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A THEORY OF DISAPPOINTMENT AVERSION

By Faruk Gur!

An axiomatic model of preferences over lotteries is developed. It is shown that this
model is consistent with the Allais Paradox, includes expected utility theory as a special
case, and is only one parameter (B) richer than the expected utility model. Allais Paradox
type behavior is identified with positive values of B. Preferences with positive B are said
to be disappointment averse. It is shown that risk aversion implies disappointment
aversion and that the Arrow-Pratt measures of risk aversion can be generalized in a
straight-forward manner, to the current framework.

Keyworbps: Preferences over lotteries, expected utility theory, independence axiom,
risk aversion, Arrow-Pratt measures of risk aversion.

INTRODUCTION

THE PURPGSE OF THIS PAPER is to develop an axiomatic model of decision
making under uncertainty that (i) includes expected utility theory as a special
case, (ii) is consistent with the Allais Paradox, and (iii) is the most restrictive
possible model that satisfies (i) and (ii) above.

The difficulty is in providing a precise sense in which (iii) can be satisfied. We
propose to do this as follows: We will present an intuitive explanation of the
Allais Paradox. Then we will replace the independence axiom of expected utility
theory with an alternative axiom which explicitly incorporates our intuitive
explanation. An additional axiom which does not conflict with the intuitive
explanation or with expected utility maximization will also be imposed. Analysis
of the resulting model will reveal that it does indeed satisfy (i) and (ii) above
and that no further qualitative restriction can be imposed without violating
either (i) or (ii). Our aim is to show that the type of behavior exhibited by a
large number of subjects in Allais’ original experiment can be interpreted
intuitively and justified within the framework of a reasonable model.

With this in mind, in what follows we characterize preferences that are
described completely by a real-valued function u on the set of prizes and a real
number B> —1 (Theorem 1). We show that u is unique up to an affine
transformation and B is unique. Hence we isolate a class of preferences that is
one parameter richer than von Neumann-Morgenstern preferences. We further
show that B = 0 corresponds to the case of expected utility theory (where u is
the von Neumann-Morgenstern utility function). We describe preferences with
B >0 as disappointment? averse and establish the equivalence of strict disap-

11 am indebted to Elchanan Ben-Porath, Eddie Dekel, Darrell Duffie, David Kreps, Mark
Machina, Dilip Mookherjee, Ariel Rubinstein, Hugo Sonnenschein, Robert Wilson, two anonymous
referees, and especially Outi Lantto for their help and criticism.

% The term disappointment was first used by Bell (1985) and Loomes and Sugden (1986). While
we have borrowed the word from them, our motivation and the class of preferences that we consider
are different.
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pointment aversion (i.e. B > 0) and Allais Paradox type behavior (Theorem 2).
Finally we show the relationship between risk aversion and disappointment
aversion (Theorems 3-5). In particular we show that in this model risk aversion
implies disappointment aversion.

THE ALLAIS PARADOX?

Consider an individual who is faced with the following two choice problems:

ProBLEM 1: Choose either p, or p, where p, is a degenerate lottery which
yields 200 dollars for sure and p, is a lottery that yields 300 dollars with
probability .8 and 0 dollars with probability .2.

ProBLEM 2: Choose either p, or p, where p, is a lottery which yields 200
dollars with probability .5 and 0 dollars with probability .5 and p, is a lottery
which yields 300 dollars with probability .4 and 0 dollars with probability .6.

The propensity of decision makers to choose p, if confronted with the first
problem and p, if confronted with the second, is a phenomenon that is now
widely known as the Allais Paradox. The term paradox is due to the fact that
such preferences are not consistent with expected utility maximization.* In
particular, this pair of choices is inconsistent with the independence axiom,
which is a necessary condition for expected utility maximization. The indepen-
dence axiom states that given any three lotteries p,, p,, and r and a number
a €(0,1], p, is preferred to p, implies ap, + (1 —a)r is preferred to ap, +
(1 —a)r (where ap,+ (1 —a)r denotes the lottery which yields any prize x
with probability ap,(x)+ (1 — a)r(x)).

Letting r be the lottery which yields 0 dollars for sure, a@ equal %, and
observing that p,=ap,+(1 —a)r, p,=ap,+ (1 —a)r establishes that the
Allais Paradox above constitutes a violation of the independence axiom. Ob-
serve that in Problem 1, lottery p; has no chance of yielding a disappointing
outcome whereas lottery p, has a .2 chance of yielding a disappointing outcome.
One possible explanation of why the independence axiom fails in this particular
example is that the lottery with a lower probability of disappointment suffers
more when it is mixed with an inferior lottery (i.e., » = 0 dollars for sure); that
is, if the lotteries were nearly indifferent initially, the lottery with the higher
probability of disappointment becomes preferred after being mixed with the
inferior lottery.

® This is not Allais’ (1979) most famous example. This particular version is sometimes called the
“Allais Ratio Paradox.” It is also referred to as the common ratio effect or common consequence
effect by Kahnemann and Tversky (1979). We use it here because the intuitive explanation of the
type we wish to isolate is easier to express in terms of this slightly simpler example. However, the
same intuitive argument applies to both this and the original version of the Allais Paradox and
the notion of disappointment aversion resolves both versions.

* To check this note that p, > p, implies ©(200) > .8u(300) + .2u(0) and B, < j, implies .51(200)
+ .5u(0) < .4u(300) + .6u(0); i.e. u(200) < .8u(300) + .2u(0), a contradiction.
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In the words of Savage (1972, page 102), “Many people prefer Gamble 1 (p,)
to Gamble 2 (p,) because, speaking qualitatively, they do not find the chance of
winning a very large fortune in place of receiving a large fortune outright
adequate compensation for even a small risk of being left in the status quo.
Many of the same people prefer Gamble 4 (p,) to Gamble 3 (p,); because,
speaking qualitatively, the chance of winning is nearly the same in both gambles,
so the one with the much larger prize seems preferable.” While 300 and 200
dollars hardly qualify as very large and large fortunes, it is clear that Savage’s
interpretation of the original version is closely related to our intuitive explana-
tion here. What Savage calls the chance of winning is one minus what we have
called the probability of disappointment which we will define formally in our
model.

Before we begin our formal analysis two basic questions need to be ad-
dressed. First, why concentrate on the Allais Paradox as opposed to other
systematic violations for the expected utility hypothesis? Second, what distin-
guishes our approach from other axiomatic models of choice under uncertainty
that allow for Allais Paradox type behavior?

There is a large body of work on observed violations of the expected utility
model. Historically the Allais Paradox has played a very significant role in the
development of this literature. This is no doubt in part due to the intuitive
appeal of the Allais Paradox choices. Hence it would appear that the Allais
Paradox is a natural starting point for any attempt at reconciling the normative
theory of choice under uncertainty with the existing empirical evidence.

One can identify at least three distinct ways that the non-expected utility
literature has dealt with observed violations of the expected utility theory:

(a) By emphasizing the need for a purely descriptive theory. Such work has
either attempted to describe the actual decision making process that is used by
the subjects (see Kahneman and Tversky (1979) and Rubinstein (1988)) or to
identify useful (i.e., consistent with the existing empirical evidence) functional
forms. Regret theory (Bell (1982), Loomes and Sugden (1962)), the disappoint-
ment theory of Bell (1985) and Loomes and Sugden (1982), the subjective
expected value models used in the psychology literature (see Edwards (1953)
and Tversky (1967) among others) are some of the many examples that can be
included under this category. What-is common to this particular body of work is
the emphasis on descriptive aspects and skepticism regarding relevance of a
normative theory. Hence the models mentioned above often violate even the
most basic desiderata of choice under uncertainty (transitivity, stochastic domi-
nance, etc.).

(b) By rejecting the normative appeal of the independence axiom. Allais
(1979) and Machina (1982) belong in this category. Allais argues for a cardinal
measure of utility over sure prospects and postulates that individuals’ utility for
uncertain prospects will depend on the distribution of the cardinal measure,
typically its first three moments. Machina (1982) considers preferences that can
be represented by a “smooth” preference functional and develops the machin-
ery for analyzing the local properties of a preference functional. He offers two
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empirical hypotheses which he states in terms of these local properties. The first
is risk aversion. The second which is called Hypothesis II is shown to imply
behavior consistent with the Allais Paradox and a number of other observed
violations of the expected utility theory. A more detailed comparison between
the model of this paper and Machina’s generation of expected utility theory will
be provided after the formal analysis of the next section.

(c) By modifying the independence axiom. This class of papers starts by
offering similar (typically weaker) alternatives to the independence axiom. The
resulting model is defended by pointing out that it is consistent with observed
violations of expected utility theory and by arguing that the alternative assump-
tion is more compelling than the independence axiom. Some examples of this
type of work are: Chew and MacCrimmon (1979), Dekel (1986), Fishburn
(1983), and Yaari (1987).

This paper belongs among the work cited under (c) above. What distinguishes
the model of this paper is our emphasis on the Allais Paradox and the direct
role it plays in our axiomatization. Hence we provide a narrow interpretation of
the Allais Paradox and search for a generalization of expected utility theory
which is consistent with this interpretation and yet allows us to retain as much
of the insight offered by expected utility theory as possible.

The Model

For some b,w such that b >w, let X =[w,b] be the set of all prizes. Let
.Z be the set of all simple lotteries over these prizes. That is, p €_.Z implies
that supp (p), the support of p is finite. For any p,q €.# and a €[0,1], ap +
(1 —a)g denotes the lottery r €_# such that for all x€X, r(x)=ap(x)+
(1 — a)g(x). When there is no risk of confusion we use x € X to denote the
lottery p such that p(x) =1. = is a binary relation on .. We use p >q, “p is
strictly preferred to ¢g”, to denote p =g and not g =p. We use p~gq, “p is
indifferent to g”, to denote p > g¢q and g = p.

Since, typically, we want to interpret x € X as a quantity of money, x >y iff
x >y, will be a maintained assumption throughout this paper.

DeriNiTION 1: For any > and p, let
B(p, =) ={qe-Z|xsupp(q) implies x = p};
W(p, z) ={q€-£|x €supp(q) implies p xx}.

We sometimes use B(p), W(p) instead of B(p, =) and W(p, ).

Thus B(p) and W(p) denote the set of lotteries with supports consisting of
prizes respectively, better than and worse than p.



