Z) <my(Z),P —a.s. (B.6)

Arguing as in the proof of Proposition 2 in |Bontemps, Magnac, and Maurin| (2012)), the objective function is max-
imized by setting m(z) = mpr(z) when p'l(z) < 0 and setting m(z) = my(z) otherwise. This and give
the support function of ©y(P) in and also shows that, for each p € S, there exists m,(z) = 1{p/l(z) <
0}mp(2z) + H{p'l(z) > 0}my(z) such that v(p, ©9(P)) = (p,0*(p)), where 68*(p) = E[m,(Z)I(Z)]. Since m, sat-
isfies mr,(Z) < my(Z) < my(Z), P — a.s., we have 6*(p) € ©y(P). By Proposition 8.29 (a) in |[Rockafellar and Wets
(2005), the boundary of ©g(P) is {f : (p,0) = v(p,O0(P)),p € S'}. Therefore, Oy(P) contains its boundary, and

hence it is closed.

For the strict convexity of ©¢(P), we show it through the differentiability of the support function. The proof is
similar to that of Lemma A.8 in Beresteanu and Molinari (2008) and Lemma 23 in |Bontemps, Magnac, and Maurin
(2012). To this end, we extend the support function and define s(p, ©g(P)) as in for each p € R\ {0}.

For each z € Z, let £(2) = (mp(2) —my(2))l(2). For each p € R\ {0}, let ((p) = E[1{p'¢(Z) > 0}p'&(Z)]. Then,
since mz,(Z) —my(Z) < 0 almost surely, it holds that v(p, O¢(P)) = ((p) + E[my(Z)p'l(Z)] for all p € R*\ {0}. For
any p,q € RY\ {0}, it then follows by the Cauchy-Shwarz inequality that

I¢(q) — C(p) — (¢ — p) EIE(2)1{p'§(Z) > 0}]|
= |E[(1{d'¢(Z) > 0} — {p'&(Z) > 01)d'E(2)]] < [|1{d'§ = 0} — 1{p'¢ > O}[| 2, |¢'El 2 (B.7)

By Assumptions (i), the distribution of £(Z) does not assign a positive measure to any proper subspace of R’
with dimension ¢ — 1, which ensures P(p’¢(Z) = 0) = 0. Thus, for any sequence {g,} such that ¢, — p, it follows
that 1{¢,£(Z) > 0} “¥ 1{p'¢é(Z) > 0} as n — co. Note that 1{p’¢(Z)} is bounded for all p. Thus, the function class
{12{p'¢(")} : p € RY\ {0}} is uniformly integrable. These results ensure that ||1{¢’¢ > 0} — 1{p’¢ > 0tlzz, — 0 as
q — p. This and [|¢’¢[| 2, < co imply that the right hand side of is o(1). Hence, ( is differentiable at every point
on R\ {0} with the derivative E[¢(Z)1{p'¢(Z) > 0}]. Note that, for each z € Z, p = my (2)p'l(2) is differentiable with
respect to p and my is integrable with respect to P by Assumption[2.3|(i)-(ii). This ensures that p — E[my(2)p'l(Z)]
is differentiable with respect to p at every p € R\ {0}. Therefore, the map p — v(p, ©¢(P)) is differentiable for all
p € R\ {0}. By Corollary 1.7.3 in|Schneider| (1993), the support set H(p, O¢(P)) = {8 : (p,0) = v(p, O¢(P))}NO¢(P)
for each p then contains only one point, which ensures the strict convexity of G¢(P).

Too see that ©g(P) is sharp, take any # € ©g(P). Then, by convexity, there exist p,q € S and « € [0,1] such
that 8 = af*(p) + (1 — a)0*(q), which further implies
0 = El(amp(Z) + (1 — a)mq(2))I(Z)] = E[w(Z)V2ma.p.q(Z)]; (B.8)

where mq p ¢ = amy + (1 — a)myg, and the last equality follows from integration by parts and Assumptions (1)
and (iv) ensuring the almost everywhere differentiability of mq, p 4. Since mq p 4 satisfies in place of m with
Ma,pq a0d Mg p o i almost everywhere differentiable, # is the weighted average derivative of a regression function

consistent with some data generating process. Hence, ©¢(P) is sharp. B

Proof of Theorem 22 We first show (I6). By the first order condition for and Assumption (ii), Elq(Y —
9(Z, V)2, V] = E[q(Y — g(Z,V))|Z,V] = 0, P — a.s. By Assumption (i) and the monotonicity of ¢, for

v < v < vy, we have

/q(y —g(z,00))dP(y|Z,v) <0 < /q(y —9g(z,v1))dP(y|z,v), P—a.s. (B.9)
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Taking expectations with respect to V', we obtain

/q(y —9(z,00))dP(y[z) <0 < /q(y —9(z,01))dP(y|2), P —a.s. (B.10)
Further, by Assumption (i),
[ty vwwnartiz) ~ o (B.11)
By (B.10)-(B.11)) and the monotonicity of ¢, we then have
g(z,v1) < y(z,vp,v0) < g(z,vp). (B.12)

Let 2 (v) = {(vr,vv) 1 vp < vy <wv}and Ey(v) = {(vr,vy) : v < v <wvy}. To prove the lower bound on g(z,v),
take any vy < v. Then by Assumption 2.4 (i) and (B.12), we have v(z,vr,vy) < g(z,v) for any (vg,vy) € E(v).
Hence, it follows that gr,(z,v) = sup(y, v )ez, () V(2 VL, vu) < g(z,v). Note that gp(z,v) is weakly increasing in
v by construction and differentiable in z with a bounded derivative by Assumption (iii). Hence, it is consistent
with Assumption (i). Thus, the bound is sharp. A similar argument gives the upper bound. Hence, holds.
This and integration by parts imply that the sharp identified set can be written as

O0.u(P) = {0: 0 = E[g(Z.v)(2)), PgL(Z,v) < 9(Z.v) < gu(Z.v)) = 1}. (B.13)

The rest of the proof is then similar to that of Theorem It is therefore omitted. W

ApPPENDIX C: Proof of Theorem [3.1]

This Appendix contains the proof of Theorem and auxiliary lemmas needed to establish the main result.

To characterize the efficiency bound, it proves useful to study a parametric submodel of P. We define a parametric
submodel through a curve in Li. Let ho = /dP/du. Let o : X — R and ¢ : Z — R be bounded functions that are
continuously differentiable in z with bounded derivatives. We then define

o(r) =d(x) - E6(X)|Z =2], and  ¢(z) = é(2) — E[¢(2)], (C.1)
where expectations are with respect to P. For each n € R, define v, : X = R and ¢, : Z — R by
vn(yr,yulz) = vg(yr, yol2) (L +200(x)),  and  ¢;(2) = ¢5(2)(1 + 2né(2)). (C.2)
We then let A2 be defined pointwise by
hi () = v (yr, yul2) 5 (2). (C.3)

It is straightforward to show that n — h% is a curve in Li with ho = 09Po-+vodo, where o(yrL, yulz) = v(x)ve(yr, yulz)
and ¢o(z) = ¢(2)¢o(z). We also note that for any 1 and 7y in a neighborhood of 0, it holds that

(YL, yulz) = v (YL, yul2) (L + 20— 10) Ty, (), and ¢y (2) = ¢5, (2)(1 + 20y, (2)).- (C.4)

where v,, = v02/v2, and ¢,, = ¢¢3/¢? . We then define iy, (yr,yulz) = Vno(2)vn, (YL, yulz) and ¢y, (2) =
an() (Z)(b??o (Z)

We further introduce notation for population objects along this curve. Let f,(z) = q&f] (2) and 1, = —V,w(z) —
w(2)V. fn(2)/fn(2). Lemma will show that there exists a neighborhood N of 0 such that the equations [ q(yr, —
m)v2(yr, yulz)dA(yr, yo) = 0 and [ q(yo — m)v2(yr, yu|2)dA(yL, yo) = 0 have unique solutions on D for all n € N.

We denote these solutions by mr,, and my, respectively. We then let my ,(2) = I'(mp,(2), muy,(2),0'1,(2)).
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Further, we define
d
dm

where expectations are taken with respect to F,. Finally, define

Eylaly; — )| Z = 2] | _ = LU, (C.5)

ij(z) =- (Z)v

Con = T(rp 0 (2)a(yr — mpp(2),ry, (2)alyo — muy(2)), Py (2))- (C.6)

Given these definitions, we give an outline of the general structure of the proof. The proof of Theorem [3.1]

proceeds by verifying the conditions of Theorem 5.2.1 in Bickel, Klassen, Ritov, and Wellner| (1993), which requires
(i) the characterization of the tangent space at P, which we accomplish in Theorem and (ii) the pathwise weak
differentiability of the map @ — v(-,©¢(Q)), which is established by Theorem

TANGENT SPACE (Theorem [C.I))

Step 1: Lemmas show that for some neighborhood N of 0, Assumptions and hold with P, in
place of P for all n € N, where \/m = h,, defined in -. This means that the restrictions on P in
Assumptions [2:3] and [3:2] do not restrict the neighborhood in such a way that affects the tangent space derived in
the next step. In this step, we exploit the fact that Z is determined by the dominating measure p instead of each

distribution in the model.

Step 2: Theorem then establishes that the tangent space S equals T = {h € L2 [ h(z () = 0} by
showing that (i) S C T generally and (ii) due to Step 1, {P,,n € N} is a regular parametric Submodel of P whose
tangent set U C S is dense in T implying T C S.

DIFFERENTIABILITY (Theorem [C.2))

Step 1: Lemmas and [C.7] explicitly characterize the pathwise derivatives of my,,j = L,U along the curve
n + hy, defined in (C.2)-(C.3).

Step 2: Based on Step 1 and Lemma [C.8] Lemma [C.9] then characterizes the pathwise derivative of the support
function v(p, ©¢(P,)) at a point p along the curve n — h, defined in (C.2)-(C.3). Lemmas and further

show that this pathwise derivative is uniformly bounded and continuous in (p,n) € S* x N.

Step 3: Based on Step 2, Theorem first characterizes the pathwise weak derivative of p(P;;) = v(-, ©9(Fy))

on the tangent space of the curve i — h,, and further extends it to S.

Lemma C.1. Let n— h, be a curve in L2 defined in . Suppose Assumption|2.1| holds. Suppose P € P.
Then, there exists a neighborhood N of 0 such that (i) fq (y; —m)v n(yL,yU| )d)\(ybyy) =0 has a unique solution
at m =mj,(z) on D for j=L,U and for alln € N; (ii) For each (z2,n) € Z x N, m, 1, and my, y are continuously

differentiable a.e. on the interior of Z x N with bounded derivative. In particular, it holds that

AL n(Z)‘ =2r75 . (2) /q(yL =ML, (2))0n (YL, YU l2) V0o (YL, yu[2)dA (YL, yu) (C.7)

0
on n=mo
0
on

——my,,(z )‘ =2rgh, (2)/Q(yU = M, (2))0no (YL, YU 12) V0o (YL, yu2)dA (YL, yu), (C.8)

n="mno

for allmg € N.

Proof of Lemma, The proof builds on the proof of Theorem 3.1 in Newey and Stoker| (1993). By Eq. (C.2), it
follows that

/ alyr — )02 (v v |2)AA (L yr) = / ayr — )2, yo|2)dM L, yo)

o / (v, — 1)o(@)e2 (v )N yw). (C.9)
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Since P € P, Assumption and Lemma C.2 in Newey| (1991)) imply that [ o(x)v3(yr,yu|2)dA(yr,yu) is contin-
uously differentiable with bounded derivatives, and hence so is v. Therefore, [ q(y; — m)v(z)vd(yr, yu|2)dN(yL, yu)
is continuously differentiable in (z,7) on Z x D for j = L,U. Hence, by (C.9), there is a neighborhood N’ of
0 such that the map (z,1m,1) — [q(yr — ﬁl)v%(yL,yU|z)dA(yL,yU) is continuously differentiable on Z x D x N’
with bounded derivatives. By continuity, we may take a neighborhood N of 0 small enough so that [g¢(yr —
m)v2(yr, yulz)dA(yr, yo) = 0 admits a unique solution mr, ,(z) for all n € N. A similar argument can be made for

mu.m.

By the implicit function theorem, there is a neighborhood of (z,0) on which V.m;,, and %mjm(zﬂn:no exist
and are continuous in their arguments on that neighborhood for j = L,U. By the compactness of Z, N can be

chosen small enough so that V,.m,, r and %mj,n(zﬂnzno are continuous and bounded on Z x N and

0 _ . .
6777”]""(2) I 2Tj,,1,0(2)/Q(yj = M0 (2)) 0 (YL, YU |2) V0 (Yr, yu |2)dN (YL, yu), 5= L, U. (C.10)

This completes the proof of the lemma. B

Lemma C.2. Let n — hy be a curve in Li defined in (C.2))-(C.3)). Suppose Assumption (i) holds. Suppose
further that P € P. Then, there exists a neighborhood N of 0 such that the conditional support of (Y1, Yy) given Z

is in D° x D°, w(2) fy(2) =0 on 9Z, Py — a.s., V.fy/fy(2) is continuous a.e., and [ ||l,(2)|*¢7(z)dv(z) < oo for
allm e N.

Proof of Lemma[C2 By (C.2), {(yr,yv) : v3(yr,yvl2) = 0} € {(yr,yv) : vi(yr,yulz) = 0} for all z € Z and
n € R. This implies {(yr,yv) : vi(yz, yulz) > 0} € {(yz,yv) : v3(yL, yulz) > 0} € D x D° for all z € Z and 1) € R,
where the last inclusion holds by Assumption[2.3] This establishes the first claim. Similarly, the second claim follows

immediately from Eq. (C.2) and Assumption (ii).
For the third claim, using Eq. (C.2)), we write
Vafo(2) _ Vaf(2) | 2V:9(2)
fa(2) fz) 1+ 2m¢(z2)
By Assumption (ii), (C:11), and ¢ being bounded and continuously differentiable in z, (1, 2) — V., f,,(2)/f;(2)
is continuous. This and Assumption in turn imply that the map (n,z) — |[|l,(2)||* is continuous. Hence, by

Assumption (i), it achieves a finite maximum on N x Z for some N small enough. Therefore, [ i, (2)]|¢;(2)dv(z) <
oo forallpe N. m

(C.11)

Lemma C.3. Let n+— hy be a curve in Li defined in (C.2)-(C.3). Suppose further that P € P. Then, there exists
a neighborhood N of 0 such that |rp ,(2)| > € and |ry,(2)| > €, for allz € Z andn € N.

Proof of Lemma By (C.2) and (C.5), rr, can be written as

d

TL,U(Z) = En [Q(yL - ﬁl)|Z = Z} | 5

s = (2)
L (Bl —m)|Z = )+ 20 [ ale =)o@ e, vl 90)) o,
dm M
d o
=rp(z) — Qndﬁz /q(yL —m) (ac)vg(yL,yU|z)d)\(yL,yU)‘mZmLm(Z). (C.12)

Since v is bounded and continuously differentiable, the second term on the right hand side of is well-defined
and is bounded because Assumption (iii) holds for P € P. By Assumption (i) and Eq. , we may take
a neighborhood N of 0 small enough so that |rp ,(z)| > € for all n € N and z € Z. A similar argument can be made
for ry 4 (%). Thus, the claim of the lemma follows. B

Lemma C.4. Let n+— hy be a curve in Li defined in (C.2)-(C.3). Suppose further that P € P. Then, there exists
a neighborhood N of 0 such that (i) for any ¢ : X — R that is bounded and continuously differentiable in z with
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bounded derivatives, [ o(x)vz(yr,yu|z)dN(yL,yv) is continuously differentiable in z on Z with bounded derivatives;

(i) fq(yL—ﬁl)ga(ﬂc)vg(yL,yU|z)d/\(yL,yU) andfq(yU—rh)go(m)v?](yL,yU|z)d)\(yL,yU) are continuously differentiable
in (z,m) on Z x D with bounded derivatives for allm € N.

Proof of Lemma Let ¢ : X — R be bounded and continuously differentiable in z with bounded derivatives. By
(C.2)), we may write

/ o(@)02 (g, v )N yo) = / (@) (L v |2)dA i, w) + 21 / o(@)o() e (yr, yo )Ny y)  (C13)

Note that ¥ is bounded and continuously differentiable in z with bounded derivatives. Thus, by Assumption [3.2| (ii),
J o yL7 yu)dA(yL,yu) is bounded and continuously differentiable in z with bounded derivatives. Slmllarly, we

may erte

[ atoe = () n. w2z, )
= /q(yL —m)e(x)vg (yr, yu|2)dA(yL, yu ) + 2n/q(yL — m)p(x)0(x)v5 (yr, yul2)dA (YL, yu). (C.14)

By Assumption (iii), [ q(yr — m)e(x)v3 (YL, yu)dA\(yr, yu) is bounded and continuously differentiable in z with
bounded derivatives. Further, since v is bounded and continuously differentiable in z with bounded derivatives, again
by Assumption (iii), the same is true for the second term in the right hand side of (C.14). The argument for
Jalyo — m)e(x)v2(yr, yu)dA(yL, yu) is similar. Thus the claim of the lemma follows. m

Lemma C.5. Let n — hy be a curve in L2 defined in . Suppose that P € P. Then, there exists a
neighborhood N of 0 such that mp , and my, are contmuously differentiable a.e. on Z with bounded derivatives.

Further, the maps (z,m) — V.mr ,(2) and (z,m) — V.my,(z) are continuous on Z x N.

Proof of Lemma [C.5l 'We show the claims of the lemma for my, ,,. By P € P, Assumptlon- iii) holds, which implies
that the maps (z,7m) — [ q(yr —m)v3(yr,yu|2)d\(yr, yu) and (z,m) = [q(yr —m)o(2)vg(yr, yulz)d\(yr, yu) are
continuously differentiable on Z x D. By (C.14 - with ¢(z) = 1), it then follows that (z,m,n) — fX q(yr —
m)e(z)v2(yL, yulz)dA(yr, yu) is continuously differentiable on Z x D x N for some N that contains 0 in its interior.
Following the argument in the proof of Theorem 3.1 in [Newey and Stoker| (1993)), it then follows that V. mp , exists
and is continuous on Z x N. By the compactness of Z, N can be chosen small enough so that V,my, , is bounded

on Z x N. The argument for my, is similar. Hence it is omitted.

Theorem C.1. Let Assumptions and hold and P € P. Then, the tangent space of S at s = \/dP/du is
given by S = {h € L2 : [ h(z)s(x)du(z) = 0.}

Proof of Theorem [CIl Let T = {h € L2 : [h(z)s(z)du(z) = 0}. S C T holds by Proposition 3.2.3 in Bickel,
Klassen, Ritov, and Wellner| (1993)).

For the converse: T C S, it suffices to show that a dense subset of T is contained in S. For this, let U= {ho €

L2 J ho(x)s(z)du(z) = 0} denote the tangent space of the curve defined in C2)-(C.3). By Lemmas , there
isa nelghborhood N of 0 for which Assumptions ﬁand .hold for all n € N. Therefore, n — h? 71 € N is aregular

parametric submodel of P whose Fréchet derivative at n = 0 is given by ho. Hence, UcCs. Further, by Lemma C.7
in Newey| (1991) and the argument used in the proof of Theorem 3.1 in |Newey and Stoker| (1993]), U is dense in T
Thus, TC S. m

Lemma C.6. Let i — hy, be a curve in Li defined in (C.2)-(C.3). Suppose Assumption holds. Suppose further
that P € P. Then, there is a compact set D' and a neighborhood N of 0 such that D' contains the support of
Y, —mp g, (Z) and Yy — my ., (Z) in its interior for all ng € N.
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Proof of Lemma, By Lemma there exists a neighborhood N’ of 0 such that the supports of Y7, and Yy are
contained in the interior of D under P, for all n in N’. Similarly, by Lemma there is a neighborhood N of
0 such that my, ,,(Z), my,,(Z) are well defined for all n € N” and their supports are contained in the interior of D
respectively. Without loss of generality, let D = [a,b] for some —co < a < b < 0o and let N = N’ N N”. Then,
the support of Yz, — mp ,(Z) is contained in D" = [a — b,b — a] for all n € N. A similar argument ensures that the
support of Yy — my,(Z) is contained in D’. This completes the proof. m

Lemma C.7. Let n — hy, be a curve in Li defined in (C.2)-(C.3). Suppose Assumption holds. Suppose
further that P € P. Then there is a neighborhood N of 0 such that (i) the functions (z,m9) — a%??”LL,n(z)L]:770
and (z,mp) — B%mU’”(Z)‘n:no are bounded on Z x N; (i) For each z € Z, the maps ng a%mLm(Z”n:no and
N —> a%mmn(z)‘n:no are continuous on N.

Proof of Lemma By Lemmas and Assumption 2.1 and ¥ being bounded, it follows that

0
|87nmj’"(z)

| <2e" sup |g(u)| x sup v(z) < o0, j = L,U. (C.15)
n="0 ue D’ TEX

Hence, the first claim follows. Now let 1, € N be a sequence such that 7, — 1. Then, by the triangle and

Cauchy-Schwarz inequalities,

0

0 1 —1 .
— - = <2 - X C.16
(e = gmea(@)] |2zl () =zl ()] sup la(w)] < i, g o o3 (C.16)
26" sup ()l (o, — vnolzg o 13 + o, — gl g L23) (C17)
+2¢7 / lq(yr = my, (2)) = 4(yz — mny (2))[0ny (Y2, Yo 12) Vo (Y, YU 2) AN YL, YU )- (C.18)

Note that |r£1n — rz’&70| — 0, a.e. by . By the continuous Fréchet differentiability of 7 — vy, it follows that
[vn, = vnellz = o(1) and [y, — ¥y, |22 = o(1). Further, tends to 0 as 77, — 7o by the dominated convergence
theorem, almost everywhere continuity of ¢ ensured by Assumption (ii), and m,, — my,,a.e. by Lemma
Therefore, |a%mLm(Z)‘n:nn - a%mL,n(Z)|n:no| = 0(1). The continuity of a%mU,n(Z”n:no can be shown in the same

way. This completes the proof. B

Lemma C.8. Let n+> hy, be a curve in Li defined in (C.2)-(C.3). Suppose Assumption holds. Suppose further
that P € P. Then, there is a neighborhood N of 0 such that

o [V N1 ) > ) (2) = iz (6, (Nav(a)| =0, (©19)
for allng € N.

Proof of Lemma By (C.11)), there is a neighborhood N of 0 such that for all g € N,

L) AL+ md(=)
I P B 5 (C.20)
ap'ly(2)

Hence, by compactness of S x Z, the map (p, z,19) + Tnhzno is uniformly bounded on S¢ x Z x N by some
constant M > 0. Let 7,, be a sequence such that 1, — 19 € N. By the mean value theorem, there is 7, (z) such that

lim [ plyy (2)(1{p'ly, (2) > 0} = H{plyy (2) > O}) (o (2) — Mg (2)) 05, (2)dr(2)

:nli_{I;o D'l (2)(1{p' 10 (2) > (0 — nn)ap’é;(z) n=ﬁn(z)} — H{p'lny (2) > 0}) (Mg (2) — mip i, (2)) 2, (2)dv(2)
< i [ Wt LI (2] < Mo — 1m0 (2) — . (6% (J(2), (ca1)
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where the last inequality follows from %ﬁ“zﬁn(z) being bounded by M. Therefore, from (C.21)), we conclude
that

. # / = / P B / 5 m 2 —m 9 Nl
tim e[ 0 ()10, (2) > 0F = 15y () > 0D (2) = 11,3) 62, ()2

n—oo

< 2sup gl x M x T [ {11, ()] < Ml = mal} 63, ()dv(z) =0, (C:22)
ye n oo

where the last equality follows from the monotone convergence theorem and P being in P ensuring Assumption (3.1

(ii). m

Lemma C.9. Let n — hy be a curve in L2, defined in (C.2)-(C.3). Suppose Assumptions and hold.
Suppose further that P € P. Then, there is a neighborhood N of 0 such that for all ng € N,

v (p, O (Fy))
on

=2 / {w(2)p' V2, (2) = (2, ©0(Pay)) + 1l (2)Gp,mo (Y Yo 2) g () gy dp(). (C.23)

Proof of Lemma [C9 We first show I'(V.my, ,(2), V.muy,(2),p'l,(2)) is the gradient of m,,(2), p — a.e. By As-
sumption (ii), it suffices to show the equality for z such that p'l,(z) # 0. Write

My (2 + h) —mypp(2) — T(Vomp (2), vszm(Z)vp,ln(Z))/h
= 1{p'l,(z 4+ h) > 0}[(mu,y(z + k) —mp (2 + h)) — (muy(2) — mp,(2) — (Vemu,(2) — Vemg ,(2)) B
+ (1{10,177(2 +h) >0} - l{p’ln(z) > 0}) x [(muy(2) —mry(2) — (Vamug(2) — vsz,n(Z))/h]
+ (mpy(z+h) —mp,(2) — Vomp,(2)'h). (C.24)
V.my, and V,mp , being the gradients of my,,, and mr, ,, respectively implies that
(mup(2 + 1) = mpp(z+h) = (mug(2) = mpy(2) = (Vemog(2) = Vame g (2))'h = o(([R]),
mpn(z+h) —mp,(z) — Vomg ,(2) h = o(||h]]). (C.25)

By the continuity of z — [;(z), ensured by Assumption (C.11)), and ¢ being continuously differentiable, there
exists € > 0 such that 1{p’l,(z + h) > 0} = 1{p'l,/(2) > 0} for all h such that ||h|| < e. These results and (C.24))

ensure that
Mp.y(2 + D) = mpn(2) = T(Vemnp p(2), Vamog(2), p'ly(2) b = o(||R]]). (C.26)
In what follows, we therefore simply write V,my ,(2) = I(V.mr ,(2), Vomy,(2),0'l,(2)).

Next, we show that n — V_,m,,(z) is continuous for almost all z € Z. By Lemma n — V,mr, and
1 — V.my,, are continuous. Further, if 7,, — 1o, then

p({z: lim 1{p/1, (=) > 0} = 1{p/l,(2) > 0}}) = 1

n— 00

by the continuity of 1 — p'l, () ensured by (C.11) and p({z : p'l,,(2) = 0}) = 0 by Assumption (ii). Hence,
1 — V.my (%) is continuous a.e.

By Theorem integration by parts, and (C.4]), we may write
o0, 00(P) = [ WV (262, () )+ 20 = ) [ W Vet (o ()6 (i) (C20)

= /p/lno(Z)mp,n(2)¢?,o(2)dV(Z) +2(n— 770)/W(z)p’vzmp,n(zwno(2)¢no(2)dV(Z). (C.28)
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This and v(p, ©0(Py,)) = [ p'lyy (2)mp.n, (2)02, (2)dv(z) by Theorem [2.1| imply

dv(p, Oo(Fy))

n="no

/ D'l (2) (M, (2) = M (2)) 83, ()l (2) +2 L [ w(2)p'Vammy ) (2) o (2) g (2)di(2),

n—"no

where the second equality follows from w, V,m,, , and éno being bounded by Assumption and Lemma which
allows us to apply the dominated convergence theorem, and the almost everywhere continuity of n — V,m, ,(2).
The first term on the right hand side of (C.29) may be further rewritten as

ggm_wO/ﬂ%xammﬂa—nmmwawmww (C.30)

:ggw_nm/ﬂ%@n@%aa>0Nmuww—nmm@»ﬁgaw@> (C31)

lim —— [ Pl ()10 g (2) < OHmi(2) — 701y (2)) 82, () (2) (C.32)
n—mn0 1] — 7o

+ lim — /ﬂ%@W@%@DN%4@%Jd>@me@%mwm®wi@w@) (C.33)
n=no 1 — 7o

For (C.31)), by the mean value theorem, we have

1
Jim e [ (L1 (2) > 0} (m(2) = )63, (2)(2)

. / / 0
= lim |l ()P (2) > 0} g mog ()] 0% (2)n()
0
= [P ) > 0 ()] GG, (©30)

where the first equality holds for each p for some 7j(p,n) a convex combination of 1 and 7y. The second equality
follows from Lemmas and Ilp|l = 1, and Assumption (ii) justifying the use of the dominated convergence
theorem. Similarly, for (C.32), we have

lim
n—mno 1 — Mo

[ P10, () < 04010 (2) = 1.0, ) 5, ()
— [t () <0 gomen ()] (vt . (€39)

Hence, by (C.29)-(C-34), integration by parts, and (C.33) being 0 by Lemma [C.8] we obtain

dv(p, ©o(Fy))

an = 2/pllno(z)gpmo(yLayUaZ)bno(yLayUk)vno(yL;yUaZ)dA(yLayU) ?,O(Z)dl/(z) (C.36)

n="no
42 [ WV (i (21, (2)0(2) (1)
Using fip, = Byo Gy + Vo s J v2,dX =1, and [ hyyhy,dp = 0, we may rewrite this as

dv(p, O (Py))
on

= 2/{w(z)plvzmp,no(z) —v(p, ©0(Pyq)) + P'lyo (2)Cp,no (YL, Y, Z)}hno (@) hyodp(z) . (C.38)
n="no
Therefore, the conclusion of the lemma follows. B

Lemma C.10. Let i+ hy be a curve in L7, defined in (C.2)-(C.3). Suppose Assumptions and hold.
Suppose further that P € P. Then, there is a neighborhood N of n = 0 such that the map (p,n0) — %b:no

is uniformly bounded on S* x N.
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Proof of Lemma By Lemma and the triangle inequality,

8U<p’ GO(PU))
877 n=no

= 2| [{0 Tty (2) (5. O (Py ) Vo (o) ()

42| [ 50y (o 00,2 (@, (2)d) . (C:39)
By Assumption [2.2)and ||p|| = 1, uniformly on N,

[w(2)p'V ey (2) || < sup [w(2)| x [[Vampy,(2)[| e < sup [w(2)] x (Sup [Vemp,y(2)] + sup [Vomyy(2)]) < oo.
z€EZ zEZ zEZ zEZ

(C.40)

where the last inequality follows from Lemma This ensures that (p,n) — v(p, Oo(P,)) is uniformly bounded on
S¢ x N. We therefore have

| [T 10,(2) = (0, ©0(Py)) Yo () ()

< sup [w(2)p'V 21,0 (2) = 0(D, O (Py 1o | 23 1P [l 22 < 00 (C.41)
(pym0,2)ESEXN X Z

Further, by Assumption (ii) and Lemmasand it follows that sup ¢ v |Cp.no (2)| < 26 sup, e pr |g(u)] < 0o
for all (p,no) € S* x N. Therefore, by the triangle and Cauchy-Schwarz inequalities and Lemma we have

[t 00 D 0 )
<26 sup () [ iy (g (), (0)da) < 267 sup a1 B [ ()12 < 0. (.42
ue D’ weD!

By (C.39)), (C.41]), and (C.42)), the conclusion of the lemma follows. B

Lemma C.11. Let n — hy be a curve in L7 defined in (C.2)-(C.3). Suppose Assumptions and hold.
Suppose further that P € P. Then, there is a neighborhood N of 0 such that the map (p,n9) — W}

o 18
continuous at all (p,mo) € S* x N.

n="no

Proof of Lemma [CTIl Let (p,,n.) be a sequence such that (p,,n,) — (p,m0). For each (p,n,2) € S* x N x Z, let
Yo (2) = w(2)p'V.omy ,(2) —v(p, ©g(P,)). We first show that (p,n) — v, (2) and (p,n) = (pn(x) are continuous a.e.
By Lemma n— V.mrp ,(z) and n — V.my,,(z) are continuous for every z € Z. Further, if (p,,n,) — (p,70),
then

p({z: nh_}rrgo Hpnly, (2) >0} = 1{pl,,(z) > 0}}) =1
by the continuity of (p,n) — p'l,(2) implied by (C.11)) and p({z : p'l;,(2) = 0}) = 0 by Assumption |3.1] (ii).
Hence, (p,n) — w(2)p'V.my ,(2) is continuous a.e. Note that by (C.4), v(p, Oo(Py)) = [w(2)p'V.my.,(2)(1 +2(777
170)Bo (2)) 2 (2)dv(z). Hence, as (pn,7n) = (p,70), it follows that

Tim 0(pn, O0(Py,) = Tim [ w(=)p, Vemy, g, (2)(1+ 2000 = 10)dgy (2))82, (2)d(2)

n—oo

= / lim_w(2)p, Vi, g, (2)(1+ 200 = 10)6n, (2)) 05, (2)dv(2) = v(p, O0(Py,)), (C.43)

n—oo

where the second equality follows from w(z)p'V ,my, ,(2) and ¢(z) being bounded on S* x N x Z and an application of
the dominated convergence theorem, while the last equality follows from the continuity of (p,n) — w(2)p’'V,mp.,(2)

for almost all z. Hence, (p,n) + vp,n(2) is continuous a.e.

The maps (p,n) — Tj_é(z)q(y] —m;n(2)),j = L,U are continuous for almost all 2 by Assumption [2.1{(ii), (C.12)),
and 1 — mj,(z) being continuous for almost all z for j = L,U by Lemma [C.7] Since (p,n) — 1{p'l,(z) > 0}} is

continuous for almost all z as shown above, it then follows that (p,n) — (,,(z) is continuous for almost all z.
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Given these results, we show W w\n

" ln=n, o —n, — 0 as n, = no. Toward this end, we first

note that
0 O0(E) | _ 2 00) )
- -
=2 [y (Do (£, i) =2 [ Gy (2 @y () (€.45)
42 [ B0, (2060, (@, (@A) =2 [ D1y (2060 () ) i), (€0
By Lemma the Cauchy-Schwarz and triangle inequalities,
[ A Vo, @, i) = [ Sy (g (@) (o) (Ca7)
< s Do) Bl W, 5+ o, — | D ()
1 [ e, () = (o (g (2)(2) = o), (C.49)

where the last equality follows from n — h, being continuously Fréchet differentiable, (p,7,2) — vp,(2) being
bounded on S* x N x Z as shown in Lemma the dominated convergence theorem, and (p,n) — v, ,(2) being

continuous a.e.

Further, we may write (C.46)) as

/ Pl (2)Cpnin (@) g, (@) hy, dpal) / Pl (2)Gpuo (@) Frng (2) iy dpa() (C.50)
= / Pl (2)Cpn (@) (i, (), (2) = P (2) Py () )l () (C.51)

+ / Pl (2) (G 1 (@) = G (@) igy (@) g () dpa() (C.52)

+ / (Pl (2) = 2Ly (2)) oo (€) Frng (2) g (2) () (C.53)

By Assumptions and (i), (C11)), and ¢ being continuously differentiable, (n,z) — [|1,(2)]| is continuous on
N x Z. Hence, it achieves a finite maximum on N x Z. Further, by Lemmas and Assumption (ii),
Sup,ex Cpmo ()] < 267 L sup,epr |q(u)| < oo for all (p,nm0) € S* x N. By Cauchy-Schwarz inequality, and ||p,|| < 1
for all n, it then follows that

[ B (), @), () = iy (2 ) )

< s O s 5 @) 2o, — bz + in, — o 3 N l22) = o(1),  (C.54)
(n,2)ENXZ (p,n)ESEX N z€X

where the last equality follows from 7 — h, being continuously Fréchet differentiable. Further, by the almost
everywhere continuity of (p,n) — p'l,($p.n — Cpono )

lim [ pi, 1, (2) (Cpon () = Cpomo (@) gy () gy () dpa()

:/ggﬁ%AM@me—%m@W%@MM@@@Fﬂ~KH@

where the first equality follows from the dominated convergence theorem. Finally, again by the dominated convergence

theorem,

lim [ (L, (2) = Pl (2)) oo () o (2) gy () dpa()

n— oo

n—oo

:/mmmm>pmwmmw%m%mwm:omm>
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By - -, we conclude that av(p"’e"(P ) [— w| n=no — 0 as 1, — no. This establishes the claim

of the lemma. H

Theorem C.2. Suppose Assumptions and hold. Then, the mapping p : P — C(S*) pointwise defined by

p(hy)(p) = v(p,O0(Py)) for hy = \/dP,/du is then pathwise weak differentiable at ho = \/dPy/dp. Moreover, the
derivative p : P — C(S?) satisfies:

p(ho)(p) = 2 /{w(Z)P’Vzmp(Z) — v(p, ©0(Fo)) +p'U2) G (x) }ho(2)ho (x) dpa(). (C.57)

Proof of Theorem [C.2l We first show that dp(F;)/ 877| is the pathwise weak derivative of p. For this, p(hg) € C(S)
for all hg € S as implied by Lemmas |C E and |C - Llnearlty of p is immediate, while continuity follows by noting
that by the Cauchy-Schwarz inequality and [|p|| = 1,

sup|3(ho) oo

h _
lholl 3 -

< 2{sup |lw(2)p'V.my(2) — v(p, O0(P))l L + sup [1C2)1I > sup la()[}hol 2 [lholl 2 < o0, (C.58)
z€ ueD’

peSt

where we exploited ((C.40), Assumption [2.1] (ii), and the fact that z — [|I(2)|| being continuous hence achieves a finite
maximum on Z by Assumptions (i), and P € P. Let n — h, be a curve in Li defined in (C.2))-(C.3)). For

each p € S*, by the mean value theorem,

[Py v P [ 00 P ()

7}0190 /sff 7o 4B(p) = TIIOIQO /se on ’n:ﬁ(pmo)dB(p) (6-59)
00 (p. P,)(p) o

[0 ) = [ o) (r)dEG) (C.60)

where the first equality holds at each p for some 7j(p, 79) a convex combination of 1y and 0. The second equality in
turn follows by Lemma [C.10]justifying the use of the dominated convergence theorem, while the final equality follows
by Lemma and the definition of p : P-C (SY). Egs. — hold for any hg in the tangent space U of
the curve defined in -. As discussed in the proof of Theorem U is dense in S. Since p is continuous,
Egs. — then hold for any ho € P. This completes the proof. ®

Proof of Theorem Bl Let B = C(S*) and let B* be the set of finite Borel measures on S¢, which is the norm dual
of B by Corollary 14.15 in |Aliprantis and Border| (2006). By Theorem p has pathwise weak derivative p. For
each B € B*, define

pL(B)(z) = / 2{w(2)p'V.m,(z) — v(p,O0(P)) + p'l(2)(p(z) tho(z)dB(p). (C.61)

4

We show that (i) p7 is well defined for any B € B*, (ii) 47 (B) € S and finally (iii) 7 is the adjoint operator of p.

We first note that (p,z) — p'l(z) is continuous in z for each p by Assumption and measurable in p for

each z. Thus, (p,x) — p'l(z) is jointly measurable by Lemma 4.51 in |Aliprantis and Border| (2006]). This implies

the joint measurability of (p,z) — 1{p'l(z) > 0}. A similar argument also ensures the joint measurability of
p'V.mp(z) and p'V,my(z). By the joint measurability of (p,z) — (w(z), 1{p'l(z) > 0},p'V.mr(2),p'V.my(2))
and Assumption (p,z) — w(z)p'V.mp(z) is jointly measurable. By the proof of Theorem v(p, Og(p)) is
differentiable in p and is therefore continuous, implying (p, ) — v(p, ©p(p)) is jointly measurable. Further, r;, and
ry are measurable by P € P satisfying Assumption (iii). q(yr — mr(2)),q(yv — my(z)) are measurable by
Assumption and P € P satisfying Assumption (iv). Hence, (p,z) — (p(x) is jointly measurable. Therefore,
the map (p,z) — (w(z)p'V.my(2),v(p, O0(p),'l(2), (p(x), ho(x))" is jointly measurable by Lemma 4.49 in [Aliprantis
land Border] (2006]). Hence, the map

(p, ) = 2{w(2)p'Vamy(2) — v(p, O0(P)) + p'l(2)¢p(2)} (C.62)
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is jointly measurable by the measurability of the composite map.

Moreover, for |B| the total variation of the measure B, by (C.40]), we have

/ ( /S 2wl Vo, (2) — v(p, Oo(Fo)) Yo(2)AB(p)) dp(z)

<16 x sup ||w(z)plvzmpm(z)||2Liio x |BI* < 0. (C.63)
peSst

Further,
/ ( / 2/ 1(2)C, (@) ho () dB(p))?du(z) < 16 / P1(2)Pho(2)?du(z) x €2 x sup la(w) x |B]® < 0o, (C.64)
St ueD’
by Assumption and p € P satisfying Assumptions and Therefore, p7(B) € Lﬁ for each B € B*.

By Fubini’s theorem and Assumption (iv), we have

[ | 2 m (z) = 0. €0(Ra)) + 1 @) @B o))
= [ [ 2l Tmy () = oo B0(P0) + YU @) dn(a)dB () =0, (C.65)

where we exploited v(p, ©¢(Fo)) = E[w(Z2)p'V.m,(Z)] and E[(,(x)|Z = 2] = 1{p'l(z) < 0}E[¢(Yr —mr(Z))|Z =
z) + 1{p'l(z) > 0}E[q(Yu — mu(2))|Z = 2] = 0, P — a.s. Thus, by Theorem and (C.61), p7(B) € S for all
B € B*. Further, for any ho € 8, again by interchanging the order of integration

[ #i)@)iB) = [ o) (B)(e)dute). (C.66)
which ensures that p7 : B* — P is the adjoint of p: P — B.

Since S is linear by Theorem , Theorem and Theorem 5.2.1 in [Bickel, Klassen, Ritov, and Wellner| (1993)
establishes that
1 . .
Cov( [ SWIBE). | CwB) = 7 [ 7 (BI@T (B a)dua)
- / | Bw(@)p Vamy () -0 (p, 80(Po)) +p1(2)6p (@) Huw(2)a Vamq (2)—v(a, ©0(Po))+4'1(2)y () HaBs (9)dBs (a),
st Js
(C.67)

for any By, Bs € B* by Fubini’s theorem. Letting B; and By be the degenerate measures at p and ¢ in (C.67)) gives
the desired result. B

APPENDIX D: Proof of Theorem 4.1.

In this appendix, we establish Theorem Throughout, let Y, ; = 1{p'l(Z;) < 0}Yy; + {p'l(Z;) > 0}Yy,; and
let U, (p) = £+ 30, P'li n(Zi)Yyi. The proof of Theorem proceeds by decomposing /n(0,(p) — v(p, Oo(Py))) as

follows:

Vi(6n(p) = v(p, ©(F0))) = V1(i(p) = Bn(p)) + V(O (p) = E[0n(p)]) + Vi(E[Da ()] = v(p, O0(F0)))
= Gln(p) + GQn(p) + GSn(p)' (Dl)

Gy, is the difference between ©¥,, and the infeasible estimator v,, which requires the knowledge of Y}, ;. G2, represents
a properly centered version of ¥,,, and G, is the asymptotic bias of T,,. The auxiliary lemmas are then used to show

the following results:
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Step 1: Lemma shows G1,, = 0,(1) uniformly in p € S’ using the result of Lemma while Lemma shows
G3y, = o(1) uniformly in p € S

Step 2: Lemmas and then establish that Ga, = ﬁ S ¥p(X;) + 0p(1) uniformly in p € S, and Lemma
establishes that {1, : p € S*1 is a P-Donsker class.

Step 3: Combining Steps 1-2 and (D.1)) gives the main claim of Theorem

Before proceeding further, we introduce one more piece of notation. For each p € S, define

1 +1 ’ Zi_zj
nﬂxmxﬁp)5<—(g) Z?VZK( - )@b@‘ﬂbJ% and 7, (z4;p) = Elpn(Xi, X535 p)| X = x4 (D.2)

Lemma D.1. Let H, = {pn : X x X = R: p,(z,2';p) = fp’VZK(Z_hZ/)(yp —Y,)sp € B and G, = {Gn : X x X —
R : Go(x,2'5p) = pu(@,2'; p) —Fn(x, p) =T (2';p) — E[fn(z; )], p € B} where 7 (z4;p) = E[pn(X;, X;;0)|X; = ;] and
B = {p € R : ||p|| < 1} is the unit ball in R, Suppose Assumption|f.2 holds. Then, H, and G, are Buclidean in the
sense of \Sherman| (1994d) with envelope functions H : X x X — R and G : X x X — R such that E[H(X;, X;)?] < oo
and E[G(X;, X;)?] < .

Proof of Lemma[Ddl Let 7y, = {f : X x X — R : f(z,z,p) = p'g(z,2'),p € B}, where g : X x X — Rl is a
known function. By the Cauchy-Schwarz inequality, for any p,q € B, we therefore have |f(z,2’,p) — f(z,2',p)| <
llg(z, 2")|||lp — ql|- Hence, by Lemma 2.13 in [Pakes and Pollard| (1989)), F, is Euclidean with the envelope function
Fy(z,2") = g(x,2")po + M| g(z,2")|| for some py € B¢, where M = 2\/@suppew [lp — poll, which can be further
bounded from above by 4v/¢. Hence, we may take the envelope function as F,(z,2') = (1 4+ 4v/¢)|g(z,2")|.

By Lemma 2.4 in [Pakes and Pollard| (1989)), the class of sets {z € X : p’l(z) > 0} is a VC-class, which in turn
implies that the function classes Fy, = {f : X X X = R : f(z,2',p) = H{p'l(z) > 0}} and Fy, = {f : X x X —
R : f(z,2',p) = 1{p'l(z') > 0}} are Euclidean, where z = (yr,yuv, 2) and =’ = (y}, yy, 2’) with envelope function
Fy(z,2)=1,j=1,2.

Note that we may write

!/

: ) (o — yo)LP1() > 0 — i — (g — v L) > 0} + 4 ).

ﬁn(xax/;p) = 7p/sz (Zh

Hence, H,, can be written as the combination of classes of functions as H,, = Fg, - Fg, +Fy, +Fys - Fo, + Fg,, Where

z—2 z—2
gi(0.a)) = VK (=2 ) o — ) gaea)) = VK (=5
z—2z z—27
gala.a') = VoK (=5 ) (i — i)y galaa’) = =VK (=5 s
By Lemma 2.14 in |Pakes and Pollard| (1989) and F,, and F,, having constant envelope functions, H,, is Euclidean
with the envelope function Fy, + Fy, + Fy, + Fy,. Hence, H,, is Euclidean with the envelope function H(z,2') =
8(1 + 4V2) sup,c p |y| supp=o ||v K( )|| By Assumption 1.2} Efsup;,. | V.K(%52)[%] < oo, which in turn
implies E[H (X;, X;)?] < oo. This shows the claim of the lemma for H,,. Showing G,, is Euchdean is similar. Hence,

the rest of the proof is omitted. ®

Lemma D.2. Suppose Assumptions and hold. Suppose further that h — 0 and nh*“+Y) — co. Then,
uniformly in p € S, 0,(p) — O (p) = 0p(n~1/2).

Proof of Lemma[D.2l By (35), we may write
f)n(p _Un Zplzh ,i)

prlm P42 > 0} = LIZ) > 0D 0a = Vel = = D wialp), (D)
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where w; ,(p) = p'lin( [(1{pl i(Zi) > 0y — H{p'l(Z;) > 0})(Yu,s — Y1,3)]. For the conclusion of the lemma, it

therefore suffices to show E[suppegz [uin(p)]?] = o(n™1).

By ||p|| = 1, the Cauchy-Schwarz inequality, and Assumption

Elsup [uin(p)|*] < 2sup [yl B[l (Z:)|” sup [1{p'l, ;(Zi) > 0} — 1{p'l(Z:) > 0[]
yeD peSt

peS’

< 2sup YIEn(Z0N']2 P(sgn(p'l, () # sen(@l(Z:)), Fp € S°), (D4)
Yy

where E[||l;.1,(Z;)||*] < oo under our choice of h. Hence, for the desired result, it suffices to show that P(sgn(p'l; ;(Z;)) #
sen(p'l(Z;)),3p € S) = o(n™1). By Assumption it follows that

P(sgn(p'l; j(Z:)) # sen(p'l(Z:)), 3p € )
< P(p ll)h(Z )) >0 and p'l(Z;) < 0,3peSH) + P(p’lAi);L(Zi)) <0and p'l(Z;) >0,3peS). (D.5)
Without loss of generality, suppose that p ll i(Z;)) > 0 and p'l(Z;) < 0 for some p € S¢. Then, there must exist

€ > 0 such that sup,cge |p’ ll i(Zi) — Elp'l lh( i)] + E[p’liﬁ( Z)N) + p'l(Z;)| > e. This is also true if p lZ i(Z:) <
0 and p'l(Z;) > 0. Therefore, by the triangle inequality and the law of iterated expectations, we may write

P(sgu(p'l, 7(Z)) # sgn(p'l(Z:)), 3p € S°)

2{E|P (sup 17, -)—ELp’ii,uzmzi])\>e/2|zz-)+P(s5§\E[p’ii,a<zi>|zi]—p’uzm>e/2\zi>}}, (D.6)

where the second term in vanishes for all n sufficiently large because the bias satisfies ||E[lAZ i(Zi)|Zi]=1(Z)|| — 0
with probability 1 as h — 0. Hence, we focus on controlling the first term in below.

Let M =sup,.z ||V.K(z)| and define

Wnlp) = B;HMD (WL (2) = Blp'l; (2012 = 2]) = m i p{v.K(* _;?LZj) -~ B[V.K(* _iLZj )}
j=1,j#i
(D.7)
= B (rre PIAARIS =) - Bk (). D.5)

Define W= {f : X = R: f(z) = 5530 {V.K(57) - E[VZK(Z_EZj )]}, p € S*}. Then by S* being finite dimensional
and Lemma 2.6.15 in van der Vaart and Wellner| (1996), W is a VC-subgraph class, which in turn implies that
supgy N(e, W, La(Q)) < (£)V for all 0 < e < K for some positive constants V and K by Lemman 2.6.7 in van der
Vaart and Wellner| (1996). Then, by W, being independent of Z; and Theorem 2.14.16 in [van der Vaart and Wellner
(1996)), we have

eh(+1)
(Suplplm(Z)—E[p i (Z)|Zi))| > €/2Zi = z) = P(|[Wallw > —=)
peSt 4M
1\2V eh(t+1) | 3V+1 1 (M)Q
<C(= _ - AM )
<c(z) (Wom) e ). ()

252+ (3+ L2/ \/n

where C' is a constant that depends on V and K. Note that under the imposed conditions on h, we have

E;l([+1) 2
G = ! (D.10)
+(3+ L)/ Stnt San’

= 72/(425;) )2 and Sa,, = (3 + h(Hl))/[( h(Hl)) Vvn]. By (DJg)), % = o(niz), which implies that
S1n = o(1/(nh“+1)2) = o(1) under our choice of h. Further, under our assumption, \/nh*“*t1) — oo, which in
turn implies S5, = o(1). This ensures that, by (D.9), P(sup,cg |p’lAi7,:b(Zi) - E[p’l;jL(Zi)\Zim > €/2|Z; = z) decays

where Sy,
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exponentially as n — co. Hence, by (D.4), (D.5), and (D.6), we have E[sup,cge |uin(p)|?] = o(n™!) as desired. This
establishes the claim of the Lemma. ®

Lemma D.3. Let U,(p) = (g)_l st > i1 Pu(Xi, X5 p) and Un(p) = 250 Xy p). Suppose Assumptions

(md hold. Suppose further that nh'*2+t% — oo for some 6 > 0 as h — 0. Then, v/n(Up(p) — Un(p)) = 0,(1)
uniformly in p € S*.

Proof of Lemma[D3l Following the same argument as in the proof of Lemma 3.1 in[Powell, Stock, and Stoker| (1989)),

we may write

—1n—-1 n

Un(p) = Un(p) = (Z) SN an(Xi Xjip), (D.11)

i=1 j=i+1

where g, (2i, 2 p) = pa(i, 25 ) = ra(@i,p) — (253 p) — E[rn(Xi;p)]. Recall that g, = h“*Vg,. By (D.2), we may
then obtain the following bound:

B[sup |G (X, X5p)[*] < 16E[sup [5u(Xs, X;:p) ] < 64(sup |y E [V K (25 = Z3) /W)
peSt peS*t yeD

< 64(sup |y|)2h[/ VK (u)]|?f(2) f(zi + hu)dzidu = O(he), (D.12)
yeD

where the second inequality follows from Assumption lp|l = 1 for all p, and the Cauchy-Schwarz inequality, while
the third inequality uses the change of variables from (z;, z;) to (z;,u = (z; — 2;)/h) with Jacobian h~*. By Lemma
G, is Euclidean. By Theorem 3 in Sherman| (1994b) applied with &,, = 1 and 72 = h’, it then follows that for
some 0 < a < 1, which can be made arbitrarily close to 1, we have

—1n—-1 n —1n—-1 n
() XX axim=r(5) XY

i=1 j=i+1 i=1 j=i+1
< O(h= )0, (h™/ n) = O, (W3 D" /) (D.13)

uniformly over Bf. Since a can be made arbitrarily small and nh?*2t9 — oo, we have ‘(3 ~D~1 < O(h_%_l_g) =

o(y/n). Therefore, (g)_l St i1 @ (X5, Xjip) = o(n~'/?). This, together with S* ¢ B¢ and (D.11)), establishes
the claim of the lemma. W

Lemma D.4. Suppose Assumptions omd hold. Suppose further that nh**t?T% — oo for some
§ >0 as h — 0. Then, uniformly in p € S*, \/n(v,(p) — E[on(p)]) = ﬁ S Up(Z:) + op(1).

Proof of Lemma [D.4l Note that, for each p € S¢, one may write

n

3 1 —2 S R —2 = - Zi — 4
Un(p) = n Zplli,h(zi)yp,i T Zplvzfi,h(zi)yp,i = W Z Z Plsz(Tj)Yp,i
i=1 i=1 i=1 j=1,j#1

—1n—-1 n

— _<T2l) _17§ Xn: (%)eJrlp/VzK(%)(Yp,i _Yp,j) = <Z) Z Z pn(Xi,Xj;p). (D.14)

i=1 j=i+1 i=1 j=i+1

By Lemma and nh*2*9 — oo, it then follows that

VAOa(p) — Eloa(p)]) = Vil (”) S 35X Xjip) - Elpa(X X5:0)])

2 — =
=1 j=i+1

= —= ) ra(Xi;p) — E[rn(Xi;p)] +0p(1), (D.15)

2 n
Vil

=1
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uniformly over S*. By Eq. (3.15) in Powell, Stock, and Stoker (1989), we may write 7, (x; p) = ¥, (2) + t,(z; p) with

tn(a:p) = / (V- (mp )z + ht) — V() (2)} K () — / (Vof(z + hu) - Vo f(2)}K()du,  (D.16)

Hence, for the conclusion of the lemma, it suffices to show t,(z,-) converges in probability to 0 uniformly in p € S*.
By Assumptions and my(z) = 1{p'l(z) < 0}my(2) + 1{p'l(z) < 0}my(z), we have uniformly in p € S¢,

IVz(mpf)(z + hu) = V. (my f)(2)] < 2M ()| hul|. (D.17)
Further, by Assumptions and uniformly in p € S,
Ypl VS (z 4 hu) = V. f(2)] < sup [yl x M(z)[|hul|. (D.18)
y
Assumptionand (D-17)-(D-18) then imply Efsup,cse [tn(2;p)|?] < W2 (2+sup,ep [y)2E[M (Z)P)([ Jull K (u)|du)? =

O(h?), which in turn implies ﬁ S ta(z,-) — Elt,(z,-)] converges in probability to 0 uniformly in p € S*. This

establishes the claim of the lemma. R

Lemma D.5. Suppose Assumptions hold. Suppose that nh?/ — 0. Then, uniformly in p € S*, E[v,(p)] —
v(p, ©0(Ry)) = o(n=1/2).

Proof of Lemma [D.5l The proof is based on the proof of Theorem 3.2 in [Powell, Stock, and Stoker| (1989)). Hence,
we briefly sketch the argument. By (D.14), the law of iterated expectations, and arguing as in (3.19) in [Powell)
[Stock, and Stoker| (1989)), we obtain

1

Bioa) = ~28(7) vk (22 )y, ]

— %//p/VzK(u)mp(z)f(z)f(z + hu)dzdu = %2 //K(u)mp(z)f(z)plvzf(z + hu)dsdu, (D.19)

where the second equality follows from change of variables. By Assumptions and Young’s version of Taylor’s

theorem, for each p € S¢, we then obtain the expansion:

VA(E2(p)] — (D, Oo(Po))) = b1 (p)Vh + ba(p)Vh? + -+ + by_1(p)y/ah? ! + O(v/ah?), (D.20)

where by, is given by

k ¢
br(p) = -2 g /uh«uuj’“K(u)dux /m (2) g p(i)mf(z)dz pest, k=1,---,J, (D.21)
K= Pt 0z, - 02,02 ’ ’ T
1, Jk 1=

which shows that the map p + by(p) is continuous on S¢ for k = 1,2,---,.J. This implies that the expansion in

(D.20)) is valid uniformly over the compact set S°. By Assumption (v) and (D.21)), bx(p) = 0 for all k < J but
by # 0 for k = J. By the hypothesis that nh?/ — 0, we obtain /n(E[0,(p)] — v(p,00(F))) = O(v/nh’) = o(1).

This establishes the claim of the lemma. H

Lemma D.6. Suppose Assumptions and hold. Then, F = {¢p : X = R : ¢p(x) = w(2)p'V.mp(z) —
v(p, O0(P)) + p'l(2)¢y(z)} is Donsker in C(S").

Proof of Lemma[D.6l Let Fy = {f: X = R: f(z) = p'g(z),p € S*}, where g : X — R’ is a known function. Then
by S being finite dimensional and Lemma 2.6.15 in [van der Vaart and Wellner| (1996), F, is a VC-subgraph class of

index ¢ + 2 with an envelope function F'(z) = ||g(z)||. Define

g1(z) =w(2)(V.my(z) — Vomp(2)), g2(z) =w(2)V,mp(2), (D.22)
gs(x) = 1(2){rg " (2)a(yo — mu(2)) = (2)alye —me(2)}, ga(@) = Uz)r (2)a(yr — me(2)), gs(x) = 1(2).
(D.23)
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Then Fy,,j = 1,---,5 are VC-subgraph classes. Further, let 7, = {f: X = R: f(z) = v(p,0¢(P)),p € S*}. This
is also finite dimensional. Hence, F, is a VC-subgraph class. Finally, let 7, = {f : X — R : 1{p/l(z) > 0},p € S*}.

Then, Fy, = ¢ o Fg,, where ¢ : R — R is the monotone map ¢(w) = 1{w > 0}. By Lemma 2.6.18 in
land Wellner| (1996), Fy is also a VC-subgraph class.

Note that 1, can be written as

Yp(z) = w(2)p{1{p'l(z) > 0OH(V.my(2) — Vomp(2)) + Vomp(2)} — v(p, ©¢(P))
+P U {HP1(2) > 0}y (2)alyr — mu(2)) = rp ' (2)alyr —me(2)} + 77" (2)alye — me(2)}. (D.24)
Therefore, F = Fg, - Fp + Fg, + (—Fy) + Fgs - Fp + Fg,, which is again a VC-subgraph class with some index
V(F) by Lemma 2.6.18 in [van der Vaart and Wellner (1996). By Assumptions and we may take
F(x) = suppege [[w(2)p'Vamyn(2) || e +[1(2)] x € 1 xsup,cp |g(u)| as an envelope function such that E[F(z)?] < occ.
Then, by Theorems 2.6.7 and 2.5.1 in |van der Vaart and Wellner| (1996), F is a Donsker class. This establishes the

claim of the lemma. H

Proof of Theorem Il For each p € S, we have the following decomposition:

Vn(tn(p) — v(p, ©0(Fo))) = V(tn(p) — n(p)) + V1(0n(p) — E[0n(p)]) + V(E[Da(p)] — v(p, ©0(F)))  (D.25)
= Gin(p) + Gon(p) + G3n(p). (D.26)

By Lemmas , uniformly in p € SY, G1,(p) = G3n(p) = 0,(1), and G2, (p) = ﬁ St ¥p(Z;) 4 0p(1). This
establishes the second claim of the Theorem. By Theorem 9y is the efficient influence function, and hence

regularity of {0y,(-)} follows from Lemma[D.6 and Theorem 18.1 in (2008)), which establishes the first claim.
The stated convergence in distribution is then immediate from (D.26) and Lemma while the limiting process

having the efficient covariance kernel is a direct result of the characterization of I(p1, p2) obtained in Theorem
which establishes the third claim. ®

APPENDIX E: Figures and Tables
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Figure 1: Identified sets for the density weighted average derivatives

Table 1: Risk of 0V (Gaussian kernel)

c=0.1 c=0.5 c=1
Sample Size h Ry Rrg Rop Ry Rrg Rop Ry Rrg Rop
n=1000
0.4 0.0608 0.0477 0.0600 0.0834 0.0709 0.0673 0.1229 0.1037 0.0801
0.5 0.0588 0.0468 0.0578 0.0785 0.0749 0.0485 0.1212 0.1185 0.0437
0.6 0.0572 0.0452 0.0564 0.0809 0.0804 0.0351 0.1305 0.1304 0.0229
0.7 0.0567 0.0416 0.0563 0.0844 0.0844 0.0263 0.1416 0.1416 0.0086
0.8 0.0555 0.0386 0.0553 0.0882 0.0882 0.0195 0.1556 0.1556 0.0026
n=>500
0.4 0.0929 0.0703 0.0919 0.1185 0.0877 0.1072 0.1731 0.1203 0.1437
0.5 0.0836 0.0684 0.0817 0.1091 0.0979 0.0839 0.1555 0.1414 0.0873
0.6 0.0799 0.0646 0.0786 0.1038 0.0999 0.0640 0.1555 0.1520 0.0530
0.7 0.0774 0.0607 0.0762 0.1060 0.1051 0.0512 0.1679 0.1677 0.0297
0.8 0.0775 0.0592 0.0769 0.1098 0.1096 0.0410 0.1785 0.1785 0.0173
n=250
0.4 0.1357 0.0960 0.1349 0.1820 0.1061 0.1770 0.2480 0.1256 0.2339
0.5 0.1189 0.0941 0.1169 0.1517 0.1231 0.1289 0.2013 0.1638 0.1446
0.6 0.1133 0.0914 0.1112 0.1413 0.1299 0.1053 0.1954 0.1818 0.1084
0.7 0.1121 0.0910 0.1098 0.1365 0.1317 0.0890 0.1974 0.1949 0.0725
0.8 0.1086 0.0864 0.1068 0.1374 0.1360 0.0737 0.2069 0.2061 0.0500
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Table 2: Risk of 0!V (Higher-order kernel)

c=0.1 c=0.5 c=1
Sample Size h RH R[H ROH RH R[H ROH RH R[H ROH
n=1000
0.5 0.0722 0.0549 0.0714 0.1267 0.0461 0.1256 0.2038 0.0494 0.2017
0.6 0.06564 0.0551 0.0637 0.0912 0.0532 0.0872 0.1384 0.0636 0.1312
0.7 0.0600 0.0511 0.0583 0.0760 0.0631 0.0645 0.1020 0.0835 0.0745
0.8 0.0564 0.0470 0.0553 0.0759 0.0741 0.0444 0.1093 0.1085 0.0370
0.9 0.0565 0.0446 0.0559 0.0802 0.0801 0.0313 0.1302 0.1302 0.0134
n=500
0.5 0.1104 0.0744 0.1101 0.1867 0.0587 0.1861 0.2887 0.0604 0.2870
0.6 0.0947 0.0753 0.0930 0.1308 0.0745 0.1267 0.1993 0.0857 0.1914
0.7 0.0869 0.0737 0.0846 0.1080 0.0843 0.0970 0.1453 0.1085 0.1184
0.8 0.0802 0.0668 0.0783 0.1019 0.0958 0.0747 0.1373 0.1308 0.0683
0.9 0.0772 0.0635 0.0758 0.1042 0.1034 0.0564 0.1513 0.1508 0.0372
n=250

0.5 0.1788 0.1038 0.1787 0.2832 0.0630 0.2831 0.4316 0.0511 0.4313
0.6 0.1374 0.1034 0.1359 0.1959 0.0979 0.1925 0.2802 0.1061 0.2716
0.7 0.1212 0.1001 0.1187 0.1571 0.1147 0.1460 0.2063 0.1401 0.1773
0.8 0.1143 0.0948 0.1118 0.1385 0.1231 0.1133 0.1811 0.1620 0.1201
0.9 0.1107 0.0910 0.1085 0.1342 0.1292 0.0903 0.1865 0.1820 0.0819
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