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Devwudfw

Zh vwxg| srolwlfdo frpsurplvh irxqghg rq wdflw frrshudwlrq1 Wzr srolwlfdo
sduwlhv pxvw vkduh d �{hg slh lq hdfk ri dq lq�qlwh vhtxhqfh ri shulrgv1 Lq
hdfk shulrg/ wkh sduw| lq srzhu kdv xowlpdwh dxwkrulw| wr glylgh wkh slh1 Srzhu
hyroyhv dffruglqj wr d Pdunry surfhvv dprqj d vhw ri srolwlfdo vwdwhv fruuh0
vsrqglqj wr gl�huhqw ghjuhhv ri srolwlfdo _vwuhqjwk% iru wkh wzr1 Wkh srolwlfdo
vwuhqjwk ri hdfk sduw| lv d vwdwh yduldeoh/ dqg wkh jdph lv g|qdplf/ udwkhu wkdq
uhshdwhg1 Doorfdwlrqv lq dq h�flhqw/ vxe0jdph shuihfw htxloleulxp gr qrw iroorz
d Pdunry surfhvv1 Udwkhu/ d sduw|*v vkduh uh�hfwv qrw rqo| lwv fxuuhqw vwuhqjwk/
exw dovr krz lw jrw wkhuh lq wkh uhfhqw klvwru|1 Zh fkdudfwhul}h wkh h�flhqw
glylvlrq surfhvvhv iru pdmrulw| uxoh dqg vxshupdmrulw| uxoh/ dqg dvn zkhwkhu
rqh uhjlph doorzv juhdwhu frpsurplvh wkdq wkh rwkhu1

MHO Fodvvl�fdwlrqv= G:;/ F:6

Nh|zrugv= srolf| pdnlqj/ frpsurplvh/ ulvn vkdulqj/ srolwlfdo sduwlhv/ g|qdplf
jdphv

�Zh wkdqn Sdwulfn Erowrq/ Hokdqdq Khospdq/ Mrkq Kxehu/ Wruvwhq Shuvvrq/ Sdwulfn Uh| dqg
vhplqdu sduwlflsdqwv dw wkh Frshqkdjhq Exvlqhvv Vfkrro/ Jhrujhwrzq/ P1L1W1/ Sulqfhwrq/ JUHPDT
+Wrxorxvh, dqg wkh Xqlyhuvlw| ri Plfkljdq iru wkhlu frpphqwv dqg vxjjhvwlrqv/ dqg wkh Qdwlrqdo
Vflhqfh Irxqgdwlrq iru �qdqfldo vxssruw1
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i�U�i?| @**LU@|�L? h�*it |�@| 4�}�| @h�ti �? i^��*�Mh��4� �? @**LU@|�L? h�*i _�U|@|it

|�i _���t�L? Lu |�i T�i @u|ih i�ih) TLtt�M*i ��t|Lh) Lu |�i TL*�|�U@* }@4i� ,^��*�Mh��4

hi^��hit |�@| @ h�*i Mi ti*u�i?uLhU�?}( ?L T@h|) U@? i�ih �@�i @? �?Ui?|��i |L U�i@|c

}��i? |�i hiTihU�tt�L?t |�@| �L�*_ i?t�i�

��h @?@*)t�t Lgiht @ t�Mt|@?|�@* }i?ih@*�3@|�L? Lu �*it�?@ E�bHH� �? L?i �4TLh|@?|

hitTiU|c ���*i t�4T*�u)�?} ��t 4L_i* �? @?L|�ih� W? �*it�?@<t T@Tihc |�ihi �t @ t|@M*i

u�?U|�L? *�?!�?} |�i T*@|uLh4t Lu |�i |�L T@h|�it |L |�i�h ThLM@M�*�|�it Lu ��??�?}

@?) i*iU|�L?� W? i^��*�Mh��4c ��i? |�i T@h|�it< T*@|uLh4t @hi UL?t|@?|c |�i �@h�@M*i

�?_�U@|�?} ��i|�ih @ T@h|�U�*@h T@h|) �t �? TL�ih �t �_i?|�U@**) @?_ �?_iTi?_i?|*)

_�t|h�M�|i_� W? L|�ih �Lh_tc |�ihi �t ?L t|@|i �@h�@M*i �? ��t @?@*)t�t( @ T@h|)<t U�@?Ui

Lu Mi�?} �? TL�ih �? @ }��i? Tih�L_ Mi@ht ?L hi*@|�L? |L ��i|�ih �| �@t tL �? |�i *@t|�

W? L�h 4L_i*c M) UL?|h@t|c |�i TL*�|�U@* i?��hL?4i?| i�L*�it @UULh_�?} |L @ t|LU�@t|�U

ThLUitt� �LhiL�ihc |�ihi U@? Mi @? @hM�|h@h) ?�4Mih Lu t|@|it �? |��t ThLUittc i@U�

��|� @ _�gihi?| �4T*�U@|�L? uLh ��@| �t *�!i*) |L �@TTi? ?i |� A��t }��it h�ti |L

�?|ihit|�?} TL*�U) _)?@4�Utc ���U� @hi |�i uLU�t Lu L�h @?@*)t�tG �i t|�_) �L� |�i

UL4ThL4�ti U�@?}it @t T@h|�it< uLh|�?it iMM @?_ �L��

`�@| �t Uh�U�@* uLh t�U� _)?@4�Ut |L Mi �?|ihit|�?} �t tL4i Tiht�t|i?Ui Lu TL*�|�U@*

TL�ih� Wu |�i ThLM@M�*�|) |�@| @ T@h|) ��?t |�i ?i | i*iU|�L? �ihi �?_iTi?_i?| Lu

�|t �L|i t�@hi @| |�i Thi��L�t i*iU|�L?c |�i? @** |�i t|@|it ��ihi �| �t �? TL�ih UL�*_

Mi UL**@Tti_ �?|L L?ic @?_ |�i 4L_i* �L�*_ hi_�Ui |L �*it�?@<t |�L�t|@|i U@ti� W?

u@U| 4@?) i4T�h�U@* hiti@hU�iht �@�i it|�4@|i_ �@h!L� ThLUittit uLh �L|i t�@hit �?

|�i N5c @?_ uL�?_ UL?t�_ih@M*i Tiht�t|i?Ui( @ hiUi?| t|�_) �t �L �5|igi?t4i�ih @?_

54�|� E�bbS�� A�i) �@�i @*tL uL�?_ 4i@?�hi�ih|�?} |i?_i?U�it tL |�@| @| @?) |�4i

�



|�i 4�?Lh�|) T@h|) tiit @ hi@tL?@M*i ThLtTiU| Lu }@�?�?} TL�ih �? |�i uLhitii@M*i

u�|�hi( tii @*tL 5|L!it E�bSS� @?_ �@h|i*t E�bb.��2

�*|�L�}� |�i �?_ih*)�?} t|LU�@t|�U t|h�U|�hi Lu L�h TL*�|�U@* ThLUitt �t �@h!L�c

�i �?_ |�@| i�U�i?| @**LU@|�L? h�*it �? }i?ih@* @hi ?L|� A�i LT|�4@* UL4ThL4�ti @|

@?) 4L4i?| _iTi?_t ?L| L?*) L? ���U� T@h|) �t �? TL�ih @?_ ��|� ��@| _i}hii Lu

TLT�*@h�|)c M�| @*tL �L� �| }L| |�ihi �? |�i hiUi?| ��t|Lh)� A�i UL4ThL4�ti ��** Mi

_�gihi?| ��i? @ T@h|) ��|� @ Uih|@�? _i}hii Lu t|hi?}|� �@t i�i? t|hL?}ih �? |�i hiUi?|

T@t| UL4T@hi_ |L ��i? @ T@h|) ��|� |�@| t@4i t|hi?}|� U*�4Mi_ |�ihi uhL4 @ �i@!ih

TLt�|�L?� `�@| 4@!it L�h ThLM*i4 _��U�*| �t |�i Thiti?Ui Lu |�i t|@|i �@h�@M*i� A��t

4@!it |�i }@4i _)?@4�U h@|�ih |�@? hiTi@|i_c @?_ hi?_iht |�i �i**�_i�i*LTi_ |�iLh)

Lu |@U�| ULLTih@|�L? �? hiTi@|i_ }@4it Et�U� @t �@t @TT*�i_ M) �*it�?@� �?@TT*�U@M*i�

W? Lh_ih |L UL?Ui?|h@|i L? |�i _)?@4�U @tTiU|t Lu |�i ThLM*i4c �i �@�i U�Lti?

|L �}?Lhi � @| *i@t| �? |��t �?�|�@* i T*Lh@|�L? � |�i *�?! Mi|�ii? T@h|�it< @U|�L?t @?_

|�i i�L*�|�L? Lu TL�ih� �t �i �@�i �?_�U@|i_c |�i |h@?t�|�L? Mi|�ii? t|@|it �? L�h

4L_i* �t @tt�4i_ i L}i?L�t� W? hi@*�|)c |�ihi 4@) �?_ii_ Mi i L}i?L�t �?��i?Uit L?

|�i i�L*�|�L? Lu TL�ih� 6Lh i @4T*ic �L|ih<t |@t|it @ML�| �_iL*L}�U@* �tt�it Lh |�i�h

TihUiT|�L?t @ML�| T@h|�it< UL4Ti|i?U�it 4@) ��U|�@|i h@?_L4*) �? @ _i4LUh@U)� #i�

4L}h@T��U |�h?L�ih �? |�i TLT�*@|�L?c ��ihi U��*_hi?<t TL*�|�U@* @||�|�_it UL4M�?i

|�i�h T@hi?|<t @||�|�_it T*�t h@?_L4 t�LU!tc ThL��_it Tih�@Tt |�i t�4T*it| ��t�@*�3@�

|�L? Lu L�h �@h!L� ThLUitt� �?_ i |ih?@* i�i?|t 4@) �4T�?}i �TL? _L4it|�U TL*�|�Ut

�? @?) TL*�|�U@* t)t|i4� ��| TL*�U) @U|�L?t _L @giU| *i@_iht< t�h���@* ThLM@M�*�|�itc

tL �i �L�*_ �LTi |L Mi @M*i |L i?_L}i?�3i TL*�|�U@* t�TTLh| �? L�h u�|�hi hiti@hU��

A��t 4L_i*c ��|� �|t i L}i?L�t ThLUittc ��** UL?|�?�i |L UL?t|�|�|i @? �4TLh|@?|

UL4TL?i?| Lu |�i 4Lhi }i?ih@* L?i�

5Mrkq Kxehu/ lq d shuvrqdo frppxqlfdwlrq/ uhodwhg wkh suredelolw| ri zlqqlqj wkh qh{w hohfwlrq

wr wkh yrwh vkduh dw wkh suhylrxv hohfwlrq iru d vdpsoh ri vhyhudo sduoldphqwdu| ghprfudflhv zlwk

wzr0sduw| v|vwhpv/ dqg irxqg srvlwlyh shuvlvwhqfh1 Wkh ohyho ri vwdwlvwlfdo vljql�fdqfh zdv rqo| mxvw

xqghu 48 shufhqw/ zklfk lv orz e| xvxdo vwdqgdugv1 Vwloo/ wklv phdqv wkdw zlwk d suredelolw| ri pruh

wkdq ;8 shufhqw/ wkh uhodwlrqvkls frxog qrw kdyh dulvhq e| fkdqfh/ dqg zh wklqn wklv lv jrrg hqrxjk

mxvwl�fdwlrq iru frqvwuxfwlqj d wkhru| ri zkdw kdsshqv lq vxfk flufxpvwdqfhv1

e



A�i Lh}@?�3@|�L? @?_ Ui?|h@* hit�*|t Lu L�h T@Tih @hi @t uL**L�t� W? 5iU|�L? 2c �i

*@) L�| |�i M@t�U 4L_i* @?_ �?|hL_�Ui ?L|@|�L?� ��h 4@�? |�iLhi4c ���U� U�@h@U|ih�

�3it @? i�U�i?| i^��*�Mh��4 _���t�L? ThLUittc �t Thiti?|i_ �? 5iU|�L? �� W| @ttLU�@|it

��|� i�ih) t|@|i Lu |�i TL*�|�U@* t)t|i4 @ T@h|�U�*@h @**LU@|�L?� A��t @**LU@|�L? �t |�i

L?i |�@| �L�*_ �@�i *iu| |�i h�*�?} T@h|) �?_�gihi?| Mi|�ii? ULLTih@|�?} @?_ ?L|c

�@_ |�i t|@|i �? ^�it|�L? Mii? |�i �?�|�@* L?i� `�i? |�i }@4i Mi}�?t ��|� tL4i

T@h|�U�*@h �?�|�@* t|@|i @?_ @ T@h|) �? TL�ihc |�@| T@h|) 4�t| Mi }��i? @| *i@t| |�i @t�

tLU�@|i_ t�@hi |�@| u�*�**t �|t �?Ui?|��i UL?t|h@�?|� W? t�Mti^�i?| Tih�L_tc |�i t�@hit

@hi !iT| UL?t|@?| tL *L?} @t |��t �t ui@t�M*i� 5�@hit @hi @*|ihi_ L?*) ��i? !iiT�?}

|�i4 UL?t|@?| �L�*_ ��L*@|i |�i �?Ui?|��i UL?t|h@�?| uLh |�i T@h|) |�i? �? TL�ihc @?_

L?*) |L |�i 4�?�4@* i |i?| ?iUitt@h) |L t@|�tu) |�i UL?t|h@�?|� A�ihi@u|ihc |�i) @hi

!iT| UL?t|@?| @| |�i ?i� *i�i* �?|�* @?L|�ih �?Ui?|��i UL?t|h@�?|t M�?_tc ��i? |�i

4�?�4@* ?iUitt@h) U�@?}i @}@�? �t 4@_i� �?_ tL L?�

W? 5iU|�L? e �i �?�it|�}@|i |�i �?|ihit|�?} tTiU�@* U@ti |�@| @h�tit ��i? |�i t|L�

U�@t|�U ThLUitt |@!it |�i uLh4 ���U� �i U@** @ R}i?ih@*�3i_ h@?_L4 �@*!�� W? @

}i?ih@*�3i_ h@?_L4 �@*!c |�i TL*�|�U@* t)t|i4 U@? i�L*�i uhL4 @?) t|@|i L?*) |L L?i

Lu |�L R?i�}�MLh�?}� t|@|itc Lh �| U@? hi4@�? ��ihi �| �@t� A�i t|@|it U@? Mi �?|ih�

Thi|i_ @t Lh_ihi_ _i}hiit Lu TLT�*@h�|)c @?_ |�i hit|h�U|�L? |L �4T*) |�@| U�@?}it �?
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ì �ti 74 ' i7tfc 7t�c � � � c jc ��ihi 7t| ' � �u f| 5 7� @?_ 7t| ' f �u f| 5 72c |L

_i?L|i |�i ThLUitt @ttLU�@|i_ ��|� @ UL4T*i|i *@U! Lu ULLTih@|�L?� A�i? @ ui@t�M*i

_���t�L? ThLUitt �t U�@h@U|ih�3i_ M) |�i �?Ui?|��i UL?t|h@�?|t T �
| E4c �|� � T �

| E74c �|� uLh

@** | � f @?_ @** �| 5 M| t�U� |�@| %| 5 7��

5|@h|�?} @| |�4i f �? t|@|i %fc L?i U@? |h@Ui L�| |�i ��L*i �@hi|L uhL?|�ih Lu

T@)Lgtc ?@4i*) |�i ti| E��c �2� 5 -2 t�U� |�@|

�2 ' 4@ 
4M5

T 2

f E4c %f� t�M�iU| |L T �

f E4c %f� � �� c

��ihi I �t |�i ti| Lu @** ui@t�M*i _���t�L? ThLUittit( ��i�c |�i ThLUittit uLh ���U�

T �
| E4c �|� � T �

| E74c �|� uLh @** | � f @?_ uLh @** �| 5 M| t�U� |�@| %| 5 7�� 5�?Ui 4 4�t|

Mi ui@t�M*ic T �
f E74c %f� �t |�i t4@**it| �@*�i �� U@? |@!i �u %f 5 7�� 5�4�*@h*) uLh �2 �u

%f 5 72� A��t *i@�it @ _i}hii Lu uhii_L4 �? _���_�?} T@)Lgt Mi|�ii? |�i T@h|�it( �i

��** i @4�?i �L� |��t uhii_L4 U@? Mi i ihU�ti_ @*L?} i�U�i?| T@|�t�

A�@| UL4T*i|it |�i _itUh�T|�L? Lu L�h 4L_i*� �iuLhi �i ThLUii_ |L U�@h@U|ih�3i

|�i i�U�i?| i^��*�Mh�@c @? LMtih�@|�L? �t �? Lh_ih� ì �@�i U�Lti? uLh i TLt�|�L?@*
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Dsshqgl{

Surri ri Wkhruhp 4=

Iluvw zh suryh wkdw hyhu| h!flhqw glylvlrq surfhvv kdv wkh vshfl�hg irup +wkh �rqo| li� sduw,1 Lq idfw

zh frqvlghu d pruh jhqhudo sureohp ri pd{lpl}lqj wkh h{shfwhg suhvhqw ydoxh ri wkh sduw| qrw lq srzhu

dw gdwh 3/ vxemhfw wr jlylqj wkh rqh lq srzhu d sd|r� dw ohdvw htxdo wr dq duelwudulo| vshfl�hg ydoxh �

+zklfk qhhg qrw htxdo wkh sd|r� xqghu wkh sxqlvkphqw glylvlrq surfhvv ��,1

Vlqfh wkh ydoxhv ri shulrg xwlolwlhv X l duh erxqghg lq ^3/4`/ dqg wkh sd|r� ixqfwlrqv Y l
w duh gh�qhg

dv wkh h{shfwhg suhvhqw ydoxhv ri xwlolwlhv/ wkh ydoxhv ri Y l
w duh dovr erxqghg/ dqg olh lq wkh udqjh

^3> 4@+4� �,`1 Wkhuhiruh/ iru dq| � 5 ^3> 4@+4� �,`/ dq| lqlwldo vwdwh zkhuh sduw| l lv lq srzhu +{3 5 Vl,/

dqg m 9@ l/ zh fdq gh�qh

O+�, @ pd{
�5I

Y m
3 +�, vxemhfw wr Y l

3 +�, � � =

D glylvlrq surfhvv wkdw vroyhv wklv sureohp iru vrph � zloo eh odehoohg h!flhqw1 Zh �uvw h{dplqh

h{lvwhqfh dqg xqltxhqhvv1

Ohppd 4= Iru dq| {3 5 Vl dqg � 5 ^3> 4`/ hlwkhu O+�, kdv d xqltxh vroxwlrq/ ru Y l
3 +�, ? � iru doo

� 5 I 1

Surri ri Ohppd 4= Reylrxvo|/ li Y l
3 +�, ? � iru doo � 5 I / wkhq wkh pd{lpl}dwlrq sureohp kdv qr

vroxwlrq1 Vr frqvlghu wkh rssrvlwh fdvh/ dqg gh�qh

P+�, @ vxs
�5I

Y m
3 +�, vxemhfw wr Y l

3 +�, � � =

Vshfli|lqj d glylvlrq surfhvv lv htxlydohqw wr vshfli|lqj d vhtxhqfh ri uhdo qxpehuv/ rqh diwhu hdfk

w0shulrg klvwru| ri wkh Pdunry surfhvv !1 Wkhuhiruh hdfk � fdq eh lghqwl�hg zlwk dq hohphqw ri ^3> 4`41

Hqgrz wklv vsdfh zlwk wkh surgxfw wrsrorj|1 Wkhq wkh sd|r� ixqfwlrqv Y 4
3 / Y

5
3 duh frqwlqxrxv/ dqg

wkh ihdvleoh vhw I @ i � m Y l
w +�> kw, � Y l

w +��> kw, iru doo w � 3 dqg iru doo kw @ +{3> {4> = = = {w, vxfk wkdw

{w 5 Vlj/ lv frpsdfw1 Frqvhtxhqwo|/ wkhuh h{lvwv d vxevhtxhqfh �+q, 5 I vxfk wkdw �+q, $ � 5 I dqg

Y m+�> {3, @ P+�,1 Wklv lv wkhq d vroxwlrq wr O+�,1 Xqltxhqhvv iroorzv lpphgldwho| iurp wkh vwulfw

frqfdylw| ri Y l dqg Y m dqg wkh frqyh{lw| ri I 1

Zh ghqrwh wkh xqltxh vroxwlrq ri O+�, e| �� @ i|�+{3,> \ �
4 > \ �

5 > = = =j1
Lq sduwlfxodu/ li zh vhw � @ Y l

3 +��> {3,/ wkh frqvwudlqw rq wkh pd{lpl}dwlrq sureohp lv wkh lqfhqwlyh

frpsdwlelolw| frqvwudlqw ri wkh sduw| lqlwldoo| lq srzhu1 Wklv lv dxwrpdwlfdoo| vdwlv�hg e| wkh wuljjhu glyl0

vlrq surfhvv/ vr O+Y l
3 +��> {3,, kdv d xqltxh vroxwlrq1 Lw lv zkdw zh ghqrwhg e| �� @ i|�+{3,> \ �

4 > \
�
5 > = = =j1

Qrz zh surfhhg wr wkh qhfhvvlw| sduw ri wkh wkhruhp1 Zh �uvw vwdwh dqg suryh wzr ohppdwd=

Ohppd 5= Ohw �4/ �5 eh dq| wzr qxpehuv lq ^3> 4`1 Iru p @ 4/ 5/ ghqrwh wkh xqltxh vroxwlrqv wr

O+�p, e| �p @ i|p+{3,> \p
4 > \p

5 > = = =j1 Wkhq �4 A �5 lpsolhv

|4+{3, � |5+{3, li l @ 4 dqg |4+{3, � |5+{3, li l @ 5 =
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Wklv vd|v wkdw lq dq| jlyhq lqlwldo vwdwh/ li |rx wljkwhq wkh frqvwudlqw rq wkh sd|r� ri wkh sod|hu lq

srzhu/ |rx kdyh wr vwduw klp r� zlwk d odujhu vkduh1

Surri ri Ohppd 5= Zh frqvlghu rqo| wkh fdvh l @ 4 dqg m @ 5> wkh surri wkh rwkhu zd| urxqg lv

v|pphwulf1 Gh�qh

Z5+�, @ pd{
�5I

H[4
^Y 5
4 +�> +{3> [4,,` vxemhfw wr H[4

^Y 4
4 +�> +{3> [4,,` � � =

Wkh dujxphqw xvhg lq wkh surri ri Ohppd 4 hvwdeolvkhv wkdw li wkh ihdvleoh vhw ri wklv pd{lpl}dwlrq

sureohp lv qrq0hpsw|/ wkhq lw kdv d xqltxh vroxwlrq> wkdw lv/ Z 5+�, lv dwwdlqhg iru vrph �1 Wkhq zh fdq

uh0zulwh wkh pd{lpl}dwlrq sureohp O+�, dv

pd{
}

�
X5+4� }, . � Z 5

�
�� X4+},

�

��
=

Vlqfh �4 lv wkh xqltxh vroxwlrq wr O+�4,/ zh kdyh

X5+4� |4+{3, , . � Z 5

�
�4 � X4+|4+{3, ,

�

�
A X5+4� |5+{3, , . � Z 5

�
�4 � X4+|5+{3, ,

�

�
=

Uhduudqjlqj |lhogv

�

�
Z 5

�
�4 � X4+|4+{3, ,

�

�
�Z 5

�
�4 � X4+|5+{3, ,

�

��
A X5+4� |5+{3, ,� X5+4� |4+{3, , =

Vlploduo|/ vlqfh �5 lv wkh xqltxh vroxwlrq ri O+�5,/ zh kdyh

�

�
Z 5

�
�5 � X4+|5+{3, ,

�

�
�Z 5

�
�5 � X4+|4+{3, ,

�

��
A X5+4� |4+{3, ,� X5+4� |5+{3, , =

Frpelqlqj wkhvh wzr/ zh jhw

Z 5

�
�4 � X4+|4+{3, ,

�

�
�Z 5

�
�5 � X4+|5+{3, ,

�

�

A Z 5

�
�5 � X4+|4+{3, ,

�

�
�Z 5

�
�5 � X5+|5+{3, ,

�

�
+D4,

Wkh xwlolw| ixqfwlrqv X l duh frqfdyh> wklv hqvxuhv wkdw wkh vhw I ri ihdvleoh glylvlrq surfhvvhv lv

frqyh{/ dqg wkh ixqfwlrq Z 5 lv frqfdyh1 Wkhuhiruh

Z 5+d.�,�Z 5+d, A Z 5+e.�,�Z 5+e, iru d A e lpsolhv � ? 3=

Xvlqj wklv zlwk vxlwdeoh lqwhusuhwdwlrqv ri d/ e dqg � lq +4, |lhogv

4

�
^ X4+|5+{3, ,� X4+|4+{3, , ` ? 3 =

Vlqfh X4 lv lqfuhdvlqj/ wklv lpsolhv |4+{3, A |5+{3,1

Ohppd 6= Ohw kw @ i{3> {4> = = = {wj 5 Kw1 Ohw � @ i|3> \4> \5> = = =j eh d glylvlrq surfhvv1 Li

|+kw, 9@ |+kw�4,/ wkhq wkhuh h{lvwv dqrwkhu glylvlrq surfhvv a� vxfk wkdw Y m
3 +a�> {3, A Y m

3 +�> {3, iru m @ 4/

51
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Wklv vlpso| vd|v wkdw lqwhuwhpsrudo vprrwklqj lv ehqh�fldo1 Lq vshfl�f frqwh{wv lq wkh surri ri wkh

wkhruhp/ lwv ihdvlelolw| vwloo qhhgv wr eh fkhfnhg1

Surri ri Ohppd 6= Ohw s @ sop iru o @ {w�4 dqg p @ {w1 Gh�qh

� � ^� s |+kw, . |+kw�4,`@+�s. 4, >

dqg gh�qh a� e| a�+kw�4, @ a�+kw, @ � dqg a� @ � iru doo rwkhu gdwhv dqg2ru klvwrulhv1 Wkh uhvxow iroorzv

iurp wkh vwulfw frqfdylw| ri wkh Y l1

Surri ri Wkhruhp= Zh zloo frqvlghu wkh fdvh [w 5 V4> wkh surri iru wkh rwkhu fdvh lv v|pphwulf1

Wr suryh

\w @ pd{^|�+[w,> \w�4` >

zh qhhg wr suryh wkuhh wklqjv1

Sduw L= Iru doo w � 3/ \w � |�+[w,

Vxssrvh iru dq| w dqg d klvwru| kw 5 Kw zh kdyh |+kw, ? |�+{w,1 Ohw � eh wkh ydoxh ri Y 4
w +�, diwhu

klvwru| kw/ dqg �� wkh fruuhvsrqglqj ydoxh ri Y 4
w +��,1

Wkh frqwlqxdwlrq ri � iurp +w> kw, pxvw eh h!flhqw> wkhuhiruh lw vroyhv O+�,1 Dqg/ vlqfh ! lv Pdunry/

�� @ Y 4
3 +��, li wkh vwduwlqj vwdwh lv {w1 Rxu dvvxpswlrq wkdw |+kw, ? |�+{w,/ xvlqj Ohppd 5/ lpsolhv � �

��/ dqg xqltxhqhvv ri h!flhqw surfhvvhv +Ohppd 4, vwuhqjwkhqv wklv wr � ? ��1 Exw wkhq Yw+�, ? Yw+��,/

vr � 9 5I / frqwudglfwlqj ihdvlelolw|1

Sduw LL= Iru doo w � 4/ \w � \w�4

Li iru vrph klvwru| kw zh kdyh |+kw, ? |+kw�4,/ wkhq gh�qh � dv lq Ohppd 61 E| frqfdylw| ri X4/

X4+kw�4, . � sX4+kw, ? X4+�, . � sX4+�, >

dqg wkh ydoxhv rq doo rwkhu uhdol}dwlrqv duh htxdo1 Wkhuhiruh wkh a� frqvwuxfwhg lq Ohppd 6 lv ihdvleoh/

dqg wkhuh lw zdv vkrzq wr jlyh kljkhu h{shfwhg xwlolwlhv iru erwk sod|huv1 Wklv frqwudglfwv wkh h!flhqf|

ri �1

Sduw LLL= Iru doo w � 4/ \w � pd{^|�+[w,> \w�4`

Vxssrvh iru vrph w/ dqg d klvwru| kw 5 Kw zh kdyh |+kw, A |�+{w,1 Gh�qlqj � dqg �� dv lq Sduw L/

deryh/ khuh zh kdyh � A ��1

Vxssrvh zh vlpxowdqhrxvo| kdyh |+kw, A |+kw�4,/ dqg gh�qh a� dv lq Sduw LL deryh1 Iru vrph � 5 ^3> 4`/

gh�qh �3 @ ��. +4� �, a�1 Wkhq Y 4
w�4+�

3> kw�4, A Y 4
w�4+�> kw�4, ehfdxvh ri wkh ehqh�w iurp vprrwklqj1

Vwduwlqj dw +w> kw,/ zh kdyh Y 4
w +�

3> kw, ? Y 4
w +�> kw,/ exw ehfdxvh X4 lv frqwlqxrxv wkh gl�huhqfh fdq eh

pdgh duelwudulo| vpdoo e| fkrrvlqj � vx!flhqwo| forvh wr 41 Dovr/ xqghu wkh surylvlrqdo dvvxpswlrqv ri

6:



wklv sduw/ Y 4
w +�> kw, A �� @ Y 4

w +��> kw,1 Wkhuhiruh Y
4
w +�

3> kw, � Y 4
w +��> kw,1 Iru doo rwkhu gdwhv dqg klvwrulhv/

�3 dqg � jlyh htxdo ydoxhv1 Wkhuhiruh �3 lv ihdvleoh1

Wkhq e| wkh vwulfw frqfdylw| ri X4 dqg X5/ zh jhw Y m
3 +�

3> {3, A Y m
3 +�> {3, iru m @ 4/ 51 Wklv frqwudglfwv

wkh h!flhqf| ri �1

Wklv frpsohwhv wkh yhul�fdwlrq ri doo fdvhv/ dqg frpsohwhv wkh surri ri wkh �rqo| li� sduw1

Wr vkrz wkh �li� sduw/ qdpho| wkdw hyhu| glylvlrq surfhvv ri wklv irup lv h!flhqw/ frqvlghu dq| surfhvv

� @ i|3> \4> \5> = = = j vdwlvi|lqj wkh frqglwlrqv +l, dqg +ll, lq wkh vwdwhphqw ri wkh wkhruhp1 Iru hdvh ri

qrwdwlrq vxssrvh {3 5 V4> wkh dujxphqw iru {3 5 V5 lv dqdorjrxv1 Ohw � @ Y 4+�> {3, dqg vxssrvh

a� @ ia|3> a\4> a\5> = = = j vroyhv wkh sureohp O+�,1 E| wkh �rqo| li� sduw ri wkh wkhruhp suryhg deryh/ a�

vdwlv�hv wkh frqglwlrqv +l, dqg +ll,1

Erwk � dqg a� vdwlvi| wkh vdph vwrfkdvwlf gl�huhqfh htxdwlrq +ll,/ dqg lwv g|qdplfv duh vxfk wkdw

dorqj dq| sdwk/ wkh surfhvv zlwk wkh kljkhu lqlwldo vkduh ri sduw| 4/ |3 ru a|3/ zloo dovr kdyh d xqlirupo|

kljkhu vkduh/ |w ru a|w/ xs wr vrph wlph w dqg wkh wzr zloo frlqflgh wkhuhdiwhu1 Wkhuhiruh

Y 4+a�> {3, � Y 4+�> {3, li dqg rqo| li a|3 � |3

dqg

Y 5+a�> {3, � Y 5+�> {3, li dqg rqo| li a|3 � |3 =

Lq wkh suhvhqw frqwh{w/ wkh frqvwudlqw lq O+�, jlyhv xv Y 4+a�> {3, � Y 4+�> {3,/ zkloh wkh idfw wkdw a� lv

h!flhqw jlyhv xv Y 5+a�> {3, � Y 5+�> {3,1 Wkh wzr wrjhwkhu lpso| a|3 @ |31 Wkhq a� @ �/ hvwdeolvklqj wkh

h!flhqf| ri �1

Surri ri Sursrvlwlrq 4=

Ohw S +n, @ ic4> c5> = = = > cpj/ zkhuh p lv �qlwh +ehfdxvh V4 lv,1 E| uhrughulqj wkh vwdwh odehov li qhfhvvdu|/

ohw c4/ c5/ = = = cm eh wkh rqhv zlwk wkh +htxdo, orzhvw ydoxh ri |� lq S +n,/ wkdw lv/

ic4> c5> = = = cmj @ dujplqi|�+cl, m cl 5 S +n,j =

Ri frxuvh wkh plqlpl}hu pd| eh xqltxh/ lq zklfk fdvh m @ 4> wklv fdvh lv fryhuhg e| wkh pruh jhqhudo

dujxphqw ehorz1

Zh suryh wkdw |�+c4, � |�+n,> wklv lpphgldwho| lpsolhv wkh ghvluhg uhvxow wkdw |�+c, � |�+n, iru doo

c 5 S +n,1 Wkh surri lv e| frqwudglfwlrq> wkhuhiruh zh ehjlq e| vxssrvlqj wkdw |�+c4, ? |�+n,1

Frqvlghu wkh vwrfkdvwlf surfhvv wkdw ehjlqv dw c4/ dqg vwduw wkh glylvlrq surfhvv zlwk wkh lqlwldo |

htxdo wr |�+c4,1 Wkh qh{w vwhs fdq rqo| eh wr d vwdwh lq inj ^ S +n,/ ehfdxvh li dq| rwkhu vwhs frxog

rffxu zlwk srvlwlyh suredelolw|/ wkhq wkhuh zrxog eh d srvlwlyh suredelolw| urxwh wr V5 wkdw dyrlgv n1

Wkh srvvleoh vwhsv fdq eh glylghg lqwr wkuhh nlqgv= +l, Wkrvh wr vrph cl iru l @ 4 = = = m1 Lq wkhvh vwdwhv/

6;



|�+cl, @ |�+c4, e| gh�qlwlrq1 Wkhq dw wkh qh{w gdwh/ e| Wkhruhp 4 wkh lqlwldo | htxdov |�+cl, vr wkh

lqfhqwlyh frqvwudlqw dw cl lv elqglqj1 +ll, Wkrvh wr vrph cl iru l @ m .4/ = = = p/ zkhuh |�+cl, A |�+c4, e|

gh�qlwlrq1 Wkhuhiruh dw wkh qh{w gdwh/ e| Wkhruhp 4 wkh lqlwldo | htxdov |�+cl, dqg djdlq wkh lqfhqwlyh

frqvwudlqw dw ol lv elqglqj1 +lll, Wkh vwhs wr n/ zkhuh |�+n, A |�+c4, e| rxu frqwudglfwlrq dvvxpswlrq1

Vr |hw djdlq e| Wkhruhp 4 wkh vwduwlqj | dw wkh qh{w gdwh htxdov |�+n, dqg wkh lqfhqwlyh frqvwudlqw lv

elqglqj1

Qrz frqvlghu wkh uhfxuvlrq uhodwlrq iru wkh h!flhqw glylvlrq surfhvv=

Y +c4, @ X4^|�+c4,` . �

5
7 m[

l@4

s4l Y +cl, .
p[

l@m.4

s4l Y +cl, . s4n Y +n,

6
8 =

Dorqj wkh sxqlvkphqw sdwk wkdw zrxog hqvxh li sduw| 4 zhuh wr ghyldwh dw gdwh 3/

�Y +c4, @ X4+4, . �

5
7 m[

l@4

s4l �Y +cl, .
p[

l@m.4

s4l �Y +cl, . s4n �Y +n,

6
8 =

Ehfdxvh wkh lqfhqwlyh frqvwudlqwv elqg dw gdwh 4 iru doo wkh uhohydqw vwdwhv/ Y +cl, @ �Y +cl, iru l @ 4/

5/ = = = p/ dqg Y +n, @ �Y +n,1 Qrz frpsdulqj wkh wzr uhfxuvlrq htxdwlrqv deryh lpphgldwho| jlyhv

|�+c4, @ 41 Exw wklv frqwudglfwv rxu dvvxpswlrq wkdw |�+c4, ? |�+n,1

Surri ri Wkhruhp 5=

Ohw Iv eh wkh vhw ri ihdvleoh glylvlrq surfhvvhv/ wkdw lv/ � @ +|3> \4> \5> = = =, vxfk wkdw/ iru doo w/ dqg

iru doo kw @ +{3> {4> = = = {w, 5 Kw/ +d, li {w 5 Vl zh kdyh Y l
w +�> kw, � Y l

w +��
v> kw, dqg +e, li {w 5 V3 dqg

|+kw, 9@ |+kw�4,/ wkhq zh kdyh erwk Y 4
w +�> kw, � Y 4+��v> kw, dqg Y 5

w +�> kw, � Y 5+��v> kw,1

Ohw If eh wkh vhw ri glylvlrq surfhvvhv wkdw pdnh qr fkdqjh lq wkh vkduhv zkhq wkh fxuuhqw vwdwh

lv qrw d vxshupdmrulw| vwdwh/ wkdw lv/ � @ +|3> \4> \5> = = =, vxfk wkdw iru doo w � 4 dqg {w 5 V3/ zh kdyh

\w @ \w�41 Ohw Ivf @ Iv _ If1

Iru � 5 ^3> 4@+4� �,`/ l> m 5 i4> 5j/ m 9@ l/ dqg {3 5 Vl/ gh�qh

Ov+�, @ pd{
�5Iv

Y m
3 +�> {3, vxemhfw wr Y l

3 +�> {3, � � =

Iluvw zh suryh wkh iroorzlqj=

Ohppd 4v= Iru dq| {3 5 Vl +l @ 4/ 5, dqg � 5 ^3> 4@+4� �,`/ hlwkhu Ov+�, kdv d xqltxh vroxwlrq/ ru

Y l
3 +�> {3, ? � iru doo � 5 Iv1

Surri ri Ohppd 4v= Reylrxvo| li Y l
3 +�> {3, ? � iru doo � 5 Iv wkhq wkh pd{lpl}dwlrq sureohp kdv

qr vroxwlrq/ vr frqvlghu wkh rssrvlwh fdvh dqg gh�qh

P+�, @ vxs
�5Iv

Y m
3 +�> {3, vxemhfw wr Y l

3 +�> {3, � � =
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Iluvw zh vkrz wkdw Iv lv frpsdfw1 Qrwh wkdw wkh vhw ri doo glylvlrq surfhvvhv lv frpsdfw vlqfh |+kw, 5 ^3> 4`

iru doo kw 5 Kw1 Wkhuhiruh lw lv hqrxjk wr vkrz wkdw wkh vxevhw Iv lv forvhg1 Dvvxph wkdw d vhtxhqfh ri

surfhvvhv �+q, @ i|+q,3 > \
+q,
4 > \

+q,
5 > = = =j 5 Iv frqyhujhv wr vrph � @ i|3> \4> \5> = = =j1 Zh zloo vkrz wkdw

� 5 Iv1 Wr gr vr zh qhhg wr vkrz wkdw � vdwlv�hv wkh zhdn lqhtxdolwlhv vwdwhg deryh lq wkh gh�qlwlrq

ri Iv1 Wklv iroorzv lpphgldwho| iurp wkh frqwlqxlw| ri Y l
w dqg wkh fruuhvsrqglqj lqhtxdolwlhv iru �+q,1

Qrwh wkdw zh pd| kdyh |+q,+kw, 9@ |+q,+kw�4, iru doo q exw |+kw, @ |+kw�4, lq wkh olplw1 Exw lq wklv

vlwxdwlrq � grhv qrw kdyh wr phhw dq| lqfhqwlyh frqvwudlqwv dqg wkhuhiruh ehorqjv wr Iv dq|zd|1

Krzhyhu/ Iv lv qrw lq jhqhudo frqyh{ ehfdxvh ri wkh irup ri wkh lqfhqwlyh frqvwudlqwv lq vwdwhv

{ 5 V3/ dqg zh qhhg frqyh{lw| lq wkh dujxphqw ehorz1 Zh suryh wkdw dq| vroxwlrq wr Ov+�, pdlqwdlqv

|+kw, @ |+kw�4, lq wkhvh vwdwhv1 Wkdw lv wr vd|/ zh vkrz wkdw li � vroyhv Ov+�,/ wkhq � 5 Ivf1 Lw lv hdv|

wr yhuli| wkdw Ivf lv frqyh{/ zklfk vx!fhv iru rxu dujxphqw1

Surylqj wkdw � 5 Ivf lv vwudljkwiruzdug= li |+kw, 9@ |+kw�4, iru vrph kw @ +{3> {4> = = = {w, 5 Kw vxfk

wkdw {w 5 V3/ wkhq uhsodflqj erwk |+kw�4, dqg |+kw, e|

| @
4

4 . �s
|+kw�4, .

�s

4 . �s
|+kw,

zkhuh s @ Su^[w @ {wm[w�4 @ {w�4` vwulfwo| lpsuryhv erwk sd|r�v dw wlph w� 4 jlyhq klvwru| kw�4 dqg

uhpryhv lqfhqwlyh frqvwudlqwv dvvrfldwhg zlwk klvwru| kw dw wlph w1 Wkxv wkh qhz surfhvv lv dovr ihdvleoh

dqg kdv lqfuhdvhg sd|r�v/ zklfk lpsolhv wkdw wkh ruljlqdo � frxog qrw kdyh ehhq rswlpdo1 Wkxv � vroyhv

pd{
�5Ivf

Y m
3 +�> {3, vxemhfw wr Y l

3 +�> {3, � � =

Wkhq wkh xqltxhqhvv ri wkh vroxwlrq wr Ov+�, iroorzv iurp wkh vwulfw frqfdylw| ri wkh X l dqg wkh frqyh{lw|

ri Ivf1

Wkh uhpdlqghu ri wkh surri ri Wkhruhp 5 iroorzv iurp wkh fruuhvsrqglqj dujxphqwv xvhg lq wkh surri

ri Wkhruhp 4> zh qhhg rqo| uhsodfh I zlwk Ivf1 �

Surri ri Sursrvlwlrq 5=

Ohw a�v+4, eh wkh vroxwlrq wr wkh sureohp ri pd{lpl}lqj Y 5
3 +�> {3 @ 4, vxemhfw wr � 5 Iv1 Wkh h{lvwhqfh

dqg xqltxhqhvv ri wklv vroxwlrq zdv hvwdeolvkhg e| Wkhruhp 51 E| wkh vdph wkhruhp/ a�v+4, kdv wkh

iroorzlqj irup=

a\ v
w @

;AA?
AA=

|� li [w @ 4

a\ v
w�4 li [w 5 i5> 6j

4� |� li [w @ 7 =

Gh�qh ��+4, dv iroorzv=

�\ v
w @

;?
= |� li [w 5 i4> 5j

4� |� li [w 5 i6> 7j =
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Dv qrwhg lq Vhfwlrq 8/

Y 4
3 +a�> 4, . Y 5+a�> 4, @ ^X+|�, . X+4� |�,`@+4� �, @ Y 4

3 +��> 4, . Y 5
3 +��> 4, =

Wkxv zh zloo frpsohwh wkh surri wkdw aZ � aZ v e| vkrzlqj wkdw �� 5 Iv1

Iluvw zh zloo hvwdeolvk wkdw Y 4
3 +��> 4, � Y 4

3 +��
v> 4, dqg khqfh sduw| 4 kdv qr lqfhqwlyh wr ghyldwh dw

wlph 31 Wklv zloo dovr hvwdeolvk wkdw sduw| 4 +dqg e| v|pphwu| sduw| 5, kdv qr lqfhqwlyh wr ghyldwh diwhu

dq| klvwru| lq zklfk lw kdv wkh fxuuhqw vxshupdmrulw|1

Vlqfh a� 5 Iv/ zh kdyh

Y 4
3 +��> 4,� Y 4

3 +��> 4, � Y 4
3 +��> 4,� Y 4

3 +��> 4,� Y 4
3 +a�> 4, . Y 4

3 +��
v> 4,

@
4[
w@3

H^X+ �\w,� X+ �\w,� X+ a\ v
w , . X+�\ v

w ,` �
w

Ohw ]w @ X+ �\w,� X+�\w,� X+ a\ v
w , . X+ �\ v

w , dqg

U4 @
4[
w@3

H^]w` �
w =

Revhuyh wkdw li hlwkhu sduw| kdv d vxshupdmrulw|/ ru wkh sduw| wkdw kdv d zhdn pdmrulw| lv dovr wkh odvw

sduw| wr kdyh d vxshupdmrulw|/ wkhq ]w @ 31 Rq wkh rwkhu kdqg/ li sduw| 5 kdv d zhdn pdmrulw| dqg

sduw| 4 zdv wkh odvw wr kdyh d vxshupdmrulw|/ wkhq

]w @ } � X+4� |�,� X+|�, . 4 =

Vlploduo|/ li sduw| 4 kdv d zhdn pdmrulw| dqg sduw| 5 zdv wkh odvw wr kdyh d vxshupdmrulw|/ wkhq ]w @ �}1

Ohw

U7 @ H

%
4[
o@w

}o�
o�w m [w @ 7

&

E| v|pphwu|/ U7 @ �U41 Gh�qh wzr vwrfkdvwlf surfhvvhv � / � 3 dv iroorzv= � w @ 4 li dqg rqo| li [o ? 7

iru doo o � w/ rwkhuzlvh � w @ 3> zkloh � 3w @ 4 li dqg rqo| li w lv wkh �uvw wlph vwdwh 7 lv uhdfkhg/ rwkhuzlvh

� 3w @ 31 Wkhq zh fdq uhzulwh U4 dv iroorzv=

U4 @
4[
w@3

H^]w � w` �
w .U7

4[
w@3

H^� 3w` �
w

@
4[
w@3

H^]w � w` �
w �U4

4[
w@3

H^� 3w` �
w

Khqfh

U4 @

S4

w@3 H^]w � w` �
w

4 .
S4

w@3 H^� 3w` �
w

Revhuyh wkdw � 3w � 3 iru doo w � 3/ dqg hlwkhu ]w � 3 ru � w @ 31 Khqfh U4 � 3 dqg wkhuhiruh

Y 4
3 +��> 4, � Y 4

3 +��> 4, dv ghvluhg1
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Wr frqfoxgh wkh surri/ zh vkrz wkdw sduw| 4 kdv qr lqfhqwlyh wr ghyldwh lq vwdwh 5 dqg khqfh e|

v|pphwu| sduw| 5 kdv qr lqfhqwlyh wr ghyldwh lq vwdwh 61 Ohw

�]w @

;?
= X+|�,� 4 li [w 5 i4> 5j

X+4� |�, li [w 5 i6> 7j

Wkhq Y 4
3 +��> 4,� Y 4

3 +��> 4, @

]3 . � s44 ^Y
4
3 +��> 4,� Y 4

3 +��> 4,` . � s45 H

%
4[
w@4

]w �
w m [w @ 5

&

ru

� s45 H

%
4[
w@4

]w �
w m [w @ 5

&
@ �]3 . +4� � s44, ^Y

4
3 +��> 4,� Y 4

3 +��> 4,`

Vlqfh ]3 � 3 dqg e| wkh dujxphqw deryh Y 4
3 +��> 4,� Y 4

3 +��> 4, � 3/ lw iroorzv wkdw

H

%
4[
w@4

]w �
w m [w @ 5

&
� 3 /

zklfk lv suhflvho| wkh frqglwlrq qhhghg wr ghwhu sduw| 5 iurp ghyldwlqj lq vwdwh 51
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