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Abstract

We introduce subjective expected uncertain utility theory (SEUU). In SEUU the deci-
sion maker uses a semiprobability to assess the likelihood of events. The semiprobability
allows the decision maker to reduce acts to bilotteries. A bilottery specifies for each in-
terval of monetary prizes [z, y] the probability that the decision maker will end up with a
prize in this interval. A bilottery allows for the possibility that the probability of receiving
a prize in the interval [z, y] cannot be reduced to the probability of receiving a prize in
the subinterval [z,w) and [w,y]. The decision maker evaluates bilotteries by taking the
expectation of a utility index u that specifies a utility for each interval [x,y]. We provide
a Savage style representation theorem for SEUU theory, define uncertainty aversion and

characterize the corresponding order on bilotteries.

t This research was supported by grants from the National Science Foundation.



1. Introduction

In subjective expected utility theory (SEU), a decision-maker (DM) evaluates uncer-
tain acts in three stages: first, he assesses the likelihoods of the relevant events. These
assessments enable the DM to reduce uncertain acts into gambles in a straightforward
manner, and finally, the DM evaluates gambles according to their expected utilities. More
precisely, in SEU theory the decision-maker has a probabilistic event-assessment criterion
that enables him to reduce acts into lotteries and an expected utility gamble-evaluation cri-
terion. Both the event-assessment stage and the gamble-evaluation stage reveal the DM’s
subjective criteria: the event-assessment stage reveals the subjective likelihoods while the
gamble-evaluation stage identifies the subjective utility. Moreover, one cardinal index—a
probability measure over events—describes the event-assessment criterion and another car-
dinal index—a von Neumann Morgenstern utility—defines the gamble-evaluation criterion.
Hence, SEU theory is simple in two distinct senses: it permits the separation of event-
assessment and gamble-evaluation and it provides measurable (i.e., cardinal) theories of
event-assessment and gamble-evaluation.

The separation between event-assessment and gamble-evaluation plays an important
role in economics. For example, most applied work assumes greater uniformity across
individuals’ event-assessments than in their gamble-evaluations. Hence, subjective prob-
abilities are often common (or at least common up to differences in information), while
utility functions over gambles tend to vary across individuals, at least parametrically.
Moreover, many economic models ignore the event-assessment stage entirely and assume
that the individual faces choices in reduced form; that is, the individual chooses among
gambles. This simplification enables the modeler to avoid specifying the consequences of
every possible combination of actions and resolution of uncertainty, and facilitates distri-
butional assumptions over lotteries that make it easy to calibrate and test models. Hence,
standard models of finance and macroeconomics start with random variables (i.e., gam-
bles) rather than acts. Many important economic insights stem from the simplicity that
results from the separation of event-assessment and gamble-evaluation and the opportu-
nity it provides for constructing models with exogenous probabilities that can be estimated

through econometric methods.



Machina and Schmeidler (1992) describe how the separation of event-assessment and
gamble-evaluation can be achieved for virtually all models that define gambles as lotteries
over prizes. Thus, they provide an interpretation of what probability means in a general
framework. The goal of this paper is to bring the same separation to the analysis of the
Ellsberg paradox and related questions of ambiguity.

We outline a model of choice under uncertainty—the subjective expected uncertain util-
ity (SEUU) model-that is as simple as the SEU model, achieves separation between event-
assessment and gamble-evaluation and is suitable for analyzing ambiguity. The model has
a novel event-assessment criterion called semiprobabilistic sophistication, reduces acts into
gambles called bilotteries, and evaluates these gambles according to an expected utility
criterion.

A semiprobability p is a generalization of a probability measure and a special case
of a capacity that permits ambiguity and quantifies the ambiguity of each event. Like a
probability, a semiprobability is a unique cardinal measure and is a probability whenever
all events are unambiguous. A bilottery, p, is a probability distribution over pairs of prizes.
The outcome (x,y) should be interpreted as a situation where the prize is between x and
y and the the decision maker cannot reduce the uncertain consequences into risk over
outcomes.

Like subjective expected utility theory, SEUU theory is defined by two cardinal in-
dices, a utility index and a semiprobability. Unlike SEU, it permits ambiguous events and
uncertain consequences.

We consider preferences over acts F on a state space ). Acts return monetary prizes
in an interval [[,m]. SEUU decision makers are characterized by a pair (u,u) where p is
a semiprobability and w is a utility index over pairs. The value u(z,y) is the utility of the
bilottery that yields the interval [z,y] with probability 1.

For any act f the decision maker can determine the corresponding bilottery as follows.

Define

b(z,y) = pu(s € Uz < f(s) <y}
The function b(z,y) is simply the semiprobability of the collection of states that yield

prizes in the interval [x,y]. We refer to b as the bicumulative; for every bicumulative there
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is a unique bilottery and for every bilottery there is a unique bicumulative.! The utility

index wu assigns a utility to each pair and the subjective expected uncertain utility of the

/ udp

analogous to subjective expected utility theory.

act f is given by

Our main result provides a Savage-style representation theorem for SEUU theory. Our
assumptions (axioms) deviate from the standard Savage axioms in two instances. We define
unambiguous events (F € &) to be those events for which Savage’s sure thing principle
(P2) holds. We drop P2 but assume a rich collection of unambiguous events so that over
unambiguous acts (acts that are measurable with respect to the unambiguous events) the
decision maker is a subjective expected utility maximizer.

An event is diffuse if it and its complement do not contain any unambiguous event.
Hence, diffuse events are completely £-non-measurable. Our central hypothesis is that the
decision maker considers diffuse events to be interchangeable, that is, a bet on one diffuse
event is just as good as a bet on another diffuse event. In our model, the decision maker’s
ability to quantify the likelihood of events is confined to a collection of unambiguous events.
Diffuse events intersect every unambiguous event but contain no unambiguous event and
therefore the decision maker cannot differentiate between the likelihoods of different diffuse
events. Our axioms are straightforward adaptations of the standard Savage axioms to
include this hypothesis.

Consider the bilottery that yields with probability 1/2 each the uncertain interval
[z,y] and the uncertain interval [w,z]. The decision maker is uncertainty averse if he
prefers a 0 increase of x (the lower bound of an uncertain interval) to a ¢ increase of z
(the upper bound of some other uncertain interval). Uncertainty aversion implies that the

utility index satisfies for all x,y, w, z,

u(z +9,y) —u(z,y) > u(w, z+96) — u(w, z)

I The bicumulative is analogous to a standard cumulative distribution in IR? and must satisfy condi-
tions described in section 2.



The bilottery ¢ is a mean-preserving u-spread of the bilottery p if p and ¢ have the same
mean but p puts more weight on smaller intervals. Theorem 1 shows that uncertainty
averse decision makers are made worse off by mean-preserving u-spreads. Conversely, if p
and ¢ have identical means and ¢ is not a mean-preserving u-spread of p then there is an
uncertainty averse decision maker who prefers ¢ to p.

The model is related to the work of Jaffray (1983), Sarin and Wakker (1992), Zhang
(2002), Epstein and Zhang (2001). Jaffray (1983) develops the gamble evaluation criterion
used in this paper. We discuss the relation to Jaffray’s work following Proposition 1
in section 3 below. As in Epstein and Zhang (2001) and Zhang (2002), we define the
collection of unambiguous events £ to be those events for which preferences are separable.

In particular, preferences satisfy Savage’s sure thing principle on unambiguous events.2
2. Expected Uncertain Utility

We consider monetary prizes and denote with [ the smallest and with m the largest
prize. The interval M = [l,m] denotes the set of prizes. A bilottery is a probability
measure on the set of pairs I = {(z,y) : | <2z <y < m}. The pair (z,y) is interpreted
as getting at least the monetary prize x and at most the monetary prize y. The set of
bilotteries is denoted £ with generic element p € L£.3

A utility function U on [ is expected uncertain utility if U is continuous and satisfies
UAp+(1=N)p') = AU (p)+(1=NU(p’). Expected uncertain utility (EUU) is characterized

by a bi-utility index u : I — IR as the following proposition demonstrates.

Proposition 1: The function U : L — IR is expected uncertain utility if and only if

there is a continuous biutility index u : I — IR such that

Up) = / w(z, y)dp(z, ) 1)

2 Epstein and Zhang (2001) and Zhang (2002) use weaker notions of separability. Epstein and Zhang’s
objective is to obtain a decision maker who is probabilistically sophisticated on the collection of unam-
biguous events whereas our decision maker is an SEU maximizer on the collection of unambiguous events.
Sarin and Wakker (1992) consider an exogenous collection of unambiguous events and assume that the
decision maker satisfies the Sure Thing Principle for those events.

3 We endow £ with the topology of weak convergence.
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Expected uncertain utility was introduced by Jaffray (1983) who takes simple measures
over sets of prizes as a primitive and applies the von Neumann-Morgenstern axioms to
derive a linear representation. He argues that only the best and worst element of a set
should affect utility and thereby arrives at the representation in equation (1) above.*

Next, we define bicumulatives which provide a convenient representation of bilotteries.

The bicumulative b : IR? — IR for the bilottery p is defined as
b(a,b) = p([a, b] x [a,8])

that is, b(a,b) is the probability that realized pair is in the square [a, b] X [a, b]. The value

b(a,b) corresponds to the measure of the grey triangle in Figure 1 below.

b, by

Figure 1

Since p is a (countably additive) probability measure the function b is continuous
from above in the second argument and continuous from below in the first argument. Let

A denote a rectangle [a1, as] X [by, ba] with a; < ag,b; < by and define

Aab =b(ay,bz) — b(a1,b1) — b(az, b2) + b(asz, b1)

4 More precisely, Jaffray (1983) applies the von Neumann-Morgenstern axioms to preferences over
discrete totally monotone capacities to obtain linear preferences over such capacities. He applies the
Mobius transform to totally monotone capacities to identify them with probability distributions over sets
of prizes. Thus, he interprets linear preferences over capacities with expected utility preferences over
lotteries over sets. Finally, he argues that sets that have the same best and worst elements should be
indifferent and hence arrives at expected uncertain utility.
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As illustrated in Figure 2, it is straightforward to see that Asb = p(A) and therefore
A b > 0 for all rectangles A.

) g

Figure 2

The following proposition shows that to every bicumulative there is a unique measure

as long as b satisfies the conditions above.

Proposition 2: Suppose that b : R? — IR is continuous from below in the first argu-
ment, continuous from above in the second argument, satisfies b(x,y) = 0 for x > y and

Aab > 0 for every rectangle A. Then there exists a unique measure p on I such that

b(z,y) = p([z,y] x [z,y]).

The bicumulative b is similar to a cumulative distribution function for the measure
p. A standard cumulative describes the measure of pairs (a,b) with a < x,b < y while b
describes the measure of pairs (a,b) with z < a,b < y. In all other respects, b is exactly

analogous to a cumulative for p.



3. Subjective EUU

Let € be the state space with the cardinality of the continuum. The decision maker
has preferences over acts, that is, functions f from €2 to M. We denote with F the set of
all acts.

A subjective EUU decision maker is characterized by a semiprobability pn defined on
) and a biutility index u on I. A semiprobability is a generalization of a probability
measure and a special case of a capacity. The semiprobability captures the decision-makers
assessment of events and enables the decision maker to reduce acts to bilotteries.

Let ¥ be an algebra on Q. The pair (p,Y) is a capacity if p: ¥ — [0, 1] satisfies (i)
pn(A) > 0; (i) () =1 and (iii) p(A) < p(B) whenever A C B. The capacity (u,>) is

supermodular if
p(AUB) + p(AN B) > u(A) + u(B)
for all A, B € X.

Definition: The supermodular capacity u is a semiprobability if
(i) for all A there exists EE C A such that u(E) = pu(A) and u(E) + p(E°) = 1.

(i) {A;}32, with A; C Aiq implies p (M504 A;) = lim, oo p(4;).

The set F should be interpreted as an unambiguous set. Hence, a semiprobability is
a supermodular capacity with the property that each set is as likely as some unambiguous
subset. Part (ii) of the definition is analogous to the requirement of countable additivity
for a standard probability measure.

To map any act into a bilottery, we use the same procedure that would be appropri-
ate for a probabilistically sophisticated decision-maker: each interval of prizes [z,y] gets
assigned the probability of all the states that get mapped into prizes in that interval. The
resulting function is a bicummulative and, by Proposition 2 above, corresponds to a unique
bilottery. Let

by(z,y) =p({w € Q| f(w) € [z,9]})

=u(f~ ([z,9])
Proposition 3: If y is a semiprobability then by is a bicumulative.
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Proof: Lemma A3 part (i) in Appendix A. O

Propositions 3 implies that each act f corresponds to a unique bicumulative by and
therefore, by Proposition 2, to a unique bilottery. We use py to denote the bilottery
generated by the act f. To simplify the notation we suppress the dependence of ps on the
underlying semiprobability pu.

Definition: The binary relation > is a SEUU preference if there is a semiprobability p

and a continuous utility index u such that

~—

f = g if and only if /udpf > /udpg (1

We say that (u,u) represents the SEUU preference = if (1) holds for the semiproba-
bility p and the biutility index wu.

We identify x € M with the constant act that yields x in every state. The decision-
maker is described by a binary relation = on F. Our main result (Theorem 1 below) shows

that > is a SEUU preference if and only if it satisfies the following 6 axioms.

Axiom 1: The binary relation = is complete and transitive.
Axiom 2: If f(s) > g(s) for all s € (2, then f > g.

The prizes in our model are interpreted as quantities of money and Axiom 2 expresses
the natural implication of that interpretation.

For any f,g € F and A C Q, let fAg denote the act h such that h(s) = f(s) for all
s € A and h(s) = g(s) for all s € A°. Hence, Ay denotes the act that yields = if A occurs
and y otherwise. Consider two acts that imply different subacts on the event E but have
a common subact on E€¢. If the event E is unambiguous then the ranking of acts does
not depend on the common subact on F¢. Similarly, if two acts differ on E¢ but have a

common subact on E then the ranking of acts does not depend on the common subact.

Definition: An event FE is it unambiguous if fEh = gEh and hEf > hEf implies
fER = gEW and WEf = WEf.



An event is unambiguous if Savage’s sure thing principle holds with respect to F and
E°. Our definition of unambiguous events is related to Zhang (2002), Epstein and Zhang
(2001) and Sarin and Wakker (1992). Sarin and Wakker assume an exogenous collection
of unambiguous events and require Savage’s sure thing principle to hold for those events.
Epstein and Zhang define unambiguous events to be those events for which a weakened
version of the sure thing principle applies. Our model combines the stronger requirement of
Sarin and Wakker with Epstein and Zhang’s idea to derive the set of unambiguous events

from preferences.

Let £ be the set of all unambiguous events. Henceforth F, E’, F; etc. will denote
elements of £. An event A is null if fAh ~ gAh for all f,g,h € F. If A is not null, we call
it non-null. Let £, denote the set of unambiguous events that are not null.

A diffuse event has the property that it and its complement intersects every non-null
unambiguous event. Diffuse events are maximally ambiguous in the sense that the decision

maker cannot find any (non-null) unambiguous event contained in it or its complement.

Definition: An event D is diffuse if END # () # EN DC for every E € £,..
Let D be the set of all diffuse events. Elements of D are denoted D, D’, D;.

Example: Suppose the state space is the interval [0,1] and the unambiguous events
are given by the Borel sigma algebra on [0,1]. A diffuse event D is any completely non-
measurable set, that is, any set with inner Lebesgue measure 0 and outer Lebesgue measure

1. It is well known that such sets exist.

Our maintained hypothesis is that the decision maker cannot discriminate between
diffuse events. That is, if given the choice between a bet on the diffuse event D; or the
diffuse event Dy, the decision maker is indifferent. The decision maker’s ability to assess the
likelihood of events is confined to unambiguous events. Since each diffuse event intersects
every unambiguous event, the decision maker regards them as interchangeable.

Axiom 3 (i) below is identical to Savage’s comparative probability axiom (P4) for

unambiguous events. Axiom 3(ii) says that diffuse events are interchangeable.
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Axiom 3: Ifz >y and 2’ > v/, then (i) xEy = xFE'y implies ' Ey’ = ' E'y’ and (ii)
xDy ~ xD'y.

Let F, denote the set of simple acts, that is, acts such that f(2) is finite. The simple
act f € F, is unambiguous if f~1(z) € £ for all . Let F, denote the set of unambiguous
simple acts. A simple act f is diffuse if f~!(x) € DU(. An act is constant if f~1(z) € QUO.
Let F,; be the collection of diffuse or constant simple acts. Note that constant acts are in
Fq and in F..

The standard state independence assumption requires that the ranking of constant
acts be the same conditional on any non-null event. Axiom 4 below requires the same for
unambiguous events. In that sense, Axiom 4 below weakens the standard state indepen-
dence assumption. On the other hand, Axiom 4 requires state independence to hold not
just for constant acts but for all diffuse acts that is, acts that are measurable with respect
to the collection of diffuse events. This strengthening of state-independence follows from
our hypothesis that diffuse events are interchangeable. To see this, consider the diffuse
act xDy. The event D N E is a diffuse subset of E as is the event D¢ N E. Therefore,
conditional on any unambiguous event E the act xDy yields  on a diffuse subset of E
and y on its (diffuse) complement in E. Therefore, xDy is analogous to a constant act;
it yields identical diffuse bets conditional on any unambiguous event. If utility is state
independent, the ranking of diffuse acts must therefore be preserved when conditioning on

a non-null unambiguous event.
Axiom 4: If E is nonnull, then f > g implies fEh > gEh for all f,g € F,.

Axiom 5 is Savage’s divisibility axiom for unambiguous events. It serves the same role
here as in Savage.
Axiom 5: If f,g € F. and f > g, then there exists a partition E1,...,FE, of ) such
that |E; f = mE,;qg for all 1.

Axiom 6 below is a strengthening of Savage’s dominance condition adapted to our
setting. We use it to extend the representation from simple acts to all acts, to establish

continuity of u and to guarantee countable additivity of the semiprobability .
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Axiom 6: (i) If f,, € F. converges pointwise to f, then g > f, = h for all n implies
g = f = h. (ii) If f,, € F converges uniformly to f, then g = f, = h for all n implies
gz f=zh

Notice that for unambiguous acts f € F. Axiom 6(¢) implies Arrow’s (1970) mono-
tone continuity axiom, the standard axiom used to establish countable additivity of the
probability measure in SEU.

The semiprobability u is convex-valued if for every A and r < 1 there is B C A such
that u(B) = ru(A).

Theorem 1: The binary relation > satisfies Axioms 1 —6 if and only if there is a convex-
valued semiprobability p and a biutility index u such that (u,u) represent the preference
>. Moreover, the semiprobability is unique and the biutility index is unique up to positive

affine transformations.
Proof: See Appendix.

Next, we provide a brief description of the proof of Theorem 1. When we restrict
attention to unambiguous events, Axioms 1-6 yield a standard subjective expected utility
theory with a countably additive probability measure v and a continuous utility index
v : M — IR. The semiprobability p is defined as pu(A) = maxpcav(E). Note the
maximum is attained by some unambiguous event since v is countably additive and since
the collection of unambiguous events form a sigma-algebra.

A partition act is a simple act f with the following property. There is a partition of
Q) into the unambiguous events (F1, ..., E)) and a collection of diffuse or constant acts
(f1,---, fx) such that f coincides with f; on Ej. A key step in the proof of Theorem
1 is to show that for any simple act f € F, we can find an equivalent partition act f.
Equivalent acts differ only on null events. As part of this argument, we show that {2 can
be partitioned into any finite number of diffuse sets. This step uses a Theorem by Birkhoff

(1967) which in turn uses the continuum hypothesis.5

5 Birkhoff (1967), Theorem 13 (pg. 266) shows that no nontrival (i.e., not identically equal to 0)
countably additive measure such that every singleton has measure 0 can be defined on the algebra of all
subsets of the continuum.
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A binary partition act is a partition act where each fj is either a constant act or takes
the form x Dy for some x, y and some diffuse set D. A simple monotonicity argument shows
that any partition act is indifferent to a binary partition act. To see this, let D1, Do, D3
be a partition of €2 into three diffuse events and consider the act zD1yDoz with x <y < z.

By monotonicity
xDyyDoz = xDy U Doz
and
xD1z = xD1yDoz
and by Axiom 3,
D1 UDsz ~xDqz

and therefore xD1 U Dz ~ xD1yDoz ~ x D1 2.

The diffuse act Dy corresponds to the bilottery 1,, that yields the pair (z,y) with
probability 1. The biutility index of the pair x,y is defined as the utility of this bilottery,
that is,

u(z,y) :== U(lmy)
Note that U(1ly;) = v(z) = u(z,z). Consider a binary partition act f with partition
(F1, ..., Ey) that yields x; Dy; on E;. This act corresponds to a simple bilottery

k
by = ZN(Ei)Ii(xiayi)
=1
The utility function
k
Ulpy) = ZM(Ei)U(%’; Yi)
i=1

represents the preference for simple acts. The extension to all acts uses Axiom 6 and
follows familiar arguments.
3.1 Relation to the Literature

The notion of a semiprobability is related to work by Zhang (2002) and Lehrer (2006).
Zhang (2002) considers acts in the Savage setting. He axiomatizes Choquet expected util-

ity with inner probabilities. An inner probability is a special kinds of capacity that is the
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extension of regular probability measure p on subalgebra 3. The extension defines the
capacity n(A) as the supremum over probabilities p(B) as B ranges over the elements in
> contained in A. It can be shown that every semiprobability is an inner probability and
an inner probability is a semiprobability if and only if that supremum is always attained.
Lehrer calls a probability measure on a subalgebra a partially-specified probability and
defines a new theory of integration with such probabilities. Then, he axiomatizes prefer-
ences in the Anscombe-Aumann framework that have a representation as this kind of an

integral.

3.2 Two Prizes

In this subsection, we consider the special case with two prizes, m > [. Normalize the
utility function u so that u(l,l) = 0,u(m,m) =1 and u(l,m) =t € (0,1). We can identify
each act with the set A = f~!(m) and therefore the preference can be identified with a
ranking over sets. Applying our representation theorem, we get that A = B if and only if
U(A) > U(B) where

U(A) =p(A) +1- (1 — p(A) — u(A9))
=n(A) +ta(A)
where a(A) := 1 — pu(A) — u(A°) measures the ambiguity of event A. For unambiguous

(%)

events F € £ we have u(E) + pu(E®) = 1 and hence the ranking is independent of the
parameter t. Therefore, the semiprobability u provides a ranking of unambiguous bets.
When the sets A or B are not unambiguous then the agent’s ranking depends on ¢. The
parameter ¢t measures the weight given to the ambiguous part of the sets A or B. When
evaluating the binary act x Ay the decision maker is confronted with three distinct prizes;
the prize x, the prize y and the prize (x,y). How trade-offs between those three prizes are
resolved depends on the decision maker’s utility function. In the case of two prizes the
utility function corresponds to the parameter t.

The case of two prizes enables us to compare derivation of subjective probabilities in
SEU theory to the derivation of a semiprobability in our setting. Let > be a complete,
transitive binary relation such that Q > () and A = B whenever B C A. The event A C Q
is null if B~ AU B for all B C A. Let N denote the collection of all null sets. Let D, &
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be two (nonempty) collections of sets in Q2. We say that (£4,D) is an ambiguity structure

it £ € &4 is not null and
DeDifandonlyif DNE #0)# D°NE

forall E € £;. We say that = is adapted to the ambiguity structure (€4, D) if the following

properties are satisfied:

Property 1: IfA,BCFE €&y and C C E°, then A > B ifand only if AUC = BUC.
Property 1 says that the preference is separable across unambiguous events. It matches

our earlier definition of unambiguous events when we restrict to binary acts.

Property 2: If D = () for some D € D then E; = Ey implies E1 N D1 = FE> N Dy

whenever F; € €., D; € D fori=1,2.

Property 2 plays the role of Axioms 2 and 4(ii) in this context. Axiom 2 applied to

binary acts requires that

D~=0=DNE =0 (1)

for all E € £;. If we choose Ey C Es, By = Es then (}) together with Property 1 imply
EinND = Es N D. The decision maker’s indifference among diffuse sets (Axiom 4(ii))
implies that the strict preference of F4 N D over E5 N D is preserved even when different

diffuse sets are applied to E; and FEj.

Property 3: A > B implies there exists a partition F1,...,E, € £, of Q such that
A= BUE; for all i.

Property 3 is standard. Properties 4 and 5 are used to establish countable additivity
of the semiprobability. Properties 4 and 5 capture the relevant aspects of Axiom 6 for this

context.
Property 4: &, UN is a o—algebra.

Property 5: IfE,E; € £ and E;1, C E;, then (| E; = () implies E > E; for some i.
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Theorem 2: The preference relation = is adapted to the ambiguity structure (£, D)
if and only if there exists a convex-valued semiprobability i and a real number t € [0, 1]

such that A = B if and only if pA) + ta(A) > u(B) + ta(B).

The proof of Theorem 2 is in the appendix. We provide a separate proof because it is
simpler than the proof of the main Theorem.

As Theorem 2 demonstrates, the semiprobability alone does not provide enough in-
formation to identify the decision maker’s preferences over bets. Even in the case of two
prizes there are 3 possible outcomes for an SEUU decision maker, [, m and (I, m). The last
outcome is interpreted as a situation where the agent receives [ or m and cannot reduce
the uncertainty further. To evaluate a bet that is not unambiguous we need to know how

the agent trades-off (I,m) and the prizes [ or m.

4. Uncertainty Aversion and Mean-Preserving u-spreads

In this section, we provide a definition of uncertainty aversion and a corresponding
criterion that allows us to rank bilotteries as more or less uncertain. For an SEUU decision
maker, the bilottery generated by the act captures all relevant information about an act.
Conversely, as we show in the proposition below, for every bilottery with support I there

is some act that generates it.

Proposition 4: Let p be a bilottery with support I and let ;. be a semiprobability.
Then, there is f € F with py =p

Proof: Appendix A, Lemma 3 (ii).

Our representation theorem together with Proposition 4 imply that any statement
about preferences over acts can be described in terms of bilotteries and, conversely, state-
ments about the ranking of bilotteries imply a corresponding statement about the ranking
over acts.

Consider the bilottery
1/2 . 193y + 1/2 : 1wz
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which yields the pairs (z,y) and (w, z) with equal probability. An uncertainty averse EUU
prefers a d-increase in the lower bound of any uncertain pair to a d-increase in the upper

bound of any pair. More precisely, we define and uncertainty averse EUU as follows.

Definition: U is uncertainty averse if

U(1/2 . 1:cy + 1/2 : 1wz) 2 U(1/2 : 1:c’y + 1/2 : 1wz’)
forx—a' =2 —2=6§ > 0.

We can alternatively define uncertainty aversion in terms of the utility index u. The

index u is uncertainty averse if for 6 > 0
'U,(JZ + 67 y) o U(JZ, y) > u(wa z+ 5) - u(w7 Z)

An uncertainty averse decision maker prefers the bet on a fair coin toss Y5+ 1,, 41,y

to the diffuse bet 1,,. To see this, set 6 =y — z to get
U(1/2 e + 1/2 ’ 1yy) > U(l/Q ’ 1xy + 1/2 ’ 13:3;) = U(lzry)

Furthermore, if z = (z + y)/2 then, for an uncertainty averse U

U(l::) > UM 1oz + Yo 1ay)
>U(Yo Loy + Yo 1ay)
= U(lay))
Hence, an uncertainty averse decision maker prefers the average of x and y to the diffuse
bet 1,,.
Next, we define a criterion that ranks bilotteries according to how uncertain they are.
A bilottery ¢ is a mean preserving u-spread of p if two conditions are satisfied. First, ¢
and p must have the same mean. Second, the bilottery p must put more weight on smaller

intervals. To formalize this second condition, consider a “southeast” set T', that is, a set

that has the property that (z,y) € T implies (w,z) € T for z < w < z < y. The bilottery
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p must put more weight on 7" than the bilottery q for every southeast set T'. Let ¢4 denote

the indicator function on a set A. Let

M(p) =Y / (x+y)dp

denote the mean of b.

Definition: The bilottery p is a mean-preserving u-spread of q if M(p) = M(p) and
p(T) > q(T) for every closed T C I with the property that (z,y) € T implies (w,z) € T
forx <w<z<y.

Theorem 3: (i) If the bilottery q is a mean-preserving u-spread of p and U is an un-
certainty averse EUU then U(p) > U(q). (ii) If M(p) = M(q) and U(p) > U(q) for every

uncertainty averse EUU U then q is a mean-preserving u-spread of p.
Proof: Appendix D.

Theorem 1 shows that if uncertainty averse decision makers dislike mean-preserving
u-spreads and, conversely, that mean-preserving u-spreads are the only mean-preserving
transformations that an uncertainty averse decision maker is guaranteed to dislike.

The following example describes a family of bilotteries that is ordered according to

mean-preserving u-spreads. Let M = [0, 1] and note that the bicumulative

b; = (y — )

for 1 > y > x > 0 corresponds to a standard uniform distribution on the unit interval.
The bicumulative
by = (y — x)°

corresponds to a uniform distribution on I, that is, the measure of any rectangle A =
[a1,b1] X [ag, bs] is proportional to (twice) its area. It is easy to see that bs is a mean

preserving u-spread of by. More generally, consider any A > X' > 1. We have the following:

Proposition 5: by is a mean preserving u-spread of by, if A > X > 1.

Proof: Appendix D.
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5. Implications of SEUU Maximization

5.1 Comparison to Choquet Expected Utility

It is useful to compare SEUU maximization to Choquet expected utility (CEU) theory
(Schmeidler (1989)) to illustrate the differences in implications for behavior. A CEU
preference is characterized by a continuous nonconstant utility index, v : M — IR, and a
capacity 1. The following proposition characterizes those SEUU preferences that are also

Choquet expected utility preferences.

Proposition 6: The SEUU preference (u,u) is a CEU preference if and only if there is
t € [0,1] such that u(z,y) = (1 — t)u(x, z) + tu(y,y).

Consider first the “only if” part of Proposition 5. Let (u,u) be a SEU preference
and consider the diffuse act yDx with y > x. Since u is continuous, there is a ¢ such
that if u(F) = t then yDx ~ yEx and hence u(x,y) = (1 — t)u(x,z) + tu(y,y). For a
CEU preference it then follows that for all 4’ > 2’ we have y' Dz’ ~ y' Ex’ and therefore
u(a',y') = (1 —tu(a’, ") + tu(y’,y’) for all ¢y > '

For the converse, let v(E) = pu(E) for all unambiguous sets E € £. For an arbitrary
AcCQ let v(A) = p(A) +t(1 — p(A) — u(A°)). Choose v(x) = u(z,x), then the CEU
(n,v) represents the SEUU preference (u, u).

Notice that the parameter t is a parameter of the capacity in the Chocquet represen-
tation while it is a parameter of the biutility index in the SEUU representation. Hence,
the two theories draw a different line between event assessment and gamble evaluation.
When SEUU theory is not a special case of CEUU theory it is because the evaluation of
ambiguous bets depends on the prizes (x,y) involved in the bets. Conversely, when CEU
theory is not a special case of SEUU theory it is because the evaluation of ambiguous bets

depends on the particular diffuse sets involved in the bet.

5.2 Machina Reversals

Recently, Machina (2007) has raised concerns regarding the ability of Choquet ex-
pected utility theory (and related models) to accommodate variations of the Ellsberg

paradox that appear plausible and even natural. In this subsection, we will show that
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within SEUU theory the behavior described by Machina is synonymous with the failure of
‘constant absolute uncertainty aversion.” Thus, SEUU theory is flexible enough to accom-
modate Machina’s version of the Ellsberg paradox.

We say that a EUU preference u has constant absolute uncertainty aversion if there
exist functions v; and vy such that u(z,y) = vi(x) + va(y). To see why this can be
interpreted as constant absolute uncertainty aversion, note that for x > w, the utility
effect of reducing uncertainty from [w,y] to [z,y] is u(z,y) — u(w,y). Constant absolute
uncertainty aversion ensures that this effect is equal to v (x) —v; (w) and hence independent
of y.

Next, we describe Machina’s version of the Ellsberg paradox: consider four prizes,
{0,50,100,200} C M and a four-element partition A, Ay, A3, A4 of Q. To be concrete,
suppose a ball will be drawn from an urn that is known to have 20 balls. It is also known
that 10 of these balls are marked 1 or 2 and the other 10 balls are marked 3 or 4. The
set A; is the event that a ball marked ¢ will be drawn from the urn. Suppose that some

decision-maker, >, is indifferent among all bets on A;:
yAix ~ yAsx ~ yAszx ~ yAsx (2)
for all z,y € {0,50,100,200}. Suppose also that
yAi1 U Asx ~ yAs U Ay (3)

and
yA1 U A3CL‘ ~ yAl U A4$ ~ yA2 U A3$ ~ yAQ U A4J} (4)

Expression (3) says that the decision-maker is indifferent between the two bets where he
knows the number of balls he is betting on. Expression (4) says that the decision-maker
is indifferent between any bet on two numbers where he cannot determine the number of
balls. But, the decision-maker strictly prefers bets on events with a known number of balls

over bets on events with an unknown number of balls:

yAy U Asx = yA; U Az (5)
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whenever y > .

Next consider acts f = (x1,x2,%3,24) where z; is what f yields if event A; oc-
curs. Machina (2008) observes that the decision-maker above must be indifferent between
(0,100,200, 50) and (0, 200, 100, 50) if he is a Choquet expected utility maximizer and that
this indifference may not be a desirable restriction for a flexible model of uncertainty aver-
sion. In the language of our model, Machina argues that a decision-maker may not be
indifferent between enjoying a fifty-fifty bet over the equally uncertain/risky consequence
(0,200) and (100, 50) versus a fifty-fifty bet over the equally uncertain/risky consequences
(0,100) and (200, 50) because he may prefer “packaging” 200 with 50 rather than 0.

Call it an M-reversal if a EUU preference is not indifferent between (x1, z3, 24, z2) and
(1,24, 23, 22) for some x; € M, i = 1,2,3,4, despite satisfying equations (2)-(5). Then,
Machina argues that imposing no M-reversals is a possibly unwarranted restriction on a
model of uncertainty. It can be shown that an SEUU decision-maker has no M-reversals
if and only if it has constant absolute uncertainty aversion. Thus, within the framework

of the SEUU model, non-constant absolute uncertainty aversion allows for M-reversals.

6. Appendix A: Preliminary Results

For any set X, let A,(X) = {vr € A(X)| v has finite support }. We call A,(X) the

set of simple measures. The set £, := A,([) are the simple bilotteries.

Lemma Al: (i) If u is a semiprobability then £ is a o-algebra. (ii) p is a countably
additive probability measure on £ and (2, &, ) is complete.

Proof: First, we show that £ is an algebra. First, note that ¥ € £ implies £° € £ by
definition. Moreover, it is obvious that () € £. Therefore, it suffices to show that E1NE, € £
for B, Fy € £. Since p is supermodular, it suffices to show that u(E1NEs)+u((E1NE3)€) >
1. Since p(E;) =1 — p(EY) for i = 1,2 and, since p is supermodular, it follows that

p((Br N Eo)°) = p(BY U ES) > 2 — u(Ey) — p(E2) — p((Er U E2)9))
and therefore it suffices to show that

p(Er N Es) + 1= p(Ern N E2) + p(Q) > p(Er) + p(Es) + p((E1 U E2)%))
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which in turn follows from supermodularity.

Let F; € £ with E; D E;;1. To show that £ is a o-algebra we must show that
E =N, E; € £. Note that it suffices to show that u(E) > 1 — u(E€). We have u(E;) =
1 — p(EY) for all i and by property (ii) of a semiprobability u(E) > 1 — u(Ef) — e >
1 — p(E°) — € for all € > 0. Therefore, £ € £.

For part (ii) we first show that u(E;) + p(E2) = pw(E; U Esy) for By N Ey = (). By
supermodularity, it suffices to show that u(E7) + p(E2) > w(E; U Ez). Note that by
supermodularity, pu(ES) + w(Er U Es) < 1+ u(E;) and p(Ey U Es) > p(Er) + w(Es)
therefore p(F1) + p(Ea) — p(Fy U Ey) = 2 — u(EY) — w(ES) — p(E1 U Ey) > 0 as required.
To see countable additivity, let E; € £ be a collection of disjoint sets. Let £ = U2, F; and
define E¥ = U, E;. Note that u(E) = Y2771 u(E;) + u(E7). Note that lim u(E7) — 0 by
property (ii) of a semiprobability and therefore countable additivity follows. That (€2, &, )

is complete is obvious. Il

Lemma A2: Assume the continuum hypothesis holds. If i1 is a convex valued semiprob-
ability then (i) there exists a diffuse set D C Q. (ii) For any natural number n, there exists

a partition (Dq,...,D,) of Q with D; € D fori=1,...,n.

Proof: Birkhoff (1967) page 266, Theorem 13 proves the following: no nontrival (i.e., not
identically equal to 0) measure such that every singleton has measure 0 can be defined on
the algebra of all subsets of the continuum.

For each A C , let 4 C A be such that pu(Fq) = pu(A) and let Es C A€ be such that
w(Es) = p(A°). Define N(A) = (E1 U E3)°. Call N(A)N A the completely nonmeasurable
part of A. Let a = sup{u(N(A))| A C Q}. We note that this « is attained. To see this, let
A; be a sequence such that lim (N (A;)) = a. Define B; as follows: B; = A; NN (A;) and
Biy1 = AiNN(Ai+1) N (Uj<; N(4:)°). Note that N(B1U...UB;) = N(41)U...UN(4)
and (J;2, B; is completely nonmeasurable in (J;-; N(A4;). Since limu(N(4;)) = «, we
have (U=, N(A;) > a showing that « is attained.

If o < 1, then we would find A such that p(/N(A)) = a and use Birkoff result to find
B C N(A)¢ with u(N(B)) > 0 to get C = BU (AN N(A)) with u(N(C)) > pu(N(A))
contradicting the maximality of c. Hence, @ = 1. Then, choose D such that u(N (D)) =1
and note that D is a diffuse set. This proves part (i).
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Next, we will show any diffuse set can be partitioned into two diffuse sets. Then,
a simple inductive argument yields part (ii). Let D be any diffuse set and define 3; =
{END|E €&}, y1(END)=u(E). Note that since D is diffuse, u(E N D) = u(E' N D)
implies that E, E’ differ by a set of measure 0. Hence, (D, X1, 1) is a probability space
and pq({s}) = 0 for s € D. Since infg~p u(D) = 1, D cannot be countable. Then, by
the Continuum Hypothesis, the cardinality of D must be the continuum. Repeated the
argument in part (i) above yields a diffuse subset of Dy of D. Then, for any E such that
w(E) > 0, we have p1 (END) > 0 and therefore EN Dy # (). A symmetric argument yields
EN[D\D4] # 0. Hence, D1, D\D; are diffuse in . O

Lemma A3: (i) If 4 is a semiprobability then by is a bicumulative. (ii) For any bicu-
mulative b, there exists f € F such that by = b.

Proof: Part (i): We must show that 1 is submodular and satisfies properties (i)-(iii).
Property (iii) follows from property (ii) of a semiprobability. Properties (i) and (ii) are

obvious. That 1 is submodular follows from the supermodularity of u. O

Part (ii): Let w =m—1{and 2]’ =[+wi2™" for alli =0, 1,...,2". For any z,y € M,
let i(n,x) = max{i |z’ < z} and j(n,y) = min{j|2} > y}. The function i is increasing
in both arguments while j is decreasing in the first argument and increasing in the second
argument.

Define, for allm >0, =0,...2" — 1,

ey = b(2]" 20) — b2, 2)") fori=1,...,2" —1

1977

ap; =b(z]", 2) — b(2?+1a z?) —b(z, Z}‘l—l) + b(z:‘:-lv Z;L—l)
for all j such that 2" > j > i + 1. Pick any diffuse set D. Define f© = mDI and Ey; = €.
Consider any f™ and collection of set £ for ¢ =1,...,2", j satisfying 2" > j > i+ 1 such
that (i) f"(w) = 27 if and only if w € EJ; N D for some E’

5y (i) f*(w) = 27 if and only if
w € Ef;NDe for some £}, (iii) M(EZ) = oy, (iv) o> = 0 implies Bl = () and (v) {E{;} isa

17
partition of Q. Define f"*! inductively, as follows: for all t > r, /s > 0, r € {2i,2i+1},
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t € {27,2§ — 1}, choose E,; such that (i) o, = u(E,+) and (ii) the collection of such E,;

is a partition of E;;. Finally, set E,; = ) whenever o, = 0. This is possible because

Az + U1+ Unine) T A1 =
and the restriction of p to £ is convex-valued. Then, let f*T1(w) = z;”Ll for all w €
E;}HOD and " (w) = 2 forallw € E;}JFIODC. Note that f*(w) = f""!(w) whenever
w E E("zi.')l(%). More precisely, f*(w) > f*1(w) for all w € D, while f*(w) < f**(w) for
all w € D°. Since f™(w) is a monotone sequence, it has a limit f(w) = f>*(w). It is easy
to see that forn =0,...,and k=n+1,...,00,

2% itweD
niy — J A
frw) = {zi”(n iy ifwE D (+)

To establish that ¢(f) = b, fix (z,y) € I such that y > = and define

n __ n n ___ n
L= Zitnz)y Y = Zj(n,y)

Note that j(n,y) > i(n,z) since y > x and forn =0,...,and k=n+1,..., 00,

" = Zznn xk
(%) (k)
yn - Z;'l(n,:ck)
First, we show that
S eyl © (F7Y T T gt () T 2y (1)

for all n. To see this, assume f(w) = z € [z,y] and w € D. Then, (x) yields

n+l _ _n+1 n+1 n+1 _ rmn+1 n+1 _ - n+l1
=z <z <z =f (w)gz.(nﬂ’y)—y

x i(n+1l,z) — “i(n+1,2) — “j(n+1,2)

Hence, w € (f"t1) =1zt y"*1] proving the first inclusion above. A symmetric argument
yields w € (f*+1) =zt yn ] for w € De.

Next, suppose w € (fmH) =Lzt ¢yl for w € D. f*TH(w) = 2z € [z gyt

k

Since z* is increasing and f¥(w) is decreasing, we have 2" < z"*! < frtl(w) < f*(w

).
By (%), we have f™(w) = ;L(’I’L,Z) while (%) and the fact that z < y" 1 yields z;.l(n’z) <
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Znyn+1y = Y. Hence, f*(w) < y™ and therefore w € (f*)~tz",y"]. A symmetric
argument yields the desired result for w € D¢.
Next, we prove

F ey = (Y™ ey (2)

n

Since (1) holds, it suffices to prove that ™ < f"(w) < y™ for all n implies z < f(w) < y.
Suppose z = f(w) < z. Assume first that w € D°. Then, there exists 2™ for n > 1 such
that z < 2™ < z. The fact that f*¥(w) is increasing for w € D¢ implies f*(w) < z < 2"
and hence w ¢ (f™)~1[z",y"]. If w € D, then there exists 2 such that z < 2 < z and by
(%), [M"(w) = 2], ) < 2", again proving w ¢ (f™)~Ya™,y"]. The argument for the case
f(w) > y is symmetric and omitted.

Since p is a semiprobability, (1) and (2) implies
p(fHeyl) = Tim p((F)7 2", y") (3)

By construction, pu((f™)"z", y"]) = b(a™,y™) and since ™ converges to x from below
and y" converges to y from above, we have lim,, . u((f™)"[z™,y"]) = b(z,y). Then (3)
yields

w(fHz,y]) = b(z,y)

for all z,y such that [ < x <y < m. To show that u(f~1(2)) = b(z, 2), assume that z < m
(if not z > [ and a symmetric argument applies). Define y,, = z + < for € sufficiently small
so that [z,y,] C [l,m]. Note that f~'z,ynt1] C f7 2, yn] and N, f 1z, un] = F71(2).
Again, since p is a semiprobability, it follows that u(f~1(2)) = lim, u(f~ [z, y.]) =
limb(z,y,) = b(z,2) as desired. Thus, u(f~[z,y]) = b(z,y) for all z,y proving that
P(f) =b. m
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7. Proof of Propositions 1 and 2

7.1 Proof of Proposition 1

Define u(z, y) = U(1lgy) and V(n) = [u(z, y)dn. Obviously, V is affine. Since I is compact,
the topology of weak convergence and the Prohorov topology are equivalent. Therefore,
V' is continuous. Standard arguments familiar from expected utility theory suffice to show
that V(n) = U(b) for all b € L,. Since A,(I) is dense in A(I) and therefore £, is dense
in £, it follows that V' (m,) = U(b) for all b € £ as desired. O

7.2 Proof of Proposition 2

For the bilottery b define

Gp(z,y) =b(l,y) — lim b(z",y)

rzt|x

It is straightforward to show that Gy, = Gy, if and only if b = b’. The function Gy, satisfies
the conditions for a distribution on IR? (see Billingley (1995), pg. 177). Therefore, we can

apply Theorem 12.5. in Billingsley to show that there is a unique measure 1) on IR? such

that b(z,y) = ¥([z,y] x [z,y]). [

8. Appendix B: Proof of Theorem 1

In this section we prove Theorem 1. The proof is divided into a series of Lemmas. It

is understood that Axioms 1-6 hold throughout.

Lemma B1: (i) f(s) > g(s) for all s € Q2 implies f > g. (i) f = g implies f = z = g
for some z € M. (iii) fn,gn € F, fn converges uniformly to f, g, converges uniformly to
g, g = [ implies g, = f, for some n. (iv) fn,gn € Fe, fn converges pointwise to f, g,

pointwise to g, g = f implies g,, > f, for some n.

Proof: To prove (i), let f, = +1+ (%=1)f and g,, = =1 + (%=21)g. Then, f, converges to

f uniformly and g,, converges to g uniformly. By Axiom 2, f,, > g,. Then, by Axiom 6,
f = g, and applying Axiom 6 again yields f > g as desired.
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To prove (ii), assume f > g and let y = inf{z € M |z = f} and let x = sup{z €
M| g * z}. By (i) above, x and y are well-defined. Axiom 6 ensures that y ~ f and z ~ g
and therefore y > x. Then, for z = xTer, we have f = z > g.

To prove (iii), let g > f and apply (ii) three times to get z,y,x such that g >~ z >
y = x > f. Axiom 6 ensures that g, > y and y > f, for all n large enough. Therefore,

gn > fn for all such n. Analogous argument proves (iv). O

Lemma B2: The collection £ is a o—field.

Proof: First, we note that £ is a field. That F € £ implies E¢ € e is obvious as is the fact
that @ € £. Hence, to show that £ is a field, we need to establish that E, E € £ implies
ENnEcé.

Suppose fENE'h = gENE'h. We must show that fENE'W = gENE'R. Note that
fENE'h = (fER)E'h. Since E' € £ we have (fEh)E'h' = (9Eh)E’h'. Next, observe that
(fER)E'W = (fE'W)E(RE'R). Since E € € we have fENE'W = (fE'W)E(WE'R) =
(g’ YE(WE'R') = gE N E'R as required. A symmetric argument yields h’E N E'f >
NWENE'git hENE'f > hENE g and therefore £ is a field.

To prove that the field £ is a o—field, it is enough to show that if F; € £ and
E;, C Eiy1,then JE; € £. Let E; C E;41 for all i. Note that fEig converges pointwise
to fJE;g for all f,§ e F. Hence, if g|J E;h' = fUUEiN or W \JEig = h'|JE;f for some
f,g,h, b € F., by (iv) above, we have gE,h' = fE,h' or WE,g = W E,f for some n,
proving that F; € £ for all n implies |, E; € £. O

Lemma B3: There exists a finitely additive, convex-ranged probability measure p on €

and a function v : ) — IR such that the function V : F. — IR define by

represents the restriction of = to Fe.

Proof: Note that Axiom 1 implies Savages P1, Axiom 2 implies P2. By definition P3
is satisfied for acts in F., Axiom 3 yields P4, Axiom 4 yields P5, and finally, Axiom 5
yields P6. Then applying the proof of Savage’s Theorem to all acts in F, yields the desired
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conclusion. This is true despite the fact that Savage’s theorem assumes that the underlying
o—field is the set of all subsets of 2; the arguments work for any o—field. o—field. Hence,

the result follows from Savage’s theorem restricted to simple acts (i.e., Fy). O.

Lemma B4: The probability measure p on £ is countably additive and complete.

Proof: To show that u is countably additive, we need to prove that given any sequence E;
such that E;1q C E; for all ¢ and E* := (), E; = 0, lim u(E;) = 0. Suppose lim p(E;) > 0.
Then, by Axiom 5, there exists E such that lim pu(F;) > p(E) > 0. Hence, p(E;) > u(E)
for all 4; that is mE;l = mFEl for all .. But mE;l € F. and converges pointwise to mE*[.
Hence, mE*l = mFEl > . Therefore, u(E*) > 0 as desired.

To see that u is complete, let fEg ~ g for all f,g. Since E € £ it follows that for
A C E, (fAg)Eg ~ g for all f, g and therefore fAg ~ g for all f,g. This implies that
A € & and therefore p is complete. O

Lemma B5: The function v is strictly increasing and continuous.

Proof: That v is strictly increasing follows from y > = whenever y > x. To prove
continuity, let E,.€ be any event such that u(E,) = r. Suppose r’ = limv(x,) < v(x) for
some sequence z, in X. Then, choose r € (r',v(z) and note that x >~ hE,l = x, for n
large. Therefore, x = hE,.l = limx, = z, a contradiction. Hence, 7’ > v(z). A symmetric

argument proves 1’ = v(z) and yields the continuity of v. O

Let

where the {F;} ranges over all sequences such that F; € £ and A C |J; F;. Since £ is a

o—field, this definition is equivalent to

p(4) = min_u(E)

That is, there exists E € € such that A C E and u(E) = p*(A). Call such an F a sheath of
A. Clearly, the symmetric difference between any two sheaths of a given set A has measure

0.
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Lemma B6: For any set A C (), there exists a partition F1, Fo, E3 € £ of () such that
(i) Ey C AC Ey UE, and (ii) p*(Ey N A) = p*(Ey N A°) = u(Es). (iii) If Ey, Ey, F5 also
satisfy (i) and (ii), then p([E; N ES|U[E; N ES]) =0 for all i = 1,2,3

Proof: Choose sheaths F E for A and A° respectively. Then, let £y = E¢, E5 = EN FE
and F5 = Q\(E; U Ey). Clearly, E; C A. Note that E¢ C A C E. Then, z ¢ E; U E,
implies € ENE5 = EN[ENE]° = ENES = E and hence z ¢ A. Thus, A C Ey UFE,.

Finally, note that pu*(A) = p(Ey U E2) = w(Er) + w(E2) > p*(Eq) + p*(E2 N A).
Since p* is subadditive, we have p*(E1) + p*(E2 N A) > p*(E1 U [Ey N A]) = p*(4).
Thus, p*(E2) = p(E2) = pu*(E2 N A). A symmetric argument yields u(Es) = p*(E2 N A°)
establishing (i) and (ii).

To prove the uniqueness claim, note that the argument above showed that if Eisa
sheath for A and F is a sheath for A¢, then 1 = E¢, E5s = EN FE and Es = O\(F1 U E»)
have the desired properties. It is easy to see that the converse is true as well: if Fy, Fs, Fs
have the desired properties, then E; U F5 is a sheath for A and Fy U F3 is a sheath for

A¢x. This establishes the uniqueness assertion. U

Since p is a countably additive and convex valued probability measure on E we can
apply Lemma A2 in Appendix A to conclude that (i) there exist a diffuse set D C €. (ii)

For any natural number n, there exists a partition Dq,..., D, € D of €.

Lemma B7: For any y,x and diffuse act D, there exists a unique z € X such that

yDx ~ z.

Proof: Let z = sup{w € X |yDx = w}. Since, yDx = | by Axiom 2, z is well-defined.
Then, we can construct two sequences y,, > z and z > x, such that both sequences

converge to z and y,, = yDzx, yDx > x,. Hence, by Axiom 6, z = yDx > z as desired. [

For any E € &, let [F] denote the equivalence class of sets in £ that differ from E by
a set of measure 0. Then, define [E] A [E'] = [E*] for E* € [ENE'], [E]V [E'] = [E¥]
for E* € [EU E'| and —F = [E*] for E* € [E€]. Let S(A) = [E*] for some sheath E* of
A C Q. By Lemma B5, S(A) is well-defined for all A C Q. Let [£] = {[E]|F € £}. Tt is
easy to verify that [£] is a Boolean o—algebra partially ordered by the binary relation <,
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where [E] < [E'] if and only if [E] A [E'] = [E]. When there is no risk of confusion, we
omit the brackets and write FV E’, - E etc.

We say that {E1,... E,} € [€] is partition if (i) [E;] A [E;] # [0] if and only if ¢ = j
and (ii) Q = Ey V Es,...,VE,. A partition act f is defined as a one-to-one map from
some partition P of ([£]) to the set of nonempty finite subsets of M. We let P; denote the
partition that is the domain of f. The partition act f is equivalent to the act f if for all
E € Py

Eelz] (*)
(i)  f(E) Cf(E') for all E, E’ such that u(E) >0 and E' C E

Lemma BS8: For every simple act f € F,, there exists a unique partition act f that is

equivalent f.
Proof: Define
E71 =1{S(f~1(2)) e [€]1 Z c M}

and let [£7] be the smallest sub o—algebra of [£] that contains [£7]. Note that [£9] and
therefore [£f] are both finite. Let

Py ={[E] € [\ W] | E” € [€/] implies E" A E € {[E], [0]}

Hence, Py is the set of minimal elements in [E¢]\[]. We claim that Py is a partition.
Clearly, Py is nonempty and condition (i) is satisfied by construction. So, we need only
show that \/ zep E=Q Let T ={E € [&]|[0] < E < Neep, —E}. If T is nonempty,
then it must contain a minimal element E and therefore, E € P;. Hence, [0] < E <
A& P, —E < —F and therefore E = [], a contradiction. This proves that 7 is empty and
therefore Agep, —~E =[] which implies \/ Bep, E = Q as desired.

Define f(E) = Niere f(E) for all E € P;. Choose E' C E such that u(E') > 0. Let
Z = f(E') and let E* = S~1(Z) € [£7]. Note that f(E') N f(E) # 0. Since E* € 9] and
[E] € Py, we conclude [E] < E* and therefore f(E) C f(E*) = f(E') proving (¥).
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Next, we will show that f is a partition act with the domain Pr="P;. Ifx ¢ f(E),
then pu(f~'(z) N E) = 0. Since u(E) > 0 for E € Py it follows that f(E) cannot be
empty for £ € Py. We have established above that P is a partition. So to prove that
f is a partition act with Pg = Py, we need only show that f is one-to-one. Assume that
f(E) = f(F)=Z, for E,F ¢ P¢. Then, for all Ey € [5]9], E C Ey if and only if F C Ej.
Therefore, the same holds for all Ey € [£]. Since E, E € [£f], we have E = F as desired.

Finally, let g be some other partition act that is equivalent to f. Choose E1 € Py and
E, € Py such that Ey A Ey # 0. Then, (*) implies

f(Ey= (] f(E)=g(E)

ECEl/\EQ
Then, the one-to-oneness of f ensures that E; A Fy # 0 # E} N Es implies Fy = Ej for
all By, B} € Py and E € Py. Hence, Py = P; and since both f, g are equivalent to f, we

have f = g as desired. Il

Henceforth we write f to denote the partition act that is equivalent to f.

Lemma B9: (i) Let Dy, ..., D,, € D be a partition of Q and y; 11 > y; fori =1,... ., n—1
and define f : Q — X as follows: f(s) = y; whenever s € D;. Then, f ~ y,Dy, for all
D € D. (ii) For any partition act g, there exists some simple act f such that g = f. (iii)
For any partition act g and £ € Py, there exist h € F, and f € F4 such that hEf = f
and h = g.

Proof: By monotonicity, y,[D2 U ... U Dyly1 = fynDny1. By Axiom 5, y,[Da U ... U
Dy]y1 ~ ynDpy1 ~ ynDyr. This proves part (i).

Let f be the partition act and n be the maximum of the cardinality of f(E) for E € Pj.
Define an onto function tg : {D1,...D,} — f(E) for each E € Ps. Let Dy,...,D,D be
a partition of D. Choose a partition P C & of 2 such that {[E][|, E € P} = Pj. Define
the act f as follows: for all s € EN D,, f(s) =tg(D,). Then, f is equivalent to f. This
proves (ii).

Let g(E) ={y1,...,yn} and D1, ..., D, be a diffuse partition, the existence of which

is guaranteed in Lemma B6(ii). By part (ii), we can choose h’ € F, so that A’ = g. Define
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f(s) = y; if and only if s € D;. Let h = fER. Hence, h = g as well. Note that h, f have
the desired properties. ]

For any partition act f and E € Py, we define

Let £,(f) = {E € Pf|a = a(E, ).y = (B, )} and define

Ea:y(f) = \/ E

E€&y(f)

We define

P(f) = {Ewy(f) 2,y € M}

Note that P(f) is a partition that is coarser than Pp; that is, for E' € Py there exists a

unique E € P(f) such that E = E A E. Finally, we define the partition act f* on P(f) as

[T (Bay) ={z} U{y}
We call f* the binary partition act of f.

Lemma B10: (i) f = g, then f ~ g. (ii) If f* = g, then f ~ g.

Proof: For all f,g such that f = g and E € Py, let T(E) = 0 if there exists E' € [E]
such that f(s) = g(s) for all s € E' and T(F) = 1 otherwise. We will prove the result
by induction on the cardinality of the set of E' € Pf such that T(E) = 1. If this set is
empty, then f, g differ on a set E € £ such that u(E) = 0. Hence, gEm = f = gE°l
by Lemma B1(i). Similarly, we have fE‘m > f »= fE€. Since E is null, we have
fEm = gEm ~ gFEl = fEl and therefore f ~ g. Next, assume the assertion holds
whenever the cardinality of £ € Py such that T(E) = 1 is k and consider £ € Py for
some f, g for which this cardinality is & + 1. Choose E’ € [E] such that T(E) = 1 and
let n be the cardinality of f(E). Since T(E) = 1, n > 1. Hence, f(E) = {y1,...,yn} for
yi < yi+1- Choose a partition D,... D, € D and let h be the act yields y; on D, for all
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i. Let Df = [D; N E€)U [f~(y;) N E] for all 4. It is easy to verify that D} is diffuse for
all . Consider the act h' that yields y; on each D}. By Lemma B9(i) and Axiom 4(ii),
h' ~ h. That is, fEh ~ h. A similar argument yields fEh ~ h, therefore fEh ~ gEh and
finally, fEg ~ g. But notice that for f and fEg, the cardinality of the set of [E'] € Py
such that T(E’) = 1 is k and hence by the inductive hypothesis f ~ fFEg and therefore
f ~ g proving part (i).

The proof is by induction on the cardinality of the set

{EcPr|f(E)# g(E) for E such that E < E}

When that cardinality is 0, the one-to-oneness of partition functions functions ensures that
f =g = f* and then part (i) yields f ~ g. Suppose the cardinality of that set is k& + 1 and
pick any element E of that set. Let E be the element of Pg such that £ N E = E. Choose
f' € Fyand h € F, such hEf' = f' and h = f. Similarly, choose ¢’ € F; and h, € F,
such h,Eg = ¢ and h, = g. Since f(E) # g(E), we know that both the cardinality of
f(E) and that of g(E) must be greater than 1. Hence, by Lemma B9(i), h ~ h,. Set
f' = h*Ef. It follows from Axiom 3 that f' ~ hEf = f. Note that Py = Py and
the cardinality of the set {E € Pf | f'(E) # G(E) for E such that E < E} is one smaller
than that of {E € Py| f(E) # g(F) for E such that F < E}. Hence, by the inductive

hypothesis, f' ~ ¢ yielding f ~ g. O

Let

pr({(z,9)}) = w(Eey(f))
Since pu(E'") = u(E) for all E' € [E], the meaning of u([F]) is clear and u([E]) = u(E).
Furthermore, py is clearly a discrete bilottery. Let ¢),(f) denote the function that assigns
p¢ to each f. Hence, ¢ maps F, into £,. The next Lemma shows that this map is onto.

Lemma B11: The function v, is onto and ¥,(f) is a bilottery for all f € F,.

Proof: Let p =73 | aily,y,, where z; < y;, a; > 0 for each i and ), a; = 1. Choose any
partition Ey,..., E, € £ of Q such that u(E;) = ;. Define g(F;) = {z;} U{y;}. Then, g
is a partition act. Let f be an act such that f = g. Clearly, ¥, (f) = p. O
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Definition: Let u: I — IR be defined as u(z,y) = v(z) for z such that yDx ~ z.

Lemma B12: The function u is increasing and continuous.

Proof: Suppose yDx ~ z and gDz ~ 2. If §y > y and & > x, then Axiom 2 implies 2 > z
and applying Axiom 2 again yields Z > z as desired. If § > y and & > x, then by Lemma
B1(i), 2 = z. Then, applying Axiom 2 again yields Z > z.

To prove continuity, assume y; Dx; ~ z; for i = 1,... and lim(z;,y;) = (x,y). Since
z;s are in a compact set in proving continuity, we can assume this sequence converges to
some z. Suppose yDx > z and note that since y; Dx; converges uniformly to y; Dx; and
the act z; converges uniformly to z, we have by Lemma B1(iii), y; Dx; ~ z; for some i, a
contradiction. A symmetric argument yield y; Dxz; ~ z; and establishes continuity. Il

For f € f, define
U(h) = [ udvils)

Lemma B13: (i) For all f € F,,

U(f)= > wEu=(E, f*),y(E, [))

EE€P;~
(i) If u(x(E, f*),y(E, f*)) = u(z,2) for E € Pg«, then U(zEf) = U(f).

Proof: Part (i) is obvious since for any p = ). a;14, 4,

/udp = Z au(x;, y;) (%)

If Py« = Prpgy~, part (i) follows immediately from part (i). If not, then there
exists B/ € Pyg- such that f*(E’) = {z}. Then, part (i) together with the fact that
WEUE") = pu(E) + u(E") yield the desired conclusion. O

Let d(f) be the cardinality of the set {E € Py«
d(f) =0, then f € F..

f*(F) is not a singleton}. Hence, if

Lemma B14: The function U represents the restriction of = to F,.
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Proof: Let F* = {f € F,|d(f) < n}. The proof is by induction on F". Note that for
fer?
> vla)n(f ) = [ udvn(s) =U(F)

rzeM

Hence, by Lemma B3, the restriction of U to F° represents >=. Suppose U represents
the restriction of = to F™ and choose f,g € F"*!. Define h; as follows: if f € F",
then hy = f. Otherwise, choose £ € Py« such that the cardinality of f*(£) is not
1. Hence, y(E, f*) > x(F, f*). Lemma B12 ensures that there exists a unique z such
that u(z,z) = u(z(E, f*),y(E, f*)). By construction, y(E, f*)Dz(FE, f*) ~ z. Hence, by
Axiom 3, zEf ~ f. By Lemma B13(ii), U(zEf) = U(f). Hence, set hy = zE f. Construct
an hg in the same fashion. Then, f = g if and only if Ay = h,. By the inductive hypothesis,
hy = hg if and only if U(hs) > U(hg). Since U(hy) = U(f) and U(hy) = U(g), the desired

result follows. O

Recall that py is defined as the bilottery corresponding to the bicumulative by (z,y) =
w(f~([z,y]). By Proposition 2, ps is a well defined bilottery. Lemma B13 below shows
that for a simple act f € F, the bilottery p; coincides with the bilottery 1,(f) defined

before Lemma B11 above.

Lemma B13: For f € F,, pr = ¥o(f).

Proof: We must show that for any F € F,, o (f)([z,y] x [,9]) = p(f[z,y]). Let f
be the partition act associated with f and let E{ e ETJ: be the corresponding partition.
Define

Then let Jo = {i = 1,...,n,|i & Juy, f(E) N[z,y] # 0} and J3 = {i = 1,...,n,|i ¢
Joy U J2}. Set By = UieJIy E;, By = Uing E;, and F3 = UiEJ3 E; and note that Eq, Fs,
and Fj3 is a partition for f~![z,y]) of the type guaranteed in Lemma B6. It follows that
w(f e yl) = n(Er) = do(f) ([, y] x [2,9]). O

For f € F define
U(f) = / udpy
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By Lemma B13 this definition if U(f) coincides with the earlier definition on simple acts
f € f,. Lemma B14 shows that U as defined above represents the preference for all acts.

Lemma B14 completes the proof of Theorem 2.

Lemma B14: The function U represents .

Proof: Note that for all f, there exists x; such that U(zs) = u(zf,25) = U(f). This
follows from that fact that u is increasing in both arguments and continuous which implies
u(m,m) > U(f) > u(l,l) and by the intermediate value theorem u(x¢,x¢) = U(f) for
some ¢ € [[,m]. The monotonicity of u ensures that this xs is unique. Next, we show
that f ~ xy.

Without loss of generality, assume [ = 0 (if not let [* = 0 and m* = m —[ and identify
each f with f* = f —[ and apply all previous results to acts F* = {f —[| f € F}.) Define
for any z > 0 and € > 0, z*(x,¢) = min{ne|n = 0,1,... such that ne > z}. Similarly, let

zi(x,€) = max{ne|n = 0,1,... such that ne < x}. Clearly,
0<z%(z,6) —x < 2"(z,€) — zu(m,€) <€ (4)

and the first two inequalities above are equalities if and only if = is a multiple of e.

Set f"(w) = z*(f(w),m2™") and f,(w) = z.(f(w),m2™™) for all n = 0,1,.... Equa-
tion (4) above ensures that f™ > f > f,, and f", f, converge uniformly to f. Note also
that [, f, € Fo.

Let (i) b =by, G = Gy, and p = py (ii) b” = byn, G" = G, and p" = ppn, (iii)
Pn =pf,, Gn = Gy, and p, = pp, . Recall that

Gc(l’,y) = C(l,y) — lim c(:1:+,y)

zt |z

is the standard cumulative corresponding to the bicumulative c.
Next, we will show that p™ and p,, converge weakly to p. Fix (x,y) be any continuity
point of G and let T' = {(2,9) € I|z < z,y < y}. Then, p(T) = G(z,y). Define,

n

" = 2" (z,m27"),y"

= 2"(y,m27"),z, = z(x,m27"),y, = 2z.(y,m27™) and also set
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T ={(z,g9) el|z<a™g<y"}and T, = {(2,9) € I |Z < z,,5 < yn}. By equation (4)

and the observation made immediately after its statement, we have

G(a™,y") =n(T") =n"(T") = 1" (T) Z nu(T) = M (Tn) = n(Th) = G(xn,yn)  (5)

Since (z,y) is a continuity point of G and (z™,y"), (n,yn) both converge to (x,y), we
conclude that p™(T) = G™(x,y) and p,(T) = G,(z,y) converge to G(z,y), proving the
weak convergence of p” and p, to p.

Since p™ weakly converges to p, U(f™) converges to U(f). Also, since f™ > f, we
have U(f") > U(f) = U(xy) for all n. Since U represents the restriction of > to Fy, we
conclude that f™ > x for all n. Then, Axiom 6 implies f > x. A symmetric argument
with f,, replacing f" yields xy = f and therefore xy ~ f as desired.

To conclude the proof of the Lemma, suppose f = g, then U(x¢) = U(f) and U(z,) =
U(g) and x¢ ~ f = g ~ x4. Since U represents the restriction of > to F,, we conclude
that U(zy) > U(z,) and hence U(f) > U(g). Similarly, if U(f) > U(g) we conclude
f~xy = x4~ gand therefore f = g. O

The proof of uniqueness follows from the standard uniqueness argument and is there-

fore omitted. O

9. Appendix C: Proof of Theorem 2

In this section, we provide the proof of Theorem 2. The proof is divided into a series

of steps.

Proof: Let £ := £, UN and consider the restriction of > to £. Then, = is a qualitative
probability and hence property 3 applied to £ together with Savage’s qualitative probability
representation theorem yields the existence of a finitely additive, convex valued probability
measure v such that F = E’ if and only if v(E) > v(E’). Clearly, v(F) = 0 if and only if
E e N. For A C Q define

HA) = Ecg}fEeg v(E)
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Consider any disjoint collection of sets £} and let B = |J;Z, E;. Let E; = U;2; Ej.
Since p is convex valued, by Property 5, for all € > 0, there exists i such that u(FE;) < e.
Hence, lim p(E;) = 0. Therefore,

1—1 1—1
wE)=p | BV E) | =uE)+> uE)
j=1 j=1

Taking a limit as i goes to infinity yields pu(E') = 3777, u(E’) proving the countable
additivity of p on £.

Step 1: The set function p is a semiprobability.

Proof: It is straightforward to show that p is supermodular. Therefore, it remains to
show that (i) for all A there exists £ € £ such that £ C A and p(E) = pu(A) and (ii)
p(N22A;) = lim; oo pu(A;) for any {A;}5°, with A; C A;4q. To see (i) let E; € € be any
sequence of sets such that F; C A and lim pu(A4;) = p(A). Then, let E = |J, E; and note
that E is the desired set. Since p is countably additive on £ (ii) follows from (i). O

Step 2: For any A, there exists F € £ such that A ~ F.

Proof: Let a = sup{u(F)|E € £,A = E}. Clearly a € [0,1] is well-defined. Since p is
convex valued, there exists E such that pu(F) = . We claim that A ~ E. To see this
note that if A > FE, then we must have a < 1 and by Property 3, there exists a partition
Eq,...,E, € & such that A = EFUE; for all i. So, p(F U E;) > u(E) = « for some
1, contradicting the definition of o. Conversely, if £ = A, then there exists E’ such that
E = AUE'. Hence, u(E) > pu(E') so that we can without loss of generality, assume
E’ C E. Then, by Property 1, E\E’ = A\E'’. Then, by Property 3, there exists a nonnull
E* C E’ such that pu(E*) > 0 and F\E' = A\E’ U E*. Then, taking the union of both
sides with E’\ E* and applying property 1 yields E\E* = AUE’ = A. But, u(E\E*) < a,

again contradicting the definition of a.. So, F ~ A as desired. Ol
Step 3: If,u(El) = ILL(EQ), and Dl, D, € D, then FhZ N Dy ~ Ey N Ds.

Proof: If D ~ () for some D then, by Property 3, D ~ () for all D € D and the result
follows. Hence, assume that D = () for all D € D. First, we prove the result for 1, Ey = Q.
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If D1 > Do, then by Property 3, there exists £ € £, such that Dy = Dy U E, which by
Property 1 (and monotonicity) implies D1\ E > D>\ E. Hence, by Property 3, there exists
E. C F such that such that p(FE.) > 0 and D;\F > [D;\E] U E,. Note that by Property
2, DoN[E°UE,] = Di\E. But DyN[E°U E,] C [D2\E]U E,, hence monotonicity yields
a contradiction. A symmetric argument yields D; ~ Ds. Note that pu(E) = 1 implies
ENE; #( for all E; € £, it follows that EN D € D for D € D. Therefore, the above
argument proves the result for all £y with pu(FE;) = 1.

If u(E1) < 1 and By N D = EyN D then, by Property 3, E1 N D = E; N DU E; for
some F; € &, E; € ES. Since Fy U E; = E; Property 2 implies that Fo N D U E; >
[E; UE;)N D = E; N D, a contradiction. O

Define t as follows: ¢t = u(FE) for E ~ D, D € D. By Step 3, t does not depend on
the choice of D € D. We say that a a € (0, 1] is diadic if o = 2% for natural numbers k, n;
such a number i of order n if £ is odd. Hence, every diadic number can be stated uniquely

as 2% where n is its order.

Step 4: For any diadic number «, and E1,Es € &, if u(Fy) = ta and Fy = «, then
Ei~FEyND.

Proof: The proof is by induction on the order of a.. If « is of order 0, then Fo N D € D
and hence the result follows from the definition of t. Suppose the result is true when « is of
order n — 1. Assume o = k27" and F4, E5 satisfy the hypotheses of the assertion. Choose
disjoint sets 2, j = 1,...k-+1 with (EJ) = 2= and choose Y C E} with u(E?) = t27™.
By Step 3, E3ND ~ EiND for all i,j and if B} > EJ N D for some j we have E/ = EJND
for all j. By repeated application of Property 1, UfillE{ - Ufill [EiND] = [U;“illE%] ND,

contradicting the inductive hypothesis. A symmetric argument concludes the proof. Il
Step 5: E; = E>N D if and only if u(Ey) > tu(Es).

Proof: By Property 3, if £y = Es N D, we can find E = FE5 such that E; = E N D.
Choose any diadic number « in the interval (u(Es), u(E)) and E’ such that u(E') = o
By Property 2, Fy = E’' N D. Choose E such that u(FE) = ta and, by Step 4, we
have E; = E'ND ~ E. Hence, u(Ey) > at > tu(FEs). A symmetric argument yields
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w(Ey) < tu(Ey) whenever Eo N D = Ey. If u(Ey) > tu(Es), then there exists a diadic a
such that u(E7) > ta > tu(Es). Pick E such that u(E) = « and E’ such that u(E') = ta.
Note that Step 4 yields E' N D ~ E. Since u(E1) > p(E') and p(E) > p(Ey), by Property
2, we have F1 = E' ~ END = E;N D, yielding E; > E> N D. A symmetric argument
yields Es N D = E; whenever tu(Es) > u(Eq). m

Call (E1, E3, D) a decomposition of A if EyNEy =0 and A = E; U[E2 N D]. A
decomposition of A is null if u(Fy) = u(Es2) = 0.

Step 6: (i) Every A has a decomposition. (ii) If (Ey, Ey, D) and (Ey, Es, D) are two
decompositions of A, then such that u(Ey) = w(Fy) and p(Ey) = p(Es). (iii) If A is null

then it has a null decomposition.

Proof: To prove (i) note that since p is a semiprobability we can find E; C A, F3 C A°
such that pu(FEq) = u(A) and p(FEs) = p(A°). Let Ey = [E; U Esl¢. Pick and D € D
and let D = [DN E)JU[AN Ey)U[DN Es]. We claim that D € D. To see this note
that if £ € &, then u(EF N E;) > 0 for some 4. If this is true for ¢ = 1 or ¢ = 3
we have, DNE = 0 and D°NE = D°NE # 0. Next, suppose uw(E N Ey) > 0. If
DNENEy,=ANENE; =0 then ENEy C A° and hence [E N Ey) U B3 C A°. But
we have p([F N Ex] U E3) = w(E N Ey) + p(Es) > p(A°) a contradiction. A symmetric
argument yields D¢ N E N Ey # 0. Hence, D € D. Then, note that By U [F, N D] = A.

To prove (ii), let (E1, E2, D) and FE1, Fs, D be two decompositions of A. Note that
this implies (F3, E2, D¢) is a decomposition of A°. In particular, Fy N D° C A°. If
,u(El\El) > 0, we have El\El C EsNA=EynD. But we also have D¢ N (El\El) + ()
and therefore D°ND # 0, a contradiction. A symmetric argument ensures p(E;) = u(Ey).
If u(E2\E») > 0, then Fy\ Ey C Fy. But then, §) # D°NE,\Fy C By C Aand D°NEy C A°
and hence A°N A # (), a contradiction.

(iii) That A null if it has a null partition is obvious. O

Step 7: IfA;,As C E € € and A3, Ay € E°, and A3 ~ Ay, then Ay = A, if and only if
Ay UAs = Ay U Ay.

Proof: To see this, note that the result is obvious if F is null. So, assume it is not. Then,
from repeated applications of property 2, we have (i) Ao U As ~ Ay U Ay and (ii) A; = Az
if and only if A; U A3 = Ay U As. Then, (i) and (ii) yield the desired conclusion. O
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Let T(A) = u(E1) 4+ tu(Es) where (Eq, Es, D) is some decomposition of A. We claim
that A = B if and only if T(4) > T(B). Let (E{', E4', D) be a decomposition of A and
(EB, EB, DB) be a decomposition of B. By Property 1, we can, without loss of generality,
assume B NEP = B NEP =(). Let E=F{NEP and B’ = EPNFE{. Pick E;, C E
and B} C E such that u(E:) = tu(F) and p(E;) = tu(E'). By Steps 5 and 7, we have
E{f U (F{nDA) = EBU(ES N DP) if and only if

(BEf\Ey) U ((E3\E") N DY) = (EP\E) U (E{\E) N D¥)

Note that (E{*\ E;, E43'\E', D) is a decomposition of A\(E;UE') and (EE\E,, EP\E, D)
is a decomposition of B\(E;UE). Note that T'(A) > T'(B) if and only if T(A\(E;UE")) >
T(B\(F,UE)).

Hence, it suffices to prove the result for disjoint A and B. But by Step 7 again, we
can assume (i) Ef* = () or EF = () and (ii) E5' = 0 or EZ = (). Recall that A has a
null decomposition if it is null. Hence, the result is obvious if either A or B are null. So,
assume neither is null. This leaves two symmetric cases, without loss of generality, assume
A=F and B = E'ND. Then, (5) yields the desired conclusion.

Let (E{*, E5', D?) be a decomposition of A and F§' = (E4' U E5')°. To conclude the
proof, note that T'(4) > T(B) if and only if u(E{) + tu(E4) > w(EP) + tu(EP) if and
only if pu(E) + t1 — u(E) — p(B)] > p(EP) + 1 — p(EP) — w(EP)] i and only if
n(A) +t[1 — p(A) — w(B)] > p(B) +t[1 — p(B) — p(A)] O

10. Appendix D

10.1 Proof of Theorem 3

To prove part (ii) consider p and ¢ with ¢(7") > p(T') + € for some closed southeast set
T. Let

dn(A,B) =max{ max min |z —w|+|y— 2z, max min |r—w|+|y—=z
h( ) {(m,y)EA(w,z)6B| ’ |y ’ (w,z)€B (m,y)€A| ‘ |y ‘}

and define u,, : I — IR as follows:

ua(z,y) = 2(z + y) + max{a — dp (T, {(z,y)}),0}
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Note that u, is monotone and continuous. To prove that wu, is uncertainty averse, it

suffices to show that

dn (T, {(,y)}) — dn(T, {(z + 6,y)}) = dn(T,{(w, 2)}) = dn(T, {(w, 2 + 9)})
for all (z,y) and (w, z). Since T is a southeast set, we have

dh(TJ {(.’13, y)}) zdh(Ta {(33 + 57 y)})
dn (T, {(w, 2+ 0)} 2dn (T, {(w, 2)})

and hence u,, is uncertainty averse.
Let T° := {(z,y) : di(T, {(z,y)}) < §} and note that since T is closed there is § > 0
such that p(T°\T) < €/2. Set v = & and let A := T*\T. Then,

/uadq — /uadp = /maX{a — dp(T,{z,y}),0}dq — /maX{a — dp(T, {7, y}),0}dp
> q(T) —p(T) — p(A)
> €/2

which proves part (ii) of the theorem.

To prove part (i) we consider first simple bilotteries p, g with p({(z,y)}) € {0,1/n}
and ¢({(z,y)}) € {0,1/n} for all (x,y). Assume ¢(T) < p(T') for all southeast sets T'.
Let S, be the support of p and let S, be the support of ¢ and note that both have n
elements. We claim that there is a bijection g : S, — S, such that (2’,y’) = g(z, y) implies
' <z <y <y. We will prove this using Hall’s theorem. Let A be a subset of S, and let
T(A) denote the subset of M such that for each (z,y) € T(A) there is (2',y’) € A with
 <ax <y <y. Clearly, A C T(A) and T(A) is a southeast set. Since ¢ is a mean-
preserving u-spread of p it follows that the cardinality of S, N T(A) is at least as large
as the cardinality of S, N A C S, NT(A). Hall’s theorem therefore guarantees that every
(xz,y) € Sp can be matched to a distinct (z’,y’) € S, such that 2’ <oz <y <y'. Since
S, and S}, have the same number of elements it follows that there is a bijection g with the
desired properties. Let S, = {(z1,y1),...,(Tn,yn)} and let S, = {(2],v1),..., (=}, y,)}
with 2} < z; <y; <yj. We must show that

n n
§ U x@’ y’L 2 § u 'L?yl
=1 1=1
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For a given ((x%,y¥),...,(zF,yk)) let 6§ = 0 and i* = n + 1 if ¥ > x; for all .
Otherwise let 6% := Min ., 5 k) T — i and ik := min{i : z; — 2F > §F}. Similarly, let
6k =0 and j* = n+1if y; > ¢ for all i. Otherwise, let 65 := min{i:yKyf} y¥ —y; and
g% = min{i : y¥ — y; > 65}, Define §* = min{d¥,05}. Fori =1,...,n, let

St _ if i # 0"
i ok ok if 4 =¥
i = Yy if i # j*
' yr —oF if i = j*

Let ((22,49)) = ((z},9})). If M(p) > M(q) then it is easy to see that (z2,y?) < (z4,y:)
for all ¢ (equality holds of M (p) = M(q). By uncertainty aversion

n
k+1 k+1
2 ulai™ ] Z ot ur)

=1

for all £ and by monotonicity

n n
ZU($i,yz‘) = Zu(ﬂﬁ?:yf’)
i=1 i=1
n n
> u(ad,y?) = ul),y)
i=1 =1

and therefore part (i) of the theorem follows for this case.

The argument above shows that [udp > [ udq for all uncertainty averse u if p, ¢ are
simple bilotteries such that (i) p({(z,y)}),¢({(z,y)}) are rational numbers; (ii) M(p) >
M (q) and (iii) p(T") > q(T) for every southeast set 7T

Next, consider arbitrary simple bilotteries p,q such that (i) M(p) > M(q) + € and
(ii) p(T") > q(T) for every southeast set T. Let p,,q, be sequences of simple bilotteries
such that p,(x,y),g.(x,y) is rational and p,(z,y) — p(z,y) and ¢, (x,y) — q(z,y). Let
a¥ ="*"Yign+ Yilim. Choose k > H . Then, for n sufficiently large M(g¥) < M(p,) and
[ vrdp, > [ urdgl for every southeast set T. Hence, [udp, > [wudq¥ for all uncertainty
averse u. Since p,, — p and ¢¥ — ¢ as n — 00, k — oo it follows that fudp > fudq.

Next, consider arbitrary bilotteries p, ¢ such that (i) M (p) > M(q)+ € and (ii) p(T) >

q(T) for every southeast set 7. Let z; = [+ (m — [)£ and let S" = {(z;,z;) : i =
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0,...,m,j > i}. The bilottery p™ has support S™ and is defined as
P (@i, x5) = p(@iz1, @j41) — (@i, 2j41) — (i1, ;) + p(wi, ;)
The bilottery ¢, has support S™ and is defined as
(i, 25) = q(@i,75) = q(xi1,75) = q(i, 25-1) + (i1, 25-1)
Note that by construction
4n(T) < q(T) < p(T) < p™(T)

for every southeast set T'. Note also that p™ — p and ¢, — ¢ as n — oo. Therefore,
M(p™) > M(gy) for n sufficiently large and [udp™ > [ udg, for all uncertainty averse .
This in turn implies that [udp > [udgq. Since € was arbitrary the Theorem follows. [

10.2 Proof of Proposition 5

1 1 82 \
/LTb)\:/o /x LT&an(y—x) dydzx

Observe that %(y — ) depends on t = y — z only. Let v denote Lebesgue measure and

for t € [0,1) define

Note that

o (t) = v({z: (x,z+1t) €T}) _ v{z: (z,x+t) €T})
v({z: (z,z+1t) € I}) =1

Note that ar(t) is non-increasing if T is a southeast set. Let Fy = t* denote the cumulative

distribution of ¢ and observe F)y/ first order stochastically dominates F if A’ > A. Hence,

1 1
/LTb,\/ :/ aT(t)dF)\/ Z/ O&T(t)dF)\ = /LTb,\
0 0

for M > )\ as desired. O

10.3 Proof of Proposition 6

Without loss of generality assume that [ = 0 and therefore M = [0, m]. Let (u,u) be
a SEU preference with u(z,y) = (1 — t)u(z, z) + tu(y,y) and let v(z) := u(z,x). Define
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n(A) = u(A) +t-a(A). Clearly, n is a capacity. We will show that the preference is
represented by the function W (f) where

W)= [ vy - / T (s (8) > )

is Chocquet expected utility.
Consider a simple act f € Fy and let f denote the corresponding partition act as
defined before Lemma BS8. Let Py denote the corresponding partition. Then,

)= 3 [ s

E;€P;

= 3 WENQ - ta(E, F) +ty(E, )

E, Py

~ [ i,

For an arbitrary act f, define f,,, f™ as in the proof of Lemma B14 and note that f,,, f"

as desired.

are simple acts with f, < f < f™ converging uniformly to f. Note that [ “o(f dn is well
defined since n({s|f(s) > z}) is monotone. Note further that [“v(f,)dn < [“v(f)dn <
[“v(f™)dn and therefore continuity of v implies that [ f,dn — [ fdn. Since [ udwfn =
[v(fn)dn for all n it follows that [udiy = [“v(f)dn as desired.

Too see necessity consider the act yDx for x < y and D a diffuse set. Continuity of
uw implies that there is ¢t € [0, 1] such that yDz ~ zFEy with u(E) = t. If > is Chocquet
expected utility then it follows that ' Dy’ ~ a2’ By’ for all 2/, y’ with 2’ < 9. This, in turn,

implies that u(2’,y") = (1 — t)u(a’, ') + tu(y’,y’) for all ',y with 3/ > 2’. O
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