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We analyse political contests (campaigns) between two parties with opposing interests. Parties pro-
vide costly information to voters who choose a policy. The information flow is continuous and stops when
both parties quit. Parties’ actions are strategic substitutes: increasing one party’s cost makes that party
provide more and its opponent provide less information. For voters, parties’ actions are complements and
hence raising the advantaged party’s cost may be beneficial. Asymmetric information adds a signalling
component resulting in a belief threshold at which the informed party’s decision to continue campaigning
offsets other unfavourable information.
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1. INTRODUCTION

A political party proposes a new policy, for example, a health care plan. Interest groups favouring
or opposing the plan gather information to convince voters of their respective positions. This
process continues until polling data suggest that voters decisively favour or oppose the new
policy and Congress responds accordingly. Recent health care debates and the social security
debate during the Bush administration are prominent examples of this pattern.

A key question is how asymmetric access to funds affects the outcome of such campaigns.
For example, health care reform proponents often cite their opponents’ superior funding as the
main reason for the failure of health care reform during the Clinton administration. Hence, the
question is to what degree superior funding can determine the outcome of a political campaign
and whether asymmetric access to funds can reduce voter welfare. We formulate a model of
competitive advocacy to address this and related questions.

We assume that parties cannot distort information; rather, they trade-off the cost of informa-
tion provision and the probability of convincing the (median) vét€heunderlying uncertainty
is about the voter’s utility of the proposed policy. There are two states; the voter prefers Party
1’s policy in one and Party 2’s policy in the other. We first study the symmetric information case
in which neither the parties nor the voter know the state and information is revealed gradually.

Information flows continuously as long as one of the parties is willing to incur its cost. All
players observe the signal, a Brownian motion with a state-dependent drift. The game ends when
no party is willing to pay the information cost. At that point, the voter picks his preferred policy
based on his beliefs. We call this gaithe war of information.

The war of information has a unique subgame perfect equilibrium. In that equilibrium,
each party chooses a threshold and stops providing information once the voter’s belief is less

1. In Gul and Pesendorfd2009), we consider a variant of the war of information that allows for information
distortions.
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favourable than that threshold. The lower a party’s cost, the more aggressive is its equilibrium
threshold and the higher is its probability of winning. Viewed as a game between the two parties,
the war of information is a game of strategic substitutes: a more aggressive opponent threshold
implies a less aggressive best response. Hence, a party’s easy access to resources will stifle its
opponent. If the signal is very informative, the effect of asymmetric costs is small. In that case,
the war of information is resolved quickly with nearly full information revelation. If the signal

is very uninformative, a party with a large cost advantage captures nearly all the surplus.

For the voter, the parties’ thresholds are complements. Raising one party’s threshold in-
creases the marginal benefit of raising the other’s. This complementarity implies that the voter’s
pay-off is highest when the campaigns are “balanced”, that is when they feature two parties
with similar costs of providing information. If the parties have sufficiently asymmetric costs, the
voter benefits from regulation that raises the cost of the advantagddw cost) party and may
even benefit from regulation that raises both parties’ costs equally. Such regulation makes the
advantaged party provide less and the disadvantaged party provide more information. If costs are
sufficiently asymmetric, the latter affect dominates and increases voter welfare. We also show
that, to benefit the voter, regulation must increase total campaign expenditures and hence reduce
the combined pay-off of parties.

U.S. political campaigns devote substantial effort to fundraising, while U.S. election laws
hinder these efforts by limiting the amount of money an individual donor can give. Such regula-
tion disproportionately affects the advantaged party. Our results show that the median voter may
benefit from this type of regulation.

In Section4, we consider two extensions of our model. First, to allow for the possibility
that fundraising becomes more difficult as public opinion turns against a party, we assume that
information costs depend on the voter’s belief. In the second extension, parties are impatient and
discount future pay-offs. Both extensions yield unique equilibria similar to the equilibrium of
our original game. We show that discounting magnifies the deterrent effect of a cost advantage.
Specifically, holding all other parameters fixed, a party’s pay-off converges to the total surplus
as its cost converges to zero.

In Section5, we incorporate asymmetric information by assuming that one party knows
the true state. Hence, the party advocating the new policy knows its merit and provides noisy
information. Communication may be noisy either because parties cannot communicate directly
with voters and rely on intermediaries or because voters require time to fully understand and
evaluate the policy. In either case, parties cannot simply “disclose” their information. Instead,
they convey information through a costly and noisy campaign.

For example, suppose a type-1 party advocates banning an unsafe technology that would hurt
the (median) voter, while a type-0 party advocates banning a safe technology that would benefit
him. The voter’s prior does not warrant a ban and therefore the party must convince him. As
before, the party provides hard information through a Brownian motion with a type-dependent
drift. However, the voter now takes the party’s private information into account and draws the
appropriate conclusions from its decision to quit or continue. The natural inference is to interpret
quitting as weakness and persistence as strength; that is assume that the party is more likely to
continue if it knows that the technology is unsafe. We call an equilibrium that satisfies this
restriction anonotone equilibriunand show that it is unique.

2. The literature on strategic transmission of verifiable information (Milgrom and RoH&8§; Austen-Smith
and Wright,1992) has focused on the incentive to disclose a known signal. This literature assumes that disclosure is
costless.

3. There are also non-monotone equilibria. We discuss non-monotone equilibria at the end ofS5ection
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In a monotone equilibrium, type 1 never quits and type 0 provides information as long as
the voter’s belief that the technology is unsafe remains above a threph@ce the belief
reache9, type 0 randomizes between quitting and not quitting. The randomization is calibrated
to balance unfavourable evidence so that the voter’s belief never drops pelagymmetric
information therefore leads tosignalling barrier, that is a lower bound that cannot be crossed
as long as the party provides information. Once the party quits, its type is revealed and the voter
knows that the technology is safe.

As long as the party does not quit, the voter remains unconvinced of the technology’s safety.
An observer who ignores the signalling component might incorrectly conclude that the voter is
biased in the informed party’s favour. Unfavourable information is discounted—offset by the
party’s decision not to quit—while favourable information is not.

The probability of an incorrect choice (banning a safe technology) depends on the voter’s
prior but not on the party’s cost. Changing this cost changes the signalling barrier’s location
and the expected duration of the game but not the probability of an incorrect choice. Increasing
the cost has two offsetting effects: first, not quitting becomes more costly (hence, there is less
incentive to provide information). Second, not quitting becomes a more informative signal.

1.1. Related literature

The war of information resembles the war of attrition. However, there are two key differences:
first, in a war of attrition, both players bear costs as long as the game continues while in a war
of information only one player incurs a cost at each moment. Second, the resources spent during
a war of information generate a pay-off relevant signal. If the signal were uninformative and
both players incurred costs throughout the game, the war of information would become a war
of attrition with a public randomization device. The war of information is similar to models of
contestsRosenthal and Rubinsteih984;Dixit, 1987, and rent-seeking gam#sllock, 1980).

The key difference is that in a war of information, the two sides generate useful information.
Austen-Smith and Wright1992) examine strategic information transmission between two
competing lobbies and a legislator. They consider a static set-up in which lobbies may provide
a single binary signal and analyse whether and when lobbies provide useful information to the

legislator. A problem irAusten-Smith and Wrigh{1 992) and inAusten-Smith(1994) is ensur-

ing that the informed party has incentive to disclose the information. In our model, this incentive
problem is absent. Our model fits situations in which the informed party cannot simply dis-
close information but must convey it through a costly and noisy campaign. Austen-Smith and
Wright's setting is appropriate when an informed lobby interacts with a sophisticated policy
maker to whom information can be conveyed at no cost and without noise.

The literature on strategic experimentati@o{ton and Harris1999,2000;Keller, Rady and
Cripps,2005) analyses the free rider problem that arises when agents incur costs to learn the true
state but can also learn from the behaviour of others. Our information structure is similar to that
of Bolton and Harrig1999); the signal is a Brownian motion with unknown dfiftlowever,
the war of information provides different incentives: a party would like to deter its opponent
from providing information and therefore benefits from a cost advantage beyond the direct cost
saving. In a model of strategic experimentation, agents have an incentive to free ride on other
players and therefore would like to encourage opponents to provide information.

Our model is related to work on campaign advertising, most notdbigt (2002) who
assumes that campaign expenditures are not inherently informative but may signal private

4. See alsaMloscarini and Smith(2001) for an analysis of the optimal level of experimentation in a decision
problem.
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information about the candidate’s abiltyOur asymmetric information game is a hybrid of
Prat’s model and one of informative advertising. Prat provides a different argument for restrict-
ing political advertising: a party caters to a privately informed campaign donor at the voters’
expense. Prohibiting political advertising may decrease the resulting policy bias and hence yield
higher welfare. In our model, campaign spending may hurt voters by restricting their informa-
tion. Clearly, both effects play a role in public policy debates about campaign finance regulation.

Yilankaya(2002) analyses the optimal burden of proof. He assume an informed defendant,
an uninformed prosecutor, and an uninformed judge. This setting is similar to our asymmetric
information model. However, Yilankaya’s model is static; that is parties commit to a fixed ex-
penditure at the outset. Yilankaya explores the trade-off between increasing the burden of proof
and increasing penalties for convicted defendants. He shows that higher penalties may lead to
larger errors, that is a larger probability of convicting innocent defendants or acquitting guilty
defendants. A higher penalty in his model is like a lower cost in ours. Hence, our analysis shows
that in a dynamic setting if the defendant is informed, increasing penalties have no effect on the
probability of convicting an innocent defendant or acquitting a guilty one.

2. THE WAR OF INFORMATION

The War of Information is a three person continuous-time game. Players 1 angatesand
Player 3 is thevoter. Nature endows one party with the correct (voter preferred) position. Then,
both parties decide whether or not to provide information. Once the flow of information stops,
the voter chooses a party (or its policy). The voter’s pay-off is 1 if he chooses the party with the
correct position and 0 otherwise. Partincurs flow cosk; /2 while providing information but
earns an additional pay-off of 1 if it is chosen.

Players are symmetrically informéd.et p; denotethe probability that the voter (and parties)
assigns at timéto Partyi having the correct position and [€tbe the time at which the flow of
information stops. It is optimal for the voter to choose Party 1 if and onfyrif> 1/2. We say
that Party 1 (2) idrailing at timet if py <1/2 (p; > 1/2).

We assume that only the trailing party may provide information. Hence, the game stops
whenever the trailing party quits. The equilibrium below remains an equilibrium when this as-
sumption is relaxed and parties are allowed to provide information while they are ahead. We
discuss the more general case at the end of this section.

We say that the game is running at titni§ at notr <t, a trailing player has quit. As long as
the game is running, all three players observe the pro¢eskere

Xt = ut+ Zi, 2

andZ is a Wiener process. Henck,is a Brownian motion with uncertain drift and variance 1.
The realizationu = 1/2 (1« = —1/2) means that Party 1 (Party 2) holds the correct position. The
prior probability that Party holds the correct position is/2 fori = 1,2. Let p be the logistic
function; that is

®3)

for all x € R. We setp(—o0) = 0 and p(co) = 1. A straightforward application of Bayes’ law
yields
Pt :=Priu =1/2|X¢} = p(Xt)

5. See alsdPotters, Sloof, and Van Wind€h997).
6. See Sectiob for the case of asymmetric information.
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and therefore, is trailing if and only if
(-1) X <oO. (4)

In this section, we restrict both parties to stationary pure strategies. In Appendix B, we show
that this restriction is without loss of generality. Specifically, we show that the war of information
has a unique subgame perfect equilibrium and this equilibrium is in stationary strategies.

A stationary pure strategy for Player 1 is a numbgr< 0 (y1 = —oo is allowed) such
that Player 1 quits providing information as soonXaseachesy;. That is, Player 1 provides
information wheny; < X; < 0and quits as soon a& = y;. Similarly, a stationary pure strategy
for Player 2 is an extended real number> 0 such that Player 2 provides information when
0 < Xt < y2 andquits as soon aX; = y». Let

T =inf{t > 0|X; —y; = 0 for somei = 1,2} (5)

if {t|X; =y; for somei =1,2} # @andT = oo otherwise. Observe that the game runs until time
T.Attime T < oo, Player 3 rules in favour of playéif and only if Xt =yj for j #£i.If T = oo,
we let pr = 1/2 and assume that both players Wihet y = (y1, y») andlet v1(y) denotethe
probability that Player 1 wins given the strategy profjtethat isv1(y) = Pr{pt > 1/2}. The
probability that 2 wins i®2(y) = 1—ov1(y).

To compute the parties’ expenditures given the strategy prgfitkefineC: [0, 1] — {0,1}

such that .
1 ifs<1/2,

Ce = [ 0 otherwise ©)
LetCy; =C andC, =1—C. Then, Party’s (expected) expenditure given the strategy profile
yis

k1 T
G =5E [ Ciput 7)
0
Theparties’ utilities are
Ui (y) = vi (y) —ci(y), (8)
while the voter’s utility is
Us(y) = E[max{pr,1- pr}]. 9)

When the belief p(X;) is in the range(p(y1),1/2], Party 1 provides information while
[1/2, p(y2)) is the corresponding range for Party 2. It is convenient to describe strategies as
a function ofp. Let

ai = (=171 -2p(y)).

Henceg1 =1—-2p(y1) € (0,1] anday = 2p(y2) — 1 € (0, 1]. For both players, higher values
of aj indicatea greater willingness to bear the cost of information provision; i close to 0,
theni is not willing to provide much information and quits gt closeto zero. Conversely, if
ai =1,i provides information no matter how far behind heiis (yy = —oo or y, = 00). Without
risk of confusion, we writdJ; (a), wherea = (a1, a2) in place ofU; (y). We let WX denotethe
war of information with costk = (kg, ko) andstrategy setg0, 1]%; that isWX restrictsplayers to
stationary strategies. Lemmdelow derives a simple expression for the players’ pay-offs given
the strategy profile.

7. The specification of pay-offs fof = co has no effect on the equilibrium outcome since staying in the game
forever is never a best response under any specification. We chose this particular specification to simplify the notation
and exposition.
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Lemma 1. Playeri= 1,2 wins with probabilitya; /(a1 + a2) and

U.(a)_a1+a2(1 k.ajlnl_ai)forj;é|_1,2
1 102
U = .
3(a) 2-|-0[1_|_OC2

If aj =1,then Y (a) = —o0.

The win probabilities in Lemmad. follow from the fact thatp(X;) is a martingale and
therefore

Pr@wins)p(y2) + Pr@wins)p(y1) = % (10)

wherethe right-hand side of the above equation is the prior. Substitfirga1)/2 for p(y1)
and(1+ a2)/2 for p(y2) yieldsthe desired win probabilities.

Lemma2 below uses Lemmato establish that Playgis best response ; is well-defined
single valued and differentiable. The lemma also shows that the war of information is dominance
solvable. In Appendix B, we use this last fact to show that the war of information has a unique
subgame perfect Nash equilibrium even if non-stationary strategies are permitted.

The functionB;: (0,1] — (0,1] is Party 1's best-response function if

U1(Bi(a2),a2) > Ui(a1, a2)

for all a2 € (0,1] anday # Bi(a2). Party 2’'s best-response function is defined in an analogous
manner. Themnz; is a Nash equilibrium strategy for Party 1 if and only if it is a fixed point of the
mappinge defined byg (a1) = B1(B2(a1)). Lemma2 below ensures that has a unique fixed
point.

Lemma 2. There exist differentiable, strictly decreasing best-response functions for both
parties. Furthermore, ifi1 € (0,1) is a fixed point ofp, then0 < ¢’(a1) < 1.

Using Lemma2, PropositiorL(i) below establishes that the war of information has a unique
equilibrium. Propositiori (i) shows that a player becomes more aggressive if his cost decreases
or his opponent’s cost increases. Playsrequilibrium strategy converges to 0 as his cost goes
to infinity and converges to 1 as it goes to 0. It follows that any strategy pro€l€0,1)? is the
equilibrium for some pair of costs.

Proposition 1. (i) WK hasa unique Nash equilibriunaX. (i) The functionocik is strictly
decreasing in k strictly increasing in k and has range(0, 1)2.

Proof. Appendix A. |

We have assumed that the states have equal prior probability. To model situations with an
arbitrary priorz, we can choose the initial sta¥& = x sothat p(x) = . The initial state does
not affect the equilibrium; that is ifa1, a2) is the equilibrium forXg = 0, then (a1, a2) is also
an equilibrium forXg = x.
However, the prior does affect equilibrium pay-offs and win probabilities. For example, if
 # 1/2, then one of the parties may quit at time 0(df, a2) arethe equilibrium strategies,
then for
Pl
T < 5
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Party 1 quits at time 0, while for
T 1+a>
z—
Party 2 quits at time 0. In those cases, the prior is so lopsided that the trailing party does not
find the campaign worthwhile. The game ends in period 0 and the voter chooses the policy that

the prior favours. For € (1_2"‘1, 1+2"2), the win probabilities satisfy the following version of
equation (10):

Pr( wins)p(y2) +Pr@ wins)p(y1) = x.

Recall thatp(y1) = (1—a1)/2 and p(yz2) = (1+ a2)/2 and therefore
Pr wing) = w.
o1+ a2

We have assumed that the drift ¥f is u € {—1/2,1/2} and its variance is 1. We can show
that these assumptions are normalizations and entail no loss of generalips beti> bethe
drift parameters and let? bethe variance. Define

2

(- p2)®
As we show in Appendix A (Sectiofl), the parties’ pay-offs with arbitrary?, x1, 12 are

aj

Ui(a) =

1—|—0ci), (11)

(1—5kiaj|n1

o1+ o2 — 0

while the voter’s pay-off is unchanged. Hence, in equatibl) (6k; replaceshek; of Lemmal.
After this modification, the analysis above extends immediately to the gemerab ando?
caseThe parameter /B measures the signal’s informativeness and therefore increarie
increasing bottk; andko.

2.1. Bothparties provide information

Throughout, we have assumed that only the trailing party can provide information. Consider a
simple extension in which both parties may incur costs if they choose but the second party’s
efforts generate no additional information. Then, if actions are unobservable, the leading party
will never provide information. It can be shown that even if players can observe information
provision efforts, the equilibrium of the war of information remains the unique subgame perfect
equilibrium.

A more natural alternative extension is thi@scarini and Smitl{2001) formulation. These
authors assume the following signal process:

dX; = ,udt—l—a(nt)dZt,

wheren; is the number of parties that provide information at timande (2) < o (1).8 Thus,
the signal variance is reduced if both parties provide information. With this formulation, the
equilibrium of Propositiorl remains an equilibrium. To see why, note that if a party’s strategy

8. Moscariniand Smith(2001) use the modelXt = pdt+ Lntdzt to analyse the optimal level of experimenta-
tion in a decision problem with unknown drift. In their case representthe number of signals the agent acquires and
dXt representshe running sample mean of signals.
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is stationary, its opponent has a strict incentive not to provide information when leasirsy:
amartingale and therefore a player cannot increase the probability of winning (at most he may
change thepeedf learning) by providing additional information. Since information provision

is costly, such a deviation would lower the party’s pay-off. Therefore, our equilibrium is also
an equilibgrium with the Moscarini-Smith formulation. However, the new game may admit other
equilibria:

3. RESOURCES, OUTCOMES, AND WELFARE

The parameterk; andks quantify the effort a party or a candidate must exert to raise funds.
A small k; meansthat the party has easy access to funds, while a Igrgedicatesthat the
party finds it difficult to raise money. Propositidnimplies that Party 1's chance of winning is
decreasing itk; andincreasing irky. Hence, the advantaged party is more likely to win.
However, the effect of superior resources is limitedxzlet 1/2 and suppose that Party 1 has
unlimited access to resourcé®( k; is arbitrarily close to zero). For any fixéd, the probability
that Party 2 wins remains bounded away from zero. To see this, notB#tiBtdependon ko
but notk;. Also, a2 > Bz(1) > 0 andaj < 1 and therefore, Party 2’s win probabilitg satisfies

v2 =az/(a1+az) > B2(1)/(1+ B2(1)).

Next, we examine how the signal’s informativené'ss.é = %) affects the parties’ win
probabilities and pay-offs. The following proposition shows /tlﬁaltt# the signal is very informative
(6 — 0), then both parties’ pay-offs converge t(21In that case, all information is revealed and
both parties win with equal probability. If the signal is very uninformatie{ oo), then the
parties’ pay-offs depend on the cost rdtjg k;. Defineh: Ry — [0, 1] as follows:

h(s) = 3is(s+2\/1—s+52—2)

andnote thath is increasingh(0) = 0,h(1) = 1/3 and limy_, o h(s) = 1. The following propo-
sition shows that Party 1's pay-off in an uninformative war of informatiom(is/ k1) andwhile
Party 2's ish(ky/kz). Let WX bethe war of information with cost and informativeness, let
a% = (ag¥, a9) bethe unique Nash equilibrium ai/°< andlet Vi (Jk) be playeri’s pay-off in
that equilibrium.

Proposition 2. (i) lims—oVi(6k) = 1/2 andlims_ . Vi (k) = h(kj/k) for j #i =1,2. (ii)
lims— o Va(dk) = 1, lims_ o V3(ok) = 1/2 and V3(dK) is decreasing ir¥.

Proof. Appendix A. ||

Sinceh(0) = 0, Proposition2(ii) reveals that if the signal is uninformative, a party’s win
probability converges to one as its cost goes to zero (and the opponent’s cost stays fixed). If
the two parties are evenly matched, then both prefer a very informative to a very uninformative
signal; that is ifky = ko, lims_,oV; = 1/3 while lims_, » Vi = 1/2 for i = 1,2. An informative

9. To see how one might construct other equilibria, assumestt®/ o (1) is small so that the signal is much more
informative when both parties provide information. We conjecture that there are equilibria in which parties “cooperate”
by simultaneously providing information over some range of voter beliefs. This behaviour reduces expenditures and
can be sustained with the threat of reverting to the (less efficient) equilibrium in which only the trailing party provides
information.
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signal leads to a quick resolution and therefore information expenditures are a vanishing fraction
of the surplus. By contrast, a third of the surplus is spent providing information if the signal is
uninformative andk; = k.

To determine the campaign’s value for the voter, note that without it the voter’'s pay-off is
1/2. Hence, thevalue of the campaigmw is

w=U3z—-1/2
0102

ar+oaz

The above expression reveals that parties’ actions are complements for the voter. If one party
does not provide informatiom( = 0), thenw = 0. This complementarity suggests that the voter
is best served by “balanced” campaigns; that is campaigns in which costs are comparable. Our
next results confirm this intuition.

Leto = 1; henceVs(K) is the voter’s equilibrium pay-off. Let(k) be the sum of the parties’
equilibrium expenditures given codtsWe say thatf: (0,00) — R is a threshold function if
it satisfies the following properties:

(i) f(s) <sandthereig < co such thatf (s) =0 if and only ifs < z
(i) f is strictly increasing fos > z and unbounded.

Proposition 3. There is a threshold function f such that
(i) Vs(k)isincreasingin k at k; < f(kp) and decreasing inkat k; > f (ko).
(i) c(k)isincreasinginkifky < f (ko).

Proof. Appendix A. ||

Proposition3(i) shows that when parties’ costs are sufficiently asymmetric, regulation that
raises the advantaged party’s cost increases voter welfare. 8{gge: s, only the advantaged
party can be below the threshold and hence raising the disadvantaged party’s cost never benefits
the voter. Moreover, if the disadvantaged party has costs bglthe threshold is zero. In that
case, regulation that raises campaign costs always harms the voter. Figplogv illustrates the
relation between costs and voter utility.

Regulation that increases the advantaged party’s cost lowers its threshold and increases the
disadvantaged party’s (by Propositidhthreshold. As a result, the disadvantaged party’s pay-
off increases while the advantaged party’s pay-off decreases. Prop&iijoimplies that the
sum of parties’ pay-offs decreases as a consequence of any regulation that benefits the voter.

S(k)

a5

FIGURE 1
Voter Utility and Costs
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In some situations, regulation cannot target the advantaged party but affects both parties. Our
next result shows regulation that increases both parties’ costs equally will benefit the voter if the
disadvantaged party’s cost is sufficiently large.

Proposition 4. For every k, there isky sud that k > k implies

oV3 0V3
—+—>0
oki + oko ~

atk = (kq, ko).
Proof. Appendix A. ||

Propositions3(i) and4 consider the welfare of the median voter who is indifferent between
the two parties when the states are equally likely. Suppose every voter has a thyeshcfthat
at p; = y heis indifferent between the parties. At = 1/2, voters with thresholds below/2
prefer Party 1, while voters with thresholds aboy@ prefer Party 2. If Party 1 is the advantaged
party, any regulation that increases the median voter’s utility also increases the utility of all
voters in the latter group. Thus, a majority of voters benefit from the regulation but voters who
have a sufficiently strong preference for the advantaged party’s policy do not. Therefore, with a
diverse population of voters, Propositio®s) and4 imply only that the majority benefits from
the regulation under the stated conditions.

Together, Proposition3 and4 provide a rationale for political campaigns. The key insight
is that the war of information is a game of strategic substitutes between parties. Raising the
advantaged party’s cost will raise the disadvantaged party’s threshold. For the median voter,
the parties’ actions are complements and, as a result, he prefers balanced campaigns. However,
as we show in Propositio8(ii), regulation that raises the median voter’s utility also raises the
resources spent during the campaign.

4. EXTENSIONS

So far, we have assumed that information costs are constant. If we interpret a party’s cost as its
fundraising ability, then it seems plausible that this cost might depend on the party’s standing in
the polls. We can model this dependence by letkinge a function of the voter’s beliefy. In
Section4.1 below, we assume these cost functions are log-linear, compute the resulting pay-off
functions, and establish that our earlier results are robust to this modification.

In Section4.2, we investigate the effect of impatience. The difference between discounted
and undiscounted cases is significant if one of the parties has unlimited resources (near-zero
cost). As we show below, a party with near-zero cost captures all the surplus in the discounted
case and therefore wins with near certainty. As we have shown in Séttbrs is not true in
the undiscounted case.

4.1. Variable costs

In this subsection, we assume that Party 1's information cost is decreasing, while Party 2’s
cost is increasing irp;. To get a closed-form expression similar to the one in Lenimeve
assume that costs are linear functions of the log-likelihood ratié’l‘gp. SinceX; =1In %, this
implies that costs are linear functions ¥{. Hence, Party incurs flow cost(—l)i ki Xt while it
provides information. Then, the expenditure functions (equations (6)@hd(st be modified
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as follows:
1

T 1-p
cr(y) = ki E / in=—Pc(po
0 Pt

and

)
c2y) =keE [ IngPa-cpt

The game is unchanged in all other respects. Len3halow shows how player’s pay-offs
change with this simple formulation of belief-dependent costs.

Lemma 3. Playeri= 1,2 wins with probabilitya; /(a1 + a2) and

. A\ 2 .
Uia) = -2 (1—kiaj((|n1+“f) L2t )) for j £i e (1,2).
a1+az l—aq; ai  l—aj

0102

1
Us(a) = = .
3(@) 2+a1+a2

If aj =1,then Y (a) = —c0.
The pay-offs in Lemma are similar to those in Lemmé&. The game is still dominance

solvable and therefore has a unique equilibrium. Finally, the comparative statics of Propbsition
continue to hold.

4.2. Discounting

In this subsection, we modify the war of information so that pay-offs are discounted. Otherwise,
the game is as described in Sectibrietr > 0 be the common discount rate andyet< 0 < y»

be stationary strategies for Players 1 and 2, respectively. As befofg,bdetthe random time at
which the game ends and Ipt bethe probability of the high-drift state. L&: [0, 1] — [0, 1]

be as defined in Sectidhand setfC; = C andC; = 1— C. Then, note that Partys (expected
discounted) expenditure is

: T
Gi(y) = k—z'E/ e "'Ci (py)dt (5¢).
0
Partyi’s overall pay-off is
Ui(y) = E[e™""Cj(p)] —¢j (y)

for j #i.In Appendix C, we provide closed-form expressions the players pay-offs. The follow-
ing result extends Propositidnto the discounted war of informatidNr".

Proposition 5. WX hasa unique Nash equilibrium*y= (yX, y). Furthermore,|y¥| is strictly
decreasing in kandstrictly increasing in k for j #i =1,2.

The next result describes the key difference between the discounted and the undiscounted

cases. Fik, andletk; corverge to zero. Then, as in the undiscounted case, Player 1’s equilibrium
strategy converges teoo, that is Player 1 never gives up. However, unlike the undiscounted
case, Player 2’s equilibrium strategy converges to zero, that is Player 2 gives up immediately.
Hence, with discounting, if a player has zero cost but his opponent does not he is almost sure
to win. In that case, in equilibrium, the campaign provides no information and therefore has no
value for the voter.
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Proposition 6. Letk. = (0,2) for some z> 0. ThenJimy_,, y" = (—00,0).

To see the intuition for Propositid®, note thaty'l< mustconverge to—oo ask; converges to
zero because the marginal benefit of extending the threshold is always positive while the cost is
going to zero. Sincg‘l‘ is going to—oo, the random time at which Player 2 can win is converging
to oo (almost surely). Since Player 2 discounts future pay-offs, the value of winning goes to zero.
However, expenditure stays bounded away from zero for any strictly positive threshold and hence
quitting immediately is optimal for Player 2.

5. ASYMMETRIC INFORMATION

In this section, we analyse the war of information with asymmetric information. Specifically,
we assume that Party 1 knows the state and the voter is uninformed. To simplify the analysis,
we consider a one-sided war of information in which only Party 2 provides information. For
the remainder of this section, we call Partyhk partyand letk = k;. Extending the analysis

to include an uninformedf Party 2 is straightforward and since the analysis of the uninformed
party would be the same as in the symmetric information case, we omit this extension.

The party is either type 1 or type 0. Type 1 is campaigning in the voter’s interest, while type 0
is advocating a policy that is bad for the voter. As in the symmetric information model, the party
provides information at flow co$t/2. Information provision stops when the party quits or when
the voter’s belief that the party holds the correct position reachi2sAs long as information
flow continues, the typeparty and the voters observe the prockss

X = pit+Zi,

whereu; =i — % andZ is a Wiener process. The key difference between this and the symmetric
information setting is that now “not quitting” is itself a signal. As a result, the voter's beliefs
depend not only on the current public sign&lbut also on its history.

5.1. Mixed strategies

The analysis of asymmetric information requires that we introduce mixed strategies. Recall that
a (stationary) pure strategy for the party is a numbeuch that the party quits whenevxy
reachex. Thus, if the party chooses strategythen it quits by timet if x > min{X‘T|r <t}].A
mixed strategys a cumulative distribution function (cdffz, on the extended reals. The value
G(2) is the probability, that is the party plays a pure strategy—z; G(z) is the probability that
the party chooses a threshold that is less aggressive than or egualThe party’s strategy is
a pair of cdfsu = (G%, G1), whereG' is the strategy of type. Let

W=
be the stochastic process that keeps track of the lowest realizatiod diring the interval
[0, ]. Given the strategy = (G°, G1), G! (—Yti) is the probability that typé quits by timet as
a function of the realized sample path.

5.2. Beliefs
For a given strategy profile, the stochastic proce$_d;"c is typed's predictiort! of the voter’s
belief at timet; that is the probability that the voter assigns to the party being type 1. If the

10. The uninformed party would have the same information as the voter.
11. Since the party has more information than the voter, its estimate of the current voter belief is correct.
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probability that the party quits by tinteis less than 1, that i§°(—Y}) - G1(—Y{) < 1, thenL}*
is determined by Bayes’ Law. In that case, we have

B (1-GY(=Y})) f1(X}{ — Xo)z

T (1=GH=Y) fu(X{ = Xo)7 + (1— GO(=Y)) fo(X{ — Xo)(1—17)
B 1-GL(=Y)

1-GH=YD+ (- Go-Y)e X

L

where f; bethe normal density with mean; andvariance 1. WherG®(-Y})-G}(-Y{) =1
Bayes’Law does not apply. In this case, we set

Li* =

Thatis, if a party deviates and does not quit after a history at which both party types were
supposed to quit with probability 1, the voter interprets this as a sign of strength and assigns
probability 1 to type 1. This notion of equilibrium incorporates a signalling refinement similar
to those inBanks and Sobg1987) andCho and Krepg1987). It is a stronger requirement
than necessary for our result. Our results continue to hold as long as voters do not interpret not
quitting off the equilibrium path as evidence of typé0NVe provide a more detailed discussion
of equilibrium refinements below. There we also identify other equilibria that emerge without
any restrictions on beliefs.

5.3. Pay-offs and equilibrium

Foratypd party, the game endslif * reached /2 or if the party quits. The voter chooses Policy
1in the former case and Policy 0 in the latter. For any belief procekst 7 (L) = inf {L{ > 1/2}.
The probability that type wins, given anyL and strategyG, is 1— G(—Y;(.)). Hence, theex
antewinning probability is _ _

v'(G,L) = E[1-G(=Y; (1))l

wherethe expectation is taken over the possible realizations df
Over the finite-time interval [0T], the party’s expenditure is

_ kK [T(LOAT _
cr(G,L) = —E/ tdG(-Y,),
2 t=0

where (L) and the expectation are as defined above. Note (fh(aﬁ;, L) is increasing in
T and may have an infinite limit. The party’s pay-off given= (G° G1) is U'(G', Li*) =
0! (G, L'*) — ¢ (G, L'*). When we wish to be explicit about the initial state= Xo, we write
U, insteadof U'.

Let Wf denotethe game defined in this section. The strategg a monotone equilibrium
for gameWK if no type has an incentive to deviate given the beliéfs Thatis,U' (L'*, G') >
U' (L', G) for all G andi = 0,1.14 We refer to the equilibrium asonotonesince it builds in the
restriction on out of equilibrium beliefs described above. We discuss non-monotone equilibria
below.

The voter is not a player in the gam@; his behaviour is an exogenously specified function
of L. The following alternative formulation with a strategic voter would yield exactly the same

12. We use the stronger requirement purely for expositional reasons.
13. Thus, we are assuming that the party wins if it never quits. This convention does not affect our results.
14. Note that deviations do not affelct®.
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results: attime, the voter specifies what he will do if the party quits during the inteftyah- A].
If the party quits, this decision is implemented; otherwise, the voter revises his decision and the
game continue$?

5.4. Results

Proposition7, below, shows that in a monotone equilibrium, type 1 never quits. Thus, the unique
equilibrium strategy of type 1 i61 = 0. Next, we identify a class of strategies that contains the
equilibrium strategy of type 0. For any real number R, let F, bethe following cdf:

E 0 if x> z,
—X) =
2= 1-e7% ifx<z
LetY{? = min{z,Y{} andnote thatF,(~Y{) = Fz(=Y{?).
Next, we compute the beliefk}* for the party strategy: = (Fz, 0) and show that these
beliefs are bounded below (z) = 1/(1+e7%).

1
14+ (1— Fo(=Y{¥)e X
1
1+ e—(x{ -Y{*+2)
1
1+e72’

Liz:=Li* =

wherethe inequality follows fromX} — Y{? > 0. The voter's belief would bep(X}) if both
types never quit. By adding— Y{? to the signal, the voter incorporates the information that
the party reveals by not quitting until SinceX{ —Y{? > 0, the belief can never drop below
p(z) and hence we cah(z) thesignalling barrier. To sustain this reflecting barrier, type 0 quits
with a probability that exactly offsets any negatM{}informationonce the barrier is reached.
If the initial belief is below the signalling barrier.é. z < p(z) or equivalentlyXp < 2), then
Fé(xo) > 0. In this case, type 0 quits with strictly positive probabiliy(Xp) att = 0 so that
L2 = p(2).

° Let z, bethe unique negative solution to the equation

e—Z* +Z* — k%l (**)

Proposition 7. The strategyF, , 0) is the uniqgue monotone equilibrium of,'5N
Proof. AppendixD. |

As long asLitZ* > p(z.), the above equilibrium oWk is like the equilibrium of the war of
informationWX; the current signaX; determinedeliefs. However, onck'* reacheg(z,), the

15. If the voter observes the quit decision before choosing a policy, then equilibria in which the party provides
information beyond the belief threshold2.can be sustained: the voter may infer from an off-equilibrium path quit
decision that the party is type 0 and this inference may deter the party from quitting. Such equilibria are not robust and
are ruled out by a perturbation in which information provision stops exogenously with some small type-independent
probability. Hence, our equilibria are also the robust equilibria of the game with a strategic voter who moves after the
quit decision.
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quit decision also affects beliefs. In fact, type 0 quits at a rate that exactly offsets any negative
information revealed by({ If the party has not quit ank(i < z,, the voter concludes that either

he is facing type 1 or he is facing type 0 but by chance, the random quitting strategy had the party
continue until timet. The probability that type 0 quits by tintes 1— eXt=% Hence, Wherx'

is “very negative”, the party counters the public information with its private information.

An observer who ignores this signalling component might incorrectly conclude that the voter
chooses the wrong position. Evidence that in a non-strategic environment would indicate that the
party holds the incorrect positiong. X; < 0) may nonetheless result in the voter adopting the
party’s favoured position. Hence, ignoring the signalling component creates the appearance of
bias in favour of the party conducting the campaign.

When the belief depends only ofl (asin the case of symmetric information), itis a function
of the current signaX; andindependent of the pattX} ). .. By contrast, the belief process is
path dependent ilcNk In particular, conditional on the party not having quit, recent (positive)
public information is given greater weight than past negative information. To see this, note that
for a g|venXt, the belief is decreasing W inf; <t Xi. Thus, if the signalling component is
ignored, the voter appears to put too much weight on recent information.

The signalling barrier’s location depends lobut notz, while the probability that the party
wins depends o but notk. In particular, equation (**) reveals thai is increasing ink. If
T < p(z.), then type 0 quits with strictly positive probability at time 0 so that conditional on not
quitting the voter’s belief jumps tp(z,).

Type 1 wins for sure because he never quits Xchasstrictly positive drift. To compute
type 0’s win probability, note that once the game terminates, the voter assigns either probability
1/2 (in case the party wins) or O (in case the party quits) to type 1. Therefore,

T = % - (z Prtype 1 wins)+ (1 —z ) Prtype O wing).
Since Priype 1 wing = 1, we have
Prtype 0 wins)= 1L

A higherk makes information provision more costly but also makes not quitting a stronger
signal. These two effects cancel leaving type 0's win probability unchanged. Thus, we have
demonstrated the following corollary.

Corollary 1.  The probability that typ® wins the game Wis 1= irrespective of k.

Our analysis ofVK incorporatesa simple and strong restriction on off-equilibrium-path be-
liefs: we require that if the party does not quit when the candidate equilibrium strategy specifies
quitting, the voter should interpret this as strength and assume that he is dealing with a type-1
party. Sinceu1 > uo, the type-1 party does indeed get a higher pay-off from continuing while
both types get O if they quit. Hence, our refinement is in the same spirit as th&smks$ and
Sobel(1987) andCho and Krepg1987)16 Our off-equilibrium-path beliefs can be rational-
ized with perturbations that put infinitely less weight on type-0 not quitting than on type-1 not
quitting.

The same result would obtain if we used the following weaker refinement. After every
history, type 1's deviation (to not quitting) is deemed at least as likely as type 0’s deviation.
This refinement would also identify the equilibrium in Propositibas the unique equilibrium.

16. Since Wf is an infinite horizon continuous-time game, we cannot literally apply the Banks—Sobel or
Cho—Kreps refinements.
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The reason we used the stronger requirement is expositional. The weaker refinement would ne-
cessitate a cumbersome specification of how off equilibrium path beliefs respdn{d ©ur
stronger restriction facilitates the simpler exposition above.

As in the case of symmetric information, we have restricted the party to (probability distri-
butions over) stationary strategies. However, it is not too difficult to see that even if we allowed
non-stationary strategies, the equilibrium of Proposifiomould remain the unique monotone
equilibrium. Thus, as in the symmetric information case, the stationarity restriction is without
loss of generality.

As is typical of signalling games, without any restriction on off equilibrium path beliefs,
the war of information with asymmetric information has many stationary and non-stationary
equilibria. For example, take arge [z.,0] and consider the pure strategy profile= (z, z),

(i.e. both parties quit the first timéﬁ{ reaches). Now, suppose that if the game does not end
when X{ reacheg, the voter assumes that the party is the weak type. Formally, defthas

follows: L}* = —L— wheneerY{ > zandL, = 0 otherwise!’ Hence,L}* is derived froma

14e7 %t . . o
whenever Bayes’ Law applies and is equal to 0 if it does not.
The strategy profile: is an equilibrium if we replac&* with L' in the above definition:
since the voter believes that deviating by continuing to provide information wHea z is
proof of weakness, the party has no incentive to do so. In this equilibrium, the voter’s out of
equilibrium beliefs punish the party for not quitting and therefl@ssinformation is revealed
than would have been revealed if the party were uninformed.

6. CONCLUSION

We have analysed political campaigns with a model in which two parties provide information to
convince a voter. A key feature of our model is that information is conveyed to voters through a
continuous process. This feature adds tractability but also has substantive implications.

If only one party can provide information (as in our asymmetric information model), it would
stop as soon as the voter is convinced that its policy is as good as the alternative, that is when
the voter is just indifferent. Because information arrives continuously, the voter can indeed be
made just indifferent and, as a result, receives no surplus: the policy that was optimal given the
prior remains optimal at the end of the campaign. To benefit from the campaign, the voter needs
competition between parties. We show that the voter benefits most when parties are equally
matched—providing a rationale for regulating political campaigns.

When a party knows the state, the indirect inference from its campaign spending will interact
with the direct information it provides. If the strategic interaction between the party and voter
is ignored, the latter seems biased in favour of the party conducting the campaign. In particular,
we show that no matter how much unfavourable direct information is revealed, the voter's belief
cannot drop below a threshold we call the signalling barrier.

APPENDIX A

Proof of Lemmadl

Letcy(y|u) bePlayer 1's expenditure given= (y1, y2) anddrift x. First, we will show that
ki ([ 1-e2u%2
_ < _e2m1(]—
=23 ( 2oy |- A= 2uy). (A1)

17. Recall thaﬁ(ti =min; <t X{.
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Forz; <0 < 2, let P(z1, zp) bethe probability thaiXt hits z, beforeit hits zy andT (z1, zp) bethe expected time
Xt spendauntil it hits eitherzy or zo given Xg = 0 and drift . Harrison(1985, p. 43 and 52) shows that

1— 2121

Plern) =1 aimay

(z2—2)P(z1,22) +271
u

T(z1.22) = (A.2)

To computecy (y|u), lete € (0,y] and assume that Player 1 bears the cost Mt {y1, ¢}. Then, Player 2 bears
the cost untilXt4. € {0, yo} if Xt = ¢; otherwise {(e.if Xt = 0), the process repeats with Player 1 again bearing the
cost until X, , .+ € {y1,€} and so on. This procedure yields an upper bound:{dy|.). Let (k1/2)T¢ denotethat
upper bound and note that

TC=T(y1,6)+ Py, )(1—P(=¢,y2—e))TC.

Substitutingfor T (y1, €) and P(y1, €) from equation (A.2), we get

_ _ uy _ Q21Y1) (@—21E _ a—2uY -1
W:(& yo) (1 — e 1)+Y1)(1— (12 (e 2ne ,2))

1—e2u(e=y1) (1—e21(e=Y1))(1 — e=2uY2)

andtherefore
1—e=2uy2

cr(ylu) < (K/2) lim T€ = kl(
e—0

e _efMY1(1 —
e 1_e_zﬂ(y2_yl))(1 SMYL(1-2uyp)).

An analogous lower bound converges to the right-hand side of equatibyase — 0 from below proving equation
(A.1).
Sincecy (y) is the average of the twey (y, ©)'s, equation A.1) and the definitior; yield

kiaq-ap n 1+aq

C = .
1) a1+oar  l—ag

Let v bethe probability that Player 1 wins. Singg is a martingale and < oo,
vp(y2) + (1 —0)p(y1) = E(p1) =1/2,

andhencep = and

a1
a1+a2

a 1+a
U1(a) = 0!1-:062 (1—k1a2|n 1_0!1) .

A symmetric argument establishes the desired reslpof ||

Proof of Lemma&

By Lemmal, partyi’s utility is strictly positive if and only if

1
ekm—l
aj € 0,17
eki71'+l

Furthermorethroughout this range; (-, aj) is twice continuously differentiable and strictly concavevin To
verify strict concavity, note thaij isthe product of a strictly increasing concave functior 0 and a strictly decreasing
concave functiorg > 0. Hence( f -g)” = f”g+2f/g/ + fg” < 0. Therefore, the first-order condition characterizes
the unique best responsedg. Playeri’s first-order condition is

U 2ai2ki A3)
g |

Notethat equation&.3) implicitly defines the best-response functidss Equation f.3) together with the implicit
function and the envelope theorems yield
dg _ oy (-af)?

= . A4
daj  Oaj 4a; ki A4
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Equation(A.3) also implies

oU;j 1 1+aj
— = Uj ikil . A.5
oaj a1+a2( e n(l—ai)) (A-5)
Notethat equation (A.5) implie% < 0. The three equation#\(3), (A.4), andA.5 yield
' (1—0a? 1—a? .
a8 _ _eil=ap) () 1= In(l+“') . (A.6)
doj 2(a1+a2) 20 1—aj

Then,since In( Lta; ) < 12"" we have

dB; _ ai(1—a?)(2+ai)

daj ~ 2(a1+a2)
Hence since¢’ = ggl ggz , we conclude

a1(l—a )(2+a1)a2(1 az)(2+a2)
41 +a2)?
Notethat the% < 1/2and, hencep’(a1) < 1if
az

0<¢'(ag) <

(1—a?)2+aj) <2V2.

The left-hand side of the equation above reaches its maximum at 1/2 and at suchy; is no greater than
5/2 < 24/2, proving that O< ¢/ (a1) < 1. |

Proof of PropositiornL

Part (i). By Lemma2, B;j’s are decreasing continuous functions. It is easy to seeBitiay > 0 and limy_,q Bj (S) =
/ﬁ. Hence, we can continuously exteBgd and¢ to the compact interval [d] and the extended must have a
fixed point. SinceB; is strictly decreasingB; (0) < 1 implies that this fixed point is not 1. Sin& (1) > 0, every fixed
point must be in the interior of [@]. Lets be the infimum of all fixed points. Clearlg,itself is a fixed point and hence
se (0,1). Sincep’(s) < 1, there exists > 0 such thatp(s') <s' forall s’ e (s,s+¢). Lets* =inf{s’ e (s,1)|¢(s) =5'}.
If the latter set in non-emptg; is well defined, a fixed point and not equalgoSinces(s') < s for all s’ € (s,s*),
we must havep’(s*) > 1, contradicting Lemma. Hence{s' € (s, 1)|¢(s') = s’} = @ proving thats is the unique fixed
point of ¢ and hence the unique equilibrium of the war of information.

Part (ii). View Party 1's best response as a function of begtandk; . Then, the unique equilibrium satisfies
B1(Bz(a1), k1) = a1.

With the arguments of Lemn1, it is straightforward to show th&; (-, -) is a differentiable function. Taking the
total derivative of the equation above and rearranging terms yields

oB1
day _ 0y
dig 1 @

R

1
whereaﬁ = % . %%' By Lemmal, ¢’ < 1. Taking the total derivative of equatioA@) (for fixed a5) establishes

that 3+ 081 <0and hence%% < 0 as desired. Then, note that doesnot appear in equatior\(3) for Player 2. Hence, a
change irky affectsay only through its effect o1 andtherefore has the same sign as
dBy, dBy dojg
—Z__"<. 2.0 A.7
dky  dog dky A7
By symmetry, we also havgr <Oand g dal > 0.

2a 2
As ki goesto 0, the left-hand side of equat|oA @) is bounded away from O. Hence—2 mustgo to infin-
Y

ity and thereforen; mustgo to 1. Sincel; < 1, it follows from equation A.3) thatki — oo |mpI|es aj goesto 0.

Fix (a1, a2) andnote thatB; (e, -) is a continuous function and hence by the above argument, théresischthat
Bi(aj,ki)=ai. |
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Arbitrary p1, 42 ando

Let Xt bea signal state—depeéndent drift{ > u2) and arbitrary varianceZ. We can rescale time so that each new unit
corresponds to/b = (”1;752) old units. The flow costs with the new time unitsqs= sk; , wherek; is partyi's in the

old time units. LetX; bethe signal process in the new time unit and note that the state-dependent girifisy; and
thevariance is52 = 65 2. Observe thatfi1 — fi2)/6 = 1.

Let B4 i
H1—H2 (¢ H1T H2
Zi = X — t).
| 02 ( 1 2 )

A simple calculation shows that; hasdrift 1/2 and variance 1 and, hasdrift —1/2 and variance 1. Sincg;
is a deterministic function oK, the equilibrium with signalX;j mustbe the same as the equilibrium with sigrzl
Hence the game with time renormalized corresponds to the simple war of information analysed above.

Proof of Propositior2

Letaj = 1—e. Then, fors small, we haveJ; > %%i —e fori =1,2. Sincee can be chosen arbitrarily small, it follows

thatU; — 1/2asé — 0. Equation (A.3) implies that; — 1 which in turn implies thatl3 — 1.
We suppress the superscrijit and note thatj — 0 and hencédJz — 1/2 asd — oo. Lets = ky/k; anddefine
a=uap/ay andz= a%&kl. Then, equation (A.3) can be re-written as

14aq
In(l—al) 2z
—|1-az = R
1+a a1 1—a?
14ap
In(l—az) 2azs
—— | 1-azs = .
1+a a2 1_(1%

Thesetwo equations imply that, a are bounded away from zero and infinity for laeMoreover, as) — oo,
it must be thatj — Ofori = 1,2 and therefore% In (ifz: ) — 2. Hence, the limit solution to the above equations
satisfies

1
——(1—-2az) =2z,
1+a( )

1
——(1—2azs) =2azs
1+a( )

Solving the two equations faa, z and substituting the solutions into equatigh3) yieldsU; = 2z = 3%(5-1-
2V/1—s+5s2—2)andU; = 2a2zs = %(1+ 2V/1—s+52-2s).
NotethatUs is decreasing im; s. Therefore, it is sufficient to show that boths are decreasing id. Substituting
for U; from Lemmal into equation A.3) and yields
1 1+

— =ajln
oki 4

a1 +ap
20 .
1-gq; e l—ozi2

Taking a derivative with respect tband evaluating ai = 1 yields

1 1 2
——dé= (4%)(1&14— In( +al)+ 0‘12 day
kq 1-ap)“(1+aq) l-aq 1—a1
andan analogous equation for Player 2.
LetD; =In (i*ai ) Then the four equations above yield

—ai

201 (a1 +a2) a1 +o2 201
—| D1+ ————F= Jd6=4———F———dag+| D1+ da
(2 -4 Q=a@+12 T\ =g )

and

201 (ag+0a2) a1+a 2ap
—{a1Dp+ ————= |do=4———F——"——dap+| Do+ dao.
( G I—ap2@z+12 2\ 2 1=a2 )7
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Solvingthe two equations above fc%%l yields

200(a1+a2) 207 \ _ 201 (a1+a2) 4(ar+ao)
(alD2+ l—rz% )(Dl + 1—(1%) (a2D1+ 1—(1% ) (1—0!2)2(1"‘“2)2

4(a1+a2) 4(a1+a2) _ 201 2ap
(1-02)?(14a2)? (1—a1)?(1+a1)? (Dl + l—a%) (D2 + 1—a%)

Next, we will show that the above expression is always negative. We will verify that the numerator is always
negative; analogous calculations for that the denominator reveal that it is always positive. Using th@b@ﬁé‘%,
thenumerator is less than

2a1a2+2a2(a1+a2) 201 n 201 _Zal(al—i-az) A(0q +a2)
l-az = 1-aj -1 1-af )  (1-a}) (A-0p)*(02+1)?

whichis always negative. ||

Proof of Proposition8 and4

Again, we suppress the supersckpFrom Lemmal, we have

2 2
s _ 9 2951 D dapdiq.
dky  (ap+az)? dkp (a1 +a2)
Sinceay = Bp(a1), equationsA.6) and (A.7) imply%uq3 < 0if and only if
1— 2\2
f2___ w1 1—a§+£——ﬁﬁfm Itaz) 1., (A8)
a1 2(a1+a) 2ap 1-as

Fora € (0,1], letg(ay) € (0,1] be theay thatsolves

1-a2)2 /1
@ _ a1 1_ag+(7z>m(ﬂ) —o.
a1 2(ag+a) 200 1—as

First, we show thafg is well defined: for any fixed:q, the left-hand side of inequalityA(8) is negative forao
sufiiciently close to zero and strictly positive fai, = a1. Note thatz(a“i}ra), 1—a§, and the last term inside the
square bracket are all decreasingzin Hence,g is well defined. Note af%o ﬁ1at the left-hand side of equatiB)(is
decreasing imx;. Hence,g is increasing. Since the terms in the brackets add up to <2, it followgtha) < a;. Let
a2 = g(1) andnote thatg < a» < 1. Finally, it is easy to verify thag is continuous.

Proof of Propositior3(i). We first show that for every, there is a uniqué& such that: is the equilibrium oWk, To see
this, letB; (a1, ky) bei sbest response @, given cosk;. Taking the total derivative of inequalitA(3) establishes that
%le < 0 and proves that the mapping that associates an equilibxﬁjmith eachk is one-to-one and hence invertible.
Let x = (x1,k2) bethe inverse of this mapping. It is straightforward to show thé continuous and that; > a{ for
i =1,2impliesx (a1, a2) < kj(aq,a5) fori =1,2.

Let z bethe ko thatsolvesBy(1,kp) = ao = g(1) andverify using equationA.3) thatz is well defined and let
F(a1) = x2(a1,9(a1)). Sincek andg are continuous so i§. Moreover,F (1) = z and lim,, o F(a1) = oo since
limg, 5 09(a1) = 0. Hence,F is onto. Definef : R — R such that

0 if k2 <Z
x1(F71(ko), a(F ko)) ifky >z

Since g(aq) < a1, it follows that f(kp) < ko. If ko — oo, then F~1(kp) — 0 and thereforex; (F~1(ky),
g(F1(k2))) = oo as desired.

Letk = (Kg, ko) andaX = (a1, a2). If k1 < f(ko), theng(aq) > a» andtherefore the voters utility is increasing in
kq; if kg > f(kp), theng(a1) < ap andtherefore the voters utility is decreasingdn ||

f (ko) = (A.9)

Proof of Proposition3(ii). Let Party 1 be the advantaged party. First, we show that the disadvantaged party’s cost
is increasing irky underthe conditions stated in Propositi@tii). We know from Propositior8(i) that (a"if(fz) is
increasingn k;. Moreover, Propositiod implies thatas is increasing irk; . Therefore,

o102 | 1+4+ap
(a1+az) l-ap

Co(aq,a2) =k

mustbe increasing irk; .
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Next, we show thatj (a1, ap) isincreasing irk;. First, note that inequalityX.8) holds ifa; < %az andtherefore

a1 > %az underthe hypothesis of Propositid{ii). Using equationA.3) to solve fork; wefind that, in equilibrium,

2
1 1
) azln +al( %192 In o

-1
2021 — .
l—a1 \a1+ar 1l—ag +eoy al)

c1(aq,02) =
1(at, a2) (al ta
We must show that; is increasing irk;. Note that an increase I impliesa decrease in andan increase iy
by Propositionl. Hence, it is sufficient to show that the above expression is increasinganddecreasing irq for
a1 > 502.
Thederivative of the above expression with respeat tds negative if

4a2 (a1 +a2) (| 1+a1)2a§(1—a1)2(1+a1>2< ao2in 1
1+aq02 1-01) (@@A+4aiaz)(a1+a) 1 1—ayg”

Sincethe left-hand side is increasingdn, verifying the above inequality far, = %az anda; € (0, 1] is sufficient.
A straightforward calculation reveals this to be the case and similar calculations reveal that the derivative with respect
to ay is positive foraq > %(xz. Il

Proof of Propositiord. Sincea is increasing irkp, equation (A.3) implies

Us(@®)  oUs@) o]  duy  af (g g)
oky oka T (artax)2 dki  (a1+ap)? \dkg - dko

Thus, it suffices to show that

a5 dap/dky a? ( daz/dkz)
(a1+a2)? dag/dky (a1 +az)? dap/dkg

We have already shown thag — 0 askp — oo. Substituting forgggglﬁ, using equationsA.6) and A.7), it is

straightforward to verify that(j_iil)2 gz;—ﬂ% — O asap — 0. Sincea; is bounded away from zero for alp, the
2

proposition follows |f(d“§)/(%‘{%) — 0asky — co. To show this, sinc(%"kLl boundedaway from zero for alk, and
dap _ gg—i %%1 it suffices to show tha( d”z) (gﬁ) — 0. Equation(A.3) yields

dky
ap l+ a 20(%'(2
(l koaq In ) =—5=
a1taz —a2 1-o05

>

andtherefore, 1
dop day —2a2(a1+a2)—a1ln 1+a2 +a2a 1In 1:;12
(i) / (G )| = |zt !

dko// \day (1-ad)(kpazIn 1 1+“2 +1)

Notethatay — 0 asky, — oo and hence the right-hand side of the above expression goes to dere-aso. ||

APPENDIXB: NON-STATIONARY STRATEGIES

In this section, we show that the unique stationary equilibrium of Proposditismlso the unique subgame perfect
equilibrium of the war of information. Non-stationary Nash equilibria may fail subgame perfecti@iy: {8, (1) and
a1 = Bp(ap), whereB; sare the stationary best-response functions of Se&tittence is Party 2’s best response to
an opponent who never quits afiglis Party 1's best response to an opponent who quiés at

Definethe functiona;: R — [0, 1] as follows:

a () = (-1)' "1 -2p(x)),

where p is the logistic function. Consider the following strategy profie:= a» anday = a1 if ax(X;) < a» for all

7 <t anda1 = 1, otherwise. Hence, Party 2 plays the stationary strafegyvhile Party 1 playsi1 alongany history

that does not require Party 2 to quit. But, if two deviates and does not quit when he is supposed to, Party 1 never quits.
First, we verify that the above strategy profile is a Nash equilibrium: Player 1's strategy is optimal by construction.

For Player 2, quitting before reachesis is clearly suboptimal; not quitting ai» is also suboptimal since such a
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deviation triggerszq = 1. This strategy profile is not subgame perfect because never quitting after a Player 2 deviation
is suboptimal: at an¥t suchthata; (Xt) > a1, Party 1 would be better off quitting.

Below, we define the dynamic war of informatiov andshow that the unique equilibrium of Propositibis the
only strategy profile ik thatsurvives iterative removal of dominated continuation strategies.

Fix anyt > 0. A (timet) continuation strategy; specifiesPlayeri’s behaviour after time for every possibleXt
realization18 Let I bethe set of all Player continuation strategies. Since our proof relies on a dominance argument,
we will not need to specify formally the mapping from continuation strategies to outcomes. It is enough that every
continuation strategy profilg e I'y x T, yield a stopping timeT, > t.

Let Tyx bethe stopping timd, conditionalon X; = x. We assume thdD, 1] c T, thatisT; includesall (station-
ary) strategies; in which Playeri quits wheneveg; (X;) reaches;. Given any stopping tim& > t, define Playei’s
pay-off as in Sectior2:

. ki T
o (T =PII—1)} - X7 > 0]+ S E / Ci (P,
2 =t

whereC; = C, Co = 1—-C andC is as defined in equation (6). Far# i = 1,2, b € [0,1] and x such that
a; (X) =b, let

Vi(7,b) =i (T},

Vi*(yj,b) = sup Vi(y1,y2,b).

7i €l

Hence\V; is Playeri's continuation utility given the state and strategy profile, while V;* is the highest continu-
ation utility i can attain against strategy given such ax. Since a player can always quit," > 0.

We say that continuation strategyis more aggressive than continuation stratéggy; ¢j 7; ) if given any opponent
strategy, with probability 1, the game ends later withthanwith 7;. In the statements below, it is understood that
j#£i=12.

Definition. yj p7i if y = (yi,7j) andy = (ji, yj) impliesPr(T, > T;) =1.

We do not distinguish between andy; if Pr(T(yi,yj) =T ,yj)) =1for all y; € I'j andview suchy; andy;
asthe same strategy. Therefogg, is antisymmetric; that isj gj 7i andy; gjyi impliesy; = 7;i. Note thatgp; ranksall
stationary strategies; thatigg; o] if and only ifa; > o for all o, a] € (0,1].

LemmaB. If y =(i.7)),7 = (i.yj) andy;p7i, thenoj (T,) < v (T).

Proof of Lemma BLet A= {w € Q|T, > T;}. Hence, ato € A, Playerj’s expenditure witly is less than it is withy . If
Ty (») # T; (»), then Playerj wins ate with j. Therefore, at every e A, Playerj’s probability of winning is higher
and expenditure is lower with than it is withj . Since Pr@) = 1, the desired conclusion follows. ||

For any constant strategy, V' (a2, b) is decreasing irb and is not equal to 0 if and only i < By (). More
generally, it is not optimal for Player 1 to quit immediatelwif (y2, a1 (Xt)) > 0. Moreover, if there exists < a; (Xt)
suchthatVy*(y2,b") = 0for all b’ > b andfor every continuation strategy thatPlayer 2 might choose for the remainder
of the game, Player 1 must quit immediately. To see why the latter statement is trlié et be the time at which
Player 1 quits,T = inf{t’ > t| Xy = x} for x suchthataj(x) = b andsetr = min{T, T’}. If T’ > t, thenz > t and
since the continuation utility at is 0, Player 1's utility at given X; is —kq1(z —t)/2 > 0 and hencer =t. The two
observations above motivate the following definition.

Definition. The sef’; x I'; C T is dynamicallyrationalizableif for all yj e T;* andb € [0, 1], (i) V{*(yj,b) > 0
forall yj e F}‘ andb’ < bimpliesy; gj b and(ii) V;*(yj,b") =0forall yj e F]—“ andb’ > b impliesbg; y; .

Hence,if Playeri knew that Playef will only choose continuation strategies fronj for the rest of the game,
then he could conclude that any continuation stratggthatdoes not satisfy (i) and (ii) above is not a best response.
That is, as long as the set of remaining continuation strategies is not dynamically rationalizable more strategies can
be removed to yield a finer prediction. The proposition below establishes that this procedure must lead to the unique
stationary strategy profile.

Proposition. The unique dynamically rationalizable setK is {(a‘f, a'2<)}.

18. Players may choose different continuation strategies aftet-period histories with the sam.
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Proof. Verifying thatlI'™* = (al, al)} is dynamically rationalizable is straightforward. To complete the proof, we
will show that there are no other dynamically rationalizable sets. For any dynamically rationaliZaslé'] x T3, let

g =inf{b e [0, 1]|bgjy; forall yj e I}'},
a =suppe [0, 1]|yjpibforall yj e [}'}.

By definitiona; > a;. Letbj = B; (a;) andb; = B; (&;). By LemmaB,V; (y1,b') < V3 (a1,b') = Oforall b/ > by
andall y; € T']. Sincel'* is dynamically rationalizable, we conclude thBtpo v, for all yo e r3 andhenceb, > a.
Similarly, since V' (y2,0) > V' (82,0) > V[ (az,by) =0 for all b’ < by andall y; € I'], we havea; > b;. By
symmetry, we have; > & anda; > b; fori =1,2.

Then,sinceB; is non-increasing, We hav@; (By(ay)) = B1(bp) < B1(Ap) = b, < a;. Lemmaz2 established that
qﬁ Bjo 82 hasa unique fixed pomliz1 Therefore,qﬁLl) < a; impliesa; > “1 andby symmetrya, > a'z‘ Hence,
a2 = Bz(al) > Bg(al) =by>a,> a andthereforepz2 = a, andby symmetryal =a4.Then al{ =a;<a; < b1 =
Bi(ap) = Bl(az) _al This proves tha:lzck =& =g, fori = 1,2.Sinceg; is antisymmetric, we havE* = (al,az)}
asdesired. ||

APPENDIXC: EXTENSIONS

Proof of Lemma3

The proof is similar to that of Lemmk letc (y|«) bePlayer 1's expenditure given the strategy profile (y1, yo) and
thedrift «. Hence,
a(yl3) +aly| )

cu(y) = > (C.1)
First, we will show that
1 l-e”
Cl(y|§) klm(e (2- yl) 2(y1+1))
V2 —
ci(y| %) —klyz—(zeylu YD +¥§ —2). (€2

For z; < 0 < zp, let P(z1, z0) bethe probability that a Brownian motioKt with drift 4 and variance 1 hitg,
beforez; given thatXg = 0. Harrison(1985,p. 43) shows that
—e2nzy

1—e2u(z2—21)" €3

P(z1,22) =
Forz; <0< 2z, let N
Clar.zli) = | xect,

0

where Xt is a Brownian motion with driftx andT is the random time at whic; = z; or Xt = z,. Harrison(1985,
Proposition3) provides an expression f«E']OT —4t X, dt. Taking the limit of that expression as— O yields

C (z 1) _ 2(22-2-22))+ (- 2) (21— 22+ 2)+ 127 (1 + 2
1,22|5
2 1—eA1a—22

;1) 221 -2+ 22(-22 +2p+2)+e 2 (- +2+2) @1 -2)

C (Zl, Z 1_e1-22

To computecy (Y|u), let € € (0,y2] and assume that Player 1 bears the cost 0ftiE {y;,€}. If Xt =€, then
Player 2 bears the cost un¥k . € {0,y»}. If Xty = 0, then the process repeats with Player 1 bearing the cost until
Xi4r+1/ € {—Y1,€} and so on. Clearly, this yields an upper boundity| 1). Let D€ («) denotethat upper bound and
note that

D€ (1) =k1C(y1, elp) + P(y1, ) (1 — P(=¢, y2— €)) D (w).
Substitutingfor C(yy, € | ) and taking the limit ag — 0 establishes that the right-hand side of equator) is

an upper bound for the left-hand side. We can compute analogous lower bound that converges to the right-hand side of

equation (C.2) as < 0 converges to 0. This establishes equation (C.2).
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N1
Recallthat p(yi) = o7
(C.1) and (C.2) yields

andaq = 1—2p(y1), a2 = 2p(y2) — 1. Substituting these expressions into equations

1 2 2.1
c1(y) =k 4192 In to +—1In +0‘1—4 .
a1+ar l—0a1q a1 l—oaq
Thewin probability is the same as in Lemmia ||
Discounting
We define

a=(1/o?)[(u?+2020) Y2 - ) = (1/2)2 +2r)Y2 - (1/2),
b = (1/62)[(u?+20%) Y2+ p] = (1/2)2 +2r)1/2 4+ (1/2).

Letx; = €Y1 andy, = e Y2, Since,y; <0 < yp, we havex; [0, 1] with a lowerx; indicatinga larger (in absolute
value) threshold.
Playeri’s utility is

130 AP 1@ xP)A-x3HP)

UA: —
: 1-(xx)ath 2 4r 1—(x xj)atb

fori =1,2,j #i,j=1,2.

Proof. To compute the expenditure, we follow the same approach as in the Proof of Lémfimau and let
E[C(y) | u] be Player 1's expenditure given To computeE[C(y|u)], let € € (0,y2] and assume that Player 1 bears
the cost untilX; € {y1, €}. If Xt = ¢, then Player 2 bears the cost urfil+; € {0, y>}. If Xt4+,; =0, then the process
repeats with Player 1 bearing the cost uil, . , .» € {y1, €} and so on. Clearly, this calculation yields an upper bound
C€ for E[C(y) | u]. Letry besuch thaiX;, € {y1, €} given the initial state 0. Let; bethe random time whek; € {0, y,}
given the initial state. Then, by the strong Markov property of Brownian motion, we have

ki _ [T
ce = 51 E/ e "dt+ E[e "1 |X,y = e]E[e ™" 2|X,, = 0]CE.
0

By Proposition 3-2-18 iarrison(1985, p. 40-41), we have

e—ac _ ghy1 galy1—e)

—rrq1y _
Bl ] = 1— Py1—e)galyr—e)

and
e—be _ g—a(y2—¢) g—byz

—r71 _
Ele 1= 1—eby2e—ay2

andby Proposition 3-5-3 itHarrison(1985, p. 49), we have

21 —ae _ dhyy galy1—e) Y1 _ g—aegh(y1—e)
E[/ e—“dt]:r1<1 et et M e )
0

T 1——ogalyi—e) 1 ghlyi—e)galyr—e)

Let

o Sl
Cbl7)

Then,we have

ki(1—e=@HD)Y2) 1 V1 _ V1 4 @tbys

lim C¢ =

0 4r 1—e@tb)(y1—y2)
kg A—da-xda- x5 +0)
T4 1— (x1xp)2+h

We can compute an analogous lower bound that converges to the same limit @gonverges to 0. Hence, the
expression above is Player 1's expenditure.
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Next, we compute the utility of winning. LeT be time when the game ends; that is, the time firstich that
Xt € {y1, y2}. Then,

2E[e T|X7 =] = [e—”

%’XT = Y2] +E[e_rT _71,XT =yz]

e a2 _hy1galyi—y2)  g=byz2 _ gayigh(yi—y2)
= i@ T 1- @) P12
1— Xa+b

1 a b
= ——— (X5 + X5).
1—(X1X2)a+b( 2+

This completes the Proof of Lemma C||

Note that the coefficien andb are functions of . Lettingr — 0, we obtain the pay-offs calculated in Lemtha

( 1-x30 PP (1—xﬁ><1—xib>(1—x;?‘+b>>

lim -
r—0 1—(Xin)a‘*‘b 2 4 1—(Xin)a"'b
1-x
= —— (14+Xj + ki (1 —X;j) InX;
2(1—Xin)( +Xj ki i I)

:a(i (1—kiaj|n(ltaf)),
1Taz G

Proof of Propositiorb. If we rescale the original sign&l and letX = X, thena = (1/6)a. Hence, we can choose> 0
so that the rescaled signal satisfes b = 1 and consider the game with the rescaled signal. Skhaad X provide the
same information, the game with the rescaled signal is equivalent to the original game.

Playeri’s pay-off is

1-x

whereaj = T

PP o M 1 ot M. DO
A _l—Xin 2 4r 1—XiX; 1

LetK = 'zi'r Then, the first-order condition can be written as follows:
X2 +x7% = Khix, X)),
where 1
h(x.xj) = ~5 (1-a+axx] +ax? 71— (14 x))x3 + (1 - a)x; x22).
i

Let h; denotethe partial derivative ofi with respect to itsth argument. We have

1
h1 =-——al-a)(q+X5)(L-xx2),
X1
1
hy = F(axl—xfﬂl—a)xfay
1

Notethath; < O which implies that the second-order condition is satisfied and that& > 0 at any solution to

the first-order condition. We conclude that the first-order condition has a unique solution. Moreover, it is straightforward

to verify thatx; > Ofor all xj € [0, 1] andK > 0 and that; < 1for all xj > 0.
Next, we show that g /dx; < 0 and find a convenient bound fia; /dx;|.

dx; Khz—ax?_l— 1-ax;®
A - 0
o] Khy =
x34xi-a
sincehy < O (which in turn follows from the fact that & a < 1) andhq < 0. Also, ax]f"_l +@1- a)xj_a < 2xJ-I

Thereforethe first-order condition yields
]
adx;j

ha —h/(2x;)
< .
< ™
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and

dxi [ |dxj | ha(xi, X)) —hoa, xj)/(2x))  ha(xj, %) —h(xj, xi) /(%)

dxj | | dx; h1(x,x}) hy(xj, %)

_ FO6,X5) F(Xj,%)
4a2(1-a)2(x; +x2)(x; +xj23)(1—xi xj)2’

where

f(xi, X)) = =i (1—2) + % 31— x}) —ax?® + x1T2x; (L —a) +axj x2.

To prove uniqueness, we show tlﬁg%H L| < 1.Forthat,

f(xi,Xj) < 2a(1—a)(x +x22)(1— X X])

is sufficient. Establishing the inequality faj = 0,1 is straightforward and sinceé is linear inx;, the inequality holds
for all xj € [0, 1]. This completes the proof of uniqueness. To see part (i), notettiaincreasing inK and hencgy; |
is decreasing itkj . Moreover,x; is decreasing irxj andhencely | is decreasing inyj|. ||

Proof of Proposition6. By the first-order conditiony; staysbounded away from zero along any sequence in which
Kj staysbounded away from zero. Therefore, the first-order conditiorxfdmpliesthatx; corverges to zero aK;
corverges to zero. This and the first-order condition¥pensurethatx; corverges to 1 a¥; corverges to zero. ||

APPENDIXD: ASYMMETRIC INFORMATION

Forz <x <0, let P)i((z) bethe probability that)({ hits O before it hitsz andT)i( (2), the expected time({ spends
until it hits either 0 orz. As noted in the Proof of Lemmb, Harrison(1985) (1985, p. 43 and 52) shows that

. _a2i-1)(@z—x)
P)I((Z) = lei'_=
1—e@-1)z

T (x) = 2@ —D[z—x—zP;(X)]. (D.1)

DefineHix(z) = P)i( (2)— %T)'( (2). Then, the above equations yield

@) = (1 kz) +k(z—x),
e x(@ = - _ (1+kz) k(z—Xx). (D.2)
Recall thatz, is the unique negative solution to
&z =T (+%)

Proof of Proposition/

Given any real numbez and two stochastic process¥sZ such that¥y < Zg, consider the following optimization
problem: the party incurs flow cokt2 as long as the < Yt < Zt. The game ends I hitszor if Z—Y hits 0. In the latter
case, the party gets an additional pay- -off of 1. Ygt= x. Let Wy (z, Y, Z) bethe pay-off that the typé-party would get
in this single person game aiig (X, v, Z) bethe expected time until the ends. Also, \&(Y, 2) = sup, W (z, Y, Z)
If Zisthe constant 0, we omit it and writdy (z, Y), Tx(z, Y) ande(Y).

Note that T} (2) = Tx(z, X%) andT19(z) = Wk (z, X0). Hence, taking a derivative with respectzdn equation
(D.2) and using equation (**) reveals that the unique maximizéngt-, X0) is z, andVx (X% = Wy (z., X°) > 0 for
all X < z, while Wy(y, X% <0Oforally <z < z,.19

19. If x < z,, then anyz > x, includingz,, amounts to same action: quitting immediately. Hence, wezathe
uniqueoptimal strategy.
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Fact.Z > 2/ for all w, t impliesWx (z, Y, Z) < Wx(z, Y, 2/).

To see why the fact is true, note that given anythe game ends wit#’ no latter than withZ and the party wins
with 2/ if it wins with Z.

Sincex? = Yt0 = zimplies L?Z* = p(z.) for anyz < z,, the strategyF, is optimal for the type-0 party if and only
if quitting whenL. %2+ reachesp(z,) andnever quitting are both optimal. Sint(Gz, L% ) = Wy, (p(2), L%, 3) =
Wy (z, X0) whenerer z > z,., by the definition ofz., U2(Gz, L9%) < UX(G,, L9%) for all z> z.. Hence, to conclude
the proof thaf, is optimal for the type-0 party, it is enough to verify thaf (0, L9%) = U2(G, , L) orequivalently
thatTp(z,) (0, L%, 1) -k/2=1.Leta(e) = Tz, + (0, L92 1). It follows from equation (D.1) above that

T2 @ —)+1-P2 (ze—€)-ale) 2 ale) = T2 1 (z)+ (1 - P2 (2.))-ale).

) T2 (2.~ T2, (2 o .
Hencea(e) is bounded betweeg% andpz(;“fi‘z;. Taking limits establishes thal0) = 2(e~% + z, — 1).
Zy \Zsx—€

Hencethe expected delay cost until winning, given tZﬁJerEstrategy prafdad current voter beligh(z,), isa(0)-k/2=1.
Therefore, the type-0 party’s continuation utility at belief stpfe.) is 0. Since never quitting is optimal for the type-0
party, it is also optimal for the type-1 party.

Next, we prove thatF,, 0) is the unique equilibrium. For any cd®, x is a point of increase of Gf for every
€ > 0, there exists/, Yy’ € (X — ¢, X+ €) such thatG(y) < G(Y). Leta = (GO, G1) be any equilibrium and define
X = oo if G'(x) < 1 for all x andx' = inf(x| G(z) = 1} otherwise.Note thata is an equilibrium if and only if for
i =0,1U;(Gy, L'%) > Uy (G, L'*) for every point of increase-z of G' andeveryy. Clearly, ifx' < oo, theniitis a
point of increase 06!

If x1 < x0, then the first timex reaches-x1, the voter’s current belief becomes 0 and stays at 0 until the probability
that the type-0 party quits reaches 1. Then, the type-0 party would have been better off with the strategy. If
x9 < o0, then the party wins as soon %$ < —x9 which means quitting at-x0 is not optimal for Party 0. It follows
thatx? = x1 = oo, which means tha = 0 (i.e.never quitting) is an optimal strategy for the type-0 party and therefore
it is the unique optimal strategy for the type-1 party. Her@d= 0.

By definition,UQ(Gz, LO%) = Wy (z, X0, log(1 — GO(—Y0)). Since log1 — GO(—Y9)) < 0, the fact above ensures
thatU9(Gz, LO%) > Wy (2., X9) = Vx(X?) > 0 for all x > z,. Therefore, it is not optimal for the type-0 party 0 to quit
beforez,. Hence,GO(—z) =0 for all z> z,.. Next, supposeﬁo(—z) > 1—€*~% for somez < z,. We can assume,
without loss of generality, thatz is a point of increase dB°. Then, choose > 0 such thaG?%(—z) > 1—e?~2—¢,

Considerany w,t such thatX? = YtO = z. Note that the type-0 party’s continuation utility &b, z) is no less
thanWs (z— €, X0 — log(1 — GO(—Y9)) sincequitting as soon aX? reachez — ¢ is a feasible strategy. Since Itg—
GO(—YO)) <log(l— GO(—z)), the fact above implies that the type-0 party’s continuation utilitg & no less than
Wz(z—¢, X9, log(1— GO(—2)) whichby the same fact is no less thefy (z—e, X0, —z+z, +¢) = Wz, +¢ (24, X% > 0.

It follows that quitting atz is not optimal for the type-0 party contradicting the fact thatis a point of increase aB0.
Hence,GO(—2z) < 1— e % forall z < z,.

Finally, supposeso(—z) < 1—¢€*"% for somez < z,. If G(—=x) = G(—2) whenever—x > —z, let y = —co,
otherwise lety = —min{—x|G%(—=x) > G%(=2z)}. Then, ify = z, lety, < y beany point of increase dB° suchthat
Go(y*) < 1—¢e#~% (Theright continuity ofGO andthe fact thaty = z ensures such aexists.) Otherwise, ey, =y
andnote thaty, < z. The optimality ofGO impliesthat Gy, is also optimal for Party 0. Hence, by the fact above, we
haveUQ(GY, L9%) =U2(Gy,, LO%) = Wy (y., X!, log(1— G(~2)) < Wa(¥s, X0, —2+2,) = Wy, (v — 2424, X0) <0
contradicting the optimality oGy, . Hence,Go(—z) =1-—€“"% forall z < z+ as desired. ||
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