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Cooperating or fighting with control noise in the optimal manipulation
of quantum dynamics
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This paper investigates the impact of control field noise on the optimal manipulation of quantum
dynamics. Simulations are performed on several multilevel quantum systems with the goal of
population transfer in the presence of significant control noise. The noise enters as run-to-run
variations in the control amplitude and phase with the observation being an ensemble average over
many runs as is commonly done in the laboratory. A genetic algorithm with an improved elitism
operator is used to find the optimal field that either fights against or cooperates with control field
noise. When seeking a high control yield it is possible to find fields that successfully fight with the
noise while attaining good quality stable results. When seeking modest control yields, fields can be
found which are optimally shaped to cooperate with the noise and thereby drive the dynamics more
efficiently. In general, noise reduces the coherence of the dynamics, but the results indicate that
population transfer objectives can be met by appropriately either fighting or cooperating with noise,
even when it is intense. @004 American Institute of Physic§DOI: 10.1063/1.1799591

I. INTRODUCTION In this paper, we will investigate four model illustrations
. . ) of optimal control in the presence of field noise, especially

Control of quantum processes is actively being pursuedor cases of strong noise. It is naturally found that field noise
theoretically? and experimentall§:® In practice control field is deleterious to achieving control if a high yield is desired,
noise and environmental interactions inevitably will be however, we also find robust high yield solutions that are
present, and the general expectation is that their involvemergxtremew stable with respect to noise. If a low yield is ac-
will be deleterious towards achieving contfoThe present ceptable, then it is shown that field noise may even be help-
paper only considers the influence of field noise upon thgy| and the control field can cooperate with it. The present
controlled dynamics with the noise described by shot-to-shofyork primarily aims to demonstrate these findings in several
pulse variations, as in the signal average experiments. fhodel jllustrations. A follow on paper will analyze the math-
separate work will explore analogous issue for environmengmatical and physical origin of the observed behatfor.
tal interactions. Recent studies have considered several as- gection 11 will present the model and control formulation
pects of the influence of laser nof€;"and this work aims  ysed in these studies. Section Ill describes the genetic algo-
to further explore the issue. Operating under closedfoop ithm employed to search for an optimal control field in the
the laboratory will naturally deal with the noise as best aresence of noise, and some special algorithmic modifica-
possible. Using simple models and simulations, this papefions are made for this purpose. Section IV presents a set of
will explore the nature of robustness to noise and the possigontrol simulations under various system and noise condi-

bility of cooperating with the noise rather than fighting tjons, Some brief concluding remarks are given in Sec. V.
against it, especially in the strong noise limit. Such a pros-

pect has foundation in analogous classical stochastic reSq- THE MODEL SYSTEM
nance phenomera.

The presence of field noise in quantum control is gener-  The effect of field noise on controlled quantum dynam-
ally viewed as problematic, but recent successful experii.CS will be explored in the context of population transfer in
ments at least support the point that some noise can b@ultilevel systems characterized by the Hamiltoni#n
tolerated*~1° and that it may have a constructive effect in g

| that. : : H=Ho—uE(t), (1a)
quantum dynamic&23A recent theoretical analy<isn the
impact of field noise upon optimal control indicated that an B
inherent degree of robustness can be anticipated by virtue of 10~ ; elv)(vl,
controlled observable expectation values being bilinear in the ) ) ) )
evolution operator and its adjoint. Some simulations ofwhere|v) is an eigenstate off; and ¢, is the associated
closed loop experiments also show that robust control is podi€ld-free eigenenergy. The noise-free control fiéidt) is
sible, and that properly designed control fields can fight@ken to have the form
against nois&?42°In some special circumstances, field noise

(1b)

: : _ 0 0
even may be helpfif® 3! The presence of field noise may Eo(t)—s(t)El Al cogat+6y), (2a)
also improve the convergence rate of the laboratory learning
control processe¥:?® S(t)y=exf — (t—T/2)%/252], (2b)
0021-9606/2004/121(19)/9270/9/$22.00 9270 © 2004 American Institute of Physics
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where{w,} are the allowed resonant transition frequencies ofvhere
the system. The controls are the amplitu¢laf! and phases

(69y. o[ EV(D]=V(OTEVMDN—(O[EVM®DR, (9
In each simulation, a reference noise-free optimal conand(0?), is defined similar to Eq(6). The coefficieni{3>0
trol calculation is first performed with the cost function: balances the magnitudes of the terms. Sihd® minimized,
ulses that produce a small variance in the objective are fa-
Jo[Eo(1)]=|O[Eg(t)] ~ Orf?+ aFo, (3 Do AP ‘
- 02
Fo=2 (A7, (85 jiI. A GENETIC ALGORITHM WITH AN IMPROVED

ELITISM OPERATOR IN THE PRESENCE
whereOy is the target valuéexpressed as a percent yield in OF CONTROL NOISE
the applications laterO[ Ey(t)] is the outcome produced by
the field Ey(t), and Fq is the fluence of the control field
whose contribution is weighted by the constast;0. In the

Current quantum control experimetit®mploy genetic
(GA) (Ref. 33 or evolutionary algorithni$ to identify opti-
resent workQ = | )(W,| is a projection operator for the M@ control fields. Simulations have shoftd that GAs can
P ’ f f prol P tolerate a high level of noise because they do not make sharp

population of the target statd’;). L . o
S , decisions, allowing for decision errors to be averaged out
Noise in the laboratory could take on various forms and

arises from a number of sourcéi keeping with laboratory over the generations of the learning process. GAs can be

. . . very effective, but they also can be expensive to employ,
practice, the achieved control will be measured as an en- . . .
especially when optimizing a shot-to-shot stochastic process

semble average over the outcome of many control fields, .
9 y S“because a large number of experiments are needed to per-

Here the noise is modeled as run-to-run uncertainties in th?orm the ensemble average. Many of the simulations in this
amplitudes and ph'ases.m E@a).” This work will take an work include significant field noise, and it was found that at
extreme conservative view to explore the nature of achiev:

able control when such noise is large and independent ol?aStM =10° runs are needed to get accurate ensemble av-

each other in the different runs. The noise is simulated by 29> In order to Sp_§§d up the S|mulat|ons, many strategles
. . : ave been proposéd—>¢ Here we used a simple approach:
introducing the parameters, and Yo, which are chosen

only perform full statistical averaging with the most effective
randomly over the range-T"a,I'a] and[—I'y,I'y], reéspec-  fia|q at each generation, while for intermediate assessments

tively, of all other individuals use a small number of ensemble av-
A= A0+ 7’2.)’ 6= 6+ 7,(6:|>' (4)  erage runs. The deta!led procedure to select an optimal field
consists of the following steps.
What is referred to as “amplitude noise” alone actually al- (1) Initialize the GA. We assume there are two special

lows for phase changes over the rangel'5,['4]. By ex-  individuals, one is denoted &&st which is the best member
ploring the case of ;,2#0 andI’,=0, the phase contribution of population; another is denoted atist, which will be
will become clear. Different random values are selected foupdated in each generatiolitist is the same abestwhen
the amplitudes and phases over their respective ranges the GA starts.

replicate simulations=1,2,...M corresponding to an en- (2) Perform the standard operations of reproduction,
semble of M control experiments. Théth experiment is crossover, and mutation to generate a new population for the
driven by field next generation. Evaluate the fithess of each individual in the
population with a small size ensembl®&10® in this
EV(1)=S1t)2 A" cogat+ 6" (5)  work).
|
and the net outcome of all the control experiments is the (a) (b)
average .
M 4 )
. 1 . I S
(OLEV(O =37 2, KH(EVOL DI (©) ? 3T 2
. 2 2
where|$([EV(1)],T)) is the final state driven with thih n
field in Eq. (5). The bracket notatiofiE((t)] indicates a
functional dependence on the field over the intervaltO 1 1=
<T. The objective function in the presence of noise is
IN(AY, 67) = [(O[E() )= Orl*+ aF. @ .

In order to find a robust control field, for which the 0

outcome is optimally insensitive to the noise, we incorporatélG. 1. Two quantum multilevel systems used to investigate the impact of

g ; noise on optimally controlled dynamic&) The five-level single-path sys-
the measurement standard deviatiomto the cost function tem used for simulations with models 1, 2, and 3 in Secs. IV A, IV B, and

to finally produce IV C, respectively. Models 1 and 3 only allow single quanta transitions
0 0\ _ ; while model 2 allows both single and double quanta transitigbsThe
J(A, 6 )=JIn(1+ ﬂUN[E(I)(t)])v (€S) double-path system for model 4 in Sec. IV D.
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TABLE |. Population distribution of the single path model 1 when the

T
0,=100% |

§ 03r(a1) §0.1 system is only driven by amplitude noise.
g_o.o go.o Population in the stat&%)
-0.3- 404
a2 0 1 2 3 4
0 50 __100 15 00 ¢
eTime (f5) 0.10 41.6 321 17.9 6.1 2.25
E15}(a2) ] § 3 0.09 440 344 160 4.4 1.24
'gm' 3;,_2 3 0.08 47.8 35.9 12.9 2.8 0.63
& 4 0.07 54.1 34.1 9.8 1.7 0.26
g 5L 3 %1- 3 0.05 69.8 26.0 3.9 0.35 0.026
K o 0.03 86.8 12.5 0.68 0.023 0.0006
0505 7o 15, 2.0 o5 1o 15, 20 0.01 98.4 16 0.0096 3:610°° 1.0x10°7
Frequency (fs”) Frequency (fs”) 0.00 100 0 0 0 0

FIG. 2. Optimal control fields and their power spectra for model 1 when thesThe nominal field is zeroA’=0, and there is no phase noigé)=0.0.T'»
field has no noise. The fields are found using the cost function ir(32j. . . . . 10 . !

th litud <I',, in Eq.(4).
Plots(al) and (a2 correspond to the high target yield @:=100% while 1S the maximum noise ampiitu HAI' A N EQ-(4)
plots (b1) and (b2) correspond to the low target yield &f;=2.25%.

tion (8) is the cost function used to the guide GA choice of

(3) Compare the objective values arising frefitistand ~ the control field. The average yields shown in all the tables
best(the best member of the new generajion typically involve an ensemble oM=10" samples. The

if J(elitist)<J(bes) then reevaluate the cost function of Simulations used the Toolkit technidiieo efficiently solve
elitist with a large ensembleM= 10" in this work); the Schrdinger equation.

if J(elitist)>J(bes) then reevaluate the cost function of Ao Model 1
best with a large ensembl&i(=10* in this work.

(4) Compare the updated cost function valueetifist
andbestfrom the last step:

if J(elitisty<J(bes) then replace the worst member o
population with elitist;

This model used the single-path five-level system in Fig.
1(a) with eigenstatesi), i=0,...,4 of the field free Hamil-
¢ tonianH,, having only nearest neighbor transitions with the
frequencies wo1= 1511, w1o= 1181, a)23=0.761, w34
if J(elitist) >J(bes) then set elitistbest. =0.553 in rad f§?, and associated transition dipole moments
(5) Go to step(2), and repeat the GA operations until 01~ 0??055' p12=0.7079, 1193=0.8352, 13,=0.9281 in
convergence is fulfilled. 1.0x10 **Cm. The target time i§=200fs, and the pulse

Although there is always a chance that a good field iswidth in Eq.(5) is s=30fs. The control objective is to trans-

overlooked by this procedure, it proved to be effective inf€f the population from the initially prepared ground staye
finding robust fields. The procedure is very efficient as itto the final statel4), such thatO=|4)(4|. As a reference

only performs extensive statistical averaging on the mostontrol case, the algorithm is run first without any field noise
likely effective fields. using the cost function in Eq3a). Figure 2 shows the opti-

mal field for the two separate goals;=100% and 2.25%.
These two extreme cases of high and low target yield are
chosen to illustrate their distinct control behavior in the pres-
To demonstrate how quantum optimal control can eitheence of noise. The choice of the low yield target of 2.25% is
fight or cooperate with field noise, we performed four simu-arbitrary with similar behavior found for yields up t610%.
lations with simple model systems. The first three simuladn some applications even making a modest yield of a par-
tions use the single-path system in Figa)lwhile the last ticular product or state for study would be significant. The
simulation uses the double-path system in Fi@h).lEqua- physical criteria in the low yield limit is that sufficient noise

IV. NUMERICAL SIMULATIONS

TABLE II. Optimal control field fighting against amplitude and phase noise with model 1 for the high target
yield Or=100%.

Ta, Ty (O[EQMDN %) Fo®  O[Eq(t)]* (%) Fo? (O[EOM N (%) oy (%)
0,0 0.00 0.066 98.7 0.00 98.7 0
0.05,0 0.026 1.73 98.6 33102 89.4 5.31
0.10,0 2.25 12.3 95.8 18102 73.6 13.1
0,1 0.065 97.8 97.1 0.65
0,2 0.065 95.9 96.2 1.04
0,7 0.065 97.7 96.0 1.08

', andT , are the maximum of the amplitude and phase noise, respectMéw.Sl"A, |y£j|)|sF0.
(O[EW(t)])y: Yield from noise alondEq. (10)] without a control field.

‘Fluence of the control fielfEq. (3b)].

dO[E(t)]: Yield arising from the control fieldEq. (28)] without noise.

Fluence of the noise.

fO[EW(t)])y : Yield from the optimal control field in the presence of noj&y. (6)].
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TABLE IlIl. Yield from optimal control fields in the case of model 1 with
different levels of phase noise for the high target yieldogf=100%. 8 1.0 =
3 c
8 ]
op 2 K]
<O[EF9(t)]>F;}a% E i (_g‘-o‘s_ 2
r; e, E%, E%, = : £
é 0.0 £ 1 0.0t
0.0 98.7 97.8 95.9 97.7 L L L - L L ;
0 50 100 150 200 O 50 100 150 200
1.0 97.2 97.1 96.4 96.7 Time(fs) Time(fs)
2.0 95.4 96.1 96.2 96.1 . i L
m 95.1 95.9 96.1 96.0 g 1001 R
5 R
- R [ 3
?Yield at the fieldER’(t) with phase noise|:y(g'l)|sl“;. Here Ef’(t) is the é ‘ "y %
x —
field for which the yield was optimized.e., the diagonal elements in the ‘;?0-5 1 3
table at the phase noise levél, . z &
2
S0.0 . ; . 0.0 os . v
0 50 100 150 200 O 50 100 150 200

Time(fs) Time(fs)

be present to produce at least a small population in the target
state. At the target time, the noise free fields in FigalR2  FIG. 3. The time dependence of model 1 dynamics driven by the optimal
and 2bl) drive 98.7% and 2.2% of the population to target control field in the last row of Table Il. The density matrix measRg&),
state respectively. R.(t), R(t) in plots(al) and(bl) are defined in Eq.12). Plots(al) and(a2

I order 1o calibrate the sirengih of the noise, Table . s Lo e e 1 sy dven by
shows the state population distributions when the system isame field but without noise. The associated state populations are shown in
only driven by noise of various amplitudes. Whdf,  plots(a2 and(b2).
>0.07, the influence of the field noise is very large as it
drives more than 40% population out of the ground state. To

examine the '”““e’?ce of noise when ?‘*:‘"'”9 an op_tlmal_ CONSf Table Il reveal that optimal control fields can be found that
trol field, first consider the case of aiming for a high yield

li.e., perfect control with the target yield set@¢—100% in are fully robust to strong phase noise with small yield vari-

. : . ance. This result may appear to be surprising, as proper ad-
Eq. (7).]' Table 1l shows h.OW Fhe qpumal control fields fight Ijustment of control field phase is often viewed as necessary
with different types of noise in this case. In order to reveal

th ; ibuti f noi th timall for attaining a good quality control yieftf. Table Il further
€ separale contributions of noIS€ upon the oplimally Cong, » ineg this issue where it is found that robustness at any
trolled dynamics, Table Il shows the yield from noise alone

orei 1 thout th trol field bei © N level of noise assures robustness at other levels. However,
( (i)[ n _( )]>N_ without the control Tield being present. Here ;s ragyt alone does not reveal the degree of average coher-
E,’(t) is theith member of a pure field noise ensemble:

ence maintained in the dynamics. The shot-to-shot signal av-
eraged density matrix of the quantum system can be defined

Eg)(t) — S(t)Z ’y'(”iq) COS{ wt+ 'ygl))_ (10) as

The control field is determined optimally in the presence of 1M
p(=17 2 p"(),

noise; as a reference, the yied] Ey(t)] of each optimal (118
field without noise is presented. The second and third rows

of Table Il show that the optimal control can fight against

amplitude noise by increasing the fluerieg, although the p O =]¢([EV)L,ONHED(1)],1)]. (11b

effect of noise is always deleterious. The variamggnatu- _
rally increases as the amplitudf rises. The last three rows Here [#([E((t)],t)) is the state driven by thih field in

TABLE IV. Optimal control with both amplitude and phase noise for model 1 with a low objective yield of

07=2.25%.
Ta, T (O[EQ(MDN (%) Fo O[Eq(t)] Foo  (OLEOMDN (%) on(oy .on)9%
0.10,0 2.25 0.00 0.00% 1.3810°? 2.25 4.72.0,10
0.09,0 1.24 3.x10% 2x10® 1.02x 1072 2.09 5.81.8,12
0.08,0 0.63 6.x10°°% 25x10° 8.53x 10°° 2.17 6.52.0,15
0.07,0 0.26 8.%10°% 0.16% 6.53x 1073 2.11 5.92.0,13
0.05,0 0.026 9.810°° 1.34% 3.33x 1078 2.08 4.71.8,9.3
0.03,0 6.0<10°* 1.06x10°% 1.87% 1.20x 1073 2.06 2.61.4,4.2
0.01,0 1.<10°7 1.11X10°2 2.12% 1.33x 1074 2.17 0.80.7,1.0
0,05 1.09x10°2 2.18% 2.17 0.01

0,1.0 1.10x10°2 2.21% 2.18 0.03

0,2.0 1101072 2.19% 2.17 0.03

0,0 1.09x10°2 2.20% 2.20 0.00

a-Refer to Table Il.
9%y , oy are left and right standard deviation, respectively, around the mean in f.
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25— T T T ] coherence of the systenR{(t)=0) while Fig. 3bl) shows
o /,. 1 that large coherence is built up by the same control if no
200 §‘§A_————A————"/‘\A 1 noise is present. The state populations are also shown in
. 1 Figs. 3a2 and 3b2) indicating in both cases that the target
9 \ 1 goal is reached via a simple four-step ladder climbing path-
© - way which is evidently not sensitive to phase. The result in
O | ° ] Fig. 3 needs to be understood in the context ga(t), for
()] ] the arbitranyith member of the ensemble, will generally have
>__ a significant degree of coherence along its evolution. The
! ; details of the shot-to-shot coherence change rather randomly
0.5 / . such thatR.(t)=0, but the noise averaddr p?) could con-
[ ] tain a coherent contribution. Further insight into this situa-
'\.__._. _ tion will be analyzed upon examination of model 2 in Sec.
] IV B.
007 003 005 007 0.|09 — If we accept a low control yield outcome, very different
. control behavior is found in the presence of noise. The re-
Noise Level FA sults from optimizing Eq(8) are shown in Table IV with
FIG. 4. The control yield under various noise conditions for model 1 with various 'Ievel's of amplitude and phase noise. In all ca;es the
the low yield target 0f01=2.25% in Table IV. The labeled curves show the target yield isO7=2.25%. Table IV shows that low field
yield for noise alone, the yield for the optimal field alone and the yield for amplitude noise Il ,=<0.01) has little impact on the control
the field in the presence of noise. There is notable cooperation between thgutcome. Additional amplitude noise becomes more helpful
noise and the field especially over the amplitude noise range<i@6 ;nqicated by the reduced control field fluence. In the domain
<0.08. .
0.06=<I',=<0.08, the control outcome is much larger than the
sum of the yield from the control field and noise alone. For
Eq. (5) from the ensemble. The density matrix is further €xample, al’,=0.07 the noise and optimal field alone, re-
decomposed into its coherent and diagonal portidt$t) spectively, produce vyields of 0.26% and 0.16%. But, the

0.0- —s——s—*&

andRy(t), respectively, same field operating in the presence of the noise produces a
yield 2.11%. This behavior indicates that the field is cooper-
R.(t)=2, |ij(t)|2, Ry(t) =, k(D)2 (129  ating with the presence of noise to more effectively achieve
k#] k the posed goal. The left and right varianegy, and oy, ,

respectively, indicate a very asymmetric distribution having a
R(t)=2 |pkj(t)|2=Rc(t)+Rd(t)=Tr[p2(t)]. (12b long tail on the high population side. Again, we also find
ki several solutions that are very stable to phase noise. The
Figure 3 plots these measures of the density matrix and theollective results for amplitude noise are plotted in Fig. 4.
state populations of the system driven by the field in the last ~ Figure 5 shows the evolution of the density matrix mea-
row of Table Il with strong phase noide,= 7. Figure 3al)  suresR., Ry, andRin Eq. (12) at different field noise am-
shows that the high level of phase noise totally destroys thelitude I' 5 levels. With strong noise there is little surviving

)'""""s%""“f’o'é"""fﬁoo W ,—a—ufﬁm FIG. 5._ qulution of the densi_ty matrix measures in Eq.
Time(fs) Time(fs) Time(fs) (12) with d|ﬁerent levels of f|e[d amplitude noise for'
REE R . the low target yield case of Fig. 4. The coherence is
successively destroyed by stronger noise, but it still sur-
vives around~ 100 fs.

A0 [T TR TTTIO

i ' 0.0 |- e VPR
050 100 950 200 o0 50 100 180 200 o0 50 400 150 200
Time(fs) Time(fs) Time(fs)
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TABLE V. Yield from optimal control fields with different levels of amplitude noise for model 1.

(OLEP(O)r,?

T'a Ed%o Edfe Eds o Edfs Eds Ed Edfo
0.10 2.25 2.98 4.15 4.35 4.64 4.74 5.25 5.50
0.09 1.24 2.09 2.96 3.80 3.99 4.11 4.79 4.53
0.08 0.63 1.27 2.17 2.92 3.28 3.60 4.16 3.76
0.07 0.26 0.71 1.48 211 2.90 3.18 3.48 3.46
0.05 0.026 0.17 0.55 1.1 2.08 2.50 291 3.36
0.03 6.0<107* 0.023 0.14 0.44 1.58 2.06 2.38 2.45
0.01 1.0x10°7 0.0014 0.016 0.19 1.38 1.88 2.17 2.21
0.00 0.00 0.00020 0.0025 0.16 1.34 1.87 2.12 2.20

#Yield at E’ﬁ(t) with noise bounded byyAl\sI‘,; and fory,=0. HereEg';(t) is field for which the yield.e.,
A
the diagonal elements in the tapleas optimized with amplitude noise levél, The yields are expressed in percent.

coherence indicated bRR., except in the time around Table VII further analyzes the robustness of the last two
controlled dynamics in this low yield regime, Table V pre- Eoo (i-€., determined with no noisds applied with a high
sents the outcome of applying noise at the amplitlijéo a  |evel of phase noise, df,=2.0, there is poor robustness
field optimally determined at noise amplitufig . The yield ~ With the final yield dropping to 24.2%. However, for the
for EP with T',=T, is the outcome for the field optimally yield optimally determined at the high noise levEl,=2.0,
determined with the noise dt,. It is evident that once a there is robustness to lower levels of noise. The power spec-

field cooperates with noise at levEl,, then it cooperates ”?‘ f%r tge field .Opt't';?'zfd aflgzt 0.0 and 2£O aret SZO.Wn n
with noise at any other level. We may conclude that at IovvF'g' . Comparing the two plots we see tifyt) drives

yield, cooperation can be arranged, but at the expense @e system along a path of single quantum transitions while
coherence ’ oR(t) drives the system as well with the additional two

gquanta transition 2:4. The presence of the extra two quan-
B. Model 2 tum transition can set up a delicate situation which is sensi-
Model 2 extends the Hamiltonian of model 1 in Figall tive to phase noise, as Table VIl indicates. The robustness of

to allow for two quanta transitionswo,=2.692, wis the single quantum path fdr,=2.0 is analogous to what

=1.942, w,,=1.314 in radfs?, with transition dipole ele- Was found in model 1.
ments: o= — 0.1079, wy5= —0.1823, pup4= —0.2786, in Two tables similar to Tables IV and V but for model 2

1.0x10-3°C m. Table VI shows that for a high target yield can be constrgcted to shc_>w strong cooperalltion.between op-
of O;=100%, the control field can again effectively fight timal control field and noise when target yield is o
against amplitude noise by increasing the flueRgeBut, as =3.65%), and the data can be plotted to form a figure analo-
with the results in Table II, increasing the amplitude of the90Us to that of Fig. 4.

noise makes this battle harder with the final average yield

decreasing and the variance increasing. The case of pueg Model 3

phase noise df ,= 1.0 shows sensitivity to its presence with

the yield falling to 68%. The last row of Table VI also shows This model is same as model 1, but amplitude noise is
a solution that is extremely robust to phase noise with reeonly present in the ©:1 transition. Thus, noise alone cannot
duced variance at a surprisingly small fluerice., the flu- drive any population into the target state. There is also no
ence is even smaller than for the cdse=0.0.) This latter phase noise in any of the transitions. Table VIII shows the
behavior is likely the result of there being many solutions toresults from different levels of©1 amplitude noise for a
the optimal control search process with the algorithm findingow yield target of Ot=10%. There is little evidence of
alternative solutions under different circumstances. cooperation with the noise, except in the last row witQ

TABLE VI. The yield from optimal control fields fighting with amplitude or phase noise in model 2 with the
high yield target objective 0®;=100%.

Ta, T2 (O[EDMDN (%) Fo°  O[Eq(t)]* (%) Fol (O[EV(M) N (%) o (%)
0.0,0.0 0.00 0.28 99.1 0.00 99.1 0.00
0.05,0.0 0.13 1.53 98.2 5.8310 3 87.2 7.4
0.1,0.0 3.65 3.27 93.7 2.3310°2 66.5 14.5
0.0,1.0 0.33 80.4 68.0 13.1
0.0,2.0 0.065 96.5 91.6 4.2

a-Refer to Table II.
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TABLE VII. Control yields with optimal fields at different phase noise TABLE VIIl. Control outcomes from optimal fields for model 3 with a low

levels for the high yield targeD;=100% in case of model 2. target yield ofO;=10%.
(OLEP () r1?% (PLEPM N O[Eo()]1*  (O[EV(MN  on
r,® (%) Fo° (%) (%) (%)
ry ES E%, ES . °
0.00 0.00 0.0176 9.95 9.95 0.00
0.0 99.1 80.4 96.5 0.01 1.67 0.0198 9.91 9.94 1.39
1.0 42.9 68.0 95.3 0.05 317 0.0229  10.66 9.97 3.24
2.0 24.2 37.5 916 0.10 61.1 0.0194 9.27 9.99 8.09
0.20 46.6 0.0144 0.0013 9.90 6.06

aRefer to Table IlI.

Amplitude noise is only in the transitions-01.
. ) . ) bPopulation in level 1 when the system is only driven by noise.
=0.2. In this case, the field fluence is low and the yield fromedRefer to Table 1.

the field alone is almost zero. But, the desired target is

achieved when the field cooperates with the noise. Figure 7

shows the power spectrum of the optimal field for this case  The results in Table IX show cooperation between the
and it is evident that the <01 transition is absent. The field and the noise in model 4 for a low target yield ©f
mechanism of cooperation is clear: noise drives the systerit 2-25%. Figure 8 shows the power spectra of the three
from level O to level 1, then the control field drives it to level OPtimal fields in Table IX. Panek) indicates that in the case
4. The remaining cases in Table VIII do not exclude theOf no noise the field primarily drives system along the right
possibility that fields could be found that also cooperate withPath. When noise is present in the left patlanel (b)], the
other levels of noise. The result B =0.20 shows that such optimal field drives the system along the left path in order to

noise cooperative solutions exist. cooperate with the noise. Similarly, when the noise is in the
right path[panel (c)], the optimal field drives the system
D. Model 4 along the right path. An interesting feature of casgis the

) lack of intensity for the last stef8')—|4') along the path.
The fourth model is the more complex two-path systemgyigently the optimal field fully draws on the noise for this

in Fig. 1(b). In this model, population can be transferred t?step as a special case of cooperation. The presence of the
the target statg4) along two separate pathways. The transi-fyence term in the cost function favors such behavior pro-
tion frequencies and dipoles of the left path are same as thgfgeq that the target goal can be met.

of model 1; the right path has the distinct transition frequen-

cies: ")0’_1’22-1??7 w112:=1.346, wp13:=0.345, w34 yield is the guiding principal dictating the nature of the con-
=0.162 in radfs® and dipole elementsuo/,,=0.6526,  {ro| field and mechanism in this case. This behavior reflects
M1’2'_§00-7848* p213=0.9023, u34,=1.0322 in 1.0 the pature of the cost function in E€7), which places no
X10*"Cm. For simplicity, along both paths only single gemand on the coherence of the dynamics, but only asks that
quanta transitions are allowed. the control be efficiently achieved wita>0. If coherence
maintenance was also included in the cost function the field
would be guided accordingly, in keeping with the ability to

These results clearly show that efficiently achieving the

e B T
£ meet the newly posed objective.
=
g1 V. CONCLUSIONS
n
H The impact of amplitude and phase noise upon quantum
§ control is explored in this paper with particular emphasis on

0 these being strong. Numerical simulations from several cases

0.

T T I | & ; T ] ; g T 3 ) ) 6 T

S i (b) Dy, 1 £ B9y
10 . g
2 §4'
» | 7 o |l
g 5. _ =

0 D P ) /

0.0 0.5 1.0 15 2,0 0 l

A
Frequency(fs™) 0.0 0.5 Frequ‘le.:‘)cy ts") 1.5 20

FIG. 6. Power spectra of the control fields for model 2 aiming at a highFIG. 7. The optimal field power spectra of model 3. Here noise is only in
yield with O+=100%. Plot(a) is for the fieldESY, robust to phase noise; the amplitude of the ©:1 transition withI' ,=0.20. The optimal field coop-
plot (b) is for the fieldEZY, which is not robust to noise. The robust control erates with the noise by eliminating the), frequency and exclusively re-
field in (a) avoids the extra interference arising from the two quanta transi-lying on the noise to drive that step. The arrow indicates where that fre-
tion 2-4. quency lies.
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TABLE IX. Yield attained from the optimal fields for model 4 with the low  gus circumstances. This work explored several special cases
yield target 0fO;=2.25%. to reveal what may happen when searching for optimal con-

(O[ED(D) O[Es()]®  (O[ED®) ]y trols in the presence of field noise; a mathematical analysis
n . . .
o, r®a (%) Fot %) %) of the observed behavior may also be carried®3Tihe abil-
ity to find robust, and even cooperative solutions, is most
0.00,0.00 0.00 0.0093 219 2.19 : . .
0.08.0.00 0.63 00064  0.0003 517 encouraging. These results are consistent with a recent
0.00,0.07 0.50 0.0052 0.0002 2.08 analysig arguing that optimally controlled quantum dynam-
e ‘ _ ics has a special inherent degree of robustness. Although,
", I'x”: Noise in the left and right paths, respectively. each case will likely have its own unique characteristic be-

b,c,d,
Refer to Table Il havior, the findings are encouraging for the ability to ma-

nipulate quantum dynamics even with severe noise being

suggest that control fields can be found that either cooperal jesent. It would also be_ inter_esting tc_) explore these issues in
with or fight against noise, depending on the circumstanced"® Iaporatory by seleqtlvely introducing measured levels of
In the case of low target yields, the control field can effec-N0'S€ Into the control field.

tively cooperate with amplitude noise to drive the dynamics
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