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Devwudfw

Wkh sdshu ghyhorsv d uhsxwdwlrq edvhg wkhru| ri edujdlqlqj1 Wkh
lghd lv wr lqyhvwljdwh dqg kljkoljkw wkh lq xhqfh ri edujdlqlqj �srv0
wxuhv� rq edujdlqlqj rxwfrphv1 D frpsohwh lqirupdwlrq edujdlqlqj
prgho ã od Uxelqvwhlq lv dphqghg wr dffrpprgdwh �luudwlrqdo w|shv�
zkr duh revwlqdwh/ dqg lqghhg iru wudfwdelolw| dvvxphg wr eh frp0
sohwho| lq h{leoh lq wkhlu r�huv dqg ghpdqgv1 D vwurqj �lqghshq0
ghqfh ri surfhgxuhv� uhvxow lv ghulyhg= diwhu lqlwldo srvwxuhv kdyh ehhq
dgrswhg/ wkh edujdlqlqj rxwfrph lv lqghshqghqw ri wkh �qh ghwdlov ri
wkh edujdlqlqj surwrfro vr orqj dv erwk sod|huv kdyh wkh rssruwxqlw| wr
pdnh r�huv iuhtxhqwo|1 Wkh odwwhu dqdo|vlv |lhogv d xqltxh frqwlqxrxv0
wlph olplw zlwk d zdu ri dwwulwlrq vwuxfwxuh1 Lq wkh frqwlqxrxv0wlph
jdph/ htxloleulxp lv xqltxh/ dqg hqwdlov ghod|/ frqvhtxhqwo| lqh!0
flhqf|1 Wkh htxloleulxp rxwfrph uh hfwv wkh frpelqhg lq xhqfh ri
wkh udwhv ri wlph suhihuhqfh ri wkh sod|huv dqg wkh h{ dqwh suredelo0
lwlhv ri gl�huhqw luudwlrqdo w|shv1 Dv wkh suredelolw| ri luudwlrqdolw|
jrhv wr }hur/ ghod| dqg lqh!flhqf| glvdsshdu> ixuwkhupruh/ li wkhuh
duh d ulfk vhw ri w|shv iru erwk djhqwv/ wkhlu olplw htxloleulxp sd|r�v
duh lqyhuvho| sursruwlrqdo wr wkhlu udwhv ri wlph suhihuhqfh1

�Deuhx wkdqnv wkh Uxvvhoo Vdjh Irxqgdwlrq dqg Jxo wkdqnv wkh Doiuhg S1 Vordq Irxq0
gdwlrq iru wkhlu jhqhurxv vxssruw1 Erwk dxwkruv judwhixoo| dfnqrzohgjh �qdqfldo vxssruw
iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq1
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4 Lqwurgxfwlrq
Wklv sdshu dgguhvvhv wkh iroorzlqj txhvwlrq1 Wzr djhqwv vhhn wr glylgh vrph
vxusoxv= wr zkdw glylvlrq zloo wkh| djuhhB Rxu dssurdfk lv wr hpskdvl}h wkh
uroh ri uhsxwdwlrq lq wkh ghwhuplqdwlrq ri wklv glylvlrq1

Qrq0frrshudwlyh edujdlqlqj wkhru| lq lwv fxuuhqw irup kdv ehhq ghhso|
lq xhqfhg e| wkh fhoheudwhg sdshu ri Uxelqvwhlq +4<;5, zklfk kdv surylghg
wkh edvlf iudphzrun iru dq hqruprxv dqg vwloo jurzlqj olwhudwxuh1 Klv sdshu
surylghv d qdwxudo uhihuhqfh srlqw iru rxu rzq zrun1 Wkh rqo| sdudphwhuv
lq Uxelqvwhlq*v frpsohwh lqirupdwlrq prgho duh wkh sod|huv* frvwv ri zdlwlqj
+gxh wr lpsdwlhqfh/ h{rjhqrxv whuplqdwlrq/ hwf1, iru wkhlu wxuq wr pdnh dq
r�hu1 Wkhvh sdudphwhuv ghwhuplqh d xqltxh htxloleulxp1

Rxu wkhru| uhsodfhv wkh lpsdwlhqfh ehwzhhq r�huv ri Uxelqvwhlq e| xq0
fhuwdlqw| derxw wkh vwudwhjlf srvwxuh ri rqh*v rssrqhqw1 Iroorzlqj Nuhsv dqg
Zlovrq +4<;5, dqg Plojurp dqg Urehuwv +4<;5,/ zh kdyh �luudwlrqdo� w|shv
zkhuh hdfk w|sh lv lghqwl�hg e| d �{hg r�hu dqg dffhswdqfh uxoh1 Zkloh
sod|huv duh vwloo lpsdwlhqw/ wkh gulylqj irufh ri wkh wkhru| lv wkh shulskhudo
xqfhuwdlqw| derxw wkh lq h{leoh ghpdqg +ru uxoh ri wkxpe/ edujdlqlqj frq0
yhqwlrq/ hwfhwhud, rqh*v rssrqhqw pd| eh hqgrzhg zlwk/ ru pruh vljql�fdqwo|/
pd| suhwhqg wr1

Uxelqvwhlq*v wkhru| hpeudfhv erwk voljkw lpsdwlhqfh +iuhtxhqw r�huv, dqg
vxevwdqwldo glvfrxqwlqj +vljql�fdqw ghod|, ehwzhhq r�huv1 Zh ylhz wkh iruphu
dv d vdolhqw fdvh/ dv grhv pxfk ri wkh olwhudwxuh1 Pdq| ri wkh uhpdunv ehorz
pxvw eh xqghuvwrrg lq wklv oljkw dqg zh zloo w|slfdoo| gurs wkh txdol�hu �lq
wkh fdvh ri iuhtxhqw r�huv� zkhq uhihuulqj wr Uxelqvwhlq*v uhvxowv1 Iurp wklv
shuvshfwlyh/ d �uvw remhfwlrq wr wkh Uxelqvwhlq wkhru| lv wkdw d �pdujlqdo�
ihdwxuh ri wkh sureohp +voljkw lpsdwlhqfh ehwzhhq r�huv, frpsohwho| ghwhu0
plqhv wkh rxwfrph1 Ri frxuvh/ d vlplodu remhfwlrq pd| eh ohyhohg djdlqvw rxu
rzq wkhru| +l1h1/ voljkw luudwlrqdolw|,1 Lq d vhqvh/ qrq0frrshudwlyh edujdlq0
lqj wkhru| lv txlqwhvvhqwldoo| derxw ghulylqj d ghwhuplqdwh glylvlrq zkhq d
sulrul lw lv gl!fxow wr uxoh rxw dq| ri d udqjh ri srvvleoh glylvlrqv1 Lq lwv
sxuhvw irup/ lw lv suhflvho| derxw h{sodlqlqj wkh glylvlrq ri d uhvlgxdo vxusoxv
zklfk uhpdlqv diwhu rqh kdv dffrxqwhg iru pdunhw irufhv/ rxwvlgh rswlrqv/
dqg vr rq1 Wkxv �shuwxuedwlrqv� ri rqh vruw ru dqrwkhu zrxog dsshdu wr eh
d qdwxudo lqjuhglhqw ri edujdlqlqj wkhrulhv1
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Wkh lvvxh lv wkhq zkdw nlqgv ri shuwxuedwlrqv grhv rqh zdqw wr exlog d
wkhru| xsrqB Zh eholhyh wkdw �luudwlrqdolw|� surylghv d vwduwlqj srlqw zklfk
lv shukdsv dv zruwk| ri dwwhqwlrq dv wkh suhydlolqj Uxelqvwhlq sdudgljp edvhg
rq lpsdwlhqfh1 D srlqw lq idyru ri luudwlrqdolw| lv wkdw lq d vhtxhqwldo surfhvv
voljkw h{ dqwh luudwlrqdolw| fdq/ dv d uhvxow ri revhuyhg ehkdylru/ ehfrph yhu|
olnho|/ h{ srvw= lw lv suhflvho| wklv idfw zklfk dffrxqwv iru wkh pdjqlwxgh ri
uhsxwdwlrqdo h�hfwv uhodwlyh wr wkh xqghuo|lqj xqfhuwdlqw| xsrq zklfk wkh|
duh suhplvhg1 Khqfh/ zh �qg lw lqwxlwlyho| sodxvleoh wkdw voljkw luudwlrqdolw|
lv dq lpsruwdqw h{sodqdwru| idfwru lq vhtxhqwldo edujdlqlqj1 Zh hpskdvl}h
wkh fdvh ri voljkw h{ dqwh luudwlrqdolw|/ lq nhhslqj zlwk wkh wudglwlrq ri wkh
uhsxwdwlrqdo olwhudwxuh1 Rqh pljkw dovr wdnh wkh ylhz wkdw lq pdq| frqwh{wv
wkh h{ dqwh suredelolw| ri �w|sh� ehkdylru lv qrw ydqlvklqjo| vpdoo1 Zh qrwh
wkdw pdq| ri rxu uhvxowv duh lqghshqghqw ri wkh pdjqlwxgh ri wklv h{ dqwh
suredelolw|1

Dw wklv srlqw wkh uhdghu pljkw zrqghu krz wkh fxuuhqw h{huflvh uhodwhv
wr wkh odujh olwhudwxuh rq edujdlqlqj zlwk dv|pphwulf lqirupdwlrq14 Rxu
zrun/ ri frxuvh/ vkduhv zlwk wklv olwhudwxuh d ghsduwxuh iurp wkh dvvxpswlrq
ri frpsohwh lqirupdwlrq1 Wkh flwhg sdshuv duh/ krzhyhu/ frqfhuqhg zlwk
xqfhuwdlqw| derxw �ixqgdphqwdov/� lq sduwlfxodu/ wkh glvfrxqw idfwru ru wkh
uhvhuydwlrq ydoxhv ri wkh edujdlqhuv1 Wkh prwlydwlrq iru rxu zrun lv udwkhu
gl�huhqw lq wkdw zh vhhn wr prgho xqfhuwdlqw| derxw wkh vwudwhjlf lqwhqw ru
vwudwhjlf srvwxuh ri wkh rssrqhqw udwkhu wkdq xqfhuwdlqw| derxw vxfk frqfuhwh
idfwruv dv vhoohu*v frvwv ri surgxfwlrq ru ex|hu*v ydoxdwlrqv1 Rxu prgho kdv
wzr vlghg lqfrpsohwh lqirupdwlrq/ wzr0vlghg r�huv/ dqg pxowlsoh w|shv1 Wkh
fruuhvsrqglqj olwhudwxuh/ zlwk dv|pphwulf lqirupdwlrq derxw ydoxdwlrqv lv
qrw rqh zklfk zh kdyh ehhq deoh wr exlog xsrq1 Lq wkhvh prghov/ pxowlsoh
htxloleuld dqg uh�qhphqw dujxphqwv duh ri wkh hvvhqfh1 Wkhvh lvvxhv gr qrw
dulvh lq rxu zrun1 Wkh odvw sdudjudsk ri wkh lqwurgxfwlrq +wr zklfk lpsdwlhqw
uhdghuv pljkw zlvk wr lpphgldwho| wxuq, wudfhv lq d frqqhfwhg zd| wkh pdq|
lq xhqfhv rq rxu zrun/ dqg uhfrugv vhyhudo qrwhzruwk| sulru frqwulexwlrqv1
Vhh dovr Vhfwlrq 9 iru ixuwkhu glvfxvvlrq1

Zh kdyh prghohg luudwlrqdolw| lq dq h{wuhpho| vlpsoh zd|1 Dq luudwlrqdo
w|sh dozd|v ghpdqgv d sduwlfxodu vkduh/ dffhswv dq| r�hu juhdwhu ru htxdo
wr wkdw vkduh dqg uhmhfwv doo vpdoohu r�huv1 Wkhuh duh pdq| srvvleoh w|shv

4Vhh/ iru lqvwdqfh/ Vreho dqg Wdndkdvkl +4<;6,/ Fudpwrq +4<;7,/ Ixghqehuj/ Ohylqh
dqg Wluroh +4<;8,/ Uxelqvwhlq +4<;8,/ Jurvvpdq dqg Shuu| +4<;9,/ Jxo/ Vrqqhqvfkhlq dqg
Zlovrq +4<;9,/ Fkdwwhumhh dqg Vdpxhovrq +4<;:,/ Dxvxeho dqg Ghqhfnhuh +4<<5,1
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fruuhvsrqglqj wr gl�huhqw lq h{leoh ghpdqgv1 Djhqwv glvfrxqw wkh ixwxuh
dw �{hg udwhv dqg/ dv xvxdo/ wkh vwuxfwxuh ri wkh sureohp/ lq sduwlfxodu wkh
glvfrxqw idfwruv dqg wkh suredelolw| glvwulexwlrqv ryhu luudwlrqdo w|shv duh
frpprq nqrzohgjh1

Zh duh sulpdulo| lqwhuhvwhg lq edujdlqlqj jdphv zlwk +luudwlrqdo w|shv
dqg, iuhtxhqw r�huv1 Wkh orjlfdo vwduwlqj srlqw ri wkh dqdo|vlv lv wkh frqvlg0
hudwlrq ri glvfuhwh0wlph edujdlqlqj jdphv dqg olplw ehkdylru lq wkh odwwhu dv
erwk sod|huv duh deoh wr pdnh r�huv pruh dqg pruh iuhtxhqwo|1 D fhqwudo
lvvxh lv zkhwkhu olplw ehkdylru ghshqgv xsrq suhflvho| krz rqh jrhv wr wkh
olplw1 Lq idfw/ zh vkrz wkdw d olplw rxwfrph h{lvwv dqg lv xqltxho| gh�qhg lq0
ghshqghqwo| ri wkh �qh ghwdlov ri wkh edujdlqlqj surwrfro1 Wkh odwwhu dqdo|vlv
lv txlwh lqyroyhg dqg zh ghihu lw wr Vhfwlrq 71

Vhfwlrqv 5 dqg 6 ghdo zlwk wkh dqdo|wlfdoo| frqyhqlhqw dqg h{srvlwlrqdoo|
ohvv ghpdqglqj frqwlqxrxv0wlph irupxodwlrq1 Dw wlph }hur/ hdfk sod|hu slfnv
d w|sh wr plplf1 Diwhu wklv lqlwldo fkrlfh ri w|shv/ wkh gh�qlqj ihdwxuh ri
wkh frqwlqxrxv0wlph jdph lv wkh lghqwl�fdwlrq ri uhyhdolqj udwlrqdolw| zlwk
frqfhglqj wr wkh rwkhu sod|hu*v luudwlrqdo ghpdqg1 Wkdw lv/ wkh sod|huv duh
hqjdjhg lq d zdu ri dwwulwlrq lq zklfk hdfk sod|hu vhhnv wr dyrlg ehlqj wkh rqh
wr frqfhgh1 Qrwh wkdw wkh zdu ri dwwulwlrq vwuxfwxuh lv ghulyhg lq Vhfwlrq 7=
dv wkh wlph ehwzhhq r�huv jrhv wr }hur/ htxloleulxp vwudwhjlhv lq h�hfw hqwdlo
hlwkhu vwlfnlqj zlwk wkh lqlwldo �luudwlrqdo� ghpdqg ru frqfhglqj frpsohwho|
wr wkh rssrqhqw*v ghpdqg1

Lq Vhfwlrq 7/ zh hvwdeolvk wkh �lqghshqghqfh iurp surfhgxuhv�uhvxow dqg
wkh h{solflw fkdudfwhul}dwlrq ri wkh olplw dooxghg wr deryh15 Wkh nh| hoh0
phqw ri wkh frqyhujhqfh uhvxow lv d Frdvldq surshuw| dffruglqj wr zklfk wkh
�uvw sod|hu wr uhyhdo udwlrqdolw| grhv vr e| hlwkhu dffhswlqj klv rssrqhqwv*
luudwlrqdo ghpdqg ru e| frqfhglqj wr lw �lpphgldwho|� diwhu uhyhdolqj udwlr0
qdolw|1 Rxu dqdo|vlv khuh uholhv khdylo| xsrq d eulhi exw lqflvlyh glvfxvvlrq
ri rqh0vlghg uhsxwdwlrq irupdwlrq lq edujdlqlqj/ ghyhorshg lq Fkdswhu ; ri
P|huvrq*v +4<<4, jdph wkhru| wh{w1 Rxu qrwlrq ri w|sh fruuhvsrqgv h{dfwo|
wr klv gh�qlwlrq ri dq u0lqvlvwhqw vwudwhj|1

Vhfwlrq 8 ghyhorsv olplw uhvxowv zkhq wkh h{ dqwh suredelolw| ri luudwlrqdo0
lw| jrhv wr }hur1 Zh vkrz wkdw lq wkh olplw ghod| dqg lqh!flhqf| glvdsshdu
dqg surylgh h{solflw irupxodh iru wkh sod|huv* htxloleulxp sd|r�v1

5Wkh xqltxhqhvv uhvxow uhihuv wr ehkdylru diwhu wkh lqlwldo fkrlfh ri w|shv wr plplf1
Wkh ryhudoo rxwfrph zloo ghshqg lq jhqhudo rq wkh qrq0wulyldo surfhgxudo ghvfulswlrq ri
wkh vhtxhqfh lq zklfk lqlwldo w|shv duh fkrvhq1
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Vhfwlrq 9 glvfxvvhv uhodwhg olwhudwxuh dqg Vhfwlrq : frqfoxghv1
Ehiruh surfhhglqj ixuwkhu/ zh r�hu dq ryhuylhz ri wkh ydulhg lq xhqfh rq

wklv uhvhdufk dqg rxu vhqvh ri krz lw �wv lqwr hduolhu olwhudwxuhv1 Lq whupv
ri wkh uhsxwdwlrqdo survshfwlyh zh ghyhors/ rxu zrun uh hfwv wkh vhplqdo lq0
 xhqfh ri Nuhsv dqg Zlovrq +4<;5,/ Plojurp dqg Urehuwv +4<;5,/ dqg prvw
uhfhqwo| P|huvrq +4<<4,1 Iurp wkh srlqw ri ylhz ri edujdlqlqj wkhru| dqg
lwv vxevwdqwlyh suhglfwlrqv/ wkh qdwxudo frxqwhusrlqw lv wkh ixqgdphqwdo sd0
shu e| Uxelqvwhlq +4<;5, rq frpsohwh lqirupdwlrq edujdlqlqj/ sduwlfxoduo|
zkhq rqh dgrswv wkh shuvshfwlyh ri voljkw luudwlrqdolw|1 Rq wkh dqdo|wlfdo
vlgh wkh uhgxfwlrq wr d zdu ri dwwulwlrq lv yhu| forvho| uhodwhg wr wkh orjlf
ri wkh Frdvh frqmhfwxuh +vhh Jxo/ Vrqqhqvfkhlq dqg Zlovrq +4<;9,,/ dqg/ lq
sduwlfxodu/ P|huvrq*v +4<<4, uhsxwdwlrqdo shuvshfwlyh rq wklv wkhph1 Diwhu
wkh zdu ri dwwulwlrq vwuxfwxuh lv lq sodfh/ pxfk ri wkh vxevhtxhqw dqdo|vlv lv
idploldu/ vd|/ iurp wkh zrun ri Khqgulfnv/ Zhlvv dqg Zlovrq +4<;;,/ dqg lq d
edujdlqlqj frqwh{w/ Fkdwwhumhh dqg Vdpxhovrq +4<;;,1 Wkhuh duh/ krzhyhu/
nh| gl�huhqfhv +xqltxhqhvv ri htxloleulxp/ vlpxowdqhrxv whuplqdwlrq ri frq0
fhvvlrqv lq �qlwh wlph, zklfk duh hoderudwhg xsrq lq Vhfwlrq 51 Lqghhg wkh
odwwhu ihdwxuhv douhdg| dsshdu lq Nuhsv dqg Zlovrq +4<;5, lq wkhlu dqdo|vlv
ri wzr0vlghg uhsxwdwlrq irupdwlrq zlwk d vlqjoh luudwlrqdo w|sh rq hdfk vlgh1
Dv frpsduhg zlwk Uxelqvwhlq +4<;5, zh dgg jhqhudo edujdlqlqj surwrfrov
dqg lqfrpsohwh lqirupdwlrq derxw w|shv1 Dv frpsduhg wr P|huvrq +4<<4,/
zh lqwurgxfh jhqhudo edujdlqlqj surwrfrov/ wzr0vlghg uhsxwdwlrq irupdwlrq/
dqg pxowlsoh w|shv1 Wr frqfoxgh/ zh kdyh gudzq xsrq d ydulhw| ri frqqhfwhg
wkhphv wr ghyhors d vw|ol}hg exw uhdvrqdeo| ixoo0 hgjhg uhsxwdwlrqdo wkhru|
ri edujdlqlqj zklfk/ lq sduwlfxodu/ doorzv iru wzr0vlghg uhsxwdwlrq irupdwlrq/
dqg pxowlsoh uhsxwdwlrqdo w|shv1

5 Frqwlqxrxv0Wlph Edujdlqlqj
Khuh zh gh�qh wkh edujdlqlqj sureohp lq frqwlqxrxv0wlph1 Zh wkhq dqdo|}h
d vshfldo fdvh lq zklfk hdfk sod|hu kdv rqo| rqh luudwlrqdo w|sh1 Wklv vshfldo
fdvh erwk frqyh|v wkh  dyru ri wkh dqdo|vlv dqg lv ixuwkhupruh wkh edvlf
exloglqj eorfn iru wkh pxowlsoh w|sh fdvhv vwxglhg vxevhtxhqwo|1 Dq luudwlrqdo
w|sh ri sod|hu � lv lghqwl�hg e| d qxpehu k� 5 Efc �� ( d w|sh k� dozd|v
ghpdqgv k�/ dffhswv dq| r�hu juhdwhu ru htxdo wr k�/ dqg uhmhfwv doo vpdoohu
r�huv1 Zh ghqrwh e| �� � Efc �� wkh �qlwh vhw ri luudwlrqdo w|shv iru sod|hu �
dqg e| Z�Ek�� wkh frqglwlrqdo suredelolw| wkdw � lv luudwlrqdo ri w|sh k� jlyhq
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wkdw kh lv luudwlrqdo1 Khqfh/ Z� lv d suredelolw| glvwulexwlrq rq ��1 Wkh
lqlwldo suredelolw| wkdw � lv luudwlrqdo lv ghqrwhg e| 5�1 Ilqdoo|/ sod|hu �*v udwh
ri wlph suhihuhqfh lv o�1 Wkh frqwlqxrxv0wlph edujdlqlqj sureohp lv ghqrwhg
� ' iE��c 5�c Z�c o��

2
�'�j1

Dw wlph 3/ sod|hu 4 fkrrvhv khu ghpdqg k�1 Li vkh lv udwlrqdo/ wklv lv
d vwudwhjlf fkrlfh> li vkh lv luudwlrqdo/ vkh phuho| pdnhv wkh ghpdqg fruuh0
vsrqglqj wr khu w|sh1 Diwhu revhuylqj k� 5 ��/ sod|hu 5 hlwkhu lpphgldwho|
dffhswv/ vwudwhjlfdoo| li kh lv udwlrqdo ru ehfdxvh kh lv luudwlrqdo dqg ri d w|sh
k2 vxfk wkdw k� n k2 � �� Ru sod|hu 5 pdnhv d ghpdqg k2 5 �2 vxfk wkdw
k� n k2 : �1 Djdlq/ wklv pd| eh ehfdxvh 5 lv udwlrqdo dqg vwudwhjlfdoo| gh0
pdqgv k2 ru ehfdxvh 5 lv luudwlrqdo ri w|sh k2 5 �2� Diwhu sod|hu 5 ghpdqgv
k2c sod|hu 4 fdq frqfhgh ru d zdu ri dwwulwlrq hqvxhv1 Lw lv vkrzq lq Vhfwlrq 7
wkdw wklv zdu ri dwwulwlrq vwuxfwxuh lv xqltxho| +dqg urexvwo|, ghwhuplqhg dv
wkh olplw ri htxloleuld ri glvfuhwh0wlph jdphv lq zklfk erwk sod|huv pdnh ri0
ihuv iuhtxhqwo|1 Zh dvvxph wkdw 4@ 

k�M��
k�n 4�?

k2M�2
k2 : �1 Khqfh doo w|shv ri

sod|hu 5 duh lqfrpsdwleoh zlwk wkh juhhglhvw w|sh ri sod|hu 41 D vwudwhj| j�

iru sod|hu � lv gh�qhg e| d suredelolw| glvwulexwlrq >� rq �� dqg d froohfwlrq
ri fxpxodwlyh glvwulexwlrqv 8 �

k�ck2 rq ?n ^ i4j/ iru doo Ek�c k2� 5 �� � �2

vxfk wkdw k� n k2 : �1 8 �
k�ck2E|� lv wkh suredelolw| ri sod|hu � frqfhglqj wr

sod|hu 2 e| wlph | +lqfoxvlyh,1 Lw iroorzv wkdw/

*�4
|<"

8 �
k�ck2E|� � �� 7Z�Ek��

zkhuh

7Z�Ek�� '
5�Z�Ek��

5�Z�Ek�� n E�� 5��>�Ek��

lv wkh srvwhulru suredelolw| wkdw � lv luudwlrqdo lpphgldwho| diwhu lw lv revhuyhg
wkdw � ghpdqgv k� dw wlph }hur1 Qrwh wkdw 8 �

k�ck2 Ef� pd| eh vwulfwo| srvlwlyh
dqg uhsuhvhqwv wkh suredelolw| wkdw 4 pd| frqfhgh lpphgldwho| wr 5*v frxqwhu0
r�hu k2�

Ohw ' ghqrwh �lpphgldwh dffhswdqfh1� D vwudwhj| iru sod|hu 5 lv gh�qhg
dv d froohfwlrq j2 '

�
>2
k�c 8

2
k�ck2

�
iru k� 5 �� dqg k2 : � � k�c k2 5 �21

Khuh/ >2k� lv d suredelolw| glvwulexwlrq ryhu �2 ^ i'j dqg ghvfulehv sod|hu
5*v fkrlfh +diwhu revhuylqj k�, ehwzhhq ' +lpphgldwh dffhswdqfh, dqg k2 :
� � k�c k2 5 �21 Iru dq| k2 : � � k�c 8 2

k� ck2 ghvfulehv sod|hu 5*v fkrlfh ri
frqfhvvlrq wlph frqglwlrqdo xsrq k� dqg klv fkrlfh ri k21 Zlwkrxw orvv ri
jhqhudolw|/ zh uhtxluh wkdw 8 2

k�ck2 Ef� ' f iru doo k2 : ��k�1 +Erwk frqfhglqj
dw | ' f dqg fkrrvlqj ' fruuhvsrqg wr lpphgldwh frqfhvvlrq1,

9



Wkh frqglwlrqdo suredelolw| ri 5*v luudwlrqdolw| jlyhq wkdw Ek�c k2� duh
ghpdqghg lqlwldoo| lv

7Z2
k�

�
k2
�
'

52Z2 Ek2�

52Z2 Ek2� n E�� 52�>2
k� Ek

2�

Qrwh wzr lpsruwdqw gl�huhqfhv ehwzhhq wklv edujdlqlqj jdph dqg wkh
vwdqgdug zdu ri dwwulwlrq1 Lq wkh edujdlqlqj jdph/ dw wlph }hur sod|huv
fkrrvh d w|sh wr plplf> ixuwkhupruh wkh suredelolw| ri hyhqwxdo frqfhvvlrq
lv ohvv wkdq rqh1 Iru 7j ' Ej�c j2�c 7k ' Ek�c k2� dqg | 	4 gh�qh

L �
�
|c j2 m 7k

�
G ' k�

U
+	| e

3o�+_8 2
k�ck2 E+�

n�
2
Ek� � k2 n �� d8 2

k�ck2 E|�� 8 2
k�ck2 E|

3�o � e3o�|
nE�� k2�

k
�� 8 2

k�ck2 E|�
l
� e3o�|

zkhuh 8 2
k� ck2 E|

3� '*�4
+�|

8 2
k� ck2 E+� � Wklv h{suhvvlrq lv wkh h{shfwhg xwlolw| ri

sod|hu 4 zkr frqfhghv dw wlph |c jlyhq wkh vwudwhj| sur�oh 7j ' Ej�c j2� dqg
jlyhq wkdw 7k ' Ek�c k2� lv revhuyhg dw wlph }hur1 Iru d sod|hu zkr qhyhu
frqfhghv/ l1h1/ | '4 wkh fruuhvsrqglqj sd|r� lv

L � E4c j2 m 7k� ' k�
U
+Mdfc"� e

3o�+_8 2
k�ck2 E+� �

Wkh shqxowlpdwh h{suhvvlrq/ dqg wkh rqhv ehorz/ dvvxph dq htxdo vsolw
ri wkh vxusoxv lq wkh hyhqw ri vlpxowdqhrxv frqfhvvlrq1 Wklv wlh0euhdnlqj
dvvxpswlrq pd| eh uhsodfhg e| dq| +srvvleo| wlph0ghshqghqw, uxoh zlwkrxw
d�hfwlqj wkh uhvxowv> lq htxloleulxp vlpxowdqhrxv frqfhvvlrqv dulvh zlwk sure0
delolw| }hur1 Wkh frqfhvvlrq ehkdylru ri d udwlrqdo sod|hu 4 lv ghvfulehg e|

�
E�37Z�Ek���

8 �
k�ck2( frqvhtxhqwo| wkh odwwhu*v ryhudoo h{shfwhg xwlolw| frqglwlrqdo

xsrq 7k ' Ek�c k2� ehlqj revhuyhg dw wlph }hur lv=

L � E7j m 7k� ' �

E�� 7Z� Ek���

]
+Mdfc"o

L�
�
+c j2 m 7k

�
_8 �

k�ck2 E+�

Ilqdoo|/ d udwlrqdo sod|hu 4*v h{shfwhg xwlolw| iurp wkh vwudwhj| sur�oh 7j
lv=

:



L� E7j� '
S
k�

>� Ek��

+
k�

%
E�� 52�>2k� E'� n 52

S
k2$�3k�

Z2 Ek2�

&
n

S
k2:�3k�

L � E7j m k�c k2� EE�� 52�>2
k� Ek

2� n 52Z2 Ek2��

,

Wkh gh�qlwlrqv ri L 2 E|c j� m 7k� dqg L 2 E7j m 7k� duh v|pphwulf wrL � E|c j2 m 7k�
dqg L� E7j m 7k�zlwk 7Z2

k�c 8
�
k�ck2c >

2
k�c Z

2dqg o2 uhsodflqj 7Z�c 8 2
k�ck2c >

�c Z� dqg
o� uhvshfwlyho|1 Ilqdoo|/ gh�qh

L2 E7j� '
[
k�

��
�� 5�

�
>�
�
k�
�
n 5�Z�

�
k�
��

�
5
7E�� k��>2

k�E'�n
[

k2:�3k�

L 2
�
7j m k�c k2

�
>2k�

�
k2
�68

Qrwh wkdw erwk djhqwv jhw }hur xwlolw| li qr rqh hyhu frqfhghv1
Zh qrz wxuq wr wkh dqdo|vlv ri htxloleulxp lq wkh fdvh lq zklfk hdfk

sod|hu kdv rqo| rqh luudwlrqdo w|sh k�� E| rxu hduolhu dvvxpswlrq/ k�nk2 : �1
Zlwk d vlqjoh luudwlrqdo w|sh zh vlpsoli| rxu gh�qlwlrq ri d vwudwhj|> Sod|hu
�*v vwudwhj| lv mxvw wkh fxpxodwlyh 8 �16 Frqvhtxhqwo|/ wkh frqwlqxrxv0wlph
edujdlqlqj jdph lv pxfk olnh d zdu ri dwwulwlrq= li sod|hu � frqfhghv dw wlph
|/ wkhq klv xwlolw| lv E�� k�� e3o

�| zkloh �*v xwlolw| lv k�e3o
�|�

Lw lv zhoo0nqrzq +vhh iru lqvwdqfh/ Khqgulfnv/ Zhlvv dqg Zlovrq +4<;;,,
wkdw wkh vhw ri htxloleuld ri wklv zdu ri dwwulwlrq duh fkdudfwhul}hg e| wkh
iroorzlqj wkuhh surshuwlhv= +l, dw prvw rqh sod|hu frqfhghv zlwk srvlwlyh
suredelolw| dw wlph 3/ +ll, diwhu wlph 3 sod|hu � frqfhghv dw frqvwdqw kd}dug
udwh b� ' o� E�� k�� * Ek� � E�� k��� wkdw pdnhv wkh rssrqhqw lqgl�huhqw eh0
wzhhq zdlwlqj dqg frqfhglqj/ dqg +lll, xqohvv wkh jdph hqgv zlwk suredelolw|
4 dw wlph 3/ frqfhvvlrq e| erwk sod|huv frqwlqxhv iruhyhu1

Khqfh E8 �c 8 2� lv dq htxloleulxp ri wkh zdu ri dwwulwlrq li dqg rqo| li
8 � E|� ' �� S�e3b

�|c S� 5 dfc �o dqg E�� S�� E�� S2� ' f� Revhuyh wkdw �� S� '
8 � Ef� lv wkh suredelolw| wkdw � frqfhghv dw wlph 3/ khqfh E�� S�� E�� S2� ' f
fruuhvsrqgv wr E�� deryh1 Dovr/ E_8 �*_|� E�� 8 �� ' b� lv wkh frqvwdqw kd}dug
udwh qrwhg lq E���1 Ilqdoo|/ qrwh wkdw 8 � lv vwulfwo| lqfuhdvlqj zkhqhyhu S� : f
dv uhtxluhg e| E���� �

Rxu edujdlqlqj jdph gl�huv iurp wkh zdu ri dwwulwlrq vlqfh wkhuh lv d
srvlwlyh sulru suredelolw| ri luudwlrqdolw| iru hdfk djhqw1 Qhyhuwkhohvv/ wkh

6Lq rughu wr gr dzd| iru wkh qhhg iru �5/ zh zloo doorz I 5 +3, A 3 lq wkh uhpdlqghu ri
wklv vhfwlrq1

;



idploldu dujxphqwv iurp wkh dqdo|vlv ri wkh zdu ri dwwulwlrq vx!fh wr vkrz
wkdw htxloleulxp ri wkh edujdlqlqj jdph vkduh wkh �uvw wzr surshuwlhv1

Krzhyhu/ lq wkh edujdlqlqj jdph +lll, lv uhsodfhg e|= +lll�, Wkhuh h{lvwv
d �qlwh wlph A f dw zklfk wkh srvwhulru suredelolw| ri luudwlrqdolw| iru erwk
djhqwv uhdfkhv 4 vlpxowdqhrxvo| dqg frqfhvvlrqv vwrs1 Wkh odvw uhtxluhphqw
slqv grzq wkh lghqwlw| ri wkh sod|hu zkr qhhgv wr pdnh d frqfhvvlrq dw
wlph 3 dv zhoo dv wkh suredelolw| ri vxfk d frqfhvvlrq dqg khqfh hvwdeolvkhv
wkh xqltxhqhvv ri htxloleulxp1 Wkxv/ htxloleulxp ri wkh edujdlqlqj jdph lv
fkdudfwhul}hg e| wkh iroorzlqj frqglwlrqv=

8 � E|� ' �� S�e3b
�| iru doo | � A f

S� 5 dfc �o c E�� S�� E�� S2� ' f dqg
�� 5� ' 8 � EA f� iru � ' �c 2 �

Wklv lv vlplodu wr wkh wzr0vlghg uhsxwdwlrq irupdwlrq dqdo|vlv ri Nuhsv
dqg Zlovrq +4<;5,1 Dv lq wkhlu zrun surshuw| +lll�, lv fulwlfdo lq wkdw lw
hqdeohv xv wr lghqwli| d sduwlfxodu htxloleulxp ri wkh zdu ri dwwulwlrq dv wkh
rqo| htxloleulxp ri wkh edujdlqlqj jdph1 Wkh lqwxlwlrq iru wkh qhfhvvlw| ri
kdylqj wkh srvwhulru suredelolw| ri luudwlrqdolw| uhdfk 4 iru erwk djhqwv dw wkh
vdph wlph lv txlwh fohdu1 Vlqfh frqfhvvlrq pxvw eh pdgh dw d frqvwdqw udwh
dqg rqo| udwlrqdo sod|huv frqfhgh/ hyhqwxdoo| wkh suredelolw| ri luudwlrqdolw|
iru � pxvw uhdfk 41 Li sod|hu 4*v suredelolw| ri luudwlrqdolw| uhdfkhg 4 dw � �

ehiruh 5*v/ wkhq 2/ li udwlrqdo/ zrxog vxuho| frqfhgh dw � �� Khqfh/ 4 zrxog eh
frqfhghg wr zlwk vwulfwo| srvlwlyh suredelolw| dw � �� Exw sod|hu 4 zrxog vwrs
frqfhglqj dw | 	 � � vx!flhqwo| forvh wr � � lq dqwlflsdwlrq ri wklv �erqxv�
dw wlph � � frqwudglfwlqj wkh frqvwdqw kd}dug udwh uhtxluhphqw1 Li sod|hu �
grhv qrw frqfhgh zlwk srvlwlyh suredelolw| dw wlph 3/ wkhq wkh suredelolw|
ri klv luudwlrqdolw| zloo uhdfk 4 dw wlph A � G' E� *L} 5�� *b�1 Vlqfh rqo|
rqh shuvrq fdq frqfhgh dw wlph }hur/ frqfhvvlrqv pxvw frqwlqxh xqwlo wlph
� � ' 4�? iA �c A 2j � Wkh �zhdnhu� sod|hu/ l1h1 wkh sod|hu zlwk wkh odujhu A �

pxvw frqfhgh zlwk vx!flhqw suredelolw| dw wlph }hur/ vr wkdw frqglwlrqdo
rq qrw frqfhglqj/ klv suredelolw| ri luudwlrqdolw| uhdfkhv 4 dw wkh vdph wlph
dv klv rssrqhqw*v1 Qrwlfh wkdw d sod|hu*v �vwuhqjwk� lv lqfuhdvlqj lq klv
rzq suredelolw| ri luudwlrqdolw| dqg klv rssrqhqw*v udwh ri lpsdwlhqfh dqg
ghfuhdvlqj lq wkh dprxqw ri klv ghpdqg1

Wkh dujxphqw hvwdeolvklqj wkdw sod|huv* suredelolwlhv ri luudwlrqdolw| uhdfk
4 dw wkh vdph wlph lv hvvhqwldoo| wkh vdph dujxphqw wkdw lv qhhghg iru El�
+l1h1 erwk sod|huv fdqqrw frqfhgh zlwk srvlwlyh suredelolw| dw wlph 3,1 Rxu

<



surri ri Sursrvlwlrq 4 hqwdlov frpelqlqj wklv dujxphqw zlwk wkh zhoo0nqrzq
zdu ri dwwulwlrq dujxphqwv wkdw hvwdeolvk +ll,1

Ohw
�
	8 �c 	8 2

�
eh wkh xqltxh vwudwhj| sur�oh fkdudfwhul}hg e| +l,/ +ll,/ dqg

+lll�,1 Wkdw lv/ A f ' 4�?
q
E� *L} 5�� *b�c E� *L} 52� *b2

r
c S� ' 5�eb

|A f

dqg 	8 � E|� ' �� S�e3b
�|�

Sursrvlwlrq 4= Li �� ' ik�j iru � ' �c 2/ wkhq wkh xqltxh vhtxhqwldo
htxloleulxp ri � lv

�
	8 �c 	8 2

�
1

Surri = Ohw 7j ' E8 �c 8 2� gh�qh d vhtxhqwldo htxloleulxp1 Zh zloo dujxh
wkdw 7j pxvw kdyh wkh irup vshfl�hg +l1h1/ xqltxhqhvv, dqg wkdw wkhvh vwudwhjlhv
gr lqghhg gh�qh dq htxloleulxp +h{lvwhqfh,1

Ohw ��r ghqrwh wkh h{shfwhg xwlolw| ri d udwlrqdo sod|hu � zkr frqfhghv dw

wlph r1 Gh�qh �� G'
�
| m ��| '4@ 

r
��r

�
1 Vlqfh 7j lv dq htxloleulxp/ �� 9' >

iru � ' �c 21 Dovr/ ohw � � ' �?u
�
| � f m 8 � E|� ' *�4

|�<"
8 � E|��

�
c zkhuh �?u > G'

4� Wkhq=

d, � � ' � 2�

D udwlrqdo sod|hu zloo qrw ghod| frqfhglqj rqfh vkh nqrzv wkdw khu
rssrqhqw zloo qhyhu frqfhgh1

e, Li 8 � mxpsv dw | 5 U-/ wkhq 8 2 grhv qrw mxps dw |1

Li 8 � kdg d mxps dw |c wkhq sod|hu 5 uhfhlyhv d vwulfwo| kljkhu xwlolw| e|
frqfhglqj dq lqvwdqw diwhu | wkdq e| frqfhglqj h{dfwo| dw |�

f, Li 8 � lv frqwlqxrxv dw |/ wkhq ��r lv frqwlqxrxv dw r ' | iru � 9' �1

Wklv iroorzv lpphgldwho| iurp wkh gh�qlwlrq ri ��r +vhh htxdwlrq E��
ehorz1,

g, Wkhuh lv qr lqwhuydo E|�c |��� vxfk wkdw f � |� 	 |�� � � � zkhuh erwk 8 � dqg
8 2 duh frqvwdqw rq wkh lqwhuydo E|�c |���1

Dvvxph wkh frqwudu| dqg zlwkrxw orvv ri jhqhudolw|c ohw |W � � � eh
wkh vxsuhpxp ri |�� iru zklfk E|�c |��� vdwlv�hv wkh deryh surshuwlhv1
Il{ | 5 E|�c |W� dqg qrwh wkdw iru 0 vpdoo wkhuh h{lvwv B : f vxfk wkdw
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��|�B � ��r iru doo r 5 E|W � 0c |W� iru � ' �c 21 E| +e, dqg +f, wkhuh h{lvwv
� vxfk wkdw ��r lv frqwlqxrxv dw r ' |W1 Khqfh/ iru vrph # : fc ��r 	 ��| iru
doo r 5 E|Wc |W n #� iru wklv sod|hu �1 Vlqfh 8 � lv rswlpdo/ zh frqfoxgh
wkdw 8 � lv frqvwdqw rq wkh lqwhuydo E|�c |W n #�1 Wkh rswlpdolw| ri 8 �

wkhq lpsolhv wkdw 8 � lv frqvwdqw rq E|�c |W n #�1 Khqfh/ erwk ixqfwlrqv
duh frqvwdqw rq wkh odwwhu lqwhuydo1 Wklv frqwudglfwv wkh gh�qlwlrq ri
|W1

Dv zh qrwhg deryh li 8 � lv frqvwdqw rq vrph lqwhuydo E|�c |��� wkhq wkh
rswlpdolw| ri 8 � lpsolhv wkdw 8 � lv frqvwdqw rq E|�c |��� (
frqvhtxhqwo|/ +g, lpsolhv +h,=

h, Li |� 	 |�� 	 � � wkhq 8 � E|��� : 8 � E|�� iru � ' �c 21

i, 8 � lv frqwlqxrxv dw | : f� Wr vhh wklv uhfdoo wkdw li 8 � kdv d mxps dw |
wkhq 8 � lv frqvwdqw rq wkh lqwhuydo E|� 0c |� iru � 9' �1 Wklv frqwudglfwv
+h,1

Iurp +h, lw iroorzv wkdw �� lv ghqvh lq dfc � �o iru � ' �c 21 Iurp +f, dqg
+i, lw iroorzv wkdw ��r lv frqwlqxrxv rq Efc � �o dqg khqfh ��r ' frqvwdqw iru doo
r 5 Efc � �o � Frqvhtxhqwo| �� ' Efc � �o � Khqfh ��| lv gl�huhqwldeoh dv d ixqfwlrq
ri | dqg _��|

_|
' f ;| 5 Efc � ��1 Qrz

��| '
] |

%'f
k�e3o

�%_8 �E%� n
�
�� k�

�
e3o

�|
�
�� 8 � E|�

�
+4,

Wkh gl�huhqwldelolw| ri 8 � iroorzv iurp wkh gl�huhqwldelolw| ri ��| rq Efc � ��1
Gl�huhqwldwlqj +4, dqg dsso|lqj Ohleqlw}*v uxoh/ zh rewdlq

f ' k�e3o
�|s �E|�� E�� k��o�e3o

�|E�� 8 �E|��� E�� k��e3o
�|s �E|�

zkhuh s �E|� ' _8 �E|�
_|

1 Wklv lq wxuq lpsolhv 8 �E|� ' � � S�e3b
�| zkhuh S�

lv |hw wr eh ghwhuplqhg1 Dw � � ' � 2 rswlpdolw| iru sod|hu � lpsolhv wkdw
8 �E� �� ' � � 5�� Dw | ' fc li 8 �Ef� : f wkhq 8 �Ef� ' f e| +e,1 Ohw A �

vroyh � � e3b
�| ' � � 5�1 Wkhq � � ' � 2 ' A f G' 4�?iA �c A 2j dqg S�c S� duh

ghwhuplqhg e| wkh uhtxluhphqw ��S�e3b�A f
' ��5�1 Vr 8 � ' 	8 � iru � ' �c 2� Li

�*v vwudwhj| lv 	8 � wkhq ��| lv frqvwdqw rq Efc � �o dqg ��r 	 ��A f ; r : � �1 Khqfh
dq| pl{hg vwudwhj| rq wklv vxssruw/ dqg/ lq sduwlfxodu/ 	8 � lv rswlpdo iru
sod|hu �1 Khqfh E 	8 �c 	8 2� lv lqghhg dq htxloleulxp1 T1H1G1
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Lq wkh xqltxh htxloleulxp ghulyhg deryh/ d udwlrqdo sod|hu �*v xwlolw| lv

	8 � Ef�k� n
�
�� 	8 � Ef�

� �
�� k�

�

vlqfh sod|hu �*v htxloleulxp vwudwhj| hqwdlov frqfhvvlrq dw dq| wlph 0 : f +dqg

ehiruh A f,1 Ixuwkhupruh/ 	8 � Ef� ' � � S� zkhuh S� ' e3b
� EA �3A f�/ A f '

4�? iA �c A 2j � Vlqfh k� : � � k�/ sod|hu � suhihuv wr eh frqfhghg wr wkdq
wr frqfhgh dqg lw lv qdwxudo wr wklqn ri A � ' E� *L} 5�� *b� dv d phdvxuh ri
sod|hu �*v �zhdnqhvv�= A � : A � phdqv wkdw sod|hu � pxvw frqfhgh wr sod|hu
� dw wlph 31 Wkh h�hfw ri dq| fkdqjh lq sdudphwhuv fdq eh ghwhuplqhg e|
fdofxodwlqj krz wkh fkdqjh lq xhqfhv wkh A �*v1 Iru h{dpsoh/ dv o� lqfuhdvhv
sod|hu � 9' � pxvw frqfhgh pruh udslgo| ehwzhhq | dqg |n " lq rughu wr nhhs
d pruh lpsdwlhqw sod|hu � lqgl�huhqw ehwzhhq frqfhglqj dw | dqg zdlwlqj wr
frqfhgh wloo | n "1 Wkxv sod|hu �*v suredelolw| jhwv �xvhg xs� pruh txlfno|
+l1h1 A � ghfuhdvhv,1 Frqvhtxhqwo| li S� 	 � wkhq _S�

_o�
: fc _S

�

_o�
' f +sod|hu �

frqfhghv wr � dw | ' f zlwk vpdoohu suredelolw|, dqg li S� 	 �c _S�

_o�
	 f dqg

_S�

_o�
' f +sod|hu � frqfhghv wr � dw | ' f zlwk kljkhu suredelolw|,1 D vpdoo

lqfuhdvh lq o� pdnhv sod|hu � zruvh r� +zlwkrxw d�hfwlqj sod|hu �, ru sod|hu
� ehwwhu r� +zlwkrxw d�hfwlqj sod|hu �,1

Ilqdoo|/ qrwh wkdw wkh htxloleulxp h{klelwv ghod| +dqg khqfh lqh!flhqf|,1
Wr vhh wklv vlpso| dqg vwduno|/ vxssrvh wkh prgho lv v|pphwulf= o� ' o2 '
oc k� ' k2 ' kc dqg 5� ' 52 ' 51 Wkhq/ lq htxloleulxp/ 8 �

k�ck2Ef� '
8 2
k�ck2Ef� ' f1 Wkh h{shfwhg sd|r� ri d udwlrqdo sod|hu 4 lv E� � k� vlqfh

frqfhglqj dw }hur lv lq wkh vxssruw ri sod|hu 4*v rswlpdo frqfhvvlrq wlphv1
Wkh sd|r� ri dq luudwlrqdo sod|hu 4 lv wkh sd|r� ri d udwlrqdo sod|hu 4 zkr
frqfhghv dw A f +vlqfh frqfhglqj dw A f lv dovr rswlpdo/ wklv sd|r� lv E�� k�,
*itt wkh sd|r� dw A f ri frqfhglqj li sod|hu 5 kdv qrw frqfhghg xs wr A f� Wkxv/
wkh h{shfwhg sd|r� wr sod|hu 4 lv ohvv wkdq E�� k� dqg wkh wrwdo xwlolw| orvv
lv lq h{fhvv ri �� 2E��k� ' 2k� � zklfk lv fohduo| vxevwdqwldo iru k vljql�0
fdqwo| juhdwhu wkdq �

2
1 Revhuyh dovr wkdw wkh lqh!flhqf| lv d frqvhtxhqfh ri

ghod| wr uhdfklqj djuhhphqw udwkhu wkdq qrw uhdfklqj djuhhphqw dw doo> wkh
h{ dqwh suredelolw| ri glvdjuhhphqw lv +rqo|, 5 � 5 ' E5�21

6 Wkh Pxowlsoh W|sh Fdvh
Wkh vlqjoh w|sh fdvh lv d edvlf exloglqj eorfn iru rxu dqdo|vlv exw lq lwvhoi
|lhogv d vrphzkdw olplwhg wkhru| ri edujdlqlqj1 Wklv vhfwlrq lv frqfhuqhg
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zlwk dqdo|}lqj wkh jhqhudo edujdlqlqj jdph ri wkh suhylrxv vhfwlrq1 Wkh
jhqhudol}dwlrq wr pxowlsoh luudwlrqdo w|shv lv lpsruwdqw iru d qxpehu ri uhd0
vrqv= Iluvw/ lw shuplwv d wkhru| zlwk d ulfkhu vhw ri srvvleoh htxloleulxp
glylvlrqv ri wkh vxusoxv1 Vhfrqg/ wkh jhqhudol}dwlrq hqdeohv xv wr lghqwli|
vrph ri wkh pruh urexvw frqfoxvlrqv ri wkh dqdo|vlv ri wkh rqh0w|sh prgho1
Ilqdoo|/ zlwklq wkh pxowlsoh w|sh edujdlqlqj prgho/ zh lghqwli| vrph lp0
solfdwlrqv ri rxu wkhru| wkdw duh lqghshqghqw ri wkh h{rjhqrxvo| vshfl�hg
glvwulexwlrqv ryhu w|shv/ Z�1

Sursrvlwlrq 5 hvwdeolvkhv h{lvwhqfh dqg xqltxhqhvv ri htxloleulxp1 Lq wkh
vlqjoh w|sh fdvh ri Vhfwlrq 5/ d edvlf htxloleulxp uhtxluhphqw zdv wkdw wkh
qrupdo w|shv ri erwk sod|huv kdg wr �qlvk frqfhglqj dw h{dfwo| wkh vdph
lqvwdqw1 Frqvhtxhqwo| lw zdv +vrphwlphv, qhfhvvdu| iru rqh +dqg rqo| rqh,
sod|hu wr frqfhgh zlwk srvlwlyh suredelolw| dw wlph }hur1 Dq dgglwlrqdo uh0
txluhphqw qrz lv wkdw wkh pxowlsoh w|shv qhhg wr eh plplfnhg zlwk dssur0
suldwh zhljkwv= wkh uhvxowlqj srvwhulru suredelolwlhv ri udwlrqdolw| prgxodwh
wkh uhodwlyh vwuhqjwkv ri wkh w|shv vxfk wkdw doo w|shv plplfnhg zlwk srvlwlyh
suredelolw| rewdlq wkh vdph htxloleulxp sd|r�1 Wkh dujxphqw iru xqltxhqhvv
lv vrphzkdw lqyroyhg1 Qhyhuwkhohvv/ zh r�hu vrph lqwxlwlrq1 Wkh �vwuhqjwk�
ri d sod|hu ghshqgv xsrq wkh srvwhulru suredelolw| ri wkh w|sh vkh plplfv/
dqg wkh odwwhu suredelolw| ghfuhdvhv zlwk wkh suredelolw| zlwk zklfk wkdw w|sh
lv plplfnhg1 Wkh sd|r�v wr d w|sh ehlqj frqfhghg wr zlwk srvlwlyh sured0
elolw| dw wlph }hur duh vwulfwo| lqfuhdvlqj lq �vwuhqjwk1� Pxowlsoh htxloleulxp
glvwulexwlrqv ryhu w|shv ehlqj frqfhghg wr duh lq frq lfw zlwk wkh uhtxluh0
phqw wkdw w|shv plplfnhg zlwk srvlwlyh suredelolw| pxvw kdyh htxdo sd|r�v
zklfk duh qrw vpdoohu wkdq wkh sd|r�v ri w|shv wkdw duh qrw plplfnhg1 Wklv
frq lfw lv hdvlhvw wr vhh zkhq wkh rssrvlqj sod|hu kdv d vlqjoh w|sh1

Wkhvh srlqwv duh hoderudwhg xsrq ehorz/ dqg wkh irupdo surri pd| eh
irxqg lq wkh dsshqgl{1 Zh irfxv �uvw rq sod|hu 5/ dqg frqvlghu wkh lqwhuph0
gldwh fdvh zlwk rqh luudwlrqdo w|sh iru sod|hu 4 dqg pxowlsoh luudwlrqdo w|shv
iru sod|hu 51 Vlqfh >� Ek�� ' � iru ik�j ' ��c d vwudwhj| iru sod|hu 4 pxvw
vshfli| ghpdqglqj k� dw wlph 31 Sod|hu 5 zloo hlwkhu frqfhgh lpphgldwho|
+sod| ', ru ghpdqg vrph k2 5 �2c k2 : � � k�� Wkh dqdo|vlv ri wkh suh0
ylrxv vhfwlrq lpsolhv wkdw lq htxloleulxp/ sod|huv 4 dqg 5 pxvw frqfhgh dw

udwhv b� '
o2E�3k��
k�nk23�

dqg b2 '
o�E�3k2�
k�nk23�

uhvshfwlyho|1 Ohw % 5 Efc �� ghqrwh
wkh suredelolw| ri luudwlrqdolw| iru sod|hu 41 Devhqw frqfhvvlrq zlwk srvlwlyh
suredelolw| dw wlph }hur/ wkh suredelolw| ri luudwlrqdolw| iru sod|hu 4 zloo uhdfk
4 dw wlph A � ' E� *L} %� *b�1 Li sod|hu 5 grhv qrw sod| ' exw fkrrvhv vrph
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k2 : �� k�/ wkhq klv suredelolw| ri luudwlrqdolw| zloo uhdfk 4 dw wlph

A 2 ' � �

b2
*L}

52Z2 Ek2�

52Z2 Ek2� n E�� 52�>2
k� Ek

2�
�

Dv dujxhg lq wkh suhylrxv vhfwlrq wkh suredelolwlhv ri luudwlrqdolw| pxvw
uhdfk 4 iru erwk djhqwv vlpxowdqhrxvo|1 Exw li sod|hu 5 fkrrvhv k2 dw wlph 3/
kh kdv qr rwkhu rssruwxqlw| wr frqfhgh dw wlph 3 dqg vlqfh kh frqfhghv dw
udwh b2 wkhuhdiwhu/ lq htxloleulxp lw pxvw eh wkdw A � � A 21 Li wklv lqhtxdolw|
lv vwulfw/ wkhq sod|hu 4 pxvw frqfhgh zlwk srvlwlyh suredelolw| dw wlph 3 vr
wkdw frqglwlrqdo rq qrw frqfhglqj wkh suredelolwlhv ri luudwlrqdolw| uhdfkhv 4
iru erwk djhqwv vlpxowdqhrxvo|1 Wkdw lv/

�

b�
*L}

5�

5� n E�� 5�� E�� ^��
'

�

b2
*L}

52Z2 Ek2�

52Z2 Ek2� n E�� 52�>2
k� Ek

2�

zkhuh ^� lv wkh suredelolw| ri frqfhglqj dw | ' f1
Wkhuhiruh wkh sd|r� wr sod|hu 5 ri plplfnlqj k2 lv k2 wlphv wkh suredelo0

lw| wkdw 4 frqfhghv wr sod|hu 5 lpphgldwho| soxv ��k� wlphv wkh suredelolw|
wkdw 4 grhv qrw frqfhgh lpphgldwho|1 Qrwh wkdw wklv sd|r� lv vwulfwo| lqfuhdv0
lqj lq wkh suredelolw| ri lpphgldwh frqfhvvlrq e| sod|hu 4/ ^�/ dqg khqfh lv
vwulfwo| juhdwhu wkdq �� k� zkhqhyhu wkh odwwhu suredelolw| lv srvlwlyh1 Li >2

lv wr eh d sduw ri dq htxloleulxp wkhq doo w|shv plplfnhg zlwk srvlwlyh sure0
delolw| pxvw |lhog wkh vdph sd|r� iru sod|hu 5 zklfk ixuwkhupruh pxvw eh
qrw orzhu wkdq wkh sd|r� dvvrfldwhg zlwk plplfnlqj w|shv wkdw duh plplfnhg
zlwk }hur suredelolw|1 Wklv hohphqwdu| surshuw| slqv0grzq wkh htxloleulxp
>2 xqltxho| vlqfh wkh sd|r� dvvrfldwhg zlwk plplfnlqj dq| k2 lv lqfuhdvlqj
lq wkh suredelolw| ri lpphgldwh frqfhvvlrq e| sod|hu 4 zklfk lq wxuq lv gh0
fuhdvlqj lq A 2� Ilqdoo|/ iurp wkh deryh irupxod iru A 2/ wkh odwwhu lv lqfuhdvlqj
lq >2k� Ek

2�1
Zkdw ri sod|hu 4 dqg wkh jhqhudo fdvh zkhuh fduglqdolw| ri �� lv juhdwhu

wkdq 4B Zh douhdg| nqrz wkdw iru dq| k� dqg srvwhulru suredelolw| ri lu0
udwlrqdolw| %c wkh htxloleulxp >2 lv xqltxho| ghwhuplqhg1 Lq rxu surri/ zh
hvwdeolvk wkdw jlyhq wklv xqltxh htxloleulxp uhvsrqvh wr %/ wkh sd|r� wr
sod|hu 4 lv frqvwdqw xqwlo % uhdfkhv vrph % dqg lv vwulfwo| lqfuhdvlqj wkhuh0
diwhu1 Ixuwkhupruh % lwvhoi lv ghfuhdvlqj lq >� Ek��1 Wklv revhuydwlrq hq0
deohv xv wr frqvwuxfw dq dujxphqw iru wkh �xqltxhqhvv� ri >� vlplodu wr wkh
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xqltxhqhvv iru >2 rxwolqhg deryh1 Wkh dgghg frpsolfdwlrq lv wkh uhjlrq eh0
orz % ryhu zklfk vwulfw prqrwrqlflw| idlov> iru doo % 	%/ d udwlrqdo sod|hu 5
plplfv 4@ �2 zlwk suredelolw| 41 Zkhq d udwlrqdo sod|hu 4 nqrzv wkdw khu
udwlrqdo rssrqhqw zloo fkrrvh 4@ �2 zlwk suredelolw| 4/ luuhvshfwlyh ri khu
fkrlfh ri k� wkh htxloleulxp >� pd| eh lqghwhuplqdwh1 Wklv lqghwhuplqdf|
krzhyhu/ grhv qrw wudqvodwh lqwr d pxowlsolflw| ri htxloleulxp rxwfrphv �w/ dv
zh hvwdeolvk lq wkh surri ri Sursrvlwlrq 5 ehorz1

Sursrvlwlrq 5= Iru dq| edujdlqlqj jdph � '
q
E��c 5�c Z�c o��

2
�'�

r
d vh0

txhqwldo htxloleulxp
��
>�c 8 �

k�ck2

�
c
�
>2k�c 8

2
k�ck2

��
h{lvwv1 Ixuwkhupruh/ doo htxl0

oleuld |lhog wkh vdph glvwulexwlrq ryhu rxwfrphv1

Surri = Vhh Dsshqgl{1

Wkh surri ri sursrvlwlrq 5 frqwdlqv wkh pdlq hohphqwv ri wkh dujxphqw
iru wkh iroorzlqj frpsdudwlyh vwdwlf uhvxowv1 Uhfdoo iurp wkh glvfxvvlrq suh0
fhglqj Sursrvlwlrq 4 wkdw d sod|hu ehfrphv �vwurqjhu� dv vkh ehfrphv pruh
sdwlhqw ru zkhq wkh suredelolw| wkdw vkh lv luudwlrqdo lqfuhdvhv1 Zkhq sod|hu
� ehfrphv lq�qlwho| pruh sdwlhqw wkdq sod|hu � Eo�*o� $ f� sod|hu � h{wudfwv
doo edujdlqlqj vxusoxv iurp d udwlrqdo sod|hu �1 D vlplodu frqfoxvlrq iroorzv
li sod|hu � lv lq�qlwho| pruh olnho| wr eh luudwlrqdo wkdq sod|hu � E5�*5� $ f� �
Wkhvh duh vwdwhg irupdoo| ehorz1

Sursrvlwlrq 6=Ohw �? eh d vhtxhqfh ri edujdlqlqj jdphv dqg ��? wkh
fruuhvsrqglqj vhtxhqfh ri vhtxhqwldo htxloleulxp sd|r�v iru d udwlrqdo sod|hu
�/

+d, Li doo sdudphwhuv rwkhu wkdq o�? dqg o
2
? duh frqvwdqw dorqj wkh vhtxhqfh

�?/ wkhq/ iru � 9' �/ *�4 Eo�?*o
�
?� ' f lpsolhv *�4 �?u ��? � E�� 5��4@ ��c

*�4 Eo�?*o
�
?� '4 lpsolhv *�4 t�T ��? � �� E�� 5��4@ ���

+e, Li doo sdudphwhuv rwkhu wkdq 5�? iru vrph � ' �c 2 duh frqvwdqw dorqj wkh
vhtxhqfh
�?c wkhq iru � 9' �c *�4 5�? ' � lpsolhv *�4 ��? � E�� 5��4@ �� (
*�4 5 �

? ' f lpsolhv *�4 ��? ' 4@ ���

Surri = Vhh Dsshqgl{1

Lw lv lqwhuhvwlqj wr frpsduh rxu prgho dqg wkh sursrvlwlrq deryh wr uhfhqw
zrun rq uhsxwdwlrq lq uhshdwhg jdphv1 Vhh Vhfwlrq 9 iru d glvfxvvlrq ri
gl�huhqfhv dqg vlplodulwlhv1
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7 Wkh Glvfuhwh Prgho dqg Frqyhujhqfh
Wklv vhfwlrq frqvlghuv glvfuhwh edujdlqlqj jdphv1 Zh dqdo|}h wkh olplw ri
htxloleuld dv erwk sod|huv duh deoh wr pdnh r�huv lqfuhdvlqjo| iuhtxhqwo|1
Dsduw iurp wkh suhfhglqj uhtxluhphqw/ wkhuh duh hvvhqwldoo| qr uhvwulfwlrqv
rq wkh edujdlqlqj vwuxfwxuh1 Lq frqwudvw wr Uxelqvwhlq*v frpsohwh lqirupdwlrq
wkhru|/ rxu prgho vdwlv�hv d vwurqj irup ri lqghshqghqfh iurp wkh ghwdlov
ri wkh edujdlqlqj surwrfro1 Zkhq wkh wlph ehwzhhq r�huv lv vx!flhqwo|
vpdoo wkh htxloleulxp glvwulexwlrq ri rxwfrphv pxvw eh forvh wr wkh xqltxh
htxloleulxp ri wkh frqwlqxrxv0wlph jdph dqdo|}hg lq Vhfwlrq 51 Vrphzkdw
pruh suhflvho|/ frqvlghu dq| vhtxhqfh ri glvfuhwh wlph jdphv lqgh{hg e| ?
zkhuh lq wkh jdph ?/ lq dq| "?� wlph lqwhuydo erwk sod|huv kdyh dw ohdvw
rqh rssruwxqlw| wr pdnh dq r�hu1 Iru vlpsolflw|/ dvvxph wkdw hdfk sod|hu
kdv rqo| rqh luudwlrqdo w|sh1 Dq htxloleulxp rxwfrph lq jdph ? lv d udqgrp
remhfw �w? dq| uhdol}dwlrq ri zklfk lv dq djuhhg wr glylvlrq dqg d wlph dw zklfk
djuhhphqw lv uhdfkhg1 Iru dq| vxfk vhtxhqfh li "? $ f dv ?$4c �w? $ �w lq
glvwulexwlrq/ zkhuh �w lv wkh xqltxh htxloleulxp glvwulexwlrq ri wkh frqwlqxrxv0
wlph jdph1 Wklv frqyhujhqfh uhvxow prwlydwhv wkh frqyhqlhqw frqwlqxrxv0
wlph iudphzrun ri Vhfwlrqv 5 dqg 61 Dq lpsruwdqw lqjuhglhqw ri wklv uhvxow
lv wkdw lq wkh glvfuhwh0wlph jdph uhyhodwlrq ri udwlrqdolw| dprxqwv lq wkh
olplw wr frqfhglqj wr rqh*v rssrqhqw*v luudwlrqdo ghpdqg1 Wklv surshuw| lv/
ri frxuvh/ wkh gh�qlqj ihdwxuh ri wkh frqwlqxrxv wlph jdph dqg lv forvho|
uhodwhg wr wkh Frdvh frqmhfwxuh +vhh iru lqvwdqfh/ Jxo/ Vrqqhqvfkhlq dqg
Zlovrq +4<;9,,1

Uhfdoo wkdw wkh Frdvh frqmhfwxuh dvvhuwv wkdw zkhq wkh wlph ehwzhhq ri0
ihuv lv vx!flhqwo| vpdoo/ edujdlqlqj ehwzhhq d vhoohu zlwk nqrzq ydoxdwlrq r
dqg d ex|hu zkr pd| kdyh rqh ri pdq| uhvhuydwlrq ydoxhv +hdfk kljkhu wkdq
r, uhvxowv lq doprvw lpphgldwh djuhhphqw dw wkh orzhvw ex|hu ydoxdwlrq1 Lq
klv glvfxvvlrq ri edujdlqlqj/ P|huvrq +4<<4/ sjv1 6<<0737, r�huv dq lpsru0
wdqw qhz shuvshfwlyh rq wklv uhvxow e| uhfdvwlqj lw lq d uhsxwdwlrqdo vhwwlqj1
Wkh orz ydoxdwlrq ex|hu lv uhsodfhg e| dq luudwlrqdo w|sh zkr ghpdqgv vrph
frqvwdqw dprxqw dqg dffhswv qr ohvv wkdq wklv dprxqw1 Lq dq dowhuqdwlqj
r�hu edujdlqlqj jdph/ kh vkrzv wkdw dv wkh wlph ehwzhhq r�huv jrhv wr }hur/
djuhhphqw lv uhdfkhg zlwkrxw ghod| dw wkh frqvwdqw vkduh ghpdqghg e| wkh
luudwlrqdo w|sh/ mxvw dv lq wkh Frdvh frqmhfwxuh wkhuh lv lpphgldwh djuhhphqw
dw wkh orzhvw ex|hu ydoxdwlrq1 Erwk uhvxowv duh lqghshqghqw ri wkh h{ dqwh
suredelolw| ri wkh orz w|sh dqg wkh sod|huv* uhodwlyh glvfrxqw idfwruv +vr orqj
dv wkh| duh erwk forvh wr 4/ dv lpsolhg e| wkh dvvxpswlrq wkdw r�huv duh
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iuhtxhqw,1 Wkxv/ P|huvrq revhuyhv wkdw wkh lq xhqfh ri dv|pphwulf lqiru0
pdwlrq ryhuzkhopv wkh h�hfw ri lpsdwlhqfh lq ghwhuplqlqj wkh glylvlrq ri
vxusoxv1 Zh h{whqg P|huvrq*v dqdo|vlv wr wkh fdvh ri wzr0vlghg dv|pphw0
ulf lqirupdwlrq zkhuh wkh Frdvldq h�hfw qrwhg e| P|huvrq wudqvirupv wkh
edujdlqlqj jdph lqwr wkh jdph vwxglhg lq Vhfwlrq 51 Lq wkh wzr0vlghg fdvh/
dv|pphwulf lqirupdwlrq djdlq ryhuzkhopv wkh h�hfw ri wlplqj ri r�huv> krz0
hyhu/ dv wkh suhfhglqj vhfwlrq lqglfdwhv/ wkh uhodwlyh lpsdwlhqfh ri wkh djhqwv
grhv sod| d uroh1

D nh| hohphqw ri P|huvrq*v dujxphqw dqg d fhqwudo lqjuhglhqw lq wkh surri
ri Sursrvlwlrq 7 lv wkh iroorzlqj= Zkhq rqh djhqw lv nqrzq wr eh udwlrqdo
dqg wkhuh lv d srvlwlyh suredelolw| wkdw khu rssrqhqw lv luudwlrqdo/ ghod| lv qrw
srvvleoh1 Wklv phdqv wkdw hlwkhu wkh djhqw nqrzq wr eh udwlrqdo �/ jlyhv lq
wr wkh luudwlrqdo ghpdqg ri wkh rwkhu djhqw �c ru djhqw � dovr uhyhdov klpvhoi
wr eh udwlrqdo1 Wkh odwwhu rxwfrph rffxuv rqo| zkhq uhyhdolqj klpvhoi wr eh
udwlrqdo |lhogv d sd|r� qr ohvv wkdq k� wr djhqw �1 Rwkhuzlvh/ � suhihuv wr
suhwhqg wr eh luudwlrqdo dqg eh frqfhghg wr e| � zlwkrxw ghod|1 Wkxv/ lq
hlwkhu fdvh � rewdlqv d sd|r� qr ohvv wkdq k�� Zlwk wklv frqfoxvlrq lq sodfh
lw lv hdv| wr vhh krz d zdu ri dwwulwlrq hphujhv= dw dq| wlph |/ e| suhwhqglqj
wr eh luudwlrqdo/ djhqw � fdq doorz � wr pdnh wkh r�hu ��k� ru uhyhdo khuvhoi
wr eh udwlrqdo1 Lq erwk fdvhv � frxog rewdlq d sd|r� qr ohvv wkdq ��k�/ vlqfh
k� : �� k� e| dvvxpswlrq dqg � jhwv d sd|r� qr ohvv wkdq k� rqfh � uhyhdov
klpvhoi wr eh udwlrqdo1 Wkxv/ djhqw � kdv d zd| wr hqg wkh jdph wkdw zloo
|lhog khu ��k�/ iru � ' �c 2 dqg � 9' �1 Rq wkh rwkhu kdqg/ li � fkrrvhv wr hqg
wkh jdph � jhwv d sd|r� ri dw ohdvw k� zklfk phdqv wkdw lq htxloleulxp � zloo
jhw h{dfwo| k�1 Exw wklv lv suhflvho| wkh vhw0xs ri d zdu ri dwwulwlrq zkhuh �*v
kljk sd|r� lv k� dqg khu orz sd|r� lv �� k�1 Wkxv/ wkh dqdo|vlv ri Vhfwlrq
5 dssolhv1

Irupdoo|/ rxu prgho ri glvfuhwh0wlph edujdlqlqj lv wkh iroorzlqj= Li qr
djuhhphqw lv uhdfkhg/ sod|huv uhfhlyh }hur xwlolw|1 Li dq djuhhphqw lv uhdfkhg
dw wlph | dqg li sod|hu 4 uhfhlyhv d vkduh % 5 ^3/ 4` ri wkh slh/ sod|huv 4 dqg 5
hqmr| xwlolwlhv %e3o

�| dqg E��%�e3o2| zkhuh o� dqg o2 duh wkhlu uhvshfwlyh udwhv
ri wlph suhihuhqfh1 Wkh suredelolw| ri dq luudwlrqdo w|sh lv 5� dqg k� lv wkh
vkduh ghpdqghg e| wkh vlqjoh luudwlrqdo w|sh1 Dq h{whqvlyh irup edujdlqlqj
jdph lv vshfl�hg lq wklv hqylurqphqw e| d ixqfwlrq } G ?n $ ifc �c 2c �j
zkhuh iru � ' �c 2c }E|� ' � ghqrwhv wkdw sod|hu � fdq pdnh dq r�hu lq shulrg
| +wr zklfk sod|hu � 9' �pd| lpphgldwho| djuhh ru glvdjuhh,/ } E|� ' � ghqrwhv
vlpxowdqhrxv r�huv dw | dqg }E|� ' f phdqv wkdw qr rqh pdnhv dq r�hu lq
shulrg |1 Ohw U � ' i| m }E|� ' � ru �jc ghqrwh wkh vhw ri wlphv dw zklfk
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sod|hu � ' �c 2 pdnhv dq r�hu1 Zh dvvxph wkdw } lv d glvfuhwh edujdlqlqj
jdph zlwk dq lq�qlwh krul}rq= iru doo |c U � � dfc |o lv �qlwh/ dqg U � lv dq
lq�qlwh vhw1 Wkh jdph lv sod|hg dv iroorzv= Dw | 5 U � sod|hu � pdnhv dq r�hu
%1 Li sod|hu � djuhhv/ wkhq wkh jdph hqgv zlwk wkh djuhhphqw1 Li sod|hu �
uhmhfwv/ wkhq wkh jdph frqwlqxhv dqg wkh qh{w r�hu lv pdgh dw wlph |�G' 4�?
i	| : | m 	| 5 U� ^ U2j e| � vxfk wkdw |� 5 U�1 Iru vlpxowdqhrxv r�huv wkh
jdph hqgv li wkh r�huv duh frpsdwleoh> lq wkh hyhqw ri vwulfw frpsdwlelolw|
wkh vxusoxv lv vsolw htxdoo|1 Dq luudwlrqdo sod|hu � dozd|v ghpdqgv d vkduh k�

iru klpvhoi dqg dffhswv dq r�hu li dqg rqo| li wkh r�hu |lhogv klp d vkduh dw
ohdvw k�1 Zh uhtxluh k� n k2 : �1 Qrwlfh wkdw wklv gh�qlwlrq ri d edujdlqlqj
jdph lv yhu| jhqhudo dqg lq sduwlfxodu dffrpprgdwhv qrq0dowhuqdwlqj/ qrq0
vwdwlrqdu|/ edujdlqlqj surfhgxuhv1

D vhtxhqfh ri glvfuhwh edujdlqlqj jdphv E}?�
"
?'� lv vdlg wr frqyhujh wr

frqwlqxrxv0wlph li iru doo " : fc <? vxfk wkdw iru doo ? � ?c | � fc dqg
� ' �c 2c � 5 }?Ed|c |n "o�1

Ohw j�? ghqrwh d ehkdylru vwudwhj| iru sod|hu � lq wkh jdph }?/ dqg 7j? d
ehkdylru vwudwhj| sur�oh1 Ohw �w? ' E�%c �|� ghqrwh d udqgrp rxwfrph ri }?/
zkhuh d uhdol}dwlrq ri �w? lv wkh vkduh % uhfhlyhg e| sod|hu 4 dqg wkh wlph | dw
zklfk djuhhphqw lv uhdfkhg1 Zh lghqwli| wkh rxwfrph lq zklfk qr djuhhphqw
lv uhdfkhg zlwk +425/ 4,1

Uhfdoo iurp Vhfwlrq 5 dqg wkh glvfxvvlrq lpphgldwho| suhfhglqj Sursrvl0
wlrq 4/ wkh xqltxh htxloleulxp ri wkh frqwlqxrxv0wlph jdph zkhq hdfk sod|hu
kdv d vlqjoh luudwlrqdo w|sh1 Ohw �w ghqrwh wkh dvvrfldwhg udqgrp rxwfrph1

Sursrvlwlrq 7= Ohw E}?�
"
?'� eh d vhtxhqfh ri glvfuhwh edujdlqlqj

jdphv frqyhujlqj wr frqwlqxrxv0wlph1 Ohw j? ghqrwh d vhtxhqwldo htxloleulxp
ri }? dqg �w? wkh udqgrp rxwfrph fruuhvsrqglqj wr j?1 Wkhq �w? frqyhujhv
lq glvwulexwlrq wr �w1

Surri = Vhh Dsshqgl{1

Uhpdunv +l, Revhuyh wkdw e| hvwdeolvklqj wkh frqyhujhqfh ri wkh htxlole0
uld ri wkh glvfuhwh0wlph jdph wr wkh xqltxh htxloleulxp ri wkh frqwlqxrxv0wlph
jdph/ Sursrvlwlrq 7 hvwdeolvkhv wkh lqghshqghqfh ri wkh edujdlqlqj rxwfrph
iurp wkh edujdlqlqj surfhgxuh1 Lw grhv qrw hvwdeolvk wkh luuhohydqfh ri wkh
uhodwlyh lpsdwlhqfh ri wkh wzr sod|huv/ vlqfh wkh rxwfrph ri wkh frqwlqxrxv0
wlph edujdlqlqj jdph lwvhoi ghshqgv rq o� dqg o2 dv fdq eh vhhq iurp wkh
htxdwlrq gh�qlqj A � lq Vhfwlrqv 5 dqg 61 Wr xqghuvwdqg wkh ghshqghqfh
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rq surfhgxuh ri wkh frpsohwh lqirupdwlrq wkhru| frqvlghu d glvfuhwh0wlph
edujdlqlqj jdph lq zklfk sod|huv dowhuqdwh pdnlqj r�huv1 Ohw {� eh wkh
wlph lqwhuydo ehwzhhq dq| uhmhfwlrq e| sod|hu � dqg wkh qh{w srvvleoh dffhs0
wdqfh ru uhmhfwlrq e| sod|hu �1 Lq wkh frpsohwh lqirupdwlrq wkhru|/ sod|hu �*v
htxloleulxp xwlolw| lv dssur{lpdwho| o�{�

o�{�no�{� zkhq {�c{2 duh vpdoo1 Wkxv/
hyhq zkhq djhqwv fdq pdnh r�huv yhu| iuhtxhqwo| htxloleulxp vkduhv ydu|
vxevwdqwldoo| zlwk wkh udwlr {�*{2�

+ll, Shuu| dqg Uhq| +4<<6, lv prwlydwhg e| frqfhuqv derxw wkh urexvwqhvv
ri frpsohwh lqirupdwlrq edujdlqlqj wr wkh edujdlqlqj surfhgxuhv hpsor|hg1
Wkhlu zrun grhv pxfk wr foduli| wkh hvvhqwldo orjlf ri edujdlqlqj prghov
lq wkh vw|oh ri Uxelqvwhlq +4<;5,1 Wkh| vwxg| dq h{whqvlyh irup vwuxfwxuh
zklfk lv �surfhgxuhohvv� lq wkh vhqvh wkdw sod|huv fdq pdnh r�huv dw dq| wlph
vxemhfw wr wkh surylvr wkdw d plqlpdo wlph lqwhuydo {� pxvw hodsvh ehwzhhq
frqvhfxwlyh r�huv ri wkh vdph sod|hu1 Vlqfh wkh| sodfh qr frqvwudlqwv rq
wkh qhjrwldwlrq vwuxfwxuh rwkhu wkdq wkrvh lpsrvhg e| wkh {�0plqlpdo ghod|
uhtxluhphqw wkh| ylhz wkhlu uhvxowv dv ehlqj �lqghshqghqw ri surfhgxuhv1�
Qhyhuwkhohvv/ wkhlu prgho lv forvhu lq vslulw wr Uxelqvwhlq*v wkdq rxuv vlqfh/
hyhq zkhq erwk {�*v duh duelwudulo| vpdoo/ wkh htxloleulxp glvwulexwlrq ri wkh
jdlqv iurp wudgh ghshqgv rq wkh udwlr {�*{2�

+lll, Sursrvlwlrq 7 frqvlghuv rqo| wkh fdvh ri d vlqjoh luudwlrqdo w|sh iru
hdfk sod|hu1 D vlplodu frqyhujhqfh uhvxow fdq eh hvwdeolvkhg iru wkh pxowlsoh
w|sh edujdlqlqj prgho surylghg wkdw wkh vdph sod|hu pryhv �uvw lq hdfk ri
wkh glvfuhwh jdphv lq wkh vhtxhqfh1 Zlwk pxowlsoh w|shv/ wkh htxloleulxp
rxwfrph ri wkh frqwlqxrxv0wlph jdph dqg khqfh wkh olplwlqj htxloleulxp
rxwfrph ri wkh glvfuhwh0wlph jdph grhv ghshqg rq zklfk sod|hu pryhv �uvw1
Zh gr qrw ylhz wkh rughulqj ri lqlwldo pryhv dv uhsuhvhqwlqj dq lqqrfxrxv
fkdqjh lq edujdlqlqj surwrfro dnlq wr zkhwkhu d sod|hu qhhgv wr sdxvh iru
euhdwk iru 43 vhfrqgv dv rssrvhg wr 8 vhfrqgv ehiruh pdnlqj d frxqwhu0r�hu1
Wkhuh rxjkw wr eh qr suhvxpswlrq wkdw ehlqj �vdggohg zlwk� ru �kdylqj wkh
sulylohjh ri� �uvw vwdnlqj0rxw d edujdlqlqj srvlwlrq vkrxog kdyh qr lpsdfw
rq wkh �qdo rxwfrph1

+ly, Zlwk gl�huhqw luudwlrqdo w|shv rxu uhvxow pd| qrw krog17 Vxssrvh
zh uhsodfhg d k�0w|sh iru sod|hu 4 e| d w|sh zklfk ghpdqghg k� exw zdv lq
idfw zloolqj wr dffhsw dq|wklqj deryh 1;k�� Qrz vxssrvh lq wkh fruuhvsrqg0
lqj Uxelqvwhlq frpsohwh lqirupdwlrq jdph sod|hu 4*v sd|r� zdv &k�c iru
& 5 E�Hc ��1 Wkhq sod|hu 5 zrxog frqfhgh2uhyhdo udwlrqdolw| e| r�hulqj 1;k�1

7Zh duh judwhixo wr d uhihuhh iru wklv h{dpsoh1
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Dq luudwlrqdo sod|hu 4 zrxog dffhsw wklv r�hu/ zkloh d udwlrqdo sod|hu 4 zrxog
lqvwhdg uhmhfw lw/ uhyhdo klv udwlrqdolw| dqg rewdlq &k� : �Hk� lqvwhdg1 Ghwdlov
ri edujdlqlqj surwrfro frxog lqghhg +zlwklq vrph udqjh, pdwwhu1 Qhyhuwkh0
ohvv/ lw lv srvvleoh wkdw wkh lqghshqghqfh ri surwrfro uhvxow zrxog uh0hphujh
zlwk d �ulfk� vhw ri w|shv1 Vxfk d uhvxow zrxog vhhn wr lghqwli| d edvlf vxe0
fodvv ri w|shv zkrvh suhvhqfh |lhoghg wkh uhvxow lqghshqghqwo| ri zklfk rwkhu
w|shv zhuh suhvhqw1

8 Wkh Olplwlqj Fdvh ri Frpsohwh Udwlrqdolw|
Zh wxuq qrz wr olplw uhvxowv dv wkh +h{ dqwh, suredelolw| ri luudwlrqdolw| ri
erwk sod|huv jrhv wr }hur18Wklv lv d wkhph �uvw h{soruhg e| Ndpeh +4<<7, dqg
Frpswh dqg Mhklho +4<<8, lq uhfhqw sdshuv zklfk exlog xsrq wkh suhfhglqj
dqdo|vlv/ suhvhqwhg lqlwldoo| lq Deuhx dqg Jxo +4<<5,1 Ndpeh +4<<7, suryhv
wkdw lq klv prgho +vhh wkh glvfxvvlrq iroorzlqj wkh fruroodu| ehorz, lqh!flhqf|
glvdsshduv dv wkh suredelolw| ri luudwlrqdolw| jrhv wr }hur1 Lq Frpswh dqg
Mhklho +4<<8,/ rq wkh rwkhu kdqg/ ghod| dqg khqfh lqh!flhqf|/ shuvlvw lq wkh
olplw1

Wkh sxusrvh ri wklv vhfwlrq lv wr frqgxfw d Ndpeh0w|sh dqdo|vlv ri rxu
prgho/ dqg ixuwkhupruh wr uhfrqfloh wkh frqwudvwlqj frqfoxvlrqv ri Ndpeh
+4<<7, dqg Frpswh dqg Mhklho +4<<8, zlwklq rxu iudphzrun1

Ohw �� ' Eo� n o�� � Wkh sursrvlwlrq ehorz hvwdeolvkhv wkdw
�� G' 4@ ik 5 �� ^ ifj m k 	 ��j lv d orzhu erxqg rq sod|hu �*v olplw sd|r�1
Vxssrvh wkdw iru vrph vpdoo 0 : f/ wkhuh h{lvwv k� vxfk wkdw �� � 0 � k� 	
��c � ' �c 2� Wkhq/ lw iroorzv vlpso| iurp ihdvlelolw| wkdw wkhvh erxqgv duh
txlwh wljkw/ wkdw wkh h!flhqf| orvv iurp edujdlqlqj lv vpdoo/ dqg wkdw djuhh0
phqw lv uhdfkhg txlfno| zlwk kljk suredelolw|1 Wklv lv vwdwhg lq wkh fruroodu|
ehorz1

Ndpeh +4<<7, glvfryhuhg wkh nh| idfw zklfk gulyhv wklv uhvxow= Frqvlghu
d vhtxhqfh ri edujdlqlqj jdphv �? vxfk wkdw 5�? $ fc � ' �c 2c dqg vxssrvh
wkdw wkh 5�?*v jr wr }hur dw wkh vdph udwh +vd|/ 5�? ' �

?
5,1 Ohw >�? dqg >2

k�c?

eh wkh fruuhvsrqglqj htxloleulxp glvwulexwlrqv dqg vxssrvh wkdw >�? $ >
dqg >2

k�c? $ >2
k�� Frqvlghu dq| Ek�c k2� 5 �� � �2 vxfk wkdw >2k� Ek

2� : f/
k� n k2 : � dqg o� E�� k2� 	 o2 E�� k��1 Wkhq/ lq wkh olplw/ frqglwlrqdo

8Wkhvh uhvxowv duh ghulyhg lq wkh frqwh{w ri wkh frqwlqxrxv wlph jdph1 Wkh| dovr dsso|
wr wkh olplw ri glvfuhwh wlph jdphv/ zkhq wkh wlph ehwzhhq r�huv jrhv wr }hur/ ehiruh wkh
suredelolwlhv ri luudwlrqdolw| jr wr }hur1
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rq Ek�c k2� ehlqj fkrvhq dw wkh ehjlqqlqj ri wkh jdph/ wkh udwlrqdo w|sh ri
sod|hu 5 zloo frqfhgh lpphgldwho| zlwk suredelolw| dssurdfklqj 41 Exw li
k� ' ��/ wkhq o� E�� k2� � o2 E�� k�� lpsolhv k2 	 � � ��� Khqfh sod|hu
4 fdq jxdudqwhh �� lq wkh olplw1 Vlploduo| sod|hu 5 fdq jxdudqwhh �2 lq wkh
olplw1

Sursrvlwlrq 8= Ohw�? '
q
E��c 5�?c Z

�c o��
2
�'�

r
eh d vhtxhqfh ri frqwlqxrxv0

wlph edujdlqlqj jdphv1
Li Ed� *�4 5�? ' *�4 52? ' fc *�4 5�?* E5

�
? n 52?� 5 Efc �� dqg Ee� ��? lv wkh

vhtxhqwldo htxloleulxp sd|r� iru sod|hu � lq wkh jdph �?/ wkhq *�4 �?u ��? � ��

iru � ' �c 2�

Surri= Vhh dsshqgl{1

Zh zloo vd| wkdw �? '
q
E��c 5�?c Z

�c o��
2
�'�

r
frqyhujhv wr

q
E��c Z�c o��

2
�'�

r
li

E5�?c 5
2
?�
"

?'f vdwlv�hv frqglwlrq +d, ri Sursrvlwlrq 81

Fruroodu|= Li �? '
q
E��c 5�?c Z

�c o��
2
�'�

r
frqyhujhv wr

q
E��c Z�c o��

2
�'�

r
dqg

iru vrph 0 : f dqg doo % 5 dfc �o wkhuh h{lvwv k� 5 �� iru � ' �c 2 vxfk wkdw
m k� � % m	 0/ wkhq iru ? vx!flhqwo| odujh/ wkh htxloleulxp sd|r� ri djhqw �
lv dw ohdvw o�

o�no2
� 20 dqg khqfh wkh lqh!flhqf| gxh wr ghod| lv dw prvw 70�

Lq Ndpeh*v prgho +lq idfw kh frqvlghuv irxu yduldqwv/ doo ri zklfk |lhog
udwkhu vlplodu uhvxowv, wkh wzr edujdlqhuv duh lqlwldoo| iuhh wr pdnh dq| r�huv1
Lpphgldwho| wkhuhdiwhu/ wkh| pd|/ zlwk vrph nqrzq h{rjhqrxv suredelolw|
5�/ jhw �luudwlrqdoo|� dwwdfkhg wr wkhvh r�huv dqg duh lq h�hfw xqdeoh wr dffhsw
ru pdnh orzhu r�huv1 Lq klv prgho/ zkhq 5�? dqg 52? jr wr }hur dw wkh vdph
udwh/ olplw sd|r�v duh E��c �2� dv gh�qhg deryh1 +Lq idfw/ kh dovr dqdo|}hv wkh
fdvh zkhuh 5�? ' Eq��

? dqg 52? ' Eq2�
? iru duelwudu| q�c q2c5 Efc ���,

Wkh fruroodu| deryh hvwdeolvkhv wkdw zkhq wkh suredelolw| ri luudwlrqdolw|
dssurdfkhv }hur/ htxloleulxp ehkdylru lq Ndpeh*v prgho lv vlplodu wr htxl0
oleulxp ehkdylru lq rxu prgho surylghg wkdw wkh vhw ri luudwlrqdo w|shv lv
vx!flhqwo| ulfk1 Lq wkh olplw/ lq erwk prghov/ udwlrqdo sod|huv fkrrvh wr eh
yluwxdoo| frpsdwleoh dqg vkduh vxusoxv lq sursruwlrq wr lpsdwlhqfh1 Khqfh/
lqh!flhqf| glvdsshduv1

Frpswh dqg Mhklho +4<<8, dqdo|}h d qxpehu ri dowhuqdwlqj r�hu edujdlq0
lqj jdphv wr vwxg| wkh lqwhudfwlrq ri uhsxwdwlrq dqg rxwvlgh rswlrqv1 Lq
wkhlu prgho zlwk pxowlsoh luudwlrqdo w|shv/ wkh| dvvxph v|pphwu| dqg vkrz
wkdw dv wkh wlph ehwzhhq r�huv jrhv wr }hur/ udwlrqdo w|shv ri erwk sod|huv
fkrrvh wr eh dv forvh wr frpsdwleoh dv srvvleoh1 Lq wkh olplw rqo| wkh orzhvw
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w|shv k: �*2 duh plplfnhg zlwk srvlwlyh suredelolw|1 Zkloh lqh!flhqf| lv
plqlpl}hg wkhuh lv qhyhuwkhohvv dq h!flhqf| orvv = 2k� � dprxqw ri vxusoxv
lv glvvlsdwhg wkurxjk ghod|1 Khqfh/ xqolnh Ndpeh*v prgho dqg wkh fdvh zlwk
d ulfk vhw ri w|shv/ lqh!flhqf| shuvlvwv lq wkhlu v|pphwulf prgho zkhq wkh
suredelolw| ri udwlrqdolw| jrhv wr rqh1

Sursrvlwlrq 9 ehorz hvwdeolvkhv wkdw hyhq zkhq wkh vhw ri luudwlrqdo w|shv
lv qrw ulfk/ jhqhulfdoo| lqh!flhqf| glvdsshduv1 Wkxv/ wkh v|pphwulf fdvh
frqvlghuhg lq Frpswh dqg Mhklho +4<<8, dqg khqfh wkhlu lqh!flhqf| uhvxow lv
qrq0jhqhulf lq wkh vhqvh ri Sursrvlwlrq 91 Fdoo E��c �2�c jhqhulf li

o�

�3k�
9' o2

�3k2

iru doo Ek�c k2� 5 �� � �2�Wkhq/ iru jhqhulf E��c �2� ghod| glvdsshduv dqg
htxloleulxp sd|r�v frqyhujh wr wkh �frpsurplvh rxwfrph� Ek�

S c k
2
S� gh�qhg

lq wkh Dsshqgl{1 Qrwh wkdw Ek�
Sc k

2
S� ghshqgv rqo| rq ��c �2c o� dqg o21

Sursrvlwlrq 9= Ohw�? '
q
E��c 5�?c Z

�c o��
2
�'�

r
frqyhujh wr

q
E��c Z�c o��

2
�'�

r
�

Iru jhqhulf E��c �2� wkhuh h{lvwv d frpsurplvh rxwfrph Ek�
S c k

2
S�/ zkhuh

k�
S n k2

S ' �/ vxfk wkdw wkh htxloleulxp sd|r� ri sod|hu � frqyhujhv wr k�Sc
� ' �c 2�

Surri= Vhh Dsshqgl{1

Dv lq wkh fdvh ri Sursrvlwlrq 8/ Sursrvlwlrq 9 vkrzv wkdw wkh htxloleulxp
sd|r�v gr qrw ghshqg rq zklfk sod|hu pryhv �uvw dw wkh ehjlqqlqj ri wkh
jdph1

9 Uhodwhg Olwhudwxuh
Rxu zrun dexwv xsrq qxphurxv olwhudwxuhv lqfoxglqj frpsohwh dqg lqfrp0
sohwh lqirupdwlrq edujdlqlqj/ prghov lqyroylqj �zduv ri dwwulwlrq/� dqg wkh
olwhudwxuh rq uhsxwdwlrq irupdwlrq1

Wkh fhqwudo frpsrqhqw ri rxu prgho lv wkh qrwlrq ri dq �luudwlrqdo� w|sh
dv lq Nuhsv dqg Zlovrq +4<;5, dqg Plojurp dqg Urehuwv +4<;5, dqg lq d edu0
jdlqlqj frqwh{w/ P|huvrq +4<<4,1 Wkhvh sdshuv irfxv rq rqh0vlghg uhsxwdwlrq
irupdwlrq zlwk rqh luudwlrqdo w|sh1 Rxu prgho ihdwxuhv wzr0vlghg uhsxwdwlrq
irupdwlrq zlwk pxowlsoh w|shv rq hdfk vlgh1 Dv qrwhg hduolhu Nuhsv dqg Zlo0
vrq +4<;5, gr frqvlghu wzr0vlghg uhsxwdwlrq irupdwlrq zlwk rqh luudwlrqdo
w|sh rq hdfk vlgh1
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Wkhuh duh vrph rwkhu uhfhqw sdshuv wkdw frqvlghu wzr0vlghg uhsxwdwlrq
irupdwlrq1 Vfkplgw +4<<6, vwxglhv uhshdwhg jdphv1 Kh lghqwl�hv frqglwlrqv
wkdw jxdudqwhh rqh ri wkh wzr sod|huv klv �frpplwphqw� sd|r� hyhq xqghu
wzr0vlghg uhsxwdwlrq irupdwlrq1 Kh frqvlghuv d fodvv ri jdphv fdoohg jdphv
ri �frq lfwlqj lqwhuhvwv� dqg vkrzv wkdw iru d �{hg suredelolw| glvwulexwlrq
ryhu luudwlrqdo w|shv iru wkh wzr sod|huv/ li wkhuh lv d vx!flhqwo| kljk suredelo0
lw| wkdw sod|hu 5 lv udwlrqdo dqg li wkh glvfrxqw idfwru ri sod|hu 4 lv vx!flhqwo|
forvh wr 4/ wkhq lq dq| Qdvk htxloleulxp wkh sd|r� wr sod|hu 4 dssurdfkhv
klv frpplwphqw sd|r�1 Wklv uhvxow sdudoohov rxu dqdo|vlv iurp Vhfwlrq 61
Sursrvlwlrq 6 hvwdeolvkhv wkdw iru d �{hg dqg vpdoo suredelolw| ri luudwlrqdo0
lw| 52 dqg dq| suredelolw| glvwulexwlrq Z2/ wkh htxloleulxp suredelolw| wkdw
d udwlrqdo sod|hu plplfv klv juhhglhvw w|sh dssurdfkhv 4 dqg wkh suredelolw|
wkdw d udwlrqdo sod|hu 5 frqfhghv dw wlph 3 dssurdfkhv 4 dv o� dssurdfkhv 31
Zkhq dwwhqwlrq lv qrw uhvwulfwhg wr jdphv ri frq lfwlqj lqwhuhvw htxloleulxp
rxwfrphv duh qrw xqltxh lq uhshdwhg jdph prghov ri uhsxwdwlrq hyhq zlwk
rqh0vlghg uhsxwdwlrq +vhh Vfkplgw +4<<6,,1 Dq lpsruwdqw glvwlqfwlrq eh0
wzhhq edujdlqlqj dqg jhqhudo uhshdwhg jdphv lv wkdw lq d edujdlqlqj jdph/
rqfh erwk djhqwv duh uhyhdohg wr eh udwlrqdo/ wkh htxloleulxp frqwlqxdwlrq lv
xqltxh1 Pruhryhu wkh �uvw sod|hu wr uhyhdo udwlrqdolw| pd| fkrrvh wr gr vr
e| dffhswlqj khu rssrqhqw*v r�hu dqg whuplqdwlqj wkh jdph1 Lq sduwlfxodu/
wkhuh lv qr rssruwxqlw| iru �sxqlvklqj� hlwkhu sod|hu diwhu wkh udwlrqdolw|
ri erwk sod|huv lv uhyhdohg1 Wklv ihdwxuh ri edujdlqlqj sod|v d nh| uroh lq
erwk P|huvrq*v +4<<4, uhvxow rq rqh0vlghg edujdlqlqj dqg rxu Sursrvlwlrq
71 Wkh olwhudwxuh rq rqh dqg wzr0vlghg uhsxwdwlrq irupdwlrq lqfoxghv Dr|djl
+4<<9,/ Fhohqwdql/ Ixghqehuj/ Ohylqh dqg Shvhqgruihu +4<<9,/ Fhohqwdql dqg
Shvhqgruihu +4<<9,/ Fulssv/ Vfkplgw dqg Wkrpdv +iruwkfrplqj,1

Wzr rwkhu sdshuv zklfk duh yhu| forvho| uhodwhg duh Ndpeh +4<<7, dqg
Frpswh dqg Mhklho +4<<8,1 Wkhvh zhuh glvfxvvhg h{whqvlyho| lq wkh suhfhglqj
vhfwlrq1

Diwhu hdfk sod|hu kdv fkrvhq d w|sh wr plplf/ pdlqwdlqlqj uhsxwdwlrqv
lq wkh frqwlqxrxv0wlph jdph lv dnlq wr qrw frqfhglqj lq d zdu ri dwwulwlrq1
Xqolnh fodvvlfdo zduv ri dwwulwlrq prghov/ rxuv kdv d xqltxh htxloleulxp gxh
wr wkh idfw wkdw dq luudwlrqdo w|sh qhyhu frqfhghv1 Wkh prvw shuwlqhqw sulru
xqltxhqhvv uhvxow iru zduv ri dwwulwlrq lv Nuhsv dqg Zlovrq +4<;5,1

D ihz hduolhu sdshuv rq edujdlqlqj hfkr wkh zdu ri dwwulwlrq dvshfwv ri
rxu zrun1 Wkhvh lqfoxgh Rveruqh +4<;8,/ Rugryhu dqg Uxelqvwhlq +4<;9,/
Fkdwwhumhh dqg Vdpxhovrq +4<;:,/ dqg Srqvdwl dqg Vdnrylfv +4<<8,1 Wkhvh
sdshuv dsshdu wr xv wr eh pruh lq wkh qdwxuh ri sxuh frqfhvvlrq jdphv dv
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rssrvhg wr ixoo0 hgjhg edujdlqlqj prghov lq wkdw

41 Wkh frqfhvvlrq jdph vwuxfwxuh lv dvvxphg udwkhu wkdq ghulyhg1 Lq rxu
zrun wkh uhyhodwlrq ri udwlrqdolw| dprxqwv wr frqfhglqj ehfdxvh ri wkh
orjlf ri wkh Frdvh frqmhfwxuh dqg uhsxwdwlrqdo h{suhvvlrqv ri wkh vdph
wkhph1 Wkh frqyhujhqfh uhvxow ri Vhfwlrq 7 lv hvvhqwldo lq gudzlqj d
frqqhfwlrq ehwzhhq edujdlqlqj dqg wkh frqfhvvlrq vwuxfwxuh1

51 Wkh| frq�qh dwwhqwlrq wr zkdw lq rxu iudphzrun zrxog eh d vlqjoh lu0
udwlrqdo ghpdqg19 Lq rxu ylhz lw lv hvvhqwldo wkdw d wkhru| ri edujdlqlqj
doorz iru d zlgh duud| ri srvvleoh djuhhphqwv1

Lq Fkdwwhumhh dqg Vdpxhovrq +4<;;,/ wkh sxuh frqfhvvlrq jdph vwuxf0
wxuh ri Fkdwwhumhh dqg Vdpxhovrq +4<;:, lv uhsodfhg e| d wuxh glvfuhwh0wlph
edujdlqlqj jdph dqg wkh dxwkruv vkrz wkh h{lvwhqfh ri dq htxloleulxp wkdw
uhsolfdwhv wkh nh| surshuwlhv ri wkh xqltxh htxloleulxp ri wkhlu hduolhu sdshu1
Wkh odwwhu/ glvfuhwh0wlph sdshu/ krzhyhu/ grhv qrw frqwdlq dq| xqltxhqhvv
uhvxowv1

Zh kdyh suhvhqwhg rxu zrun dv d frxqwhusrlqw wr wkh frpsohwh lqirupdwlrq
sdshu e| Uxelqvwhlq +4<;5,1 Dv lq wkh dqdo|vlv ri wkh fkdlq0vwruh sdudgr{
+Vhowhq +4<::,/ Urvhqwkdo +4<;4,/ Nuhsv dqgZlovrq +4<;5,/ dqg Plojurp dqg
Urehuwv +4<;5,,/ zh ihho wkdw wkh olplw fdvh ri frpsohwh lqirupdwlrq |lhogv
xqlqwxlwlyh uhvxowv1 Zkloh iurp d vxevwdqwlyh srlqw ri ylhz wkh frpsohwh
lqirupdwlrq fdvh lv d nh| ehqfkpdun/ lq whupv ri wkh dqdo|wlfv/ prghov ri
edujdlqlqj zlwk lqfrpsohwh lqirupdwlrq derxw ydoxdwlrqv ru glvfrxqw idfwruv
duh srwhqwldoo| pruh forvho| uhodwhg wr rxu zrun1 Wkhuh duh d juhdw ydulhw|
ri vxfk prghov hqwdlolqj/ dprqj rwkhu yduldwlrqv/ rqh dqg wzr0vlghg xqfhu0
wdlqw|/ dqg rqh dqg wzr0 vlghg r�huv1 Zlwk rqh0vlghg xqfhuwdlqw|/ rqh vhw ri
uhvxowv lv frqfhuqhg zlwk hvwdeolvklqj wkh Frdvh frqmhfwxuh +vhh iru h{dpsoh/
Jxo/ Vrqqhqvfkhlq dqg Zlovrq +4<;9, dqg wkh wuhdwphqw lq P|huvrq +4<<4,,1
Wkhvh uhvxowv duh lpsruwdqw exloglqj eorfnv iru wkh frqyhujhqfh uhvxow ri Vhf0
wlrq 7 dqg rxu ghulydwlrq ri wkh frqfhvvlrq jdph vwuxfwxuh +dv qrwhg hduolhu/
wkh surri ri Ohppd 4 lv dgdswhg iurp Wkhruhp ;17 lq P|huvrq*v +4<<4, wh{w,1
Dqrwkhu vwudqg ri wkh olwhudwxuh hpskdvl}hv wkh pxowlsolflw| ri srvvleoh htxl0
oleuld lq wkh qr0jds fdvh1 Wkhvh lqyroyh wkh frqvlghudwlrq ri qrq0vwdwlrqdu|

9Zkloh Rveruqh +4<;8, phqwlrqv wkh ghvludelolw| ri doorzlqj pxowlsoh ghpdqgv/ klv
h{solflw dqdo|vlv ri wklv fdvh lv olplwhg1 Zh dovr uhpdun wkdw wkh irfxv ri klv sdshu lv
txlwh gl�huhqw iurp rxuv= klv sulpdu| frqfhuq lv wr vkrz wkdw zlwk ulvn dyhuvh djhqwv wkh
suhglfwlrq ri d{lrpdwlf dqg qrq0frrshudwlyh edujdlqlqj prghov gl�hu1
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vwudwhjlhv +Dxvxeho dqg Ghqhfnhuh/ 4<;<,1 Lq wkh odwwhu sdshuv rqo| wkh xq0
lqiruphg sod|hu fdq pdnh r�huv1 Rqfh dq lqiruphg sod|hu fdq pdnh r�huv/
vhulrxv pxowlsoh htxloleulxp sureohpv dulvh dqg vxewoh uh�qhphqw dujxphqwv
duh qhhghg wr +pruh ru ohvv vxffhvvixoo|, qduurz grzq wkh vhw ri htxloleuld
+vhh Fudpwrq +4<;7,/ Uxelqvwhlq +4<;8,/ Jurvvpdq dqg Shuu| +4<;9,/ Dg0
pdwl dqg Shuu| +4<;:,/ Jxo dqg Vrqqhqvfkhlq +4<;;,/ Fkr +4<<3,/ Dxvxeho
dqg Ghqhfnhuh +4<<5,,1

Lq whupv ri dvvxpswlrqv/ rxu zrun rxjkw wr eh forvhvw wr prghov zlwk
wzr0vlghg lqfrpsohwh lqirupdwlrq dqg wzr0vlghg r�huv1 Wkh olwhudwxuh rq
wklv fdvh dsshduv wr eh olplwhg1 Zh kdyh douhdg| phqwlrqhg Fkdwwhumhh dqg
Vdpxhovrq +4<;:,1 Dqrwkhu frqwulexwlrq lv gxh wr Fudpwrq +4<;:,> kh frq0
vwuxfwv d sduwlfxodu htxloleulxp zklfk kdv txlwh d gl�huhqw  dyru iurp wkh
htxloleulxp zh ghulyh1 Lq Fudpwrq*v htxloleulxp/ wkh sod|hu zlwk wkh prvw
h{wuhph ydoxdwlrq uhyhdov +l1h1/ frqfhghv, �uvw/ exw wkh lqlwldo frqfhvvlrq grhv
qrw hqg wkh jdph1 Pruhryhu/ wkh wzr sod|huv dozd|v glylgh wkh h{ srvw vxu0
soxv htxdoo|1 Klv prgho grhv qrw jhqhudwh d xqltxh htxloleulxp1 D uhfhqw
sdshu e| Zdwvrq +4<<;, dqdo|}hv dq dowhuqdwlqj r�hu edujdlqlqj prgho zlwk
wzr0vlghg lqfrpsohwh lqirupdwlrq derxw glvfrxqw idfwruv1 Kh fkdudfwhul}hv
wkh vhw ri srvvleoh sd|r�v xqghu d udwlrqdol}delolw| w|sh vroxwlrq frqfhsw dqg
frpsduhv wklv vhw zlwk wkh vhw ri shuihfw Ed|hvldq htxloleulxp sd|r�v1 Il0
qdoo|/ zh qrwh dq lqwuljxlqj hduo| sdshu e| Fudzirug +4<;5,/ zklfk h{soruhv
lvvxhv ri lqh!flhqf| dqg frpplwphqw lq d wzr0shulrg edujdlqlqj prgho1

: Frqfoxvlrq
Wklv sdshu sursrvhv d uhsxwdwlrq0edvhg wkhru| ri edujdlqlqj1 Lw vxjjhvwv wr
xv wkdw d uhsxwdwlrqdo shuvshfwlyh surylghv erwk d qdwxudo dqg txlwh srzhuixo
iudphzrun zlwklq zklfk wr dqdo|}h sureohpv ri edujdlqlqj1 Zh kdyh zrunhg
khuh zlwk d yhu| plqlpdolvw prgho/ dqg lq sduwlfxodu d yhu| vlpsoh qrwlrq ri
�luudwlrqdo w|shv1� Lw zrxog eh yhu| lqwhuhvwlqj wr h{whqg wklv nlqg ri dqdo|vlv
wr pruh vshfl�hg lqvwlwxwlrqdo vhwwlqjv +iru h{dpsoh/ �up2xqlrq edujdlqlqj,/
dqg wr dffrpprgdwh d vrphzkdw ulfkhu vhw ri �luudwlrqdo� vwudwhjlhv1 Zh
uhpdun wkdw prghov zlwk xqfhuwdlqw| derxw vwudwhjlf srvwxuh dv rssrvhg wr
xqfhuwdlqw| derxw ydoxdwlrqv duh ri lqwhuhvw lq wkhpvhoyhv dqg dv d sudjpdwlf
uhvsrqvh wr wkh juhdw gl!fxow| ri rewdlqlqj fohdu0fxw uhvxowv zlwk wzr0vlghg
xqfhuwdlqw| derxw ydoxdwlrqv1
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;
Dsshqgl{

Surri ri Sursrvlwlrq 5= Iru doo k� 5 �� dqg % 5 Efc �oc ohw � Ek�c %� eh wkh
edujdlqlqj jdph rewdlqhg iurp wkh ruljlqdo jdph e| uhsodflqj �� zlwk ik�j
dqg 5� zlwk %> wkdw lv/ lq wkh edujdlqlqj jdph � Ek�c %� sod|hu 4 kdv d vlqjoh
luudwlrqdo w|sh dqg khu suredelolw| ri luudwlrqdolw| lv %1 Doo rwkhu sdudphwhuv
ri � Ek�c %� duh wkh vdph dv lq wkh ruljlqdo jdph �1

Li wkh jdph � Ek�c %� grhv qrw hqg dw wlph 3/ wkhq lw pxvw eh wkdw sod|hu
5 kdv fkrvhq vrph k2 : ��k�� Zh nqrz iurp wkh dqdo|vlv ri Vhfwlrq 5/ wkdw
diwhu wlph 3 hdfk sod|hu �pxvw frqfhgh dw udwh b� ' o� E�� k�� * Ek� n k2 � ��
iru � 9' �1 Wkhuhiruh/ ghwhuplqlqj wkh htxloleulxp plplfnlqj ehkdylru iru
sod|hu 5 vx!fhv wr ghwhuplqh klv ixoo htxloleulxp vwudwhj|1 Khqfh zh zloo
uhihu wr >2c d suredelolw| glvwulexwlrq ryhu �2^i'j c dv d vwudwhj| iru sod|hu
51

Vlqfh plplfnlqj k2 	 ��k� lv qhyhu rswlpdo dqg plplfnlqj k2 ' ��k�

lv htxlydohqw wr txlwwlqj/ zh zloo dvvxph wkdw >2 Ek2� ' f iru doo k2 � ��k�1
Iluvw/ zh zloo vkrz wkdw wkhuh lv d xqltxh htxloleulxp ri wkh jdph� Ek�c %� �

Li % ' �/ wkhq lq htxloleulxp >2E'� ' �( d udwlrqdo sod|hu zloo qhyhu ghod|
frqfhglqj li kh nqrzv wkdw klv rssrqhqw lv luudwlrqdo1 Iru wkh uhpdlqghu ri
wkh surri zh dvvxph % 	 ��

Gh�qh

A � Ek�c k2c %� ' � k�nk23�
o2�E�3k��

*L} % dqg A 2 Ek�c k2c +� ' �k�nk23�
o�E�3k2�

*L} +

Ohw @2 Ek�c k2c %� eh wkh xqltxh ydoxh ri @2 vxfk wkdw A � Ek�c k2c %� ' A 2Ek�c k2c +E@2��
zkhuh

+ E@2� '
52Z2Ek2�

52Z2Ek2�nE�352�@2

dqg ohw %W E@2� eh wkh ydoxh ri %W wkdw vroyhv A �Ek�c k2c %W� ' A 2Ek�c k2c +E@2��� Ohw
^� Ek�c k2c %c @2� eh wkh ydoxh ri ^� wkdw vroyhv

%W E@2� ' %
%nE�3%�E�3^��

�

Qrwh wkdw zh kdyh vxssuhvvhg wkh ghshqghqfh ri %W rq k� dqg k2 dqg wkh
ghshqghqfh ri + rq k2� Lw lv vwudljkwiruzdug wr yhuli| wkdw hdfk A � Ek�c k2c �� lv
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d frqwlqxrxv/ vwulfwo| ghfuhdvlqj ixqfwlrq rq +3/4` zlwk A � Ek�c k2c �� ' f iru
� ' �c 2� Vlploduo|/ @2 Ek�c k2c �� lv d frqwlqxrxv/ vwulfwo| ghfuhdvlqj ixqfwlrq rq
+3/4`1 Dovr/ wkh ixqfwlrq ^� Ek�c k2c �c �� lv vwulfwo| ghfuhdvlqj dqg frqwlqxrxv
lq hdfk ri lwv dujxphqwv/ iru doo @2 5 dfc �o dqg % 5 Efc %WE@2�o�

Wkh lqwhusuhwdwlrq ri wkhvh ixqfwlrqv lv fohdu> A �Ek�c k2c �� lv wkh wlph
dw zklfk sod|hu �*v suredelolw| ri luudwlrqdolw| uhdfkhv 4/ dv d ixqfwlrq ri
klv suredelolw| ri luudwlrqdolw| dw wlph 3/ jlyhq wkdw k2 lv plplfnhg dqg
sod|hu 4 grhv qrw frqfhgh zlwk srvlwlyh suredelolw| dw wlph 31 Wkh qxpehu
@2 Ek�c k2c %� lv wkh suredelolw| zlwk zklfk sod|hu 5 pxvw plplf k2 vr wkdw
erwk sod|huv* suredelolw| ri luudwlrqdolw| uhdfkhv 4 dw wkh vdph wlph/ jlyhq
wkdw sod|hu 4 grhv qrw frqfhgh zlwk srvlwlyh suredelolw| dw wlph 3 diwhu k2 lv
plplfnhg1 Dovr/ %WE@2� ghwhuplqhv wkh lqlwldo suredelolw| ri luudwlrqdolw| iru
sod|hu 4 wkdw ohdgv wr erwk sod|huv* suredelolw| ri luudwlrqdolw| uhdfklqj 4 dw
wkh vdph wlph/ jlyhq wkdw k2 lv fkrvhq zlwk suredelolw| @2 dqg sod|hu 4 grhv
qrw frqfhgh zlwk srvlwlyh suredelolw| dw wlph 31 Ilqdoo|/ ^� Ek�c k2c %c @2� lv
wkh suredelolw| zlwk zklfk d udwlrqdo sod|hu 4 pxvw frqfhgh dw wlph 3/ vr wkdw
erwk sod|huv* suredelolw| ri luudwlrqdolw| uhdfkhv 4 dw wkh vdph wlph/ jlyhq
wkh lqlwldo suredelolw| ri luudwlrqdolw| % � %W E@2� iru sod|hu 4�

E| wkh dujxphqwv ri Vhfwlrq 5/ lq htxloleulxp erwk sod|huv* luudwlrqdolw|
pxvw uhdfk 4 dw wkh vdph wlph/ vr

l, >2 Ek2� � @2 Ek�c k2c %� iru doo k2 : ��k�� Wkhuhiruh/ wkh htxloleulxp sure0
delolw| wkdw d udwlrqdo sod|hu 4 frqfhghv dw wlph 3 lv ^�Ek�c k2c %c >2Ek2���

Ohw �2Ek�c k2c %c >2Ek2�� ghqrwh wkh xwlolw| ri sod|hu 5 li kh plplfv k2 lq
wkh jdph � Ek�c %� jlyhq wkdw htxloleulxp vshfl�hv wkdw kh plplf k2 zlwk
suredelolw| >2 Ek2� � Wkdw lv/

ll, �2 Ek�c k2c %c >2 Ek2�� ' d%n E�� %� E�� ^� Ek�c k2c %c >2 Ek2���o E�� k��

n E�� %� ^� Ek�c k2c %c >2 Ek2�� � k2

Wr vhh zk| +5, krogv qrwh wkdw li sod|hu 4 frqfhghv dw wlph 3 wkhq sod|hu
5*v sd|r� lv k2> li qrw/ wkhq sod|hu 5*v sd|r� lv � � k� vlqfh lq htxloleulxp
kh lv lqgl�huhqw ehwzhhq frqfhglqj dqg qrw dw hyhu| | : f1

Revhuyh wkdw wkh frqwlqxlw| dqg vwulfw prqrwrqlflw| ri ^� lpsolhv wkh
vdph surshuwlhv iru �2 Ek�c k2c %c �� rq dfc @2Ek�c k2c %�o� Li >2 lv dq htxloleulxp
vwudwhj|/ wkhq >2 Ek2� : f lpsolhv �2Ek�c k2c %c >2Ek2�� � �2Ek�c 	k2c %c >2E	k2��
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iru doo 	k2 : � � k�� Ohw { ghqrwh wkh vhw ri doo suredelolw| glvwulexwlrq
rq �2 ^ i'j c dqg {Ek�c %� ' i>2 5 { m >2 Ek2� � @2 Ek�c k2c %� iru doo
k2 : ��k� dqg >2 Ek2� ' f li k2 � ��k�j� Iru >2 vxfk wkdw >2 E'� 	 �/

8 E%c >2� ' 4�?
k2 v1w1>2Ek2�:f

�2 Ek�c k2c %c >2 Ek2�� c dqg

8 E%c >2� ' �� k�c rwkhuzlvh�

Gh�qh Cc d fruuhvsrqghqfh iurp {Ek�c %� wr {Ek�c %� dv iroorzv=
CE>2� ' i	>2 5 {Ek�c %� m 	>2Ek2� : f lpsolhv �2Ek�c k2c %c >2Ek2��

� �2Ek�c 	k2c %c >2E	k2�� iru doo 	k2 5 �2j�
Lw pd| eh yhul�hg wkdw wkh prqrwrqlflw| ri �2 lq lwv odvw dujxphqw lpsolhv

wkdw >2 lv dq htxloleulxp vwudwhj| iru sod|hu 5 lq wkh jdph � Ek�c %� li dqg

rqo| li >2 vroyhv 4@ 
>2M{Ek�c%�

8 E%c >2�� Pruhryhu/ >2 vroyhv wklv pd{lpl}dwlrq

sureohp li dqg rqo| li >2 lv d �{hg0srlqw riC1 Lw iroorzv irup wkh frqwlqxlw| ri
�2Ek�c k2c %c �� wkdw C lv xsshu khpl0frqwlqxrxv1 Reylrxvo|/ C lv frqyh{ ydo0
xhg dqg{Ek�c %� lv frpsdfw1 Wkhuhiruh/ e| Ndnxwdql*v Il{hg Srlqw Wkhruhp
dq htxloleulxp >2 h{lvwv1 Vlqfh hdfk �2Ek�c k2c %c �, lv vwulfwo| ghfuhdvlqj rq
dfc @2Ek�c k2c %�o wkh htxloleulxp >2 lv xqltxh1 Exw li wkh htxloleulxp vwudwhj|
iru sod|hu 5 lv ghwhuplqhg xqltxho|/ wkhq ^�/ wkh suredelolw| wkdw 4 frqfhghv
wr k2 dw wlph }hur lv ghwhuplqhg xqltxho|1 Diwhu wlph }hur/ 4 pxvw frqfhgh
dw udwh b�� Wkxv/ wkh htxloleulxp vwudwhj| ri sod|hu 4 lq wkh jdph �Ek�c %�
lv xqltxh1

Ohw �� Ek�c %� eh wkh sd|r� ri sod|hu � lq wkh xqltxh htxloleulxp ri
� Ek�c %� � Zh zloo vkrz wkdw �� Ek�c �� lv frqwlqxrxv dqg wkdw wkhuh h{lvwv
% vxfk wkdw iru % � %c �� Ek�c %� ' ��Ek�c %� dqg >2 E4@ �2� ' � zkhuh >2 lv
wkh htxloleulxp vwudwhj| ri sod|hu 5 lq wkh jdph � Ek�c %� � Zh zloo dovr vkrz
wkdw �� Ek�c �� lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq % rq d%c �o�

Qrwh wkdw 8 E�c >2� lv frqwlqxrxv dqg 8 E�c �� lv xsshu vhpl0frqwlqxrxv1
Khqfh d vwudljkw0iruzdug h{whqvlrq ri wkh Wkhruhp ri wkh Pd{lpxp |lhogv
wkdw @h}4@ 

>2
8 E%c >2� lv d frqwlqxrxv ixqfwlrq ri %1 Wklv lpsolhv ��Ek�c ��

lv d frqwlqxrxv ixqfwlrq ri %1
Vxssrvh

S
k2:�3k�

@2 Ek�c k2c %� � �c wkhq >2 Ek2� 	 @2 Ek�c k2c %� iru vrph

k2 lpsolhv >2E'� : f/ vr wkh htxloleulxp sd|r� ri sod|hu 5 lq � Ek�c %� pxvw
eh � � k�1 Exw >2 Ek2� 	 @2 Ek�c k2c %� lpsolhv ^�Ek�c k2c %c >2Ek2�� : fc
khqfh/ e| +5,/ �2Ek�c k2c %c >2Ek2�� : � � k�� Wkhuhiruh sod|hu 5 fdq jhw d
kljkhu sd|r� wkdq klv htxloleulxp sd|r� e| plplfnlqj k2c d frqwudglfwlrq1
Khqfh/ zh kdyh
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lll, >2 Ek2� ' @2 Ek�c k2c %� iru doo k2 : � � k� dqg >2E'� ' �� S
k2:�3k�

@2 Ek�c k2c %� zkhqhyhu
S

k2:�3k�
@2 Ek�c k2c %� � ��

ly, �� Ek�c %� ' E
S

k2$�3k�
52Z2 Ek2� n E�� 52�>2E'��k�n

S
k2:�3k�

E52Z2 Ek2� n E�� 52�>2Ek2��E�� k2�

Ohw 	% ' %W vroyh
S

k2:�3k�
@2 Ek�c k2c 	%� ' ��

Lw iroorzv iurp +6, wkdw iru % 5 E%Wc �� wkh >2 Ek2� lq +7, fdq eh uh0
sodfhg zlwk @2 Ek�c k2c %� � Khqfh �� Ek�c �� lv vwulfwo| lqfuhdvlqj rq wkh lqwhuydo
d%Wc �� �

Qh{w zh vkrz wkdw iru vrph % � %Wc �
� Ek�c %� ' ��Ek�c %� dqg >2E4@ �2� '

� iru doo % � %�Pruhryhu/ �2Ek�c �� lv vwulfwo| ghfuhdvlqj rq wkh lqwhuydo ^%/%W`1
Ohw 7k2 ' 4@ �2 dqg %' t�Ti% m >2E7k2� ' � zkhuh >2 lv wkh htxloleulxp

vwudwhj| ri sod|hu 5 lq �Ek�c %�j�Iluvw zh vkrz wkdw % lv zhoo0gh�qhg1
Qrwh wkdw dv % dssurdfkhv 3/ ^� Ek�c 7k2c %c �� dssurdfkhv 4 dqg vlqfh ^� lv

vwulfwo| ghfuhdvlqj lq lwv odvw dujxphqw/ e| +ll,/ �2Ek�c 7k2c %c >2Ek2�� dssurdfkhv
7k21 Exw iru dq| k2c �2Ek�c k2c �c �� � k2/ khqfh plplfnlqj k2 	 7k2 fdqqrw eh
rswlpdo zkhq % lv vx!flhqwo| vpdoo1 Vlqfh >2 lv frqwlqxrxv lq %/ >2 E7k2� ' �
iru % ' %� Lw uhpdlqv wr eh vkrzq wkdw ��Ek�c %� ' ��Ek�c %� iru doo % 	 %
dqg wkdw ��Ek�c �� lv vwulfwo| lqfuhdvlqj rq wkh lqwhuydo ^%c %W`1

Iurp wkh rswlpdolw| ri sod|hu 5*v htxloleulxp vwudwhj| lw iroorzv wkdw
>2E	k2� : f lpsolhv �2Ek�c 	k2c %c >2E	k2�� � �2Ek�c k2c %c >2Ek2�� iru doo k2�
Wkhuhiruh/ iru % � %Wc >

2E	k2� : f dqg +5, lpso|/ iru doo k2 5 �2c

y, ^�Ek�c 	k2c %c >2E	k2�� � ^�Ek�c k2c %c >2Ek2�� � k�nk23�
k�n	k23�

iru doo k2�

Lq sduwlfxodu +y, krogv iru % ' %c 	k2 ' 7k2c dqg >2 vxfk wkdw >2E7k2� ' �
dqg >2Ek2� ' f iru k2 9' 7k21 Exw wkhq iru % 	 %c wkh prqrwrqlflw| ri ^�

lpsolhv ^�Ek�c 7k2c %c >2E7k2�� : ^�Ek�c 7k2c %c ��1 Dovr/ ^�Ek�c k2c %c f� ' � �
^�Ek�c k2c %c >2Ek2�� vlqfh d udwlrqdo djhqw 4 zloo frqfhgh lpphgldwho| li kh
nqrzv kh lv ghdolqj zlwk dq luudwlrqdo rssrqhqw1 Wkxv/ iru % 	 %c

^�Ek�c 7k2c %c >2E7k2�� : ^�Ek�c k2c %c >2Ek2�� � k�nk23�
k�n7k23�

iru doo k2 9' 7k2�
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Wkhuhiruh/ iru % 	 %c �2Ek�c 7k2c %c >2E7k2�� : �2Ek�c k2c %c >2Ek2�� iru doo
k2 9' 7k2� Khqfh/ wkh rswlpdolw| ri >2 lpsolhv >2 Ek2� ' f iru doo k2 9' 7k2

dqg >2 E7k2� ' � zkhqhyhu % � %� Wkhq +7, |lhogv wkh frqfoxvlrq �� Ek�c %� '
��Ek�c %� iru doo % � %�

Wr suryh wkdw �� Ek�c �� lv vwulfwo| lqfuhdvlqj rq ^%c %W`/ zh �uvw revhuyh
wkdw li >2 lv dq htxloleulxp vwudwhj|/ wkhq >2 Ek2� : f lpsolhv >2E	k2� : f
iru doo 	k2 : k2� Wklv lv hdvlo| yhul�hg e| qrwlqj wkdw li >2E	k2� ' fc wkhq
�2Ek�c 	k2c %c >2Ek2�� ' E�� %� 	k2 n % E�� k�� c zkloh ��Ek�c k2c %c >2Ek2�� �
E�� %�k2 n % E�� k�� � Wkxv/ +y, lpsolhv wkdw wkhuh h{lvwv �k2 vxfk wkdw

+yl, ^�Ek�c 	k2c %c >2E	k2�� ' ^�Ek�c k2c %c >2Ek2�� � k�nk23�
k�n	k23�

iru doo k2c 	k2 � �k2c

^�Ek�c k2c %c >2Ek2�� � k�nk23�
k�n	k23�

iru 	k2 � �k2 : k2cS
	k2D�k2

>2E	k2� ' � dqg >2Ek2� ' f iru k2 	 �k2�

Vrph whglrxv exw vwudljkwiruzdug fdofxodwlrqv uhyhdo wkdw

^�Ek�c k2c %c >2Ek2�� ' gEk�ck2c>2Ek2��3%
gEk�ck2c>2Ek2��E�3%�

c

zkhuh

gEk�c k2c >2Ek2�� G' E+E>2Ek2����Ek
�ck2�@?_ � Ek�c k2�

G'
o2E�3k��
o�E�3k2�

� Vxevwlwxwlqj wklv gh�qlwlrq ri ^� iru erwk k2 dqg 	k2 dqg vrph
vlpsoli|lqj |lhogv

+yll, %E	k23k2�

k�n	k23�
' gEk�c 	k2c >2E	k2��g Ek�c k2c >2Ek2�� � k�nk23�

k�n	k23�

iru doo 	k2 : k2 � �k2

Revhuyh wkdw wkh ohiw0kdqg vlgh ri +:, lqfuhdvhv dv % lqfuhdvhv wr vrph 	%c
zkloh wkh uljkw0kdqg vlgh grhv qrw ghshqg rq %1 Wkxv/ wkh htxloleulxp vwudw0
hj| ri sod|hu 5 pxvw fkdqjh dv % lqfuhdvhv1 Ixuwkhupruh/ vlqfh gEk�c k2c �� lv
ghfuhdvlqj +:, lpsolhv wkdw hlwkhu >2E	k2� ghfuhdvhv ru >2Ek2� lqfuhdvhv iru doo
	k2 : k2� Ohw 	k2 eh wkh odujhvw hohphqw ri �2 vxfk wkdw

S
k2D	k2

	>2Ek2� :
S

k2D	k2

>2Ek2� zkhuh 	>2 lv sod|hu 5*v htxloleulxp vwudwhj| lq �Ek�c 	%�� Li vxfk dq 	k2

h{lvwv/ wkhq iru vrph k2 	 	k2c zh kdyh 	>2E	k2� : >2E	k2� dqg 	>2Ek2� 	 >2Ek2�
d frqwudglfwlrq1 Wkhuhiruh/

S
k2D	k2

	>2Ek2� � S
k2D	k2

>2Ek2� iru doo 	k2 dqg 	>2 9'
>2�
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Wkdw lv/ >2 vwrfkdvwlfdoo| grplqdwhv 	>2 dqg khqfh ��Ek�c 	%� : ��Ek�c %� e|
+7,1 Frqwlqxlw| ri >2 shuplwv xv wr h{whqg wklv frqfoxvlrq wr dq| %c 	% 5 d%c %Wo
vxfk wkdw 	% : %�

Djdlq/ zh fkdudfwhul}h htxloleulxp glvwulexwlrqv >� dv wkh vroxwlrq wr 4@ 
>�

	8 E>��c zkhuh
	8 E>�� ' 4�?

k� v1w1 >�Ek��:f
��Ek�c %E>�Ek��� dqg %E>�Ek��� ' 5�Z�Ek��

5�Z�Ek��nE�35��>�Ek��
1

Wkh frqwlqxlw| ri ��Ek�c �� hqvxuhv wkdw dq htxloleulxp >� h{lvwv1 +Vhh wkh
�{hg0srlqw dujxphqw hvwdeolvklqj h{lvwhqfh ri dq htxloleulxp vwudwhj|>2 lq
�Ek�c %� deryh,1

Ohw 7�� eh wkh pd{lpl}hg ydoxh deryh1 Khqfh/ 7�� lv wkh xwlolw| wkdw sod|hu
4 dwwdlqv lq dq| htxloleulxp1 Fohduo|/ 7�� � ��Ek�c %� iru doo k�� Ohw >�c 	>�

eh wzr htxloleulxp vwudwhjlhv iru sod|hu 41 Li 7�� : ��Ek�c %� wkhq >� Ek�� '
	>� Ek�� � Wr vhh wklv qrwh wkdw hlwkhu �� Ek�c �� : 7�� lq zklfk fdvh wkhuh lv
d xqltxh @� vxfk wkdw ��Ek�c %E@��� ' 7�� dqg khqfh >� Ek�� ' 	>� Ek�� ' @�

ru �� Ek�c �� � 7��c lq zklfk fdvh >� Ek�� ' 	>� Ek�� ' f e| wkh prqrwrqlflw|
ri �� Ek�c �� � Ohw (� ' ik� 5 �� m ��Ek�c %� ' 7��j � Uhfdoo wkdw % ghshqgv rq
k�� Zh kdyh douhdg| qrwhg wkdw >� Ek�� ' 	>�Ek�� iru doo k� 5 ��q(� dqg
khqfh

S
k�M(�

>� Ek�� '
S

k�M(�

	>�Ek���

Zh zloo frqfoxgh wkh surri wkdw >� dqg 	>� ohdg wr wkh vdph udqgrp
rxwfrph �w e| �uvw yhuli|lqj wkdw wkh suredelolw| wkdw sod|hu 4 fkrrvhv vrph
k� 5 (� dqg djuhhphqw lv uhdfkhg dw wlph 3 lv wkh vdph zlwk hlwkhu >� dqg
	>�1 Wklv zloo lpso| wkdw wkh udqgrp rxwfrph/ frqglwlrqdo rq djuhhphqw dw
wlph 3 lv wkh vdph zlwk hlwkhu >� ru 	>�1 Ilqdoo|/ zh zloo vkrz wkdw iru hdfk
k� 5 (�/ wkh suredelolw| wkdw d udwlrqdo sod|hu 4 zloo plplf k� dqg qrw
frqfhgh lv wkh vdph zlwk hlwkhu >� dqg 	>��

Ohw �E>�� eh wkh suredelolw| wkdw sod|hu 4 plplfv vrph k� 5 (� dqg
djuhhphqw lv uhdfkhg dw wlph 3 jlyhq wkh htxloleulxp vwudwhj| >�� Vlqfh k� 5
(� lpsolhv >2

k�E7k
2� ' �/ lw iroorzv wkdw k� � �� 7k2> rwkhuzlvh sod|hu 4 zrxog

dfklhyh d kljkhu xwlolw| e| plplfnlqj 4@ �� : �� 7k2� Vr/

�E>�� '
S

k�M(�

^� Ek�c 7k2c % E>� Ek��� c �� � E�� % E>� Ek���� �
� E5�Z� Ek�� n E�� 5�� � >� Ek���

�E>�� '
S

k�M(�

gEk�c7k2c��3%E>�Ek���
gEk�c7k2c��

E5�Z� Ek�� n E�� 5��>� Ek���

'
S

k�M(�
E5�Z� Ek�� n E�� 5��>� Ek���� S

k�M(�

5�Z�Ek��
gEk�c7k2c��
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Exw vlqfh
S

k�M(�
>�Ek�� '

S
k�M(�

	>�Ek�� zh kdyh �E>�� ' �E	>���

Iru dq| k� 5 (�c wkh suredelolw| wkdw d udwlrqdo sod|hu 4 zloo plplf k�

dqg qrw frqfhgh dw wlph 3 lv >� Ek�� E�� ^� Ek�c 7k2c % E>� Ek��� c ���

' >�Ek��
%E>�Ek���E�3gEk�c7k2c���
E�3%E>�Ek����gEk�c7k2c��

'
Z�Ek��E5��E�3gEk�c7k2c���

E�35��gEk�c7k2c��

Khqfh/ wklv whup lv lqghshqghqw ri >� dqg wkhuhiruh wkh vdph iru erwk >� dqg
	>�� T1H1G1

Surri ri Sursrvlwlrq 6= +d, Slfn d vxevhtxhqfh ri �? vxfk wkdw
>�?& c 8

�
k�ck2c?&

Ef�c ��?& c >
2
k�c?&

c �2?& frqyhujh wr wkhlu uhvshfwlyh olplwv
>�c 8 �

k�ck2 Ef� c �
�c >2k� dqg �21

Zlwkrxw orvv ri jhqhudolw| dvvxph wkdw wkh vxevhtxhqfh lv wkh vhtxhqfh
lwvhoi1 Vxssrvh *�4 o�?

o2?
' f1 Lw iroorzv iurp wkh gh�qlwlrq ri @2 Ek�c k2c %�

+vhh wkh suhfhglqj surri, wkdw *�4 @2 Ek�c k2c %?� ' f dqg khqfh >2
k� E'� '

�c zkhuh %? '
5�Z�Ek��

5�Z�Ek��nE�35��>�?Ek
��
zkhqhyhu *�4 o�?

o2?
' f� Ohw % ' *�4%?1

Frqvhtxhqwo|/ wkh sd|r� dvvrfldwhg zlwk plplfnlqj hdfk k� lv dw ohdvw E��
52�k� iru sod|hu 4/ khqfh klv htxloleulxp sd|r� lv dw ohdvw E� � 52� 4@ ��

lq wkh olplw1 Qrz vxssrvh *�4 o�?
o2?

' 4� Ohw @�
�
k�c k2c >2

k�c? Ek
2�
�
eh wkh

ydoxh ri @� vxfk wkdw A � Ek�c k2c % E@��� ' A 2
�
k�c k2c +

�
>2
k�c? Ek

2�
��

zkhuh

% E@�� '
5�Z�Ek��

5�Z�Ek��nE�35��@�
dqg + E�� lv gh�qhg lq wkh suhylrxv surri1 Wkhq/ iru

k� vxfk wkdw >�? Ek
�� : f dqg dq| k2 : � � k�c *�4 K� Ek�c k2c %?c >

2
? Ek

2�� '
f� Vr ^� Ek�c k2c %c >2k� Ek

2�� ' � � %� Khqfh/ wkh frqglwlrqdo suredelolw| ri
4 frqfhglqj diwhu vkh ghpdqgv k� lqlwldoo| dqg 5 frxqwhuv zlwk k2 lv htxdo
wr wkh frqglwlrqdo suredelolw| wkdw � lv udwlrqdo1 Khqfh/ qr pdwwhu zkdw 5
ghpdqgv/ 4 frqfhghv li vkh lv udwlrqdo1 Exw wkhq lw pxvw eh wkdw diwhu dq| k�/
5 ghpdqgv 4@ �2 iru vxuh1 Wkxv/ *�4 lqi �2? � E�� 5��4@ �2 dqg khqfh
*�4 t�T ��? � � � E�� 52�4@ �2 dv ghvluhg1 Wklv suryhv +d,1 Wkh surri ri
sduw +e, lv vlplodu dqg rplwwhg1 T1H1G1

Surri ri Sursrvlwlrq 7= Wkh surri lv rujdql}hg dv iroorzv= �uvw/ zh
fkdudfwhul}h wkh htxloleulxp sd|r�v diwhu d klvwru| lq zklfk rqo| rqh sod|hu
uhyhdov klpvhoi wr eh udwlrqdo +Ohppd 4,> wkhq zh dujxh wkdw wkh jdph sulru
wr dq|rqh uhyhdolqj khu udwlrqdolw| lv dqdorjrxv wr d zdu ri dwwulwlrq lq zklfk
li � zlqv vkh jhwv k�e3o

�| dqg � jhwv E��k��e3o
�|/ zkhuh | lv wkh wlph dw zklfk

� jlyhv lq1
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Ohppd 4= Iru dq| " : f < 7? vxfk wkdw lq dq| vhtxhqwldo htxloleulxp
ri }? iru ? � 7? diwhu dq| klvwru| �| vxfk wkdw � lv nqrzq wr eh udwlrqdo dqg
� lv qrw/ wkh sd|r� wr � lv dw prvw � � k� n " dqg wkh sd|r� wr � lv dw ohdvw
k� � " +hydoxdwhg dw wlph |,1

Surri = Wklv surri lv dgdswhg iurp wkh surri ri Wkhruhp ;17 lq P|hu0
vrq +4<<4,1 Zh zloo vkrz wkdw wkh sd|r� wr � li � frqwlqxhv wr dfw luudwlrqdoo|
frqyhujhv wr k� dv ? $ 41 Wklv zloo lpso| wkh ghvluhg frqfoxvlrq1 Iru wkh
uhpdlqghu ri wkh surri/ zh dvvxph wkdw � frqwlqxhv wr dfw luudwlrqdoo| zkloh
� frqirupv zlwk klv htxloleulxp vwudwhj|1

Qrwh wkdw 5�| / wkh suredelolw| wkdw � lv luudwlrqdo diwhu klvwru| �|/ lv hlwkhu
}hur ru qr ohvv wkdq 5�1 Wklv lv dq lpphgldwh frqvhtxhqfh ri Ed|hv* Odz1
Exw vlqfh 5�| : f/ e| dvvxpswlrq zh kdyh 5�| � 5�1

Qh{w zh zloo dujxh wkdw wkh jdph hqgv zlwk suredelolw| 4 lq �qlwh wlph/
jlyhq klvwru| �| li � frqwlqxhv wr ehkdyh luudwlrqdoo|1 Wr vhh wklv qrwh wkdw
� fdq dozd|v jhw xwlolw| dw ohdvw E� � k��5�| e| vhhnlqj +doprvw, lpphgldwh
djuhhphqw zlwk wkh luudwlrqdo w|sh ri sod|hu �1 Rq wkh rwkhu kdqg/ li �
xvhv zlwk srvlwlyh suredelolw| dq| vwudwhj| wkdw frxog h{whqg wkh jdph xqwlo
shulrg 	|n | djdlqvw dq luudwlrqdo rssrqhqw/ wkhq �*v sd|r� lv dw prvw ��5�| n
5�| e

3o�	|E�� k��1 Wkxv/ vxfk d vwudwhj| fdq eh rswlpdo rqo| li

E�� k��5�| � �� 5�| n 5�| e
3o�	|E�� k���

Wkdw lv
5�| �

�

� n E�� k��E�� e3o�	|�
G' B�

Frqglwlrqdo rq wkh jdph qrw hqglqj xqwlo wlph | n 	|/ zh fdq uhshdw wkh
deryh dujxphqw wr frqfoxgh wkdw wkh suredelolw| 5�| pxvw eh ohvv wkdq B2 iru
sod|hu � wr rswlpdoo| iroorz d vwudwhj| dw wlph |/ zklfk zloo qrw frqfhgh wr
wkh luudwlrqdo sod|hu � xqwlo wlph | n 2	|1 Vlploduo|/ iru wkh jdph wr odvw xqwlo
wlph | n &	|/ lw pxvw eh wkdw 5�| � B&1 Exw vlqfh B& jrhv wr }hur dv & jrhv wr
lq�qlw| dqg 5�| � 5�/ wkhuh zloo frph d &W iru zklfk wklv lqhtxdolw| fdqqrw eh
vdwlv�hg1 Wkxv/ sod|hu � pxvw hqg wkh jdph djdlqvw dq luudwlrqdoo| ehkdylqj
rssrqhqw e| wlph | n &W	|1

Wklv dujxphqw dssolhv wr dq| jdph }? dqg vkrzv wkdw wkh jdph hqgv lq
�qlwh wlph | n 7|E?� li � ehkdyhv luudwlrqdoo|1

Zh zloo qrz dujxh wkdw 7|E?� frqyhujhv wr }hur dv ? jrhv wr lq�qlw|1 Li wklv
dvvhuwlrq lv idovh/ wkhq zh fdq �qg d vxevhtxhqfh ri }?*v +z*L} dvvxph wklv lv
wkh vhtxhqfh }? lwvhoi,/ dq 	0 : f/ d froohfwlrq ri klvwrulhv �|? / dqg 7|E?�*v vxfk
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wkdw wkh jdph }? frqglwlrqdo rq wkh klvwru| �|? hqgv dw wlph |?n 7|E?� zkhuh
7|E?� : 	01 Wr vlpsoli| wkh vxevhtxhqw qrwdwlrq/ zh zloo uhvfdoh wkh xqlwv ri
wlph vr wkdw o� ' � dqg o� ' o1 Frqvlghu wkh odvw "�wlph xqlwv ri wkh jdph
li � frqwlqxhv wr ehkdyh luudwlrqdoo|1 Lw pxvw eh wkdw � lv xvlqj vrph vwudwhj|
+zlwk srvlwlyh suredelolw|, wkdw grhv qrw hqg wkh jdph iru dw ohdvw " orqjhu1
Ohw % eh �*v h{shfwhg sd|r� li � djuhhv wr dq r�hu zruvh wkdq k� e| wlph q "
iru q 5 Efc ��1 Ohw + eh �*v sd|r� li � grhv qrw djuhh wr vxfk dq r�hu e| wlph
q " dqg ohw l eh wkh suredelolw| wkdw � dvvljqv wr wkh hyhqw wkdw � zloo qrw
djuhh wr vxfk dq r�hu e| wlph q "1 Qrz �*v uhmhfwlrq ri k� lpsolhv wkdw

�� k� � E�� l�%n l+� +5,

Wklv lpsolhv

l � %� � n k�

%� +
zkhqhyhu %� + : f� +6,

Qrwh wkdw iru � wr djuhh wr d sd|r� ohvv wkdq k�/ kh pxvw eh udwlrqdo1
Exw wkhq � nqrzv wkdw li kh krogv rxw iru " orqjhu/ kh zloo jhw k�1 Wkhuhiruh
% � �� e3"k�1 Vlploduo|/ li � grhv qrw djuhh wr dq r�hu e| q" wkhq wkh ehvw
wkdw � fdq gr diwhu wkdw wlph lv �� e3E�3q�"k�1 Vr + � e3qo"E�� e3E�3q�"k��1
Qrwlfh wkdw wklv odvw lqhtxdolw| lpsolhv iru " vpdoo hqrxjk wkdw + 	 � � k�

zkhqhyhu q : k�

k�noE�3k��
1 Wr vhh wklv qrwh wkdw e3qo"E��e3E�3q�"k�� 	 ��k�

li dqg rqo| li k� 	 �3e3qo"

�3e3EqonE�3q��" 1 E| o*Krvslwdo*v uxoh/ wklv lqhtxdolw| krogv

iru doo " 5 Efc7"� zkhqhyhu q : k�

k�noE�3k��
1

Khqfh/ iru q : k�

k�noE�3k��
li +5, lv wr krog/ zh pxvw kdyh % � �� k� : +1

Wkhuhiruh/ +6, krogv dqg iurp +5, dqg wkh deryh erxqgv rq % dqg + zh kdyh

l � k� E�� e3"�

�� k�e3" � e3qo" n k�e3EqonE�3q��"
+7,

iru doo " 5 Efc7"�1 Djdlq xvlqj o*Krvslwdo*v uxoh/ zh �qg wkdw wkh ukv ri +7,
frqyhujhv wr k�

qonk�E�3o�q
1 Wkhuhiruh/ vlqfh k� n oE� � k�� : k� iru doo o : f/

iru q 5 E k�

k�noE�3k��
c �� dqg " forvh wr }hur/ wkh ukv ri 6 lv ohvv wkdq 41 Lq
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sduwlfxodu/ zh fdq �{ q dqg fkrrvh "� vpdoo hqrxjk vr wkdw wkh ukv ri 6 lv
ohvv wkdq vrph B 	 � iru doo " 5 Efc "�� �

Wkxv/ lq wkh �qdo " dprxqw ri wlph/ wkh suredelolw| wkdw sod|hu � zloo
frqwlqxh wr ehkdyh olnh dq luudwlrqdo sod|hu gxulqj wkh �uvw q shufhqwdjh ri
wkh wlph pxvw eh ohvv wkdq B1 Exw diwhu q" wlph hodsvhv/ wkh vdph dujxphqw
pd| eh uhshdwhg wr vkrz wkdw dw wlph | wkh suredelolw| wkdw sod|hu � zloo
frqwlqxh wr ehkdyh luudwlrqdoo| xqwlo wkh �qdo E�� q�2" dprxqw ri wlph pxvw
eh ohvv wkdq B21 Vlploduo|/ wkh suredelolw| ri sod|hu � uhvlvwlqj xqwlo wkh
�qdo E� � q�&" dprxqw ri wlph pxvw eh ohvv wkdq B&1 Fkrrvlqj & vxfk wkdw
B& 	 5� hvwdeolvkhv d frqwudglfwlrq vlqfh/ dv dujxhg hduolhu/ 5�| � 5� Wklv
dujxphqw uholhv rq sod|hu � ehlqj deoh wr pdnh r�huv vx!flhqwo| forvh wr wlph
|? n d�� E�� q�6o" iru 6 ' �c 2c ���&1 Khqfh/ zh qhhg wkh uhtxluhphqw wkdw
}? frqyhujhv wr d frqwlqxrxv0wlph jdph1 T1H1G1

Ohppd 4 lpsolhv wkdw diwhu d sod|hu uhyhdov wkdw kh lv udwlrqdo/ djuhh0
phqw pxvw eh uhdfkhg doprvw lpphgldwho|/ dw whupv duelwudulo| forvh wr wkh
luudwlrqdo ghpdqg ri klv vwloo srvvleo| luudwlrqdo rssrqhqw1 Khqfh/ dv lq wkh
frqwlqxrxv0wlph jdph zh pd| lghqwli| uhyhdolqj udwlrqdolw| zlwk frqfhglqj
wr rqh*v rssrqhqw*v luudwlrqdo ghpdqg1 Wklv frqyhujhqfh ri srvw0uhyhodwlrq
htxloleulxp sd|r�v xqghuolqhv wkh frqyhujhqfh ri wkh ryhudoo htxloleulxp1

Ohw i}?j eh d vhtxhqfh ri glvfuhwh edujdlqlqj jdphv dqg i7j?j d fruuh0
vsrqglqj vhtxhqfh ri vhtxhqwldo htxloleuld1

Iru hdfk 7j? gh�qh 8 �
? G U- $ dfc �o zkhuh 8 �

? E|� lv wkh fxpxodwlyh sure0
delolw| wkdw sod|hu � wdnhv dq dfwlrq qrw frqvlvwhqw zlwk ehlqj dq luudwlrqdo
w|sh dw ru ehiruh wlph |/ frqglwlrqdo rq sod|hu � 9' � kdylqj dfwhg olnh dq
luudwlrqdo sod|hu xqwlo wlph |� Wr suryh wkh Sursrvlwlrq zh zloo vkrz wkdw=

+d, Hyhu| vxevhtxhqfh ri E8 �
? c 8

2
?� kdv d frqyhujhqw +vxe,0vxevhtxhqfh1

+e, Wkh olplw srlqwv ri E8 �
? c 8

2
?� gr qrw kdyh frpprq srlqwv ri glvfrqwlqxlw|1

+f, Li E8 �
? c 8

2
?� frqyhujhv wr E8 �c 8 2�/ dqg 8 � dqg 8 2 gr qrw kdyh frp0

prq srlqwv ri glvfrqwlqxlw|/ wkhq E8 �c 8 2� lv dq htxloleulxp ri wkh
frqwlqxrxv0wlph jdph1

Wkxv/ Ed� c Ee� c dqg Ef� lpso| wkdw E8 �
? c 8

2
?� frqyhujhv wr wkh htxloleulxp

rxwfrph ri wkh frqwlqxrxv0wlph jdph1 Wkhq/ zh lqyrnh Sursrvlwlrq 5 wr frq0
foxgh wkdw wkh olplw ri E8 �

? c 8
2
?� lv htxdo wr

�
	8 �c 	8 2

�
/ wkh xqltxh htxloleulxp ri
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wkh frqwlqxrxv0wlph jdph1 Dovr/ e| Ohppd 4 zh frqfoxgh wkdw �w? frqyhujhv
lq glvwulexwlrq wr wkh htxloleulxp rxwfrph ri wkh frqwlqxrxv0wlph jdph1

Vwhs 4 Wkhuh h{lvwv 7? dqg A vxfk wkdw 8 �
?E|� ' � � 5� iru doo | � A

dqg ? � 7?� Wklv dujxphqw lv lghqwlfdo wr wkh �uvw sduw ri wkh surri ri Ohppd
4 +wdnh A ' &W	|, zklfk hvwdeolvkhv wkdw d udwlrqdo sod|hu � pxvw frqfhgh
lq �qlwh wlph &W	| wr dq rssrqhqw � zkr shuvlvwv lq luudwlrqdo ehkdylru +l1h1/
ghpdqgv k� dqg dffhswv qr ohvv,1

Gh�qh wkh ixqfwlrqv C�
? zkhuh C�

?E|� '
8 �
?E|�

�35�
1 Wkhq wkh C�

?*v duh glvwul0
exwlrq ixqfwlrqv1 +zlwkrxw orvv ri jhqhudolw| wuxqfdwh wkh �uvw 7? whupv dqg
uhqxpehu wkh vhtxhqfh,1

Vwhs 5 Wkhuh h{lvwv d vxevhtxhqfh i8 �
?&
j dqg d qrqghfuhdvlqj/ uljkw0

frqwlqxrxv ixqfwlrq 8 � vxfk wkdw *�4
&

8 �
?&
E|� ' 8 �E|� dw frqwlqxlw| srlqwv | ri

8 1 Ixuwkhupruh 8 �E|� ' �� 5� iru doo | � A�

Surri ri Vwhs 5= Khoo|*v Wkhruhp +vhh Eloolqjvoh| +4<;9, Wkhruhp
581<, dssolhg wr wkh vhtxhqfh C�

? |lhogv d vxevhtxhqfh C�
?�

dqg d uljkw�
frqwlqxrxv qrq0ghfuhdvlqj ixqfwlrq C� vxfk wkdw *�4?� C

�
?�

E|� ' C� E|� dw
hyhu| frqwlqxlw| srlqw ri C�� Qrwlqj wkdw C�

? EA � ' � iru doo ? hvwdeolvkhv
wkdw C� lv d glvwulexwlrq ixqfwlrq1 Qrz/ ohw 8 �

?�
' E�� 5��C�

?�
dqg 8 � '

E�� 5��C��

Dsso| wkh vdph dujxphqw wr wkh vhtxhqfh C2
?�
wr jhw wkh vxevxevhtxhqfh�

8 �
?�&

c 8 2
?�&

�
dqg E8 �c 8 2� zlwk wkh ghvluhg surshuwlhv1 T1H1G1

Zh zloo djdlq uhqxpehu vr wkdw
�
8 �
?�&

c 8 2
?�&

�
zloo eh E8 �

? c 8
2
?�1

Vwhsv 4 dqg 5 hvwdeolvk wkdw hyhu| vxevhtxhqfh ri E8 �
? c 8

2
?� kdv d frq0

yhujhqw +vxe,vxevhtxhqfh1 Vwhsv 609 zloo suryh wkdw wklv olplw lv dq htxl0
oleulxp ri wkh frqwlqxrxv0wlph jdph1 Lq Vhfwlrq 6/ zh kdg vkrzq wkdw wkh
frqwlqxrxv0wlph jdph kdv d xqltxh htxloleulxp1 Khqfh/ vwhsv 409 vkrz wkdw
E8 �

? c 8
2
?� frqyhujhv wr wkh xqltxh htxloleulxp ri wkh frqwlqxrxv0wlph jdph1
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Vwhs 6 8 �c 8 2 kdyh qr frpprq glvfrqwlqxlw| srlqwv1

Surri ri Vwhs 6= Dvvxph wr wkh frqwudu|/ wkdw dw srlqw | erwk 8 � dqg 8 2

duh glvfrqwlqxrxv1 Ohw a � : f eh wkh vl}h ri wkh glvfrqwlqxlw| ri 8 � dw |�
Ohw .{ ' d|�{c |n{o1 Ohw R�? eh wkh suredelolw| wkdw wkh �uvw dfwlrq

lqfrqvlvwhqw zlwk udwlrqdolw| zloo rffxu lq . dqg wkdw sod|hu � xqghuwdnhv wklv
dfwlrq1

E| fkrrvlqj { vxfk wkdw |�{ dqg |n{ duh frqwlqxlw| srlqwv ri 8 � dqg
8 2/ zh fdq hqvxuh wkdw *�4

?<"
ER�? n R2?� ' d�� E�� 8 � E|n{�� E�� 8 2 E|n{��o�

d�� E�� 8 � E|�{�� E�� 8 2 E|�{��o zkhuh wkh �uvw whup lv suredelolw| wkdw
wkh jdph hqgv qr odwhu wkdq | n { dqg wkh vhfrqg whup lv wkh suredelolw|
wkdw wkh jdph hqgv qr odwhu wkdq |�{1 Khqfh

*�4
?<"

�
R�? n R2?

�
' 8 � E|n{�� 8 � E|�{� n 8 2 E|n{�� 8 2 E|�{�

�8 � E|n{�8 2 E| n{� n 8 � E|�{�8 2 E|�{� '

a�
{ n a2

{ � a�
{8

2 E| n{�� a2
{8

� E|n{� n a�
{ � a2

{

zkhuh a �{ ' 8 � E| n{�� 8 � E|�{� �
Khqfh iru dq| " : f/ e| fkrrvlqj { vx!flhqwo| forvh wr }hur/ zh fdq

hqvxuh wkdw

*�4
�
R�? n R2?

�
� a� n a2 � a�8 2 E|�� a28 � E|� n a�a2 n "

Slfn d vxevhtxhqfh ri 8 �
? c 8

2
? dorqj zklfk erwk ER�?c R

2
?� frqyhujh wr R�

dqg R2 uhvshfwlyho|1 Khqfh iru dq| " : f

R� n R2 � a� n a2 � a�8 2 E|�� a28 � E|� n a�a2 n " +8,

Qrwh wkdw e| xvlqj d vwudwhj| wkdw sxwv doo ri wkh pdvv a�
{ rq wlph |n{

sod|hu � fdq jxdudqwhh wkdw wkh fruuhvsrqglqj suredelolw| wkdw 2 lv wkh
�uvw wr uhyhdo klpvhoi wr eh udwlrqdo lq d|�{c |n{o lv a2

{ E�� 8 � E|�{��
' a2

{ E�� 8 � E|n{� n a�
{� zklfk iru vpdoo{ lv forvh wr a2 E�� 8 � E|� n a�� �

Li wkh dfwxdo suredelolw| R2? zlwk zklfk 2 lv wkh �uvw shuvrq wr uhyhdo klv
udwlrqdolw| lq .{ lv ohvv wkdq a2 E�� 8 � E|� n a�� wkh vwudwhj| lq zklfk
� zdlwv xqwlo |n{ zloo gr ehwwhu iru klp1 Wkxv lw pxvw eh wkdw

R2 � a2
�
�� 8 � E|� n a�

�
� "

6:



D v|pphwulf dujxphqw |lhogv

R� � a�
�
�� 8 2 E|� n a2

�
� "

khqfh/

R� n R2 � a� n a2 � a�8 2 E|�� a28 � E|� n 2a�a2 � 2"

Wkxv htxdwlrq +8, deryh |lhogv

a�a2 � �" � f

Vlqfh wklv dujxphqw fdq eh pdgh iru doo "c zh kdyh a�a2 � f/ frqwudglfwlqj
a� : f dqg a2 : f�

Vwhs 7= Ohw � G U-2 $ U-� eh d Ohehvjxh phdvxudeoh ixqfwlrq dqg ohw (�

ghqrwh wkh vhw ri glvfrqwlqxlw| srlqwv ri �� Ohw >? eh d vhtxhqfh ri suredelolw|
phdvxuhv frqyhujlqj lq glvwulexwlrq wr vrph suredelolw| phdvxuh > zkhuh
> kdv erxqghg vxssruw1 Wkhq >?�

3� frqyhujhv lq glvwulexwlrq wr >�3� li
> E(�� ' f1 Khqfh/

U
�_>? frqyhujhv wr

U
�_>�

Surri= Wkdw >?�
3� frqyhujhv wr >�3� lv hvwdeolvkhg lq Wkhruhp 5<15 ri

Eloolqjvoh| +4<;9,1

Wkhq e| Wkhruhp 5<14 ri Eloolqjvoh| +4<;9,=

*�4
]
U-

%_>?�
3� '

]
U-

%_>�3�

+vlqfh > kdv erxqghg vxssruw/ wkh xqerxqghgqhvv ri sE%� ' % lv ri qr
frqvhtxhqfh,1

Dovr/ ]
U-

%_>?�
3� '

]
U-2

�_>? dqg vlploduo|

]
U-

%_>�3� '
]
U-2

�_>

zklfk hvwdeolvkhv wkdw *�4
U
�_>? '

U
�_> dv ghvluhg1

6;



Vwhs 8= Li C�
? frqyhujhv lq glvwulexwlrq wr C� dqg C2

? frqyhujhv lq glvwul0
exwlrq wr C2c wkhq >? wkh surgxfw phdvxuh +rq U-2, dvvrfldwhg zlwk C�

?c C
2
?

frqyhujhv wr >c wkh surgxfw phdvxuh dvvrfldwhg zlwk C� dqg C2�

Surri= E| Vnrurkrg*v Wkhruhp +Eloolqjvoh| E4<;9�/ Wkhruhp 5<19,/ wkhuh
h{lvwv suredelolw| vsdfhv El�cI �c � �� dqg udqgrp yduldeohv f �

?c f
� iru � '

�c 2 vxfk wkdw f�
? E/� frqyhujhv wr f

� E/� dw hyhu| /cf �
? kdv glvwulexwlrq C�

?

dqg f � kdv glvwulexwlrq C�1
Ohw l ' l��l2cI ' j EI� �I2� dqg � ' � ��� 2 wkh surgxfw phdvxuh

ri � � dqg � 2� Hylghqwo|/ Ef�
?cf

2
?� frqyhujhv srlqwzlvh wr Ef

�c f2� dqg khqfh
Ef�

?c f
2
?� frqyhujhv lq glvwulexwlrq wr Ef

�c f2� � T1H1G1

Vwhs 9= Li 	C�
? frqyhujhv wr 	C� iru � ' �c 2 dqg

	C� E|� ' 	C2 E|� ' 	C�
? E|� ' 	C2

? E|� ' f ;| 	 f

	C�
? E|� '

	C� E|� ' � ;| � A

dqg 	C� dqg 	C2 kdyh qr frpprq srlqwv ri glvfrqwlqxlw|/ wkhq

*�4L �
��
�� 5�

�
	C�
?c
�
�� 52

�
	C2
?

�
'

L �
��
�� 5�

�
	C�c

�
�� 52

�
	C2
�

zkhuh wkh xwlolw| ixqfwlrqv kdyh ehhq gh�qhg lq Vhfwlrq 61 Lq sduwlfxodu/ li
|? $ |c dqg | zklfk lv d frqwlqxlw| srlqw ri 	C2 wkhq *�4L �

�
|?c E�� 52� 	C2

?

�
'

L�
�
|c E�� 52� 	C2

�
dqg li | lv d frqwlqxlw| srlqw ri 	C�/ wkhq *�4L 2

�
E�� 5�� 	C�

?c |?
�
'

L2
�
E�� 5�� 	C�c |

�
� +Uhfdoo wkdw wkh dujxphqwv � ' |c |? hwf1 duh vkruwkdqg

iru wkh ghjhqhudwh vwudwhj| lq zklfk wkh udwlrqdo w|sh frqfhghv zlwk sured0
elolw| 4 dw � 1,

Surri=

Ohw �� E|�c |2� ' �� k2 li |� 	 |2
' k� li |� : |2
' �� k2 n k� li |� ' |2

5

6<



wkhq vlpsoh pdqlsxodwlrq ri wkh gh�qlwlrq ri L� lq Vhfwlrq � |lhogv

L �
��
�� 5�

�
	C�c

�
�� 52

�
	C2
�
'
�
�*
�
�� 5�

�� ]
��_

�
	C� � 	C2

�

Vlqfh 	C�
? frqyhujhv lq suredelolw| wr 	C�c Vwhs 8 lpsolhv wkdw 	C�

?� 	C2
? wkh

surgxfw phdvxuh frqyhujhv wr 	C� � 	C2� Vlqfh 	C� dqg 	C2 kdyh qr frpprq
srlqwv ri glvfrqwlqxlw|/ wkh vhw (� G' iE|�c |2� m|� ' |2j kdv }hur C� � C2

phdvxuh1 Vlqfh (� lv wkh vhw ri glvfrqwlqxlw| srlqwv ri �c Vwhs 7 |lhogv wkh
ghvluhg uhvxow1 T1H1G1

�
Wkh iroorzlqj frpsohwhv wkh surri ri wkh sursrvlwlrq= Iru dq| | : f dqg

" : f / ohw �j�
? eh d vwudwhj| lq }? lq zklfk sod|hu 4 ehkdyhv dffruglqj wr

j�
? xqwlo wlph |? zkhuh |? lv wkh odvw wlph sod|hu 5 pdnhv dq r�hu sulru wr

|n7" Eiru vrph 7" : f� dqg dw wlph |? sod|hu 4 dffhswv �� k21 Ohw L �
? ghqrwh

wkh xwlolw| ixqfwlrq ri sod|hu 4 lq wkh jdph }?�Wkhq/ wkhuh h{lvwv lqwhjhuv
��c � 2c � � dqg 7" : f vx!flhqwo| forvh wr f/ vxfk wkdw | n 7" lv d frqwlqxlw|
srlqw ri 8 2 dqg

+8, L� E|c 8 2�� L � E|n7"c 8 2� 	 "

+9, L� E| n7"c 8 2�� L� E|?c 8
2
?� 	 " ;? � � �

:, L� E|?c 8
2
?�� L �

?

�
�j�
?c j

2
?

�
	 " ;? � �2

+;, L�
?

�
�j�
?c j

2
?

�
� L �

? Ej
�
?c j

2
?� � f ;?

+<, L�
? Ej

�
?c j

2
?�� L� E8 �

? c 8
2
?� 	 " ;? � �2

+43, L� E8 �
? c 8

2
?�� L � E8 �c 8 2� 	 " ;? � ��

Htxdwlrq +8, iroorzv lpphgldwho| iurp wkh gh�qlwlrq ri L �� Wkdw lv/
L� E � /8 2� lv frqwlqxrxv dw frqwlqxlw| srlqwv ri 8 2 dqg li | lv qrw d frqwl0
qxlw| srlqw ri 8 2 wkhq iru 7" vpdoo wkh ohiw0kdqg vlgh ri � lv vwulfwo| qhjdwlyh1
Vlqfh |n7" lv d frqwlqxlw| srlqw ri 8 2c E9� iroorzv iurp Vwhs 91 Htxdwlrq +:,
iroorzv iurp wkh gh�qlwlrq ri �j�

?1 Htxdwlrq +;, lv wkh frqvhtxhqfh ri wkh idfw
wkdw Ej�

?c j
2
?� lv dq htxloleulxp1 Htxdwlrq +<, lv dq dssolfdwlrq ri Ohppd 4>

sod|hu � fdq qhyhu jhw pruh wkdq � � k� diwhu uhyhdolqj khuvhoi1 Pruhryhu/
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vlqfh khu rssrqhqw pdnhv r�huv iuhtxhqwo|/ vkh fdq uhyhdo khuvhoi wr eh ud0
wlrqdo lq d pdqqhu wkdw jxdudqwhhv �� k�1 Htxdwlrq +43, iroorzv iurp Vwhsv
+:, dqg +43,1 Fkrrvlqj ? � 4@ i��c � 2c � �j dqg dgglqj htxdwlrqv +8, 0
+43, |lhogv

L�
�
|c 8 2

�
� L �

�
8 �c 8 2

�
	 D"

Vlqfh wklv lv wuxh iru dq| " : f/ lw pxvw eh wkdw

L �
�
|c 8 2

�
� L�

�
8 �c 8 2

�
� f�

Khqfh 8 � lv d ehvw uhvsrqvh wr 8 2 dqg e| d v|pphwulf dujxphqw 8 �c 8 2

lv wkh Qdvk htxloleulxp ri wkh frqwlqxrxv0wlph jdph1 Wr frqfoxgh wkh surri/
qrwh wkdw li sod|hu � lv wkh �uvw wr uhyhdo klpvhoi wr eh udwlrqdo/ vkh fdq jxdu0
dqwhh ��k� e| dffhswlqj � �r r�hu1 Wklv zrxog |lhog � xwlolw| k�1 Li � uhyhdov
khuvhoi wr eh udwlrqdo lq vrph rwkhu zd| wkhq/ e| Ohppd 4/ � lv vwloo/ lq wkh
olplw/ jxdudqwhhg k�1 Wkxv/ wkh �uvw sod|hu � wr uhyhdo khuvhoi wr eh udwlrqdo
uhfhlyhv ��k� dqg khu rssrqhqw uhfhlyhv k�1 Wklv fdq rqo| kdsshq li djuhh0
phqw lv uhdfkhg lpphgldwho| dw wkhvh whupv1 Khqfh/ frqyhujhqfh lq h{shfwhg
sd|r�v lpsolhv frqyhujhqfh lq glvwulexwlrq wr �w� T1H1G1

Surri ri Sursrvlwlrq 8= Zlwkrxw orvv ri jhqhudolw|/ zh zloo dvvxph wkdw�
>�
?c >

2
k2c?

�
frqyhujhv wr vrph E>�c >2

k2�1

Dvvxph >� Ek�� : f dqg k� : o2

o�no2
dqg k2 	 o�

o�no2
� Wkh nh| revhuydwlrq lv

wkh iroorzlqj= Li k�c k2 duh ghpdqghg dw wlph }hur/ 4 pxvw frqfhgh wr 5 zlwk
xqfrqglwlrqdo suredelolw| >� Ek�� � Wr vhh wklv/ uhfdoo wkdw K�/ wkh frqglwlrqdo
suredelolw| wkdw 4 grhv qrw frqfhgh wr 5 pxvw vroyh

*L} 7Z� Ek��

o2 E�� k��
'

*L} 7Z2
k� Ek

2�

o� E�� k2�

zkhuh 7Z� Ek�� '
5�Z�Ek��

5�Z�Ek��nE�35��K�
dqg 7Z2k� Ek

2� '
52Z2Ek2�

52Z2Ek2�nE�352�>2
k�

Ek2�

wkdw lv ��

�2
'

*L}

�
�n
E�35��K�
5�Z�Ek��

�

*L}

�
�n

E�352�>2
k�

Ek2�

52Z2Ek2�

� zkhuh �� ' o�

�3k�
� Vlqfh k� : o2

o�no2
dqg

k2 	 o�

o�no2
/ zh kdyh ��

�2
: ��
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Exw vlqfh >� Ek�� : f dqg 5� dqg 52 duh frqyhujlqj wr 3 dw wkh vdph
udwh/ K� pxvw frqyhujh wr 3 dv zhoo1 Li wkh frqglwlrqdo suredelolw| ri 4 qrw
frqfhglqj diwhu Ek�c k2� lv uhdol}hg/ lv jrlqj wr 3/ wkh xqfrqglwlrqdo suredelolw|
ri frqfhglqj pxvw jr wr >� Ek��1

Wkxv/ e| fkrrvlqj dq| k2 	 o�

o�no2
sod|hu 5 fdq jxdudqwhh wkdw klv rs0

srqhqw frqfhghv lpphgldwho| li kh lv udwlrqdo dqg kdv lqlwldoo| ghpdqghg
k� : o2

o�no2
1 Li 4 kdv ghpdqghg k� 	 o2

o�no2
wkhq 5 fdq jxdudqwhh dw ohdvw

o�

o�no2
e| dffhswlqj wklv ghpdqg1 Khqfh 5 fdq jxdudqwhh d sd|r� ri �2 '

4@ 
q
k2 5 �2 m k2 	 o�

o�no2

r
� D vlplodu dujxphqw hvwdeolvkhv wkh sod|hu 4 fdq

jxdudqwhh ��� " �, �# �

Surri ri Sursrvlwlrq 9

Frqvlghu wkh iroorzlqj duwl�fldo frqvwdqw0vxp jdph= � fkrrvhv k� 5 �� �
Efc �� ( �*k� zlqv l�

o�

�3k�
	 o�

�3k�
1

Qrwh wkdw e| wkh jhqhulflw| dvvxpswlrq wkhuh duh qr wlhv1 Zh zloo frqvlv0
whqwo| dvvxph � 9' �1 Wkh sd|r� wr �/ li kh zlqv/ lv k�/ dqg �*v sd|r�/ li kh
orvhv/ lv �� k�1

Ohw

�k�Ek�� ' 4�? iik� 5 �� m k� : �� k�j ^ i4@ ��jj
	k� ' 4@ 

q
ik� 5 �� m k� n �k�Ek�� : � dqg k� ehdwv �k�Ek��j ^ ifj

r
	k�n ' 4�?

q
ik� 5 �� m k� : 	k�j ^ i4@ ��j

r
Zh zloo ghprqvwudwh wkdw rxu duwl�fldo frqvwdqw0vxp jdph kdv d sxuh

vwudwhj| htxloleulxp E7k�c 7k2�1 Li 7k� lv wkh zlqqhu lq wklv htxloleulxp/ zh vhw
k�S ' 7k� dqg k�S ' E�� 7k��� Ixuwkhupruh/ lq wklv htxloleulxp 7k� n 7k2 : �/ d
idfw zklfk vlpsol�hv wkh �qdo vwhs ri wkh surri1

Wkh dujxphqw lv dv iroorzv= E| dvvxpswlrq wkhuh h{lvwv Ek�c k2� 5 ����2

vxfk wkdw k� n k2 : �1 Ixuwkhupruh/ zh pd| dvvxph wkdw wklv sdlu vdwlv�hv
k� ' �k�Ek�� c � ' �c 2� Vxssrvh k� ehdwv k21 Wkhq fohduo| 	k� : f� Wkxv
	k� : f iru vrph � ' �c 2�

Vxssrvh 	k� : f dqg
�
	k�c �k2

�
	k�
��

lv qrw dq htxloleulxp1 Wkhq lw pxvw eh

wkh fdvh wkdw 	k�
n : 	k� dqg 	k�

n ehdwv �k2E	k��� E| wkh gh�qlwlrq ri 	k�/ �k2E	k�
n�

ehdwv 	k�
n� Ohw k

2W ' 4@ 
q
k2 5 �2 m k2 ehdwv 	k�

n

r
� Fohduo| +	k�

nc k
2W� lv dq

htxloleulxp1 Wkxv/ zh kdyh ghprqvwudwhg wkh h{lvwhqfh ri dq htxloleulxp
zlwk wkh uhtxluhg surshuwlhv1
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Wr frpsohwh wkh surri/ vxssrvh wkdw 7k� ehdwv 7k21 E| wkh dujxphqw deryh
k� : 7k� lpsolhv

o�

�3k�
: o2

�37k2

dqg khqfh iurp wkh surri ri Sursrvlwlrq 8/ lw iroorzv wkdw li >� Ek�� : f
dqg k� : 7k�c frqglwlrqdo rq k� ehlqj ghpdqghg lq shulrg 3/ 5 fdq jxdudqwhh
klpvhoi dw ohdvw 7k2 : ��7k�� Wklv phdqv wkdw 4*v sd|r� lv vwulfwo| ohvv wkdq 7k��
Djdlq/ e| wkh dujxphqw ri Sursrvlwlrq 8/ e| ghpdqglqj 7k�/ 4 fdq jxdudqwhh
7k� dqg dovr e| ghpdqglqj ohvv wkdq 7k�/ 4 jxdudqwhhv wkdw khu sd|r� zloo eh
ohvv wkdq 7k�1 Vr >�E7k�� ' �� Vlqfh 4 jxdudqwhhg khuvhoi 7k�c 5 fdqqrw jhw pruh
wkdq ��7k� zklfk kh fdq jhw e| dffhswlqj 4*v lqlwldo r�hu1 Khqfh/ wkh htxloleulxp sd|r�v
frqyhujh wr E7k�c �� 7k��� Wkh dujxphqw iru wkh fdvh zkhuh 7k2 lv wkh zlqqhu/
lv yhu| vlplodu/ dqg lv rplwwhg1 T1H1G1
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^4` Deuhx/ G1 dqg I1 Jxo +4<<5,= �Edujdlqlqj zlwk Revwlqdwh Rssrqhqwv/�
plphr1

^5` Dgpdwl/ D1U1 dqg P1 Shuu| +4<;:,= �Vwudwhjlf Ghod| lq Edujdlqlqj/�
Uhylhz ri Hfrqrplf Vwxglhv/ 87/ 67806971

^6` Dr|djl/ P1 +4<<9,= �Uhsxwdwlrq dqg G|qdplf Vwdfnhoehuj Ohdghuvkls lq
Lq�qlwho| Uhshdwhg Jdphv/� Mrxuqdo ri Hfrqrplf Wkhru|/ :4= 6:;06<6

^7` Dxvxeho/ O1 dqg U1 Ghqhfnhuh +4<;<,= �Uhsxwdwlrq lq Edujdlqlqj dqg
Gxudeoh Jrrgv Prqrsro|/� Hfrqrphwulfd/ 8:/ 84408641

^8` Dxvxeho/ O1 dqg U1 Ghqhfnhuh +4<<5,= �Gxudeoh Jrrgv Prqrsro| zlwk
Lqfrpsohwh Lqirupdwlrq/� Uhylhz ri Hfrqrplf Vwxglhv/ 8<= :<80;451

^9` Eloolqjvoh|/ S1 +4<;9,= Suredelolw| dqg Phdvxuh/ Qhz \run/ Mrkq Zloh|
) Vrqv/ Lqf1/ 678 dqg 6<51

^:` Fhohqwdql/ P1/ G1 Ixghqehuj/ G1 Ohylqh/ dqg Z1 Shvhqgruihu +4<<9,=
�Pdlqwdlqlqj d Uhsxwdwlrq djdlqvw d Orqj0Olyhg Rssrqhqw/� 97= 9<40
:371

76



^;` Fhohqwdql/ P1/ dqg Z1 Shvhqgrughu +4<<9,= �Uhsxwdwlrq lq G|qdplf
Jdphv/� Mrxuqdo ri Hfrqrplf Wkhru|/ :3= 43<04651

^<` N1 Fkdwwhumhh/ dqg O1 Vdpxhovrq +4<;:,= �Edujdlqlqj zlwk Wzr0Vlghg
Lqfrpsohwh Lqirupdwlrq= Dq Lq�qlwh0Krul}rq Prgho zlwk Dowhuqdwlqj
R�huv/� Uhylhz ri Hfrqrplf Vwxglhv/ 87= 4:804<51

^43` Fkdwwhumhh/ N1 dqg O1 Vdpxhovrq +4<;;,= �Edujdlqlqj Xqghu Wzr0Vlghg
Lqfrpsohwh Lqirupdwlrq= Wkh Xquhvwulfwhg R�huv Fdvh/� Rshudwlrqv Uh0
vhdufk/ 69+7,= 938094;1

^44` Fkr/ L1 +4<<3,= �Xqfhuwdlqw| dqg Ghod| lq Edujdlqlqj/� Uhylhz ri Hfr0
qrplf Vwxglhv/ 8:/ 8:808<91

^45` Frpswh/ R1 dqg S1 Mhklho +4<<8,= �Rq Vwxeeruqqhvv lq Qhjrwldwlrqv/�
plphr1

^46` Fudpwrq/ S1 +4<;7,= �Edujdlqlqj zlwk Lqfrpsohwh Lqirupdwlrq= Dq Lq�0
qlwh Krul}rq Prgho zlwk Frqwlqxrxv Xqfhuwdlqw|/� Uhylhz ri Hfrqrplf
Vwxglhv/ 84= 8:<08<61

^47` Fudpwrq/ S1 +4<;:,= �Vwudwhjlf Ghod| lq Edujdlqlqj zlwk Wzr0vlghg
Xqfhuwdlqw|/� plphr/ \doh Xqlyhuvlw|1

^48` Fudzirug/ Y1 +4<;5,= �D Wkhru| ri Glvdjuhhphqw lq Edujdlqlqj/� Hfrqr0
phwulfd/ 83= 93:096;1

^49` Fulssv/ P1/ N1 Vfkplgw dqg M1 Wkrpdv/ �Uhsxwdwlrq lq Shuwxuehg Uh0
shdwhg Jdphv/� Mrxuqdo ri Hfrqrplf Wkhru|/ iruwkfrplqj1

^4:` Ixghqehuj/ G1/ G1 Ohylqh/ dqg M1 Wluroh +4<;8,= �Lq�qlwh Krul}rq Prg0
hov ri Edujdlqlqj zlwk Lqfrpsohwh Lqirupdwlrq/� lq Urwk/ D1H1 +hg1,
Jdph Wkhruhwlf Prghov ri Edujdlqlqj/ Fdpeulgjh= Fdpeulgjh Xqlyhu0
vlw| Suhvv/ :60<;1

^4;` Jurvvpdq V1 dqg P1 Shuu| +4<;9,= �Vhtxhqwldo Edujdlqlqj Xqghu Dv|p0
phwulf Lqirupdwlrq/� Mrxuqdo ri Hfrqrplf Wkhru|/ 6</ 45304871

^4<` Jxo/ I1 dqg K1 Vrqqhqvfkhlq +4<;;,= �Rq Ghod| lq Edujdlqlqj zlwk
Rqh0vlghg Xqfhuwdlqw|/� Hfrqrphwulfd/ 89= 93409451

77



^53` Jxo/ I1/ K1 Vrqqhqvfkhlq dqg U1 Zlovrq +4<;9,= �Irxqgdwlrqv ri G|0
qdplf Prqrsro| dqg wkh Frdvh Frqmhfwxuh/� Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 6<= 48804<31

^54` Khqgulfnv N1/ D1 Zhlvv/ dqg F1 Zlovrq +4<;;,= �Wkh Zdu ri Dwwulwlrq lq
Frqwlqxrxv0Wlph zlwk Frpsohwh Lqirupdwlrq/� Lqwhuqdwlrqdo Hfrqrplf
Uhylhz/ 5<= 99609;31

^55` Ndpeh/ V1 +4<<7,= �Edujdlqlqj zlwk Lpshuihfw Frpplwphqw/� plphr/
R{irugXqlyhuvlw|1

^56` Nuhsv/ G1P1 dqg U1 Zlovrq +4<;5,= �Uhsxwdwlrq dqg Lpshuihfw Lqiru0
pdwlrq1� Mrxuqdo ri Hfrqrplf Wkhru|/ 5:= 5860:<1

^57` Plojurp/ S1 dqg M1 Urehuwv +4<;5,= �Suhgdwlrq/ Uhsxwdwlrq/ dqg Hqwu|
Ghwhuuhqfh/� Mrxuqdo ri Hfrqrplf Wkhru|/ 5:= 5;306451

^58` P|huvrq/ U1 +4<<4,= Jdph Wkhru|= Dqdo|vlv ri Frq lfw1 Kduydug Xql0
yhuvlw| Suhvv1

^59` Rugryhu/ M1 dqg D1 Uxelqvwhlq +4<;9,= �D Vhtxhqwldo Frqfhvvlrq Jdph
zlwk Dv|pphwulf Lqirupdwlrq/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 84=
;:<0;;1

^5:` Rveruqh/ P1D1 +4<;8,= �Wkh Uroh ri Ulvn Dyhuvlrq lq d Vlpsoh Edujdlq0
lqj Prgho/� lq Urwk/ D1H1 +hg1, Jdph Wkhruhwlf Prghov ri Edujdlqlqj/
Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4;405471

^5;` Shuu|/ P1 dqg S1 Uhq| +4<<6, = �D Qrq0frrshudwlyh Edujdlqlqj Prgho
zlwk Vwudwhjlfdoo| Wlphg R�huv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 8<= 830
::1

^5<` Srqvdwl/ F1 dqg M1 Vdnrylfv +4<<8,= �Wkh Zdu ri Dwwulwlrq zlwk Lqfrp0
sohwh Lqirupdwlrq/� Pdwkhpdwlfdo Vrfldo Vflhqfhv/ 5<= 56<05871

^63` Urvhqwkdo/ U1 +4<;4,= �Jdphv ri Shuihfw Lqirupdwlrq/ Suhgdwru| Sulflqj
dqg wkh Fkdlq0Vwruh Sdudgr{/� Mrxuqdo ri Hfrqrplf Wkhru|/ 58= <504331

^64` Uxelqvwhlq/ D1 +4<;5,= �Shuihfw Htxloleulxp lq d Edujdlqlqj Prgho/�
Hfrqrphwulfd/ 87= <:043<1

78



^65` Uxelqvwhlq/ D1 +4<;8,= �D Edujdlqlqj Prgho Xqghu Lqfrpsohwh Lqiru0
pdwlrq/� Hfrqrphwulfd/ 86= 4484044:51

^66` Vhowhq/ U1 +4<::,= �Wkh Fkdlq0Vwruh Sdudgr{/� Wkhru| dqg Ghflvlrq/ <=
45:048<1

^67` Vfkplgw/ N1P1 +4<<6,= �Uhsxwdwlrq dqg Htxloleulxp lq Ilqlwho| Uh0
shdwhg Jdphv/� Hfrqrphwulfd/ 94= 65806841

^68` Vreho/ M1 dqg L1 Wdndkdvkl +4<;6,= �D Pxowlvwdjh Prgho ri Edujdlqlqj/�
Uhylhz ri Hfrqrplf Vwxglhv/ 83= 74407591

^69` Zdwvrq/ M1 +4<<;,= �Dowhuqdwlqj0R�hu Edujdlqlqj zlwk Wzr0Vlghg Lq0
frpsohwh Lqirupdwlrq/� Uhylhz ri Hfrqrplf Vwxglhv/ 98= 8:608<71

79


