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ABSTRACT

Time averaged fields produced by a two-level, quasi-geostrophic, nonlinear time-dependent model of large-
scale flow over topography are compared to results from stationary linear theory in order to assess the
influence of transient eddies. It is shown that stationary linear theory predicts excessive amplitudes and has
a low phase correlation with these time-averaged fields. Addition of the stationary nonlinear terms gives only
a slight improvement. The transient eddy fluxes are responsible for reducing the amplitude of the linear
solutions. Resonant effects evident in the linear models are highly damped, but still noticeable, in the
turbulent solutions. The energetics of the stationary flow show that the transfer of stationary to transient
energy is significant. Instability analyses of the time-averaged flow suggest that unstable perturbations are
likely to arise which have structures qualitatively similar to time-averaged variance fields. We conclude that
the time averages in such turbulent models depend both upon the stationary forcings and the instabilities
that arise and that neglect of transient fluxes will lead to unrealistic results.

1. Introduction

The simplest models used to describe stationary
eddies are the stationary. linear models linearized
around a zonal state (e.g., Saltzman, 1968). The
primary justification for these models comes from
the observation that the stationary eddies are very
much weaker than the zonal flow—the eddy stationary
energy is an order of magnitude smaller than the
zonal stationary energy (Holopainen, 1970).

The effect of the transient eddies has often been
regarded as implicit through their effect on the zonal
flow and intermediate to small scales. Indeed, many
linear models do produce stationary anomalies in
qualitative agreement with some observations (e.g.,
Alpert et al., 1983). However, some observational
studies suggest that the transient eddies (which have
more energy than the stationary eddies) have an
important influence on the actual stationary eddies
(e.g., Holopainen et al., 1982) and especially on those
produced by linear models (e.g., Youngblut and
Sasamori, 1980; Opsteegh and Vernekar, 1982). Other
evidence lies in the instability properties associated
with the stationary eddies. If these eddies are unstable
then they are likely to give rise to perturbations that
may draw energy from the stationary flow in an
organized manner, eventually leading to a different
time averaged field. A number of simple models of
this interaction have been proposed (e.g., Frederiksen,
1978; Lin, 1980; Sasamori and Youngblut, 1981).

The direct effect of the transients on the stationary
eddies has received little attention, partly because it
is very difficult, in the real atmosphere, to isolate
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their effects. They will affect the stationary flow by
direct energy transfer and by stochastic perturbations.
How important these processes are, which are ne-
glected in linear models, and, concomitantly, how
realistic the results from such models are, is not well
understood.

One step toward understanding such problems is
to rigorously compare linear theory with the time
averages in a nonlinear time-dependent model (e.g.,
Roads, 1981; Phillips, 1982). The linear model can
be identical with the full model in all respects other
than the omission of nonlinearities. In particular it
can use the same stationary forcings and finite differ-
encing of the turbulent model. Further, the linear
model can use the time-averaged state of the turbulent
model. By comparing the time-averaged (stationary)
response of the turbulent model with the linear
model, linearized around the mean zonal flow of the
full model, the effects of the transient eddies can be
isolated.

In this paper we report the results of such a study
with a turbulent (i.e., time dependent, highly nonlin-
ear) two-level quasi-geostrophic model on a beta
plane with specified topography. The turbulent model
(often denoted the “full” model below) is compared
to the response in various abridged models—a purely
linear model, a linear model with nonlinear stationary
fluxes included as nonhomogeneous forcing terms,
and linear models with nonlinear and transient ther-
modynamic or vorticity fluxes similarly included.
Aside from the omission of one or more of the above
processes, the models are identical. Energetics of the
models are decomposed into stationary and transient
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components to examine the energy flow. Finally the
stability of the solutions is examined. Here the aim
is to see whether the variance of the full model is
related to the unstable eigensolutions of the time-
averaged flow.

The two-level model should not be regarded as
quantitatively “realistic”, its primary weakness for
these studies being the imposition of a rigid lid at the
top of the model atmosphere which may prevent
energy in the stationary waves from propagating
upward. This might enhance any resonance charac-
teristics in the models (e.g., Smagorinsky, 1953).
However, as shown, for example, by Tung and Lind-
zen (1980) tropospheric resonance is possible in at-
mospheric models which incorporate realistic zonal
wind shears. ’

Overall, we are interested in how stationary topog-.

raphy is related to the time-averaged fields in the
turbulent model, in the hope of ultimately under-
standing the time-averaged response through the use
of simple models, in which turbulent processes are
parameterized. For example, White and Green (1982)
found that the asymmetric eddies as well as the zonal
flow must include parameterizations for the transient
eddies.

The basic model is described in Section 2. A
description of the simulations and their energy budgets
can be found in Section 3. Section 4 contains a
comparison with linear theory. Section 5 is a descrip-
tion of the instability analysis. Section 6 contains the
summary and conclusions.

2. Model

The two-level, beta-plane, quasi-geostrophic channel
model comprises upper and lower level vorticity
equations, a thermodynamic equation and boundary
conditions. These equations may be written, in stan-
dard notation, as

J _.
5 TV I T+ =f3;~Du )

9 2 IS
a—tV2¢3+J(¢3,V¢3+By)— pr+pr D,
)

or Jw 3)

N — + NJ(Y, 1) = NF, + —.
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The vertical pressure velocity is zero at the upper
boundary and at the surface, w;, is given by

for _

— &f N _ k2 _pi 2
Ap Ap J(ws, H) — Kf Ap Vs
= — J(Y3, h) — KV?3, 4)

where ¢, and y; are the upper and lower level
streamfunctions; ¥ and 7 are the barotropic and
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thermal streamfunctions defined by ¢ = (¥, + ¥3)/2,
T = (Y, — ¥3)/2; # is the dimensional orographic
height and F, is the thermodynamic forcing. The
flow is governed by these parameters as well as the
value of 8, the meridional derivative of the coriolis
parameter; the inverse deformation radius A, which
is a measure of the static stability; the surface friction
coefficient K; and the dimensions of the domain
(zonal extent, L,, 16 000 km and meridional extent,
L,, 8000 km). In (1) and (2) D, and D; are high-
order diffusion operators designed to remove enstro-
phy and keep the energy spectra smooth at high
wavenumbers. They have a negligible effect on low
wavenumbers and are parameterized by D; = »V%,.
The numerical values of some of the parameters are

B=15%X10""s!m™}
Ap = 400 mb
A2 =3.16 X 107'2 m~? (corresponding to a nondi-
mensional wavenumber 4.5)
v=14X 10" m*s™!
K =(1/2.9) days™". ,
By eliminating the vertical velocity the equations
may be combined into equations representing the

conservation of potential vorticity at the upper and
lower levels,

s o
=g +JW, q) = —2N\F, - D,,

% &)

9 ,

5% + J(Ws, q3) = +2X°F, — Ds, (6)
where

g1 =V + N3 — ¢) + By

=V + N —¥s) Byt h

D3 = V%5 + KV,

D, = ”Vékbl
The y_ertical velocity is obtained from an omega
equation.

The channel is periodic in the x-direction and has
zero flow through the boundaries along the northern
and southern edges. A no-slip condition is also im-
posed on the zonally averaged zonal wind. An appro-
priate spectral expansion of the streamfunction is
then

Ux, 3, 1)
N—1 N-1 k=N=}
= > bult)cosly + > > bu(?) sinlye™. (7)
-1 I=1 k=;;]\(/)—-l)

Here x and y are nondimensional coordinates defined
by x = x*2n/L.; y = y*=x/L,, where the asterisk
denotes a dimensional variable. Note that no eddy
activity is allowed on the boundary and a temperature
gradient can exist across the domain.
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Evaluation of the nonlinear Jacobian terms is not
trivial if energy and enstrophy conservation are de-
manded. Essentially, terms not involving the zonal
flow are evaluated exactly by Orszag’s (1971) staggered
grid algorithm—a spectral transform technique.
Wave-mean flow terms make use of transform tech-
niques and interaction coefficients (Vallis, 1985).

The form of the thermodynamic forcing is

A
F.,"—‘ ('2—k + CTk).
Here C gives a radiative damping, with a time scale
of about 23 days (2 X 10° seconds). The zonal forcing
component (4o;) is set to a value corresponding to
0.9 K day. In the absence of eddies this radiative
forcing yields a symmetric radiative-equilibrium zonal
wind of about 35 m s™! at the upper level and an
almost zero, but negative, lower level wind (Fig. 1).
The lower level wind would be exactly zero but for
the high-order diffusion operators (the enstrophy re-
movers).

We note here that it is not our intention to perform
a.complete parameter study of the Egs. (5) and (6).
We propose only a study of the effects of a localized
range of mountains and a localized heat source. To
this end experiments (denoted M1, M2) were per-
formed with a strip of mountains through the whole
meridional extent of the domain, and of 2000 km
zonal extent. The total height in the strip is 2 km
(M2) or 4 km (M1). In experiments H2 and Hl a
heat source replaces the mountains, with effective
total heating rates of 4.5 K day™' (H2) and 9 K day™
(H1). The spectral amplitudes of the heating and
orography are illustrated in Fig. 6. Note the spectral
expansions show a zero at wavenumber 8. The pa-
rameter range of the forcings is similar to that of
Kalnay-Rivas and Merkine (1981) and other idealized
studies.

3. Numerical experiments

The full (i.e., time dependent, nonlinear) model
was integrated for 120 days (after a warm-up period
of 30 days) with mountains (M1 and M2), localized
heating (H1 and H2) or neither (Cl, the control); M1
and C1 were further integrated for 120 more days to
give some measure of variance.

a. Physical space response

The time and zonally-averaged wind for the various
experiments is illustrated in Fig. 1. Note that the
shear is reduced by about a factor of two from the
equilibrium value, and the surface wind has the
typical easterly, westerly, easterly variation. Note in
particular that the main features of the zonal wind
are not altered by the inclusion of orography or
asymmetric heating.
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FIG. 1. Time- and zonally-averaged zonal winds at the upper
and lower levels for (a) M1 and M2; (b) HI and H2 and (c) Cl.
In (a) and (c) the shaded regions indicate two different 120-day
integrations (Mla and Mib, and Cla and C2b), thereby giving
some measure of the variability of the runs. In (c) the curve R is
the radiative-equilibrium zonal wind.
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. FiG. 2. Upper and lower level streamfunctions, for the mountain cases M1 and M2: (a) is
the time averaged results from the full model for M1, (b) displays the difference field M1
— M2 and (c) shows the fields predicted by linear theory using the zonal wind of the full model
for M1. Units are arbitrary with 10 units corresponding to a geopotential height of approximately

40 meters.

The streamfunctions, minus the zonal mean, are
displayed in Figs. 2 and 3. The amplitudes are in
nondimensional units with a value of 10 correspond-
ing roughly to a geopotential height of 40 meters.
The response has a wave train propagating about
halfway round the domain downstream of the moun-
.tains, with a stationary high north and west of the
mountains, and a low directly east. The anomaly
flow pattern is shifted eastward somewhat at the lower
level, and lowered in amplitude. The difference map

(M1 — M2) shows some reduction in amplitude, and
some slight phase shifts.

The nonlinearity inherent in the solutions is most
noticeable by comparing the linear solution with the
full solution (i.e., rows 3 and 1 of Figs. 2 and 3). The
linear solution uses the time-averaged zonal wind
from M1 and the same stationary topographic forc-
ings. The amplitudes of the linear solution are about
three times as large as the full solutions and have
larger responses near the critical latitudes in the
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F1G. 3. As in Fig. 2 but for the heating cases H1 and H2.
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heating cases. The comparison with linear theory is
developed more fully in Section 4.

b. Energetics

The model energetics are decomposed spectrally
into kinetic and available potential energy for both
stationary and transient components. The unforced,
inviscid model conserves energy exactly. The equa-
tions for the kinetic energy budget are obtained by
taking the time average of (1) and (2) and multiplying
by —[¥1x] and —[y¥3] and adding the resulting expres-
sions. A square bracket denotes a time average, a
prime a deviation therefrom and a subscript k the
kth spectral mode. The potential energy budget is
similarly obtained from (3).

The budget equations for the stationary flow are,
for each wavenumber k,

1 sk~ (M]2 + [nd® = (K], [K])

+ TW([K], K) + C(IF], [K]) + SW[K]), (3)
d
N2 € [n? = TP, [PD) + Tu([P), P)
= G([P), [K]) + SIPD.  (9)

The left-hand sides of (4) and (5) are the total rates
of change of the time averaged kinetic and potential
energies. The terms on the right-hand side are, for
each wavenumber k.

T({K], [K])(transfer of stationary kinetic energy)

=2 W), (V3D + 5 W@l Vsl + h),

T([K}, K')(transfer of stationary to transient kinetic
energy)

= 3 W, VL + 2 SIS, V),
S([K])(frictional sink of stationary kinetic energy)
= 2 WsllD3] + 3 WilD],

C([P], [K])conversion of energy from potential
to kinetic

-_L
Ap Ll
T({P), {P])(transfer of stationary potential energy)

= 2N [7 (¥, [7]),

T([P)], P'Xtransfer of statxonary to transient potential
energy)

= =2N[7)lJW 7O
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S([P])(diabatic source of stationary potential energy)
= 2NM[71[F.].

The transient energy budget is similar. For an overall
view of the model energy cycle we decomposed the
above balance equations into budgets for the zonally
averaged flow and the remainder for both transient
and stationary flow. These block energy diagrams are
depicted in Figs. 4 and 5. The energy spectra are
graphed in Fig. 6 and the budgets are graphed by
zonal wavenumber in Figs. 7 and 8. (The energy in
the stationary field in the control experiment, except
for the zonal flow, is much smaller than that in the
topographic cases, as can be seen from Fig. 6. The
energy in the nonzonal flow is nonzero because the
integration time is finite.)

The total energy spectra (Fig. 6) depends only
slightly on the inclusion of topography, and in all
cases the slope and magnitudes are entirely reasonable.

~ One cannot ask for a k=3 spectra even for a model

with N = 16, since such a spectra depends on very
non-local interactions which are not simulated. Nor
for that matter, should we expect such a spectra in
the atmosphere since its quasi two-dimensionality
breaks down too soon. (The spectral slope in this
model is about 3.5.) The ratio of energy in the
transient to the stationary flow generally increases
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FI1G. 4. Energy diagram for M1 and M2. The upper part of the
figure shows the transient energy budget and the lower part of the
figure the stationary energy budget. P denotes the available potential
energy which is separated into zonal (subscript z) and eddy (subscript
E) for both stationary and transient energy. K denotes kinetic
energy and is separated similarly. The arrows denote the direction
of the energy flow. Energies are in units of 10° J m™2 and the
transfers are in W m™2. The upper numbers (with estimated errors
from two 120 day integrations) correspond to M1 and the lower
numbers to M2.
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FI1G. 5. As in Fig. 4 but for H! and H2.

with wavenumber. At high wavenumbers, energy is
almost all transient (as it is for the atmosphere, cf.
Boer and Shepherd, 1983).

The total energy budgets for all cases (Fig. 7) are
typical of quasi-geostrophic turbulence: potential en-
ergy is transferred by baroclinic instability of the
mean flow to the waves mainly between wavenumbers
3 and 7. This is balanced by a (local) conversion to
kinetic energy where it is transferred upscale to be
ultimately dissipated by friction. The only significant
difference between cases is the additional source of
potential energy at low wavenumbers in the heating
cases. There are only quantitative differences between
H1 and H2, and M1 and M2; so only those for M1
and H1 are shown. The energy in the zonal flow
(both stationary and total) is very similar for all
experiments M1, M2, H1, H2 and Cl. Its value is
about 50% higher than that required for baroclinic
instability (see Section 4c).

The maintenance of the stationary energies for M1
is illustrated overall in Fig. 4 and as a function of
wavenumber in Fig. 8. The level of stationary energy
in M1 is generally realistic, even though the zonal
shear is highly supercritical. The zonal baroclinicity
is actually slightly lower than that in the real atmo-
sphere. If the baroclinicity were raised (by raising the
zonal forcing), the instability and turbulence activity
would be stronger, and the eddies would probably be
more efficient at extracting energy from the stationary
flow. Note the general direction of the energy cycle:
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FiG. 6. Kinetic (KE) and potential (PE) energy spectra for (a)
M1, (b) H! and (c) Cl. Shaded regions denote integrations from
different initial conditions (for M1 and C1 only). Curves without a
subscript show the total, time-averaged, energies. A subscript s
indicates the energy is that in the stationary field. The curves M
and H show the amplitude of the stationary forcing—the mountains
(a) and the asymmetric heating in (b). Units are arbitrary.
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FIG. 7. Total energy' budgets for M1 (a and b), H1 (¢ and d) and C1 (e and f). Units are
arbitrary. The upper row is for potential energy, the lower for kinetic. The labels denote: S, diabatic
source or frictional sink; C, conversion between potential and kinetic; T, transfer.

Energy enters the (stationary) zonal flow through
direct forcing creating zonal available potential energy.
Most of it is transferred into transient eddy potential
energy, then into transient kinetic where it is dissi-
pated. However, a significant fraction is transferred
into stationary eddy potential energy. This is balanced
by further transfer to both transient potential energy
and to stationary kinetic (see also Holopainen, 1970
and Yao, 1980). Stationary kinetic energy is further
converted into transient energy or dissipated. In M1
(and M2) note that the stationary energy budget is
dominated by transfers at wavenumber 3. Over 70%
of the conversion between zonal and eddy potential
energy occurs here, suggesting that wavenumber 3 is
linearly resonant with the zonal flow. In H1 and H2
(Figs. 5 and 8) no such potentially resonant structure
is noticeable.

Note too that the stationary kinetic energy in M1
and M2 is not maintained by direct orographic
forcing (which would be represented by a conversion
from zonal kinetic to stationary eddy kinetic energy)
but by transfer from potential energy (see also Holo-
painen, 1970 and Yao, 1980). The balance is main-
tained partly by direct dissipation and partly by the
dissipative effects of the transient eddies. The upscale

transfer of energy is accounted for, too, almost entirely
in the transients—even at low wavenumbers. The
transfer of energy by the purely stationary flow shows
no preferred direction.

The major energetic differences between the moun-
tain and heating cases is in the stationary budgets.
The direct asymmetric heating now provides the
major source of stationary eddy potential energy
(Figs. 6 and 8). Nevertheless the eddies themselves
are a little stronger, and their kinetic energy is smaller.
The reason seems to be an enhanced effect of the
transient motion in dissipating the stationary energy.
Indeed, increasing the strength of the asymmetric
heating (from H2 to H1) succeeds mainly in enhancing
this transfer, and increasing the strength of the tran-
sient eddies. From Fig. 8 we see the asymmetric
heating is relatively more efficient at lower wavenum-
bers in supplying energy compared with the orographic
forcing. [The Jacobian J(¥, h) provides a wavenumber
multiplying the mountain height 4, unlike the ther-
modynamic forcing. Also, the mountain Jacobian is
not an energy source; it merely acts to redistribute
energy, since [ yJ(, h)dx = 0.] Interestingly, the
orographic energy cycle (Fig. 4) resembles qualitatively
the winter cycle computed by Holopainen (1970) for






