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Abstract

Identification of dynamic nonlinear panel data models is an important and delicate problem
in econometrics. In this paper we provide insights that shed light on the identification of
parameters of some commonly used models. Using this insight, we are able to show through
simple calculations that point identification often fails in these models. On the other hand,
these calculations also suggest that the model restricts the parameter to lie in a region that
is very small in many cases, and the failure of point identification may therefore be of little
practical importance in those cases. Although the emphasis is on identification, our techniques
are constructive in that they can easily form the basis for consistent estimates of the identified

sets.

1 Introduction

Dynamic panel data models have played an important role in applied economics dating back to the
work of Balestra and Nerlove (1966). Econometric specifications of these models typically specify
features of the conditional distribution of the dependent variable of interest for an individual 7, y;,
conditional on lagged values of that variable, a set of possibly time-varying explanatory variables,

x;, and on an individual specific unobserved variable, «;. To fully specify such a model, one needs to
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also specify the distribution of the individuals’ dependent variable in the initial period conditional
on those variables. This is delicate if the process for an individual started prior to the initial period
in the sample because the distribution of the first observation will be tied to the distribution of the
later observations in a way that depends on what one assumes about how the process was started
and on the evolution of the explanatory variables prior to the sampling period.

For example, a parametric model might specify that the conditional distribution of y;; depends

on lagged values only though y;;—1, in which case the conditional distribution of y;; has the form

fe (Yitl yir—1, @i, i3 0) (1)

where 0 is a vector of unknown parameters to be estimated. The vector, z;, can consist of variables
that are constant over time as well as of the entire sequence of strictly exogenous time—varying
explanatory variables. In a fully parametric (random effects) approach, one specifies the distribution
of «; conditional on the explanatory variables z;. In practice, «; is frequently assumed to be
independent of z;, and the random effects approach then specifies the distribution of a;. If (1) is
static in the sense that the density does not depend on y;;—1, then this would allow one to write

the likelihood function for an individual with T observations as

T
L = /Hft(yit‘yit—hxiaai)f(ai’xi)dai
t=1

T
= /Hft(yit‘xi,ai)f(ai|xi)dai
t=1

On the other hand, if the model is dynamic so (1) does depend on y;;—1, the likelihood function
has the structure

T

L= /f1 (yi1|$iaai)Hft (Yit| Yit—1, Ti, i) f (il 21) day;

t=2
Unfortunately, itis not clear how one would go from (1) to fi (vi1] i, ;) since the relationship
between the two typically depends on the evolution of the explanatory variables before the start
of the sampling period. This is what is known as the initial conditions problem. Alternatively, one
could work with the likelihood function conditional on the first observation, ;1. This often leads
to convenient functional forms. But the random effects approach can be problematic in this case if

one wants it to be internally consistent across different number of time periods’.

'For a discussion of these issues see Wooldridge (2002) and Honoré (2002).



A so—called fixed effects approach, on the other hand, attempts to estimate 6 without making
any assumptions on f (| ;). This will in principle circumvent the initial conditions problem, but
there are at least two other problems with this approach. First, there are many dynamic panel data
models for which it is not known how to do fixed effects estimation, and even when it is known, the
maintained assumptions are often very strong. For example, the estimator of the dynamic discrete

“match” the explanatory

choice model proposed by Honoré and Kyriazidou (2000) requires one to
variables in different time—periods, which rules out time-specific effects. Secondly, as discussed
by Wooldridge (2002), knowing 6 does not always allow one to calculate the “marginal” effect of
interest.

The point of departure for this paper is that the random effects approach is attractive because it
allows one to estimate all quantities of interest, but that specifying f (| z;, yi1) or f1 (yi1| xi, ;) can
be problematic. The contribution of this paper is to provide insights through simple calculations
that allow us to examine the identified features of these models without making any assumptions on
f (ail i, yi) or f1 (yi1] i, ;) . Our calculations show that the parameters of interest are not point
identified in simple commonly used models. However the size of the identified regions suggest that
this lack of identification may not be of great practical importance. Although the emphasis is on
identification, our techniques are constructive in that they can easily be used to obtain consistent
estimates of the identified sets.

To focus ideas, we concentrate on special cases of the dynamic random effects discrete choice

model

yirt = 1{xy B+ yiz—17 + o +eir > 0} (2)

Recent empirical applications of this model include studies of labor force participation (Hyslop
(1999)), health status (Contoyannis, Jones, and Rice (2002) and Halliday (2002)), product purchase
behavior (Chintagunta, Kyriazidou, and Perktold (2001)) and welfare participation (Chay, Hoynes,
and Hyslop (2001)). Honoré and Kyriazidou (2000) showed how to identify and estimate a fixed
effects version of this model in the case where the change in the vector of explanatory variables has
support in a neighborhood around 0. One of the contributions of this paper is to show that such an
assumption is often necessary for identification, but that it is sometimes possible to construct tight
bounds on the parameters of such a model, even when it is not known that the model is identified.
A number of other papers have also proposed estimation of the parameters of versions of (2). For

example, Arellano and Carrasco (2003) explicitly model the distribution of a; + € conditional on



current and past observed values of z;; and on the observed past values of y;;. Our aim here is to
study what can be learned about parameters of interest without such assumptions.

Throughout this paper we will consider situations where the data consists of {(y;, xit)}thl and

T

%

t

we use the notation w}! = (w1, ....,w;). So for example, z; = (x;1,....,z;7). K will denote the

number of elements in z7.

;. We use y;, x; and « to denote generic draws from the distributions of

Yit, Tir and ;.

2 Basic Ideas

2.1 Identification

Consider (1) augmented with a model for the individual specific effect « (given z7). We will use
G (a| ZL‘T) to denote the distribution of o given 7. G will be parameterized in most applications,
but the notation below will also encompass the case where no functional form assumption is made
on G. Let 6 be the unknown parameters of the model. In the dynamic probit model with nor-
mally distributed individual specific effects, § would be (ﬁ' Vs 02), where o2 is the variance of the
individual specific effect. If the distribution of ais left unspecified then 6 would be (B’, v, G (- ))

This model is incomplete in the sense that it does not allow one to calculate the distribution
of the dependent variables conditional on the observed explanatory variables. For that, one would
also need the distribution of the initial conditions, pg (a, CL‘T) =P (yo = 1|27, a). More generically,
we will use pg (a, xT) to denote the distribution of ;o given (xT, a)2. It is worth noting that, taken
together, G and pg give the joint distribution of ygand «. This joint distribution is crucial because
it determines the distribution of the observed g’s conditional on the observed z’s.?

One can think of (po (-,-),f) as the unknown parameters of the model, and knowledge of
(po (+,-),0) allows one to calculate the conditional probability of any sequence of events A. We
will denote these calculated probabilities by w. In a discrete choice model, A will be any sequence

T

of zeros and ones, and 7 (A| T aspo (-, ), 9) will be the probability of the event A given (:U ,a)

predicted by the model. With this notation, the probabilities conditional on the observable ex-

2If the model contains m lagged dependent variables, then po (-) would be the distribution of (yi0, ¥i,—1, ..., Yi,1—m )

31t is clear that one could have considered this joint distribution directly, or alternatively the distribution of yo
(given z) together with the distribution of o given yo and x. Here, we write the joint distribution in terms of G (a\ :L‘T)

and P(yo = l\mT,a) .



planatory variables are
m (A‘ xT;pO ('7 ) 79) = /W (A| $T704;p0 ('7 ) 79) dG (Oé| ‘TT; 9)

Weuse 7 (Al 25 pg (+,-),0) and P (Al z”) to denote the set of all m (A; po (+,-) , 0] 27) and P ( A| 27) where
A is the set of all possible sequences. Here, P (A] xT) denotes the true conditional probability of
Agiven 7. In the dynamic discrete choice model 7 (.A; Po (-, xT) ,9| l‘T) and P (A| xT) are 27—
dimensional vectors.

With this notation, the set of (pg (-, -),0) that are consistent with a particular data—generating

process with probabilities P (.A| :UT), is given by
U ={(po(-),0): P(m(Alz";po(,"),0) = P(Alz")) =1}
and the sharp bound on #is given by

©={6:3po(-"): RIE 5 [0,1] such that P (m (Al2"5po (+,7),0) = P (AlzT)) =1}

2.2 Calculation of the identified region

There are a number of ways to write the identified region as the solution to a minimization problem.
We suggest three methods that can be used to obtain ©: a minimum distance method, a maximum
likelihood method, and a linear programming method. The latter is especially convenient and
practical in the case with discrete covariates, and we therefore discuss it in more detail. Applying

the analogy principle to each of these will lead to a different estimator of the identified region.

2.2.1 Minimum Distance

One can write ¥ as the solution to the following “minimum distance” minimization problem
Jin B [[l7 (A2 (,),0) = P (A7) [ («)] 3)
0" )
for some positive weighting function w. Conceptually, it is possible to obtain the set of parameters
that solve the above minimization problem.
It is also clear that using a sample analog, one can obtain consistent estimates of the identified
set. To get these estimates, one can use the analogy principle to obtain the empirical analog of
(3). This entails obtaining consistent estimates of P (.A| l‘ZT) in a first step, and then collecting all

the parameter values that come within ¢, from minimizing the sample objective function, where



€n, > 0, and €, — 0 as sample size increases. For more on this see Manski and Tamer (2002). When
the distribution of x is continuous, P (.,4| l’ZT) will be imprecisely estimated in regions where the
density of z is small. The weighting function in (3) can be used to downweight the observations in

this region.

2.2.2 Maximum likelihood

The identified set can also be characterized as maximizing a likelihood function. Recall that
y; denotes {yi1, ..., yir }, and let d denote a sequence of T zeros or ones. Consider 2T non-negative
functions gq () such that >, g4 (-) = 1. Standard theory for maximum likelihood implies that for

any positive weighting function, w, the function
E [log (gy, (27)) w (27)]
is uniquely maximized (as a function of the gg (-)’s) at
ga (z]) = P (yi = d|«])
This means that the set of maximizers (over poand ) of
B g (r (oo (27) ,2”.0)) w0 (a7 n

log (/ {po (Oé,xT)yn (1 — Do (a,xT))lfyil ﬁP (.%'tl :UiT,yz'tuO)}dG (a| m;ff; 9)) w (:n;f)]

= B
t=2

is the set of pg and 6 such that
T (d;po (-,xT) ,xT,G) =P (d| :J:T)

for all sequences d and for almost all 7. Hence, as in the minimum distance method, the identified
set is the maximand of the objective function (4). In addition, one can obtain the set estimator by
those parameter values that come within €, of the empirical analog of (4).

Maximizing the likelihood over all distributions for the initial conditions as well as over the
other parameters of the model was first proposed by Heckman (1981b), who implicitly assumed
that the underlying model is identified. This estimator is interesting because it corresponds to the
idea that one can “solve” the initial conditions problem by specifying a flexible functional form
for po (o, 2) (see, for example, the discussion in Heckman (1981a, 1981b)). If one interprets the

flexible functional form as an implementation of a sieve estimator, then this method can be seen



as an application of (4) with the important caveat that the maximum likelihood estimator will,
loosely speaking, eventually be in the identified region. To consistently estimate the whole identified
region, one needs to look at the set of all the parameters values that are close to maximizing the

likelihood function.?

2.2.3 Linear Programming: the Case for Discrete X

If z; and « have a discrete distribution then it is possible to derive a different characterization of
the identified region for #, which is more convenient than the minimum distance and maximum
likelihood characterizations above. Suppose « has a discrete distribution with a known maximum
number of points of support, M. The points of support are denoted by a,, and the probabilities

by p,,. For the moment ignore xlT We can then write

M
T (A;po(-),0) = D pun (po (am) 7 (Alyo = 150) + (1 = po (am)) 7 (Al yo = 0;0))

3
1§

M
zmm (Alyo = 1;0) + Z 2 +mT (Al yo = 0;0)

m=1

Il
M=

3
I

where
Zm = PpP0 (am)
and
ZM+m = P (1= po (am))
The identified set, ©, consists of the values of § for which the equations

M M
>z (Alyo=1;0)+ > znrymm (Alyo =0;6) = P(A)  forallAc A (5)

m=1 m=1

2M
dm =1 (6)

Zm

v
()
—~~
EN|
SN—

2M 5

have a solution for {z,}; "~ ;.

“A recent paper by Chernozhukov, Hahn, and Newey (2004) considers maximum-likelihood estimation of the
bounds on parameters of a static panel data discrete choice model with correlated random effects. The problem here

is different because our point of departure is the initial conditions problem.

SStrictly speaking, (6) is redundant becasue it is identical to the sum of (5) over all A. We display it to emphasize

that {zm} is a set of probabilities.



Equations (5)—(7) have exactly the same structure as the constraints in a linear programming
problem, so checking whether a particular 8 belongs to © can be done in the same way one checks for
a feasible solution in a linear programming problem that has (5)—(7) as the constraints. Specifically,

consider the linear programming problem

maximize » —v; (8)
{(zm}{vi} 5
M M
P(A) = zmm(Alyo=1;0) = > znrymm (Alyo =0;0) = va forallAc A (9)
m=1 m=1
2M
1— Z Zm = o (10)
m=1
Zm > 0 (11)
v, > 0 (12)

This problem clearly has a feasible solution (namely vy = P (A) for A € A, v9 = land z,, = 0 for
m =1,...,2M), and the optimal function value will be 0 if and only if all v; = 0, i.e, if a solution
exists to (5)—(7). If (5)-(7) do not have a solution, then the maximum function value in (8) is
negative. For a given value of 6, one can therefore check whether it belongs to ©, by solving a
linear programming problem and comparing the optimal function value to 0. Alternatively, if one
defines @ (0) to be

Q) = . m}a{x , —uv; subject to (9)-(12)

i

then the identified region for 6 is the set of maximizers of @ (-). A sample analog of @ (+) can then
be obtained by replacing P (A) in (9) by a consistent estimator. It is an easy exercise to show that
the resulting function converges uniformly to @ (). It therefore follows from Manski and Tamer
(2002) that a consistent estimator of the identified region can be constructed by checking whether,
for a given 6, the sample objective function is within ¢, of the maximum value of 0 (or within €,
of the optimal function value).®

Provided that m? is discrete, one can mimic this argument for each value in the support of x’f

which will then contribute a set of constraints to the linear programming problem.

50mne could also consider estimating the identified region by solving a sample analog of (5)—(7). However, this will

typically result in the empty set, and one would therefore have to introduce €, in the constraints.



3 Marginal Effects

In nonlinear models like (2), it is often interesting to estimate marginal effects. Using the ideas
developed above, we can construct bounds on these marginal effects. To illustrate this, consider
the setup in section 2.2.3 and assume that one wants to explore the difference in period ¢ + 1
choice probabilities between artificially setting y;; = 0 and setting y; = 1 for an individual with
explanatory variables . This difference would be

[@(ZB+~v+a) - (2'8+a)] :Z(<I>(x'ﬁ+fy+am) — @ (B +am)) P(a=ap|z)

m

= Z(@ (m'ﬂ—i—'y—l—am) —‘I’(x/ﬂ—i-am)) (P(a=am,yo=1z)+ P(a=am,yo =0|z)) (13)

Note that P (o = am,yo = 1|z) and P (o = am,yo = 0| z) are exactly the 2’s in section 2.2.3. In
other words, for given values of v and § in the identified region, we can calculate the upper
and lower bounds on the marginal effects by maximizing and minimizing the linear function (13)
subject to the linear constraints in section 2.2.3. This can easily be done by linear programming.
To find the overall bounds, one can then minimize and maximize these bounds over v and ( in the
identified region. Of course, there are many ways to define marginal effects and the specifics of the
calculations will depend on which marginal effect is of interest. But it is clear that these marginal

effect can be easily constructed using the ideas provided in section 2.2.3 above.

4 Examples

In this section we present a number of examples that illustrate the usefulness of the approach
suggested here. The examples are special cases of the probit or logit version of the dynamic

discrete choice model

yir = 1{a}yB + yir—17 + s + e > 0} (14)

with e;;1.i.d. and N (0, 1) or logistically distributed.
Although the examples are motivated by computational simplicity, they are all models for which
it is not known whether the parameters of interest are point identified. It is therefore of interest to

investigate the identified region for these examples. All of the examples have aggregate explanatory



variables x;, P (yio = 1| a;) = 0.5 and

o ((Ltgi for aj =-3.0
Ploj=a;) = (550 ) - @ (9955) for a; = —2.8,-26,..,28
1@ (Ut for a;=3.0

In words, the true distribution of unobserved heterogeneity is discrete but it closely resembles a
standard normal.

While the assumption that the explanatory variable is the same across the individuals makes
the calculations much easier, it is also made in order to contrast the matching approach in Honoré
and Kyriazidou (2000). If the explanatory variables are independent across individuals and satisfy
a support condition, then we know from that paper that the parameters of the model are identified
with more than four time—periods. The calculations below will demonstrate that identification can
fail with simple violations of this support condition.

We use the linear programming method to compute the identified set in all the examples.

4.1 Only lagged dependent variable

Consider a model with no regressors
Vit = L{yig—17 + i + i > 0} for t=1,2,..,T. (15)

In calculating the identified region for 7, we assume that it is known that «; is discrete and that the
points of support are {—3.0,—2.8,...,2.8,3.0}, but that the associated probabilities are unknown.
Since €;; is standard normal, this means that the distribution of «; is extremely flexible over the
relevant region. For T' > 4, it is known from Cox (1958) (see also Chamberlain (1985) and Magnac
(2000) ) that v would be identified if €;; has a logistic distribution, but to our knowledge, it is not
known whether this result carries over to other distributions for &;;.

Using the linear programming techniques developed in section 2.2.3, we calculate the identified
region for yas a function of the true v when T" = 3. The results are presented in Figure 1 where
the upper and lower bound on the identified region for « is plotted as a function of its true value.

It is clear from Figure 1 that 7 is not identified when T' = 3 if v # 0. On the other hand, the
figure suggests that the sign of v is identified. Lemma 1 of the Appendix shows that this is indeed
the case.

For T' = 4, a graph similar to that in Figure 1 would suggest that «yis point identified. However,

10



Figure 1: Identified region for v as a function of its true value

a close inspection of the numbers reveal that this is not the case. For example, if v = 1, the
identified region is (0.9998,1.0003).
Similar calculations for the case where €;; is logistically distributed yields a graph like that in

Figure 1 for T' = 3, and confirms that v is point—identified for T' = 4.

4.2 Lagged dependent variable and time—trend

Of course, many applications do have explanatory variables. If these are individual specific, then
the linear programming approach becomes somewhat more cumbersome as each value of x yields
constraints of the form (5)—(7). On the other hand, a number of examples include only aggregate
variables, such as time trends and time dummies, as explanatory variables. The linear programming
technique makes it relatively straightforward to calculate the identified region in cases like this.

As an example, consider the same design as in the previous example, but we include a time
trend

Yir = 1 {y@t_l’y + 10+ o + e > 0} for t=1,2,..T (16)

with e i.i.d. standard normal.

Models with time trends are interesting because some of the existing techniques for dealing
with models like (14) are based on matching values of x;; over different time periods. For example,
Honoré and Kyriazidou (2000) show that if x;4 — x;3 has support in a neighborhood of 0, then (v, 3)
in (14) is identified up to scale with 7" > 4 even if the distribution of ;; is unknown. The scale is
also identified if €; is logistic. The time trend in (16) is a simple case in which such a matching
strategy fails.

Figures 2 and 3 give the identified regions in this case for nine combinations of (v, ().

11
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Figure 2: Identified region for (v,3). T' =3
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It is not surprising that (v, 3) is not point—identified with 7" = 3 since vy would not be identified
even without the time trend. It is interesting that the identified region for (v, 3) is not a singleton
when T' = 4. This suggests that the matching approach in Honoré and Kyriazidou (2000) is essential
for obtaining point identification. On the other hand, the size of the identified region suggests that

the lack of identification is of little practical consequence.

4.3 Lagged dependent variable and time—dummies

A linear time trend like that in the previous example is very dramatic (and often highly unrealistic)
when T is big. In this section we therefore investigate identification when it is replaced by a set of

unrestricted time-dummies. Specifically, we consider
Yit = 1{yit—17 + 0t + i + € > 0} for t=1,2..T (17)

where 61 is normalized to 0.” Figures 4 and 5 present the identified regions for any pair of the
parameters based on T = 3 and T = 4, respectively, when the true parameters are v = 1, do = 0.3,

03 = 0.2 and 64 = 0.1.

Figure 4: Identified region when T'=3, v =1, do = 0.3 and d§3 = 0.2

The most striking features of Figures 4 and 5 are that it appears that the §’s are identified except
for an additive constant and that they are quite poorly identified without such a normalization. The

first feature is an artifact of the precision of the figure. An inspection of the actual numbers reveals

"If the distribution oy is unrestricted, then a trivial location-normalization would be needed on the §’s. Formally,
the distribution of «; used here is not unrestricted, but it is very flexible, and we therefore impose such a location

normalization.
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Figure 5: Identified region when T'=4, v =1, 2 = 0.3, §3 = 0.2 and d4 = 0.1

that what appear to be line-segments in Figure 5 are actually two—dimensional sets with a non—
empty interior. The intuition for why it appears that the time—dummies need an additional location
normalization is that the unobserved y;0 will have a positive effect on all future probabilities. Since
the distribution of ;g is unspecified, this would mean that it is difficult to separate the location of
this distribution from an additive constant in the §’s. Smaller values of v would make the effect of
the distribution of y;o look less like a constant over time, and one would therefore expect smaller
identified regions when -y is smaller. This is confirmed in Figure 6, which presents the results for
v =0.2.

Overall, the results presented in Figures 1-6 suggest that identification of dynamic discrete
choice models relies critically on the ability to match explanatory variables in different time—periods

as was done in Honoré and Kyriazidou (2000)8.

8The assumptions on the individual specific effects made here are stronger than the assumptions usually made in
the fixed effects literature (see for example Honoré and Kyriazidou (2000)). The nonidentification documented here

therefore implies that the corresponding fixed effects models are not identified.
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Figure 6: Identified region when T'=4, v = 0.2, 69 = 0.3, 63 = 0.2 and §4 = 0.1
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5 Conclusion and Future Work

This paper examines the question of identification in some nonlinear dynamic panel data models.
In particular, we focus on the initial condition problem and its effects on identification of the
parameters of interest. This is a classic problem in econometrics that dates back to the work of
Heckman ((1978, 1981a, 1981b))). We provide insights that lead to new ways in which identification
can be examined and illustrate our approach using the probit version of the dynamic discrete choice
model. We give three methods that can be used to construct the identified sets. These methods are
constructive in that they can be used, by way of the analogy principle, to obtain consistent estimates
of these identified set. In particular, a linear programming method is especially convenient and
practical in constructing the identified set when the regressors are discrete.

The main limitation of the approach is that we assume that the explanatory variables are
strictly exogenous. To overcome this, one could augment the model with a specification for the

t—1

feedback process f; (mt] yh ,a), which could then be considered an additional unknown pa-

rameter. One could then compare the identified regions with or without the Granger condition

ft (xt]yt_l,xt_l,oz) = f; (xt|xt_1,a).9

9We thank an anonymous referee for this observation.
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6 Appendix
Lemma 1 (1) Suppose (yi1, Yi2, ¥i3) is a random vector such that
P (yir = 1] i) = p1 (i)

and
P (yi = 1 o, Yits -, Yitr—1) = F (i +yyie—1) , for  t=2,3

where p1 is an unknown function taking between 0 and 1 and is an unknown and strictly increasing

distribution function. Then the sign of v is identified.

Proof.
Consider the probabilities

P (i, yiz, yiz) = (0,1,0)] ai) = (1 = p1 (@) - F (i) - (1 = F (i +7))

and

P ((yi, yi2,vi3) = (0,0, 1) o) = (1 = p1 () - (1 = F () - F (ewi)
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Clearly

P ((yi1,yi2,yis) = (0,1,0)] o) = P (i1, wiz, wis) = (0,0,1)] ;) <= 0= v

and hence
P ((yi1, yi2, yi3) = (0,1,0)) = P ((yi1, giz2 yis) = (0,0,1)) <= 0= v

This shows that the sign of v is identified.
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