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By using a rather simple algebraic approach, we revisit and further bridge between two most
commonly used quantum dissipation theories, the Bloch—Redfield theory and a class of Fokker—
Planck equations. The nature of the common approximation scheme involving in these two theories
is analyzed in detail. While the Bloch—Redfield theory satisfies the detailed-balance relation, we
also construct a class of Fokker—Planck equations that satisfy the detailed-balance relation up to the
second moments in phase-space. Developed is also a generalized Fokker—Planck equation that
preserves the general positivity of the reduced density operator. Bethlaxation and puré-,
dephasing are considered, and their temperature dependence is shown to be very different. Provided
is also an analogy between the quantum plyedephasing and the classical heat transport.
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I. INTRODUCTION approximating the quantum fluctuation-dissipati@r the

L ) ) i detailed-balande relation, especially in Fokker—Planck
Quantum dissipation plays crucial roles in many fields oftheoriesle_lg

science, such as nuclear magnetic resonafit®R),1=*

. 5-8 ; : 912
quantum optics; ® mathematical physics,* and molecular one would still like to arrive at dully satisfactoryQDT. It

. . _ 3 .
dynamics in condensed phasés™ The key theoretical refers to a QDT that preserves the following five physical

guantity of interest is the reduced density operator whose : . e . .
dynamics is governed by the Liouville—von Neumann equa_propertles of a density operator—Hermitianity, trace invari-
tion ance, detailed-balance, translational invariance, and positiv-

ity. A density operatop(t) should be Hermitian. The trace

invariance means that r=0, or the QDT satisfies the law
1) of total population conservation. The detailed-balance as-

sures the canonical ensemble distributionpg

=e PH/Tr e ", be an asymptotic and stationary solution

Exact expressions for the dissipation tefp can be con- to the QDT. Note that her#l is not the Hamiltonian for the
structed formally via Zwanzig—Mori’s projection operator bare (gas phasesystem, but the renormalized one to the
technique?*? However, dissipations in almost all practical feduced system. The translational invariance arises from the
cases have to be treated with models and/or approximationBhysical requirement that an arbitrary observable described
As a result, there are a variety of nonequivalent form&pf by the QDT, or more precisely TAp(t)]=dA(t)/dt, should
such as those in the Bloch—Redfield théofyand the not depend on the choice of coordinate origip The posi-
Fokker—Planck equatior§-1°The commonly used approxi- tivity requirement relates to the probability interpretation of
mation in various forms of quantum dissipation theorythe density operator whose eigenvalues should be non-
(QDT) is the weak system-—bath interaction in which thenegative. The positivity of QDT preserves this property of
second-order perturbation is justifiable. Various forms ofp(t) for all times. We shall see that the aforementioned first
QDT differ at the approximating schemes that partially in-two properties, i.e., being of Hermitian and traceless, can be
corporate the contributions of second- or higher-ordereasily incorporated. On the other hand, Lindblad has proved
system—bath interaction. There are also a variety of ways ithat in the Markovian regime the remaining three properties,
the detailed-balance, the translational invariance, and the

dAuthor to whom correspondence should be addressed. Electronic maigeneral po_siti_vity, are r_m_/'j[ua"y exclusi}]/%ln_order to com-
yyan@ust.hk pensate this incompatibility, we shall in this work adopt an

Despite certain unavoidable approximations involved,

. [
p=—7[H.p]=Rp.
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internal coordinate conventiofef. Sec. Il O to assure that by the phase-space angle. Finally, we conclude and summa-

for any physical observable, [p(t)]=dA(t)/dt be de- fize this paper in Sec. VI.
scribed properly and unambiguously. Thus, a fully satisfac-

tory QDT refers explicitly in the following only to its being 1l. BLOCH-REDFIELD THEORY
simultaneoushof detailed-balance and positivity.

) . In this section, we shall revisit the Bloch—Redfield
In this work, we shall revisit two most used classes of

theory (BRT) via a rather simple algebraic approach. The

QDT, ie. the Bloch-Redfield theoryBRT) and the o compact formulation of the BRT, together with the
Fokker—Planck equatiofFPB). We shall demonstrate that spectral density description of bath interaction, will be sum-

these two types of QDT cover actually almost all existingayizeq in Sec. 11 C. The advantages of the present BRT

Markovian theories of quantum dissipation. The relations, o the conventional formulation in the eigenstate

among six of such theories were analyzed recently byenresentatiocv2” will be elucidated throughout this paper.
Kohen, Marson, and Tannor in a harmonic oscillator

systent?® This paper is going to answer the following two A. Background formulation

questions(i) Is there a compact operator equivalent formu- | et ys start with a generalized Langevin description in
lation to BRT or/and FPE, such that it constitutes formally ayhjch the total HamiltonianHy=H+H’(t), consists of a
full satisfactory QDT, and meanwhile is numerically imple- geterministic part for the coherent dynamics and a stochas-
mentable in various representationsiy Is there a conve- tic partH’(t) for the system—bath coupling. We shall adopt
nient and systematic way to bridge between these two seenthe decomposition form dfi’(t) in terms of the generalized

ingly different types of QDT? While elucidating these two system coordinates and their associating Langevin forces,
guestions, we shall also pay a special attention to classifying

T,-energy relaxation and pufe; dephasing processes in the H (t)= _ﬁz Q.F.(1). )
resulting QDT. The temperature dependence of eithef the A

or pureT, dis_sipation process will be established vig the-l-he above decomposition form BF (t) was also adopted by
spectral density formulation for the system—bath coupling. Friesner and co-workers in their development of the Redfield

The remainder of this paper is organized as follows: Ing,eqry that reduced the dissipation tensor algebra to the or-
Sec. Il, a rather simple algebraic approach is used to reCONinary matrix multiplicatior?’

struct the formal Bloch—Redfield theofBRT). The key step

in formulating is the identification of dissipative modes and, ariaple in the reduced system space. We shall hereafter call
their spectrum conjugationshat will be defined in due i 55 adissipative modeF (1) is a Hermitian operator in the
course. Despite its bglng equalentl to the Convem_'ona%tochastic bath space Wil ,(t))=0. Here,(- - -) denotes
Redfield—tensor prescripticief. Appendix A), the algebraic  he ayerage over the stationary bath ensembles. For simplic-
form of the BRT constructed in Sec. Il offers an aIternanveity we shall further assume that the generalized Langevin

(and more straightway to analyze and simulate the dissipa-forcesk , acting on different dissipative moded, are sta-
tion dynamics as it describes. Moreover, it constitutes a CoNgstically independent. That is

venient starting point to establish the relations among the _
BRT and a class of Fokker—Planck equatioRBE) that will (Fo(DF (7)) = 840 Cal(t—17). €)]

be developed Iatgr in this paper. In Sec. Ill, we gritically In the standard second-order cummulant expansion for-
analyze the Redfield approximation and the resulting COMmalism, the dissipation term in the Liouville—von Neumann

pact_form of BRT. Inc_Iuded there are also the prpof of itsequation, Eq(1), takes the following fornt?
detailed-balance relation and the comments on its transla-
tional variance and its compatibility with the Lindblad’s 1 ~

form of positivity? Section Il is concluded with a general RWPO=3 2, {[Qa. Qu(D)p()]+H.CH, (48
description of pure-dephasing and how its rate depends on
temperature. In Sec. 1V, the BRT developed in Sec. Il is used
to construct a broad class of FPE, including that for a

Brownian oscillatol*~1"and that commonly used in the laser . .
hysics community-8 The most important result is a gener- Here,G(t,7) is the Hilbert-space propagator governed by the
P i reduced system Hamiltonian. In the absence of the time-

alized FPE to be developed in Sec. IV E. The resulting genaependent fieldG(t, 7) = expf —iH (t— /A ].

eralized FPE is applicable to arbitrary systems in the pres- Besides the approximation via the second-order system—

ence O.f the T-energy relfaxatlon and/or the pufe- bath interaction, Eq(4) adopts also the initial factorization
dephasing. Presented there is also a casgnodst fully sat- ansatz

isfactory FPE formulation, in which the positivity is exact,
while the detailed-balance is satisfied up to the second mo-  p1(tg) = p(t) pa(te)=p(to) pg . (5)

ments in phase-space and thus becomes exact in the har- . . .
sinp P . ) o ﬁere, pge! is the bath canonical ensemble density operator.
monic limit. The Ehrenfest equations of motion assomatmgT

with the generalized FPE in harmonic systems are presentecpe above ansatz is physically self-consistent if the final for-

in Appendix B. In Sec. V we demonstrate further by using?elf(ljagggs%LSQDT in the absence of external time-dependent

the harmonic model the analogy between the quantum pure-
dephasing and the classical heat transport in a ring defined Rpeq=0. (6)

In Eq. (2), Q, is a Hermitian operator or a dynamic

Qa(t)=2j:d7"éa(t— G(t,7)Q,G(t,7). (4b)
0
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It is the detailed-balance relation, which should be checkedliscussions on the correlated time-dependent driving and dis-

for in the following derived QDT for the consistency of the sipation that lead to time-dependenceQn(t) will be pre-
initial factorization approximation. We shall return to the sented in Sec. VI.

point in Sec. III. In the regime of weak driving-dissipation correlation and
weak system—bath interaction, the only approximation in the
B. Redfield approximation soon to-be-presented BRT is tHat. Eq. (8)]

The Bloch—Redfield theofy* (BRT) constitutes the
most widely used formulation in the study of quantum dissi-

pation processes involving some energy eigenstates. As its . . L
dissipative superoperat@ does not depend on time, BRT is Equation(10) can be called the Redfield approximation. Its

usually considered as of Markovian in nature. Before We_phy'sical implication, toggther vyith that qf the initial factor-
present the final algebraic formulation of BRT, we shall pro-Izatlon ansat{Eq. (5)], will be discussed in Sec. Il A.

vide in the following an alternative point of view on its ap-
proximation scheme.

Note that Eq.(4a) is a time-local prescription of quan-
tum dissipation and equivalent to the memory kernel pre-  The final form of the BRT is summarized as folloyes.
scripion up to the second-order system—bathEgs.(1), (4a), (10), and(12)]:
interaction'®2?42% Consider a time-resolved experiment on i 1
molecular dynamics in a dissipative medium. The molecular  p=— Z[H.pl-3 > [Q..Q.p—p0l7, (118
system is initially (;c— —<°) at the thermal equilibrium. A @
time-dependent external field such as pulsed laser light = _ ~
should be employed to create a nonstationary density wave Qu=Cal~L)Qu- (119
packet for the dynamics experiment. The time-dependenin Eq.(11b), C,(—£) is a function of reduced system Liou-
system—field coupling shall be included in the deterministicvillian operator, defined by the bath interaction spectrum, or
HamiltonianH that governs both the first term of Ed) and  the Fourier transform of the random force-force correlation
the Hilbert-space propagat@(t,7) in the dissipation term function as follows:
as described by Eq(4). The interplay between time- o
dependent coherent driving and dissipation may introduce a Ca(w)EJ dre'“C,(1)=e"?S (w). (12
dramatic cooperative effect. It has been demonstrated in the o
case of quantum stochastic resonance at which the weak fie@bviously, Eq.(11b) is equivalent to Eq(10). The detailed-
response theory breaks down no matter how weak the perbalance relationC,(— w)=e #“C (), with B=kgT/#, is
odic driving force -3 equivalent to thas,(w) defined in the last identity Eq12)

We shall be interested in the cases where either the exg 5 symmetric function. We shall hereafter cgl|, [Eq.
ternal excitation fields are fast compared with the dissipation1 1] the spectrum conjugatioto the dissipative mode, .
dynamics, or weak and operated away from the cooperative | the commonly used system—bath coupling model, the
driving-dissipation regime. In this case, we may negleClyath consists of a collection of independent harmonic oscil-
time-dependent driving on the dissipation superoperator Oftors and the bath interaction force on the dissipative mode
Q,(t) of Eq. (4b). In other words, the Hilbert-space propa- Q,, of the reduced system is givenBy**’
gator in Eq.(4b) assumes the field-free form,

G(t,r)=e -/, % Fa=20 CaXj- (13
However, the initial time in Eq(4b) should still remain as Here

to— —, instead of a peculiar value such gs=0. As a
result, we may recast E¢b) as

Qo~ fldr@(r)e*“’Qa. (10

C. Redfield theory in algebraic form

,Xj is the dimensionless coordinate of fth bath mode
of frequencyw;, andc,; is its coupling strength to the sys-

tem dissipative mod€,. The spectral density of this bath
14,17

~ o . interaction is defined &
QaZZJ drC.(r)e ' Q,. (8
: 7S Jeul?to-wy) (19
J =— C,i w— ;).
Here, £ is the reduced system Liouvillian, defined by its (@)=3 T !
action on an arbitrary operat@ as Physically, the spectral density is only defined in the region
£O6=%"YH,0], (9a) of «=0, with J(0)=0. We should however extend its
mathematical definition to the negative frequency domain via
e 1LtH = g HUARGIHA (9b) J(—w)=-J(w). By doing this, the detailed-balance sym-

- _ metrized bath spectrum can be expressed in term of spectral
In Eq. (8), Q, does not depend on time. The above gensity as

analysis concludes that the local-time dependend® jft) e .
[Eq. (4b)], or equivalently in the dissipation superoperator (@)= Sal ) =Jo(w)/siNN fol2). (15

R(t), is rather from the time-dependence in the HamiltonianNote that the unit ofJ,(w) depends on the choice of its
of the reduced system than the non-Markovian bath. Mor@ssociating dissipative mod®,. In this paper, we shall
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choose the unit ofQ, to be dimensionlessin this case, action. However, both approximations lead to the asymptotic
J,(w) is of the unit of frequency, and can be used directly torgduqed density operator to be the zero-order canonical dis-
specify the dissipation rafef. Eq. (25) or (303]. tribution,

Equation(11) that casts the BRT in a compact algebraic pe=€ PITre A1, (17)
form constitutes one of the main results of this paper. An- ) . ) o
other is the generalized Fokker—Planck equatioh Eq. In this sense, the BRTEQ. (11)] is self-consistent, with its
(48)] and will be developed in Sec. IV. Mathematically, Eq. detailed-balance is defined by the zero-order canonical re-
(11) is equivalent to the conventional BRT represented in théliced density operator of EGL7).
eigenenergy representatiécf. Appendix A. However, Eq.
(12) has some adyantages _due to iFs algebraic. nature, _Iead_irEg_ Detailed-balance relation
to the clarity in discussing its physical properties, the impli- _ _ _
cation of approximations involved, and its relation to other ~ To prove thatpeq [Eq. (17)] is a stationary solution to
quantum dissipation theories such as Fokker—Planck equ#&d. (11), and thus also the self-consistency in the BRT, we
tions. These advantages will be illustrated in the followingshall show that
sections.

éapeq: Peqbz- (18)

To do that, let us re-examine the spectrum conjuga@on

IIl. PROPERTIES OF THE BLOCH—REDEIELD [Eqg. (11b]. By using Egs(12), we can recast Eq11b) as
THEORY AND COMMENTS Qa=eiBUZ[Sa(—ﬁ)Qa]EefﬁHIZQZGBH/Z. (19)

In this sec.tion, we shgll fi.rst analyze the nature of theHere, O"=s,(-£)Q, is Hermitian since S,(— o)

so-called Redfield approximation scheme that involves both_ : . . ~ .
. g . =S,(w) is a symmetric function. HoweverQ, is non-

the approximant, Eq(10), and the initial factorization an- Hermitian. It satisfies
satz, Eq.(5). We then discuss the resulting BREq. (11)] '
about whether it satisfies the detailed-balance, translational Qae‘BHze‘BHQZ. (20)
invariance, and positivity. Obviously, E¢L1g is Hermitian
and traceless, i.e., H:O This section W'." be concl_uded detailed-balance relation in the BR'Eq. (11)] without in-
with a formal description of pur@- dephasing dynamics, a : - i

. . ST : voking any specific representation.
special and important type of dissipation that involves no
energy loss.
A. Implication of the Redfield approximation C. Translational invariance vs the internal-coordinate

N convention
Traditionally, the BRT has been considered as a Mar-

kovian and second-order thedty* However, as the analysis Let us first point out that Eq(11) is of the dissipative-
presented in Sec. Il B, the so-called Markovian nature of thénode invariance in the following sense. In E@4.1), two
BRT would rather refer to the neglect of cooperativity be-dissipative mode®, andQ, =Q,+r that differ only by a
tween the time-dependent driving and dissipation than to th&e@l c-number describe the same dissipation dynamics, i.e.,
nature of bath. The approximations E¢®). and(10) suggest Ya= Rar - This property of BRT[Eq. (11)] can be easily
further that the BRTEq. (11)] be neither a complete second- Proved by noticing thatr ,=C,(— L)r=C,(0)r=r7 re-
order theory. mains as a reat-number. As a result, we havg, —R,

Let us start with the initial factorization ansdzq. (5)]. =[Qa,7ap—p7§]=0. Obviously, the dissipative-mode in-
In this approximation, the effect of the initial system—bathvariance reduces to the translational invariance if the dissi-
coupling is completely neglected. The second-order corregaative modeQ,, is a linear function of the Cartesian coordi-
tion to the initial reduced density operator will result in an nate, while to the zero-energy point invariar@Qg depends
effective Hamiltonian that depends on bath temperature. linearly on the Hamiltonian of the reduced system.

We now turn to the Redfield approximation, EG.0). However, the dissipative-mode invariance in general is
Without this approximation, the resulting QDT formulation not equivalent to the translational invariance. Unless in the
would be the same as E¢l1) but with C, (w) [Eqg. (12)] case of the single dissipative mode that is proportional to the
being replaced by the complex spectrum, coordinateq, the BRT [Eq. (11)] in general,violates the
translational invariance

In order to cure this defect, we shall use an internal
coordinate-system to represent the reduced Hamiltonian and
the dissipative mode, e.g.,

Thus, the Redfield approximation, E4.0), amounts actually —

to the neglect of the bath dispersi@j,(w) of Eq. (16). The H=H(P.q=0eg), (213
bath dispersion affects not only on the dissipative dynamics _ =

but also on the asymptotic reduced density operator. Q_“ Qu(P:q~ Geg). (210

Both approximations described above make the BRTwith = Tr[qpeq]. We shall hereafter adopt the convention
[Eq. (11)] incomplete in the second order system—bath interof Eq. (21) to define the BRTEQ. (11)] unambiguously.

This is equivalent to Eq18). We have thus also proved the

ca(w)+ic;(w)zszdfeiméa(r). (16)
0
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D. Compatibility to positivity dence on the pure-dephasing rate For a pure-dephasing
modeQ, [Eg. (23)], its spectrum conjugatiofEq. (11b)] is

For the BRT to constitute a fully satisfactory QDT, it .
given by

requires that Eq(11) be also of the positivity. Lindblad
showed that a Markovian-type QDT satisfying the general 0,=C,(0)Q,=27,0Q,. (24)

positivity should be of the following form: ) . )
Therefore, besides the positive constant, a pure-dephasing

mode is self-spectrum-conjugated. As it was mentioned after
Eq. (15), if Q, is chosen to be dimensionless, the spectral
densityJ,(w) andC,(0) as well will be of the same dimen-
sion of the pure-dephasing rate. We may therefore obtain the
[)ure-dephasing rate parameter in E24}) as

o 1
p:_;i_[H,p]—zg {[W!,W,p]+H.c}. (22)

In general, Eq.(11) cannot be transformed into the Lind-
blad’s form to assure the general positivity be preserved fo
arbitrary initial conditions. However, we shall present in Sec.
IV D a special case of Eq11) that does have the Lindblad’s ¥2=C,(0)/2=(kgT/h) lim [J(w)/ w]. (29
form [cf. Eqg. (38)]. This special case of Eq11), which ®=0

relates closely to the conventional optical QbP,satisfies The second identity was obtained by using E(<) and
simultaneously the detailed-balance and positively, and thugl5). Note that the pure-dephasing rate defined abopeds

constitutes a fully satisfactory QDT. portional to the temperatureBy using Eq.(24) for the sec-
ond term of Eq.(11a, we obtain that
E. Description of pure-dephasing and its Rop= 15[ Q2,[Qz,p]]. (26)

temperature-dependent rate

Th f dissinati One is The above dissipation contribution is of the Lindblad’s form
) 1€re are two type_s of dissipation. oneis etype [cf. Eg.(22)]. Obviously, in the case of pure-dephasimgth
involving energy relaxation, and another is thetype relat- the absence of j-energy relaxations: cf. Sec.)Vthe re-

Ing to de_phasmg_. The concept of two_t_ypes of dlS'S'pat'onduced density operator does not necessarily evolve toward
was traditionally introduced via a specific level representay, stationary solutiop. of Eq. (17)
eq . .

tion of the reduced density operater The diagonal element
paa describes the level population, while the off-diagonal
elementp,;, describes the coherence between two levels. InvV. FOKKER—-PLANCK EQUATIONS
this case, theél;- and T,-processes may refer to the relax-
ation of levels {p,,} and coherences{p,;a#b},
respectively:™* As p is positive definite and satisfies the
Schwartz inequalityl,pp| >< paappb . @ population relaxation
induces also the destruction of cohereffc®n the other
hand, one can have a pufg-dephasinghat involves only
the destruction of coherengg,, but have no effect on the
populationsp,, and p,,. Note the above concept of two
types of dissipation was introduced through a specific repr
sentation. In order to relate to whether the energy is dissi E.
pated or not, one should use the energy eigenstate represen-Background algebra in harmonic systems
tation. The rates of ;-relaxation and th& ,-dephasing in the . . .
energy eigenstate representation are described in Appendijx _Let us consider a damped harr_nomc system. The Hamil-
A in terms of Redfield dissipation tensor elements. tonian for the reduced system is given by

In this work, we shall adopt the dissipative mode de- p? o — o
scription to classify the nature of dissipation processes with- H= 5+ EmQ (A= Qe =10
out invoking any representation schefiaVe shall refer a _
pureT, dephasing as a dissipation process that involves nblere.mis the reduced mass€) the frequencyq andp the
energy loss. In other words, E(L.1) should satisfy the prop- Carte§|an coordinate an.d. mo_mentum _of the_ oscillator, re-
erty of Tr{Hb}=O, if all the involving dissipative modes are spectively. Includgj explicitly in Eq27) is the internal co-

of pure-dephasing in nature. Let us den@gas a pureF, ordinate referencqeq. Giyeq in the second iden'tity of Eq.
dephasing mode. The necessary and sufficient condition for @7) 1S also the Hamiltonian in terms of the creation operator

In this section, we shall relate the BREq. (11)] to a
class of quantum FPE involving;-energy relaxation and/or
pureT, dephasing. The derivation presented in the following
is exact for a single-surface harmonic system. However, the
resulting FPE can also be served as approximationgrier
harmonicsystems. The most important FPE that satisfies si-
multaneously thedetailed-balance and positivitywill be

coresented in Sec. IVD and also as a special case in Sec.

1
ata+ =

5| (27)

pure-dephasing mod@, can thus be described3s a' and the annihilation operatar,
= mQ — . p
[H.Q21=0. @ /ﬁ(q—qeqvﬂm . (28
Obviously, a pure-dephasing modg, is diagonal in the

eigenenergy representation. A general dissipative m@de We have[a,a']=1, [a'a,a]=—a, and[a'a,a’]=a . In
has both the diagonal and off-diagonal elements. They arthe harmonic systerfEq. (27)], the above identities lead to
responsible for the pur€, dephasing and th&;-energy re- g(L)a=g(—Q)a and g(L)a'=g(Q)a’, respectively.
laxation, respectivelycf. Appendix A. Here,g(w) is an arbitrary function ofo.

In the following, we shall further use the spectral density  In relation to the BRTEQq. (11)], we shall be interested
formulation in Sec. Il C to establish the temperature depenin the spectrum conjugatigref. Eq. (11b)] to a given dissi-
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pative mode. In the following subsections, we shall consideHere, 0' [Eq (31b)] is the momentum variance at the ther-
the cases in which the dissipative modes are the coordinateal equmbrlum and -, -} denotes the anticommutator,

and momentum. Their spectrum conjugations will be easily _

obtained via the spectrum conjugationsaafnda’. By using {A.B}=AB+BA. (35
the aforementioned properties of a harmonic system, wén the harmonic system, E¢34) is equivalent to Eq(11),

have[cf. also Eqs(12) and(15)], and thus satisfies the detailed-balaggec. 11l B). In an an-
_ harmonic system, Eq34) however serves an approximation.
Cu(—L)a=C,(Q)a=2y,(n+1)a, (298 |n this casep?d in Eq. (34) should be evaluated via the first

C.(—L)a'=C (- 0)a'=2y,na’, (29b) identity of Eqg. (31b with the exactpeq [EQ. (17)]. As a

result, Eq.(34) is expected to be a very good approximation
Here, y, denotes the spectral density andhe thermal oc-  in & single-well anharmonic system.
cupation number of the harmonic oscillator, Equation(11) satisfies also the translational invariance
but not the general positivity. By using E¢34), we have
Ya=Ja((), (308 G(t)=p(t)/m. Therefore, the dissipative system described
n=(ef2—1)"1 (30 here is a quantum Brownian oscillator. The other Ehrenfest
' equations of motion for the Brownian oscillator will be pre-
Equation(29) will be used later to construct the FPE for the sented as a special case in Appendix B.
case in which the dissipative mode is chosen to be coordinate
or momentum. We shall also see thatdefined in Eq(30a
amounts to the energy relaxation rate.
For the later use, we shall also denote the coordinate and Let us now consider the case where the dimensionless
momentum variances of the reduced system at the therm&lomentum serves as a dissipative mode,
equilibrium. They are given by

C. Dissipation via momentum

1
= —1/2, _ At

TSI=Tr{ (4~ Geg) 2peg = (N+1/2)/(MQ), (318 Qp=(Am) p—iﬁ(a ah). (36)

Tp=Tr (P~ Peq’pecl =AMQ(N+1/2). (31b  Note thatd(A)/dt=i([Hr,A]); with Hy being the total

system—bath Hamiltonian, is valid for an any dynamic vari-
ableA. However, the system—bath coupling via momentum
leads to thatq(t) # p(t)/m. They are therefore not for a
Brownian oscillator.

Following the same procedure used in E§2)—(34) we
obtain the following FPE with the momentum coupling in-
duced dissipation:

The first identities in Eq9.319 and(31b) are definitions and
will be used in both harmonic and anharmonic systems
while the second identities are only valid in the harmonic
case.

B. Dissipation via coordinate: Brownian oscillator

) i
Let us first consider the case in which the dissipative  p=—>[H.p]= 7, Rpp, (379
mode assumes to be the dimensionless coordinate,
_me 1 t Rep= - ogalp.[p.pl]l— 57 [p {0—Geq.p}]. (37D
Qq— Tq— E(aJra ). (32 ﬁz ﬁ

Here, aeq [Eq. (319)] is the coordinate variance at the ther-
mal equmbnum Again, Eq.(37b satisfies the detailed-
balance exactly in a harmonic system but only approximately
in an anharmonic case. Both the translational invariance and

Its spectrum conjugatiorqu:Cq(—c)Qq [Eg. (11b], can
be obtained easily by using E9). We have

Qq=i[cq(9)a+ Cq(—Q)aT] the general positivity are however not satisfied. The internal
V2 coordinate reference,, is explicitly included to specify Eq.
(37b unambiguously. The Ehrenfest equations of motion as-
= —y[(n+1)a+na'] sociating with theQ,, dissipative mode will be presented as a
V2 special case in Appendix B.
mQf— 1 op
=24 7 (n+ 5) g+l m} (33 D. Some prescriptions of optical quantum dissipation

theory

By substituting Eqs(310—(33) into Eq. (11), we obtain The QDT that has been widely used in the laser physics

i [H.p]—7eR (349 community is given by™®
— 7 [H.p1= vRqp,

— +[Hp] - nRep, (38

1 i
= — eq - — T
Rq ﬁzopp[q,[q,p]H o7 LA:P.pi]. (34b) Rop= 1+ D[a’ap]+ Maa’p]+ Hue. (380
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Here, y, denotes the energy relaxation raté. Eq. (B4c)]. _q S
Obviously, the optical QDT is of the Lindblad’s form of [a.{PpHI* [P{A~ Geq. P} =110~ Geq:Php ). 42
positivity [Eq. (22)]. In this subsection, we shall revisit the Equation(41), together with the formulation in Sec. Il E,
optical QDT [Eq. (38)] by making use of the Bloch— will be used in the following subsection to construct the
Redfield/Fokker—Planck formulation developed in this work.generalized Fokker—Planck equation in the presence of both
It will be shown that the optical QDTE(. (38)] satisfies the  Ti-relaxation and purd-, dephasing.
detailed-balance and positivity, but not the translational in-
variance. Provided in the following are also some prescrip-
tions to the optical QDTEQ. (39)].

To proceed, let us reca®ty [Eq. (34b] and R, [Eq. ) . . )
(37b)] in terms of creation and annihilation operators. We  We are in the position to summarize the generalized FPE

E. Generalized Fokker—Planck equation

obtain theory involving bothT, and puret, types _of dissipation.. _
We assume that there are a total of three independent dissi-
Rq=Ri+ R, (398 pative modes. Two of them are chosen to@g[Eq. (32)]

andQ, [Eq. (36)], respectively. These two dissipative modes

p= o™ ey are responsible for th&;-energy relaxation. The third dissi-
Rp=R; =R (390 ble for the | The third d
Here, R, was given by Eq(38b), while pative mode thz_it will be specified later is responsible for the
pureT, dephasing.
Rop= s(n+1)[a,ap]+in[a’,a’p]+H.c. (40) Let us start with thél ;-energy relaxation involving both

_ _ - theQq [Eq. (32] and Q, [Eq. (36)] dissipative modes. We
Obviously, R, and R, can be considered as the rotating- shall denote the overall;-energy relaxation rate ag,, and
wave-approximation(RWA) and the anti-RWA contribu-  [cf. Eq. (30a]

tions to Ry (or Rp), respectively. Thus, the optical QDT

[Eq. (38)] can be given as the RWA prescription via the — ¥q=Jq(Q)=3(1+€)y, (439
single dissipative mode of eith&, [Eq. (32)] or Q, [Eq. _ .
(36)]. Moreover, the RWA terniR, [Eq. (38b)] is of the Yp=dp()=3(1=€)71. (430

Lindblad’'s form[Eqg. (22)], while the anti-RWA termR,, Here, —1<e<1. Obviously, the ratio between thg, and
[Eg. (40)] does not preserve the general positivity. It wasQ,’s contributions to theT;-relaxation rate is given by (1
also pointed out by Kohen, Marson and TarfithatR, and  +€)/(1— €)= ¥q!vp- Furthermore, we have

R, are the secular and the nonsecular contributions, respec-

tively, to the Redfield tensoR,. In other words, the RWA YaRat ¥pRp= y1(Ri + €Rnr) = 1Ry (44)
is equivalent to the secular approximation in the system oHere, R, andR,,, are given by Eq(41a and(41b), respec-
study. tively. Thus, the parameterrelates directly to the contribu-

Besides the RWA(or secular approximationprescrip-  tion of the non-RWA contribution to th&;-relaxation.
tion, Eq.(39) renders an alternative prescription to the opti-  The pureT, dephasing modgcf. Eq. (23)] is chosen to
cal QDT[Eqg. (38)], considered as a special case of the BRT/he
FPE [Eqg. (11) for the harmonic systeiwith the equally B t
contributed dissipations via bo@, and Q. In this case, Qu=H/(rQ2)=a’a. (45)
¥q= ¥p= 71/2, and the total dissipation is described By  |n the second identity of the above equation, we removed the
=YqRq T ¥pRp=71R,, leading to the required optical zero energy since it is irrelevant to the dissipative dynamics

QDT of Eq.(38). (cf. Sec. Il . The spectrum conjugation © is given by
In concluding this subsection, let us recaBt [Eq. [Eq.(24)]

(38b] andR,, [Eq.(40)] in terms of coordinate and momen-

tum. We have Qu=Ch(0)Qu=27,Q (46)
i o i Here, y,=C(0)/2 denotes the puré&,-dephasing rate and
Rip=— E[{q—qeq,p},pﬁ ﬁ[q.{p,p}] is given in term of spectral density &sf. Eq. (25)]
v5=Cy(0)/2=(kgT/h) lim Jy(w)/w. 47
w—0

+——{oala.pll+ o plp.pll}, (419 | ,
2h Note that the purf-, dephasing rate, [Eq. (47)] is propor-
tional to the temperature, while tfig-energy relaxation rate
v1 [cf. Eq. (43)] does not depend on the temperature.
The final Redfield—Fokker—Planck equation in the pres-
. ence of both th& ;-energy relaxatiofEq. (44)] and the pure
— oqdlP.Lp.p11}. (41D T,-dephasindEq. (45)] is then given by

Both the above two equations depend explicitly on the inter-

- . i Y2
nal coordinate system a@y.,. They are therefore not transla- p=- g[H,P]— YiRip— 5
X X : >d )
tional invariance. In deriving Eq41), we have used the
following identity: whereR, is given by Eq.(44) with (41); i.e.,

i _ 1
Rogp= {0~ Geq Phol+ {5 ala,el]

[H.[H.p]], (48)
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i(e—1) — i Here, L=#"1H,...]. We shall show that in the harmonic
Rip= T[{q—cleq,lo},p]Jr ﬁ[qi{P,P}] system the above equation can be mapped into a classical
heat transfer problercf. Eq.(58)]. It is done by recognizing
1 eq (e—1) oq that the harmonic Liouvillian in the Wigner representation is
+ 72 oppld.ld,p]]— Y oqqlP.LP.p]]. given by
49 . Hy 9 MHyd . d pd
(49 —|£W—W%—W%—mﬂ q%—aﬁ (52

In the cases 0é=0, 1, and—1, the aboveR, reduces tdr,
[Eq. (413 or (38D, Ry [Eq. (34D] and R, [Eq. (37b) with  We shall further introduce the polar coordindtes! for the

(42)], respectively. phase-space,
Again, Eq.(48) is completely equivalent to the BREq. s
(11)] in the harmonic system involving the three dissipative ~ 9=[27/(mQ)]~ cos ¢, (523

modes in consideration. It therefore satisfies the exact
detailed-balance relatiofcf. Sec. Ill B) for the harmonic
system. Note that{p,q} and{r,¢} in the above equation are not
More importantly, Eq(48) may also serve as the gener- operators but the representation variables. In the Wigner po-
alized FPE for anharmonic systems in which the detailedtar phase-space representation, the harmonic Hamiltonian
balances are preserved approximately. The pararteteat  [Eq. (27)] is given byH,,=#%Qr?, while its Liouvillian [Eq.
appears in the last term of E¢8) and in determining the (51)]is by
T,-relaxation ratey, [Eq. (43)] is chosen to be the harmonic

p=(2AmQ)Y% sin ¢. (52b)

f_requency,Q= \/V”(Eeo)/m, of the system. The parameters, _inggi. (53)
deq:Tpp» andagd, in EQ. (49 should be evaluated numeri- I

cally by using their definitiongcf. Eq. (31)] with the exact  Equation(50) for the harmonic system can therefore be re-

Peq [EQ. (17)]. 1t is thus expected that E¢48) renders an cast in the Wigner polar-phase-space representation as
excellent semiclassical detailed-balance relation in a single-

well anharmonic system. The,;-term andy,-term are re- d

sponsible for theT;-relaxation and purd-, dephasing, re- Ep(r"ﬁ;t):((l%‘LWaT)z) p(r, ;). (54)
spectively. In the case @f=0, R, reduces tdR, [Eq. (413)],

and the resulting FPE is of the Lindblad’s formp matter ~ Obviously,r in the above equation can be taken as a constant
whether the system is harmonic or ndtherefore, Eq(48) parameter. This is consistent with the energy conservation in
with e=0 constitutes an almost fully satisfactory FPE for athe absence of ;-relaxation. Without losing the generality,

2

general single-well anharmonic system. we may set
Equation(48) constitutes the main result of this section. o
All the FPE developed in the previous subsections can be p(r g )=R(r,HP(H,1). (59

recovered from the generalized FPE E48) with setting  Equation(54) can now be recast &&(r,t)=R(r,0) for en-
72=0 and the specific values far. Note that in a general grgy conservation, together with
anharmonic system, the generalized FPE ELf) is not

equivalent to the BRTEQ. (11)]. The energy relaxation rate d J 92

in the BRT [Eq. (11)] depends on the energy level space, E‘D(‘f’vt): Q@JF?’Z(?TQ O(p51).
while that in FPE[Eq. (48)] is however a constany; [Eq.

(43)]. Thus, the FPE developed in this work is truly of Mar- The linear term in the above equation can be removed by
kovian. In a pure-dephasing case in whigh Egs.(11) and  setting

(48) are identical. _
d=¢+Ot. (57)

Equation(56) reduces now to

(56)

V. CLASSICAL ANALOGY TO QUANTUM PURE-

DEPHASING 2

Jd ~ J ~

—o )= — 1), 58
Dephasing(especially pure-dephasipnglays an impor- dt (&.1) 72a¢2 (&) 58
tant role in quantum dissipative dynamics. It is usually con-

sidered to be of pure quantum in nature, and analyzed via th&ith the cyclic boundary condition of

eigenenergy representation. We shall in this section use the ~ ~

hz?rmonic ?nyodeFEEq. (27] to provide a classical analogy to C(gr2mt)=0(oY). ©9

the quantum pure-dephasing dynamics. We have thus mapped the pure-dephasing into the classical
Let us start with Eq(48) in the absence of ;-relaxation  problem ofheat transport in a ring

(v,=0), The heat transport equation can be solved analytically

via the standard variable separation method together with the
p=—iLlp— ﬁﬁzp_ (50) cyclig b(_)undary condition. Th@ormalizedsolution to Eq.
0?2 (56) is given by
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1 1 2
D(Pt)= ot nz,l e "7 A, cosn(p+Qt)

+B, sinn(¢+Qt)]. (60

The expansion parameters in the above equation can be d

termined by the initial condition,

A, = :Wdfp ®($,0)cosng, 613

B,= :Wdfﬁ O ($,0)sin ne. 61

Substituting Eq.(61) into Eq. (60), followed by some el-

ementary algebra, the final solution to E§6) can be writ-
ten as

2
O(p,t)= . Ao G(h— Pt O, y,1) P(¢ho,0). (62

Here,G(¢,7) is the Green'’s function defined by

l oo
G(h1)=5— > e "7 cosné. (63)
n=—wx
Note that
(4777')71/267“52/(47), <1,
G(o,7)= 64
(¢.7) 27) *+ 7 e "cosp, 1. (64

Note that the Green’s function in the final solutifgq.
(62)], i.e., G(¢p— Po+Qt,yst), assumes G(¢p— ¢pg,0)
=8(¢p— o) att=0. Fort—oe, G—(2m) 1. The Qt in
G(¢p— do+ Qt,y,t) arises from the first term of EG50) for

the coherent dynamics. It describes a clockwise rotation o{he
the reduced density operater in the phase-space with a
constant angular velocity of). In the rotation-frame, the

angular variable ig [Eq. (57)], and the Green’s function in

Eq. (62) becomes G(¢— ¢+ Qt,y,t)=G(d— g, vot),

Yan et al.

method® The new form of the BRT can even further be
combined with quantum chemistry methods such as semi-
empirical andab initio LCAO-MO calculations to investi-
gate the correlated quantum dynamics of the many-body in-
teraction and dissipation in conjugated electronic syst¥ms.
frv general, BRT satisfies the detailed-balance relation, but
not the translational invariance. We shall therefore have to
adopt an internal coordinate system such as &4) to
specify the BRT unambiguously. Note that in the present
work, the dissipative mod®, was chosen to be Hermitian.

A generalized BRT based on the non-Hermitian dissipative
modes description, which will be published elsewhere, can
also be developed along the similar algebraic approach used
in this work.

The generalized FPEEQ. (48)] was derived from the
BRT[Eq. (11)] via the harmonic systefiEq. (27)]. They are
therefore equivalent in the harmonic system of study. In an
anharmonic system, the generalized HEH. (48)] renders a
semiclassical detailed-balance relation up to the second mo-
ments in phase space. It thus constitutes an excellent ap-
proximation especially in the case of single-well potentials.
Both the T,-energy relaxation and the pufg-dephasing
processes were considered. In deriving E4p), we also
adopted the commonly used system-bath interaction ribdel
to relate both thel;-relaxation ratey, [Eq. (43)] and the
pureT, dephasing ratey, [Eq. (47)] to the bath spectral
densities. These two distinct dissipation dynamics were
shown to be of very different temperature dependence. Fur-
thermore, an analogy was made between the quantum pure-
dephasing dynamics and the classical heat transport prob-
lems(cf. Sec. V.

The present unified Bloch—Redfield/Fokker—Planck
ory of quantum dissipation can be of the Lindblad’s form
of general positivity. This is achieved at a special case of Eq.
(48) in which the paramete¢=0 in Eq.(49). The resulting
equation relates closely to the conventional optical quantum
dissipation theorycf. Sec. IV D that has been widely used

which is identical to that of heat transport in a ring. Thein |aser physics communify:® The generalized FPEEq.
pure-dephasing ratg, thus maps into the heat diffusion con- (4g)] that includes also the puf®; dephasing is however
stant. The above analogy is established via the harmonic sygpplicable to both optical problems and anharmonic systems
tem in which the iso-energy contours constitute circles with &f general interest.

common center in the phase-space. In general, the quantum The Redfield approximation involved in the present uni-
pure-dephasing could be mapped into classical problems @fed Bloch—Redfield/Fokker—Planck theory was analyzed in

VI. SUMMARY AND CONCLUDING REMARKS

for the complete neglect of bath dispersion and &.for
the complete neglect of the system—bath interaction in the
initial density operator. The resulting formulation, E¢0)

In summary, we have developed a unified algebraic apor (48) thus only partially accounts for the second-order

proach to construct the BRIEQ. (11)] and a generalized system—bath interaction. This is the main drawback of the
FPE[Eq. (48)]. The relation between these two theories ofpresent theories of quantum dissipation. Note that a full
quantum dissipation is elucidated thoroughly. second-order Taylor expansion formulation of quantum dis-
The key step in deriving the compact form of the BRT sipation theory has recently been developed by Meier and
[Eq. (11)] is to introduce the spectrum conjugation to a dis-Tannor® In their work, the correlated dynamics of the ex-
sipative mode[cf. Eq. (11b]. The resulting BRT is con- ternal driving field and dissipation was also treated properly
structed in the operator level and enjoys the flexibility ofin terms of a dissipation kernel that contains memory. The
implementation in comparing the conventional form of thenon-Markovian dissipation was further mapped into a local-
BRT. For example, the spectrum conjugation operador time evolution of the reduced density operator and a set of
[Eq.(11b] can be evaluated in any representations via eitheauxiliary density operator®.As it has been analyzed in Sec.
the matrix transformation or the equation of motion Il A, the correlation between the time-dependent driving
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and dissipation is the main source of the non-Markovian naAPPENDIX B: EHRENFEST EQUATIONS IN
ture in a quantum dissipation theory based on the cummulamISSIPATIVE HARMONIC SYSTEMS

expansion formulation. For most of the spectroscopic experi- We shall apply the generalized FREq. (48)] for the

fments r\}/vhecrje. t.he gptl(;al measurement_s_are operated aWE rmonic oscillator[Eq. (27)] to construct the Ehrenfest
rom the driving-dissipation cooperativity regions, one equations of motion for the first and the second moments of

would not expect dramatic correlated non-Markovian effects,, phase-space wave packet. By using the simple algebra for
A generalized Markovian quantum dissipation theory beyondy o 12 monic system, we obtéin

the Redfield approximation may also need to be developed as
it would greatly facilitate simulations of nonlinear spec-

2y, < €Y1
troscopies in condensed phases.

d Y1t 1
&<a>_—|ﬂ<a>_T a)+ T(a ) (B1a)

d | _
&<a2>: —(i2Q+ y,+4y,)(a®) +ey[(a'ay—n],
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The phase-space centergq(t),p(t)} and variance
{oqq(1),0pp(1),0p4(t)} can be evaluated via the following

APPENDIX A: REDFIELD TENSOR relations:
. . . . mQ| — _p(t)
We shall demonstrate in this appendix that Etfl) is (ay=\/=at)+i—=|, (B2a)
actually equivalent to the conventional Redfield thebijo 2h mQ
proceed, let us examine the Redfield dissipation tensor ele- mQ 1 i
ments associated with E€L1) in the energy eigenstaféa)} (a?)— (a)éﬁoqq(t) = 57mq Tee(DF 7 0pq(D),
representation. Note that the effects from statistically inde-
T ” e (B2b)
pendent dissipative modes are additive. For simplicity, we
shall in the following consider explicitly only a single dissi- + T 1 mQ
~ a'ay—(a'Wa)+ === )+ —5—= t).
pative modeQ. In the eigenenery|a)} representationQ (a'a)=(a’) @) 2 2k oo V) 2:imQ pp(t)
= C(wpa)Qap [cf. Eq.(11b)]. By using Eq.(11a or (4), we (B20)
obtain Note that the last term of E@48) is quadric. As a result, the
Rt orer = (Konp arrr + K5 )2, Ala reduced density operator in the Wigner phase-space repre-
avarb = (Kabar * Kpaprar) (13 sentation,p(p,q;t), will not remain as a Gaussian even it
Kabars = 5b(QD)aar — QbrpQaa - (Alb) ~ was initially. However, Eq(B1) shows that the equations of

motion are closed not only for the first moments, but also for
It is easy to show thaRaparb =Rb,prar @nd ZaKaaar  the second moments. In the absence of pure-dephasing (
=0. The latter identity leads to the matter conservation IaW':()), Eq. (48) is quadratic andp(p,q;t) do remain as a
ZaRaaapr = 0. Each individual Redfield relaxation element Gaussian. The analytical solution to H&1) in the special
Rab,aro N EQ. (A1) is of clear physical meaningFor ex-  case of{e=1,y,=0}, i.e., the Brownian oscillator model
ample, —R,,p, aMOUNtS 10 rate dib) to[a) transition. Itis  described in Sec. IV B, was derived previod€lin terms of
given by[cf. Eq. (AL)] {9(1).P(1), 7qq(1), (1), (D)}

Raa,bb:_|Qab|2C(wba); for a#b. (A2) The solution to Eq.(B1) is particularly simple in the
case ofe=0, in which Eq.(48) preserves the general posi-
tivity and is exact for harmonic systems. Note that EBfLc)
describes actually the mean energy evolution. Let us denote

AE(t) as the mean excess energy from the thermal equilib-

This is aT,-relaxation rate and is proportional {@,|°.
Equation(A2) leads directly to the detailed-balance condi-
tion: Raapb/Rop,aa=C(@pa)/Cwap) =€~ 20 [Eq. (12)].
Another type of secular tensor elemefitg,, 5, describes the

dephasing. We have rium,
AE(t)=(E(t)— Eeo=fQ[(a’a)—n]. B3
Raav= 4Ty )+ $C(0)(QqaQpy)? (V=B Eeg=hil(272) 0] (B3
1 @ The solution to Eq(B1) in the special case &=0 can thus
=Rabab™ Rap,ab- (A3)  pe expressed as
Here, R{Y o= (T4 +Tp)/2, with ' ,.=— =/ R mnn being the (a(t)y=e~1+272)12e-i0%5(0)), (B4a)
Bloch’s T,-relaxation rate of leveln). The second term in ) A i20t) 2
Eq. (A3), or R$Z),,=C(0)(Qaa— Qo) /2, relates only to (a2(t))=e~ 1+ 47l 1204(a2(0)), (B4b)

the diagonal elements @ and is responsible for the pure T L Ayt A T
T,-dephasing. EquatiofA3) recovers the celebrated relation AE()=e "AE(0). (B4c)
in which the dephasing rate as a sum of Theinduced con-  Equation(B4c) shows clearly that the parameter amounts
tribution and the pure-dephasing rate. to the energy relaxation rate.
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Equation(B1) [or Eq. (B4)] also indicates the role of

Yan et al.

12R. Alicki and K. Lendi, Quantum Dynamical Semigroups and Applica-

pureT, dephasing in the first two moments of the reduced_tions: Lecture Notes in Physics 288pringer, New York, 1987

density wave packet(p,q;t) in phase-space. In the eigenen-
ergy representation, the pure-dephasing tensor elerhefnts
the last term of Eq.(48)] are given by Rff%,m,n,

= S On Y2(M—n)2. This accounts for that the pure-
dephasing rate iga) is given byy, [Eqg. (B1a) or (B4a)],
while that in(a?) is by 4y, [Eq. (B1b) or (B4b)]. However,
as mentioned earliep(p,q;t) is not a Gaussian in the pres-

ence of pure-dephasing. The evolution of the first two mo-z"H

ments in Eq.(B1) is insufficient in characterizing the non-

Gaussian dynamics. The analytical solution directly to the

non-Gaussiarp(p,q;t) with a pure-dephasing in the har-
monic system is given in Sec. V.
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