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plus fluctuation, v = u + ', and average the entire expression.
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Reynolds averaged Navier-Stokes (RANS) derivation
B Reynolds averaging: Replace terms in conservation equations with an average
plus fluctuation, v = u + ', and average the entire expression.

(1)

m Define the (finite) time-averaged quantity @
1 to+At
/ w dt

u=—
At to
m In the governing equations, replace terms with averages plus fluctuations, e.g.

u = u + u’, and note some relations:
FIE £ 0 7
s ot ot

(b) UNSTEADY FLOW
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Figure: Averaged and fluctuating quantities, Tannehill et.al
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Reynolds averaged Navier-Stokes (RANS) derivation

m Incompressible continuity equation:
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Reynolds averaged Navier-Stokes (RANS) derivation

m Incompressible continuity equation:

Ou; _ Oui +uj) -0 3)

ox; ox;

m Reynolds averaging:
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Reynolds averaged Navier-Stokes (RANS) derivation

m Incompressible continuity equation:

% _ O(ug + ul) —0 3)
ox; ox;

m Reynolds averaging:

ox; ox; " Bz 8r; Oy

m Subtracting (??) from (??) shows the instaneous, average, and fluctuating velocity
components all satisfy continuity:

f%:a(eru;)iaeraIiam:O @
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Reynolds averaged Navier-Stokes (RANS) derivation

Oou; n ou; 1 9p 02%u;
Uuj = v
ot 7 oz, p Ox; 0z?

(6)

m Applying the same process to the momentum equation:
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Reynolds averaged Navier-Stokes (RANS) derivation

Oou; ou; 1 9p 02%u;
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m Applying the same process to the momentum equation:
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Reynolds averaged Navier-Stokes (RANS) derivation

Ou; Ou; 1 0p 0%y
. = 6
ot g O0x; p Ox; v 0z? ©

m Applying the same process to the momentum equation:

0w +ul) , O(u; +ul) 19(p+7p) 02 (u; + ul)
- s e Z 7
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m The advective term, using some of the previous identities:
oNu; +ul) __ou; __ou ou; ou'.
- / i - 1 / / 1
(@ ) =5 Yoz, "oz, T oe; T o, )
__Ou; 0 —
=W+ o (uul)



LES and RANS for wall bounded flows
LRANS vs LES vs DNS

Reynolds averaged Navier-Stokes (RANS) derivation

Ou; Ou; 1 0p 0%y
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m Applying the same process to the momentum equation:
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m The advective term, using some of the previous identities:
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. . L O(witul)  guy 9%(witul) _ 92wp
m Averaged linear terms are simpler: 5t = i 927 L aT?L'
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Reynolds averaged Navier-Stokes (RANS) - Closure

m Writing the time-mean terms uw = w for clarity, the Reynolds-averaged NS equation
is:
Ou; tuy Oui _ 1 0p n 0 (Vaui —T’.u’.)
ot oz pOx; Oxj O vy
m Note that the averaged equations of motion look identical to the original equations,

but with an additional Reynolds stress fpu;u;.
m The same procedure is followed for compressible NS and energy conservation.

©)
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Reynolds averaged Navier-Stokes (RANS) - Closure

m Writing the time-mean terms uw = w for clarity, the Reynolds-averaged NS equation
is:
; ; 1 e} ou;  ———
Buz u; 8’!1/1 __ (917 + (V Uq _ u;ul> (9)
ot Oz pOx; Ox; \ Oz; J

m Note that the averaged equations of motion look identical to the original equations,
but with an additional Reynolds stress fpu;u;.

m The same procedure is followed for compressible NS and energy conservation.

m The closure problem: the symmetric Reynolds stress tensor has introduced 6 new
terms (or 1 for isotropic fluctuations):

—pu'u’ —pu'v, —pu'w’

—pu/v! —pv'v) —pv'w’
o/

—pu/w

(10)
—pv'w’  —pw'w’
m 10 unknowns in 4 equations. Turbulence modeling is used to compute this stress
in terms of the known flow variables.

m ref Wilcox - Turbulence Modeling for CFD (1998)
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m Most common turbulence models use the Boussinesq (1877) eddy viscosity
hypothesis:

=21 Sij — p(s”k (11)

m where S;; = % a“’ + g:7> is the mean strain tensor, k = 1 “i is the turbulent

kinetic energy, and m is the "turbulent” or “eddy” viscosity.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m Most common turbulence models use the Boussinesq (1877) eddy viscosity
hypothesis:

=21 Sij — p(s”k (11)

m where S;; = % (a“’ + g:] is the mean strain tensor, k = 1 “i is the turbulent

kinetic energy, and . is the "turbulent” or “eddy” viscosity.

m Physical justification: In laminar flows, energy dissipation and momentum
transport normal to streamlines are governed by viscosity, so we can represent
turbulent effects on the mean flow as an increased viscosity.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m Most common turbulence models use the Boussinesq (1877) eddy viscosity
hypothesis:

2
—pu u =2utS;5 — gpéijk (11)

2
kinetic energy, and m is the "turbulent” or “eddy” viscosity.
m Physical justification: In laminar flows, energy dissipation and momentum
transport normal to streamlines are governed by viscosity, so we can represent
turbulent effects on the mean flow as an increased viscosity.

m By assuming the Reynolds stress is proportional to the mean strain,
incompressible Navier-Stokes can be written

m where S;; = 1 a“’ + Quj is the mean strain tensor, k = 1 “i is the turbulent
J ox;

- _ % (2u8,:) — pulad.
Py oz, + oz, (2u8i5) — puju )
op 0 2
- — i S'L - = 51 k
oz, +8x (2(u + pt)Siy) 3 Pdik

and the problem of closure reduces to computing .+ and k.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

Three common categories of method for computing i: and k& in RANS: 0—equation,
1—equation, and 2—equation models.
m O0—equation, or algebraic:

m From dimensional analysis (Prandtl "mixing length”, 1925), the turbulent viscosity can be
modeled by a characteristic velocity and length,

pue = CuputL (13)
with C,, a problem-dependent constant and L is a prescribed length based on grid
location, i.e. distance from the wall.

m Characteristic velocity can be computed as u; = L| %Zl in 2D.

m Baldwin-Lomax (1978) is a prototypical algebraic model, which works well for thin
attached boundary layers.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

1—equation turbulence models
m Prandtl (1945) used the mean turbulent kinetic energy as the velocity scale:

mr = Ckagl/Z (14)

requiring the calculation of k.

m Subtracting the transport equation for the mean flow from the total flow gives an
equation of motion for the turbulent velocity «/. Then multiplying this by «/ and
averaging gives the mean turbulent kinetic energy equation (after lots of algebra):

Dk 9 ( ok 1 . —— Du; au;au;> 15)

=" = — — Zpuulu — plu | — pulu. —
th al’j Mal‘j 2/) ity TP ‘7> Pl ]8$]' u(al’k Oy
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

1—equation turbulence models
m Prandtl (1945) used the mean turbulent kinetic energy as the velocity scale:

mr = Ckagl/z (14)

requiring the calculation of k.

m Subtracting the transport equation for the mean flow from the total flow gives an
equation of motion for the turbulent velocity «/. Then multiplying this by «/ and
averaging gives the mean turbulent kinetic energy equation (after lots of algebra):

p@ _9 MiE _ lpu(u/_u/_ — | - pid Oui _ . bu; Ou; (15)
Dt al’j al‘j 20 v J v 8$]' Oz Oxp

m Unsurpringly, this brought up a new closure problem. Modeled as a gradient
diffusion:

1y o Ok
5 U] —plu; = 5 ——— (16)

where Pry is the "turbulent Prandtl number”, a closure constant.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m The last term

oul; oul \ _ (17)
i 8zk aCEk =re
is the irreversible dissipation rate of turbulent kinetic energy lost to heat. Applying

the same process to the thermal energy equation necessarily results in a term of
opposite sign.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m The last term
oul; oul \ _ (17)
i 8zk aCEk =re

is the irreversible dissipation rate of turbulent kinetic energy lost to heat. Applying
the same process to the thermal energy equation necessarily results in a term of
opposite sign.

m Again from dimensionality, the dissipation rate is € = CdES/Q/L:

Dk

2 - ou; —3/2
— = 2utSi; — —pkds; — Cypk L
th Ox; - ( Heis 3p ]) j “” /

(u+ pt/Pry) Ok o
J
(18)

oz;
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m The last term
oul; oul \ _ (17)
i 8zk aCEk =re

is the irreversible dissipation rate of turbulent kinetic energy lost to heat. Applying
the same process to the thermal energy equation necessarily results in a term of
opposite sign.

m Again from dimensionality, the dissipation rate is € = CdES/Q/L:

Dk

2 — Ou; —3/2
= = 20t Si; — = pkdy; — Cupk /L
P oz, +<ut i 3P g) : apk™ "/

(u+ pt/Pry) Ok o
J
(18)

oz;

m The right hand side terms are (1) diffusion of &, (2) generation of &k, and (3)
dissipation of k.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m The last term

oul; oul \ _ (17)
i 8zk aCEk =re
is the irreversible dissipation rate of turbulent kinetic energy lost to heat. Applying

the same process to the thermal energy equation necessarily results in a term of
opposite sign.

m Again from dimensionality, the dissipation rate is € = CdES/Q/L:
Dk

— C’dpES/Q/L

ok
(u+ pt/Pry) e
Tj

pﬁ - Ox;

2 — ou;
2utS;; — = pkdij
+ ( Kt 3p J) Ox;
(18)
m The right hand side terms are (1) diffusion of &, (2) generation of &k, and (3)
dissipation of k.
m Again the mixing length L needs to be specified algebraically, and Cy is an a priori
closure coefficient.
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m One-equation models don’t necessarily have to solve a transport equation for k
("Prandtl’s one-equation model”)
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m One-equation models don’t necessarily have to solve a transport equation for k
("Prandtl’s one-equation model”)

m Spalart-Allmaras (1992) is a popular model in CFD, solving a transport equation
for the eddy viscosity itself (with six closure coefficients!).
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m One-equation models don’t necessarily have to solve a transport equation for k
("Prandtl’s one-equation model”)

m Spalart-Allmaras (1992) is a popular model in CFD, solving a transport equation
for the eddy viscosity itself (with six closure coefficients!).

m Generally the one-equation models perform considerably better than the algebraic
for separated flows, but inferior to the two-equation models.
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m One-equation models don’t necessarily have to solve a transport equation for k
("Prandtl’s one-equation model”)

m Spalart-Allmaras (1992) is a popular model in CFD, solving a transport equation
for the eddy viscosity itself (with six closure coefficients!).

m Generally the one-equation models perform considerably better than the algebraic
for separated flows, but inferior to the two-equation models.

m A canonical two-equation model, k — ¢, solves the previous k transport PDE and
one for the dissipation rate e:

Dk ok 2 — ou;

=== Pry) — 2utSij — = pkdyj -

"D = ox, (14 pe/ Tk)axj +(ut i 3P J) oz, o
De Oe € 2 — €2
== Pre) — | + Cer= ( 21eSij — Zpkéij | — Ceap—
"Dt T ba; [(“““/ T)Bm]l+ 119(‘” 17 3° ]> %
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Reynolds averaged Navier-Stokes (RANS) - eddy viscosity

m One-equation models don’t necessarily have to solve a transport equation for k
("Prandtl’s one-equation model”)

m Spalart-Allmaras (1992) is a popular model in CFD, solving a transport equation
for the eddy viscosity itself (with six closure coefficients!).

m Generally the one-equation models perform considerably better than the algebraic
for separated flows, but inferior to the two-equation models.

m A canonical two-equation model, k — ¢, solves the previous k transport PDE and
one for the dissipation rate e:

Dk ok 2 — ou;

== Pry) — 20t S — = pkdi; -

"D = o, (14 pe/ Tk)axj +(ut i 3P J) oz, o
De o Oe € 2 — €2
== Pro) — | + Ce1= (2S5, — =pkdi; | — Ceap—

P oy oz, [(u+m/ T)Bw]l+ 1k(m i 5P g) 207

m Also popular are k — w models, where w = k/v4 is a "specific dissipation rate.”
The two-equation models in general perform reasonably well in separated flows.
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Law of the wall

m The law of the wall (von Karman 1930, Coles 1956) consists of two self-similar
regions and a buffer between then.

30 e innerregion ———l

viscous buffer logarithmic
sublayer | layer layer
2
v v
A Z=25Mny,+5
u ™ *
10
vy, .
w [e———— outer region ————s=
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Law of the wall

m The law of the wall (von Karman 1930, Coles 1956) consists of two self-similar

regions and a buffer between then.
m Dimension wall variables are

Tw Yyur u
w = [Te = ut =%
o v Ur
30 e innerregion ———l
vheousJ buffer
sublayer | layer
20 |
LA
w

u
o fe———— outer region ————s=

(20)
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Law of the wall

m The law of the wall (von Karman 1930, Coles 1956) consists of two self-similar
regions and a buffer between then.

m Dimension wall variables are

ur =T =T B (20)
P v Ur

m The innermost layer (y* < 3 — 5) is called the viscous or laminar sublayer. It
assumed dominated by viscous effects, giving a linear velocity profile very near
the wall.

d w
pl=ry u=2T wt =yt (1)
dy M
30 e innerregion ———l

viscous buffer logarithmic
sublayer | layer layer

20

Fle

u
==25Iny+5
™ it

%
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Law of the wall

m This layer is very thin. Resolving this would require at least a few wall-normal grid
points in the laminar sublayer.

' Turbulent Layer

.
</Loganthmic Layer
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Law of the wall

m This layer is very thin. Resolving this would require at least a few wall-normal grid
points in the laminar sublayer.

m Example: A Cessna 172 (small prop aircraft) has Re =~ 6,000,000 and a chord of
¢~ 1.5m. This gives y™ = 1 at 0.006mm.

H Turbulent Layer
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</Loganthmic Layer
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Law of the wall

m This layer is very thin. Resolving this would require at least a few wall-normal grid
points in the laminar sublayer.

m Example: A Cessna 172 (small prop aircraft) has Re = 6,000, 000 and a chord of
¢~ 1.5m. This gives y™ = 1 at 0.006mm.

m Fully resolving this would require a prohibitive number of grid points, and the
self-similarity of the laminar region can be exploited by using wall functions.

H Turbulent Layer
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Logarithmic Layer
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Law of the wall

m This layer is very thin. Resolving this would require at least a few wall-normal grid
points in the laminar sublayer.

m Example: A Cessna 172 (small prop aircraft) has Re =~ 6,000,000 and a chord of
¢~ 1.5m. This gives y™ = 1 at 0.006mm.

m Fully resolving this would require a prohibitive number of grid points, and the
self-similarity of the laminar region can be exploited by using wall functions.
m In general, the first grid point is placed in the log region (y* =~ 20, y ~ 0.1mm)
YA

———f —————————————————————————— -

H Turbulent Layer

.
Logarithmic Layer

|

i 4—‘//Lammar (viscous) Sublayer

y -
/727222

Figure: Turbulent boundary layer scale (CFX user manual)
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Law of the wall - wall modeling

m Wall models have to provide some transition/blending between the turbulent outer
flow regime and inner layer, and impose boundary conditions on the turbulence
model used.

H Turbulent Layer

.
</Loganthmic Layer
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Law of the wall - wall modeling

m Wall models have to provide some transition/blending between the turbulent outer
flow regime and inner layer, and impose boundary conditions on the turbulence

model used.
m e.g., wall functions for the k — w model impose (Menter 2001)

ok d 2 Ve

Z=0 =0 he=—mI— wy =t (22)
on on VCuYw Ch/ Ry

 \
Ut
B VR -

' Turbulent Layer

</Loganthmic Layer
|
i ‘/Lammar (viscous) Sublayer

y -
Zzz////iizi/zz/zzzZz2mm

Figure: Turbulent boundary layer scale (CFX user manual)
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Law of the wall - wall modeling

m The choice of turbulence model and wall function can produce dramatic
differences when predicting complex flows (compared next slides).

| Turbulent Layer
i

Logarithmic Layer
|
' q—‘//Lammar (viscous) Sublayer
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Law of the wall - wall modeling

m The choice of turbulence model and wall function can produce dramatic
differences when predicting complex flows (compared next slides).

m In a region of separated flow, all wall models are questionable. The "least wrong”
method is generally chosen by comparing to a similar experimental result.
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Logarithmic Layer
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Law of the wall - wall modeling

m The choice of turbulence model and wall function can produce dramatic
differences when predicting complex flows (compared next slides).

m In a region of separated flow, all wall models are questionable. The "least wrong”
method is generally chosen by comparing to a similar experimental result.

m Wall models can be avoided by a grid down to y+ = 1 to resolve the full boundary
layer, but this is often impractical (Re dependent).

A

T -

| Turbulent Layer

Logarithmic Layer
' q—‘//Lammar (viscous) Sublayer

y -
Z////ii/z/zz2umm

Figure: Turbulent boundary layer scale (CFX user manual)
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‘— Wall turbulence theory

Reynolds averaged Navier-Stokes (RANS) - comparisons

Rotorcraft in ground effect (Ghosh et al 2008), k& — ¢ turbulence model.

Rotor + Fuselage (IGE) Rotor + Fuselage (IGE)

S— == = = I

(a) Hoveratr/R =1 (b) Hoveratr/R = 2
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Reynolds averaged Navier-Stokes (RANS) - comparisons

The quantities interest here were the rotor loads, and ground shear stress. The model
is chosen by comparison with an impinging jet test case (Ghosh 2008):

L

Velocity Magnitude (Standard k-epsilon)

Velocity Magnitude (Baldwin Lomax)

(c) Baldwin-Lomax (d) Spalart-Allmaras (e) k —e
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Reynolds averaged Navier-Stokes (RANS) -

comparisons

Impinging jet test case (Ghosh 2008) -

——6— Experiment (Cooper et. al.)
———— Laminar

Laminar
Baldwin Lomax
Spalart Allma:

Baldwin Lomax

L i epeiion
Realizable k-epsilon

——6— Experiment (Cooper et

06 (] 52 04 06 08 T
il

f) r=1R

Velocity profile at increasing radius from jet

——6— Experiment (Cooper et. al.)

Standard k-epsilon
- Realizable k-epsilon

%% o4 08 08 T T2
pri]

(h) r = 3R

Figure: Note this was using a very coarse mesh, exaggerating the effects of different turbulence

models.
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‘— Wall turbulence theory

Reynolds averaged Navier-Stokes (RANS) - Success

m Despite a lot of closure problems and empirically determined constants, RANS is
the front-line fluid dynamic design and analysis tool.
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L Wall turbulence theory

Reynolds averaged Navier-Stokes (RANS) - Success

m Despite a lot of closure problems and empirically determined constants, RANS is
the front-line fluid dynamic design and analysis tool.

m Provides accurate body forces on complex geometries for a wide range of flows,
including high Re (106+) and high Mach regimes.

(c) Mach 7 X-43 Waverider (NASA) (d) Shuttle pressure contours (NASA)
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Reynolds averaged Navier-Stokes (RANS)

Vertical axis wind turbine, unsteady moving grid, Re = 4, 000, 000, "shear stress
transport” variant of k — w .

(Vertical axis wind turbine)





turbine3d.mpg
Media File (video/mpeg)
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‘— Wall turbulence theory

Reynolds averaged Navier-Stokes (RANS)

Figure: Turbulent kinetic energy contours, vertical axis wind turbine

Note the TKE field is "blurred” over local regions here.
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Large eddy simulation

m LES is based on the idea of self-similarity of small scale turbulent structures
where dissipation occurs (K41) and thus can be modeled.
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Large eddy simulation

m LES is based on the idea of self-similarity of small scale turbulent structures
where dissipation occurs (K41) and thus can be modeled.

m Whereas RANS separates terms into time-averaged and fluctuating components,
LES filters into a resolved scale and a sub-grid scale.

m i.e., RANS is time averaged, LES spatially averaged.
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Large eddy simulation

m LES is based on the idea of self-similarity of small scale turbulent structures
where dissipation occurs (K41) and thus can be modeled.

m Whereas RANS separates terms into time-averaged and fluctuating components,
LES filters into a resolved scale and a sub-grid scale.

m i.e., RANS is time averaged, LES spatially averaged.
m Define the resolved scale as a convolution integral with filter G

w60 = [ Glx— Oui(€)de (23)

m giving u; = u; + u}
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Large eddy simulation

LES is based on the idea of self-similarity of small scale turbulent structures
where dissipation occurs (K41) and thus can be modeled.

m Whereas RANS separates terms into time-averaged and fluctuating components,
LES filters into a resolved scale and a sub-grid scale.

m i.e., RANS is time averaged, LES spatially averaged.
m Define the resolved scale as a convolution integral with filter G

w60 = [ Glx— Oui(€)de (23)
m giving u; = u; + u}

The filter G has some associated physical width A (usually the grid cell size).
Commonly a box filter or normalized Gaussian.
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Large eddy simulation

m Similar to RANS, substitute «; = u; + / apply the spatial filter to the momentum

equations:
7 L 27—
ou; Ou;uj _ _1 op +V8 u; (24)
ot Ox; p Ox; 837]2.
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Large eddy simulation

m Similar to RANS, substitute «; = u; + / apply the spatial filter to the momentum

equations:
wi | Ouiwy _ 10p 0w (24)
ot Ox; p Ox; 837]2.
m where again the nonlinear term presents the difficulty. This is spilit:
wiuy = (Wi + u)) (% + uj)
= ﬂiﬂj + ﬂiu; —+ u;ﬂj + u;u;
uu; = ﬂiﬂj — Tsgs (25)

—Tsgs = (Will; — Wiwy) + (ujly + Wiufy) + (ujuf)

Tsgs = Uilj — UjUj
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Large eddy simulation

m Similar to RANS, substitute «; = u; + / apply the spatial filter to the momentum

equations:
ouy 8u¢uj' _ _l op +V82m (24)
ot Ox; p Ox; 837]2.
m where again the nonlinear term presents the difficulty. This is spilit:
wiy = (Ui + uf)(u; +uf)
=uu; + Hiu; + ulu; + u’lug
UUj = UiUj — Tsgs (25)
—Tsgs = (Will; — itl;) + (uill; + Wyufy) + (wjuf)
Tsgs = Wity — U;Uj
m giving an expression for the resolved field and additional sub-grid stress term
ow  _ow _ 10p 9% 107 (26)

U —= V——p
ot Ox; p Ox; ij p Ox;
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m The closure problem for LES is then evaluating the subgrid-scale stress tensor:

(@7

=T — Uy
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Large eddy simulation - closure problem

m The closure problem for LES is then evaluating the subgrid-scale stress tensor:

(@7

=T — Uy

m Note: ifu represented a time-average, the first two terms would be 0, leaving only
the Reynolds’ stress. u # w in the filtering approach.
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Large eddy simulation - closure problem

m The closure problem for LES is then evaluating the subgrid-scale stress tensor:

Tsgs = 7(&,’@;‘ — ﬂiﬂj) — (u;ﬁj — ﬂlu;) -+ (u;u;) (27)

=T — Uy

m Note: ifu represented a time-average, the first two terms would be 0, leaving only
the Reynolds’ stress. u # w in the filtering approach.
m The earliest analysis of this describes the first term Leonard stress (after Leonard
1974), the second cross-term stress and the third SGS Reynolds stress.
m The first term is based only on resolved scales, hence can be computed.
m The last two terms remove momentum from resolved scales and require closure.
m Common LES closures include the simplest and first, Smagorinsky (1963),
Smagorinsky-Lilly (1966) which permits a reverse cascade.
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Large eddy simulation - closure problem

m Common LES closures include the simplest and first, Smagorinsky (1963) or
Smagorinsky-Lilly model,

Tsgs = 72“59337;‘7'

tsgs = p(CsA)?\/Si5 555 (28)
0.10 < Cg < 0.24
assumes the stresses also follow a gradient diffiusion similar to the early Prandtl

(??) idea, and the methods can be written in the same eddy-viscosity form as
seen in RANS (peffective = molecular 1+ #4¢)- Note the inherent isotropy present.
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Large eddy simulation - closure problem

m Common LES closures include the simplest and first, Smagorinsky (1963) or
Smagorinsky-Lilly model,

Tsgs = 72“59337;‘7'

Hsgs = P(CSA)Q\/ Sijsij (28)
0.10 < Cg < 0.24

assumes the stresses also follow a gradient diffiusion similar to the early Prandtl
(??) idea, and the methods can be written in the same eddy-viscosity form as
seen in RANS (peffective = molecular 1+ #4¢)- Note the inherent isotropy present.

m Practical offshoot: methods/codes developed for RANS and laminar flow can be
modified to perform LES, provided sufficient resolution of the large time and space
scales.



LES and RANS for wall bounded flows
LRANS vs LES vs DNS
LWa\l turbulence theory
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m Common LES closures include the simplest and first, Smagorinsky (1963) or
Smagorinsky-Lilly model,

Tsgs = 72“59337;‘7'

Hsgs = P(CSA)Q\/ Sijsij (28)
0.10 < Cg < 0.24

assumes the stresses also follow a gradient diffiusion similar to the early Prandtl
(??) idea, and the methods can be written in the same eddy-viscosity form as
seen in RANS (peffective = molecular 1+ #4¢)- Note the inherent isotropy present.

m Practical offshoot: methods/codes developed for RANS and laminar flow can be
modified to perform LES, provided sufficient resolution of the large time and space
scales.

m Fixing the Smagorinsky constant C's necessarily has the effect of fixing constants
in RANS; they lose generality and must be tuned to specific problems.
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Large eddy simulation - closure problem

m Common LES closures include the simplest and first, Smagorinsky (1963) or
Smagorinsky-Lilly model,

Tsgs = 72“59337;‘7'

Hsgs = P(CSA)Q\/ Sijsij (28)
0.10 < Cg < 0.24

assumes the stresses also follow a gradient diffiusion similar to the early Prandtl
(??) idea, and the methods can be written in the same eddy-viscosity form as
seen in RANS (peffective = molecular 1+ #4¢)- Note the inherent isotropy present.

m Practical offshoot: methods/codes developed for RANS and laminar flow can be
modified to perform LES, provided sufficient resolution of the large time and space
scales.

m Fixing the Smagorinsky constant C's necessarily has the effect of fixing constants
in RANS; they lose generality and must be tuned to specific problems.

m Various approaches have been taken to choose Cs based on local flow
parameters (Yakhot/Orszag 1986 - using RNG).
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Large eddy simulation - wall bounded flow

m A major problem is simulating the anisotropy of real boundary layers.

m Distinct streaks are formed with high aspect ratios 50 : 1, requiring highly
stretched grids.

m Treating these areas as isotropic results in overestimation of the stress and
dissipation (Piomelli 1991). Wall functions are sometimes used in the same
manner as RANS, but with the same drawbacks.

m A length scale A is needed, typically from the grid A = (A; A, A)Y/3, but this
implies an isotropic subgrid form.

Figure: Boundary layer streaks and transition (Zake & Durbin 2005 JFM, direct numerical
simulation up to Re, = 40000)
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m The current most popular LES approaches are variants of the dynamic SGS
model (Germano 1990) to choose C's based on the local flow solution.
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m Basic procedure (via Ferziger & Peric):
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m The current most popular LES approaches are variants of the dynamic SGS
model (Germano 1990) to choose C's based on the local flow solution.
m Basic procedure (via Ferziger & Peric):
Compute the usual LES solution and filter to give the usual 7545 = wu; — w;u; .
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Large eddy simulation - closure problem

m The current most popular LES approaches are variants of the dynamic SGS
model (Germano 1990) to choose C's based on the local flow solution.

m Basic procedure (via Ferziger & Peric):
Compute the usual LES solution and filter to give the usual 7545 = wu; — w; ;.

Apply a larger filter (A) to the same solution to get T gs = w;u; — 1. The "sub-grid
stress” found by this coarser filter should correspond to the smallest scale resolved
structures of the original filter.



LES and RANS for wall bounded flows
LRANS vs LES vs DNS
LWa\l turbulence theory

Large eddy simulation - closure problem

m The current most popular LES approaches are variants of the dynamic SGS
model (Germano 1990) to choose C's based on the local flow solution.
m Basic procedure (via Ferziger & Peric):
Compute the usual LES solution and filter to give the usual 7545 = wu; — w; ;.
Apply a larger filter (3) to the same solution to get T's g5 = W/ﬂ\] — w;uy. The "sub-grid
stress” found by this coarser filter should correspond to the smallest scale resolved
structures of the original filter.
Applying the coarser filter to the first and subtracting gives L;; = Tsgs — 7;; Which
gives an estimate of the "resolved” turbulent stresses.
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Large eddy simulation - closure problem

m The current most popular LES approaches are variants of the dynamic SGS
model (Germano 1990) to choose C's based on the local flow solution.
m Basic procedure (via Ferziger & Peric):
Compute the usual LES solution and filter to give the usual 7545 = wu; — w; ;.
Apply a larger filter (3) to the same solution to get T's g5 = W/ﬂ\] — w;uy. The "sub-grid
stress” found by this coarser filter should correspond to the smallest scale resolved
structures of the original filter.
Applying the coarser filter to the first and subtracting gives L;; = Tsgs — 7;; Which
gives an estimate of the "resolved” turbulent stresses. .
Comparing to the original Smagorinsky expression jis4s = pC2A?|S|, and with a
considerable amount of algebra, we recover an estimate of C's based on a kind of local

correction
Lij = —2CsM;;
Mi; = (A)%|5[8; — (8)*(IS[53)) (29)
Ly Sk
Cg — _ k1P kL

2MpnSmn
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Large eddy simulation - closure problem

m The current most popular LES approaches are variants of the dynamic SGS
model (Germano 1990) to choose C's based on the local flow solution.
m Basic procedure (via Ferziger & Peric):
Compute the usual LES solution and filter to give the usual 7545 = wu; — w; ;.
Apply a larger filter (3) to the same solution to get T's g5 = W/ﬂ\] — w;uy. The "sub-grid
stress” found by this coarser filter should correspond to the smallest scale resolved
structures of the original filter.
Applying the coarser filter to the first and subtracting gives L;; = Tsgs — 7;; Which
gives an estimate of the "resolved” turbulent stresses. .
Comparing to the original Smagorinsky expression jis4s = pC2A?|S|, and with a
considerable amount of algebra, we recover an estimate of C's based on a kind of local

correction
Lij = —2CsM;;
Mi; = (A)%|5[8; — (8)*(IS[53)) (29)
Ly Sk
Cg — _ kl jl,
2MmnSmn

m Loosely analogous to the concept of multigrid methods (my opinion.)
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RANS vs LES vs DNS

Large eddy simulation of Re = 10000 cylinder, Mani et al, JFM (2009). This was a 50M
cell 3D mesh, and took approximately 500 CPU hours for 10 shedding cycles.

(a) Vorticity contour (b) Density gradient magnitude
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RANS vs LES vs DNS

Large eddy simulation of Re = 10000 cylinder, Mani et al, JFM (2009). This was a 50M
cell 3D mesh, and took approximately 500 CPU hours.

.

(c) LES, Re = 10000 (d) RANS, Re = 2000, approx. 1 CPU hour.
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LES turbulence spectrum - periodic HIT box

LES is generally very successful in computing turbulent flows at a fraction of the
expense of DNS, while capable of extending to much higher Re.

10
10
64° Large-Small =
107} 64asmall-Small/; >
5 64° Dynamic /~ \
104 64° Smagorinsky-
-5
10
10!’ '
10° 10' 10°
k

Figure: Turbulence spectrum in HIT, LES vs DNS (Hughes et al 2000).
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m LES can't resolve fine details like the left figure..
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m LES can't resolve fine details like the left figure..

m DNS requires an enormous amount of gridpoints N ~ (100Rez,)?/4
(Tennekes/Lumley 1976).

(c) Hairpin vortices from DNS Reg = (d) LES of airfoil Re = 408, 000, o = 5° (Lele
1000 (Moin et al 2010) et al 2010)
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LES vs DNS

m LES can't resolve fine details like the left figure..

m DNS requires an enormous amount of gridpoints N ~ (100Rez,)?/4
(Tennekes/Lumley 1976).

/= 3800

(e) Hairpin vortices from DNS Reg = (f) LES of airfoil Re = 408, 000, o = 5° (Lele
1000 (Moin et al 2010) et al 2010)

m For the airfoil on the right,
(100 x 408000)9/4 x 8vars x 8bytes/var ~ 7,000, 000, 000 gigabytes.
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