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Abstract

Let m(n) be the maximum integer such that every partially ordered set P with n

elements contains two disjoint subsets A and B, each with cardinality m(n), such
that either every element of A is greater than every element of B or every element
of A is incomparable with every element of B. We prove that m(n) = Θ( n

log n).
Moreover, for fixed ǫ ∈ (0, 1) and n sufficiently large, we construct a partially
ordered set P with n elements such that no element of P is comparable with nǫ

other elements of P and for every two disjoint subsets A and B of P each with
cardinality at least 14n

ǫ log2 n , there is an element of A that is comparable with an
element of B.

1 Introduction

A chain in a partially ordered set is a set of pairwise comparable elements and an an-
tichain is a set of pairwise incomparable elements. Dilworth’s celebrated theorem on partially
ordered sets [11,16] implies that every partially ordered set on n elements contains a chain
of length a or an antichain of length ⌈n

a
⌉. Dilworth’s theorem has motivated a great deal

of research on partially ordered sets [18,31] and has several applications in combinatorial
geometry [14,19,25,30], theoretical computer science [6,21], and set theory [13].

In this paper we develop a bipartite analogue of Dilworth’s theorem. Let m(n) be
the maximum integer such that every partially ordered set P on n elements contains two
disjoint subsets A and B such that |A| = |B| ≥ m(n) and every element of A is greater
than every element of B or every element of A is incomparable with every element of B. A
straightforward application of Dilworth’s theorem implies that m(n) ≥

⌊

n1/2

2

⌋

. However, this
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lower bound turns out to be far from the actual order of growth of m(n). Theorem 1 and
Theorem 2 below together imply that the order of growth is m(n) = Θ( n

log n
).

Theorem 1 For every sufficiently large positive integer n and every partially ordered set P
on n elements, there are disjoint subsets A and B of P with

|A| = |B| >
n

4 log2 n

such that either every element of A is greater than every element of B or every element of
A is incomparable with every element of B.

A benefit of our proof of Theorem 1 is that it easily yields a polynomial time algorithm
for finding such sets A and B in a poset P . The following theorem demonstrates that Theorem
1 is tight up to a constant factor.

Theorem 2 Fix ǫ ∈ (0, 1). For every sufficiently large positive integer n, there is a partially
ordered set P on n elements such that no element of P is comparable with nǫ other elements
of P and for every two subsets A and B of P with |A| = |B| ≥ 14n

ǫ log2 n
, there is an element

of A that is comparable with an element of B.

The proof of Theorem 2 uses expander graphs to give an explicit construction of such
partially ordered sets. Theorem 2 implies m(n) = O( n

log n
) since nǫ = O( n

log n
) for ǫ < 1.

The dimension dim(P ) of a poset P is the minimum positive integer such that the
partial order of P is the intersection of dim(P ) linear orders. The dimension of a poset is
well defined since the partial order of a poset P is the intersection of all linear extensions of
P [31]. For a poset P , let m(P ) be the maximum integer such that there are disjoint subsets
A and B of P with |A| = |B| ≥ m(P ) and every element of A is greater than every element
of B or every element of A is incomparable with every element of B.

It is not difficult to give a nontrivial lower bound on m(P ) in terms of the number of
elements of P and the dimension of P . Brightwell [8] in a personal communication improved
on the bound in Proposition 3 from an earlier draft of this paper. Proposition 3 improves on
the lower bound for m(P ) for posets P with n elements that satisfy dim(P ) < 2 log2 n.

Proposition 3 For every poset P with n elements and dimension d, we have

m(P ) ≥
⌊

n

2d

⌋

.

We prove Theorem 1, Theorem 2, and Proposition 3 in Section 2, Section 3, and Section
4, respectively. In Section 5, we consider the k-partite analogue of Dilworth’s theorem.

For a family F of graphs, let b(F , n) be the largest positive integer m such that for
every graph F ∈ F with n vertices, we have that Km,m is a subgraph of F or its complement.
The rest of this section deals with the function b(F , n).

The function b(F , n) has been the topic of considerable research [2,4,5,12,17,24,27]. For
example, Alon et al. [4] showed that b(F , n) is linear in n if F is a family of intersection
graphs of semi-algebraic sets in R

d of constant description complexity. If F is the family
of all graphs, then it is well known [17] that b(F , n) = Θ(log n). However, until recently,
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there was no known explicit construction of a family of graphs G = {Gn}∞n=1 with Gn having

n vertices such that b(G, n) = O(n
1
2
−ǫ) for any ǫ > 0. In 2005, Barak et al. [5] gave an

explicit construction of a family G = {Gn}∞n=1 of graphs with Gn having n vertices such that
b(G, n) = O(nδ) for any δ > 0.

For a poset P , the comparability graph G = (P, E) of P is the graph with vertex set P
and edges (x, y) whenever x and y are comparable. Let C denote the family of comparability
graphs. Lemma 7 in Section 3 states that m(n) ≤ b(C, n) ≤ 2m(n) for all positive integers
n. We have the following corollary of Theorem 1, Theorem 2, and Lemma 7.

Corollary 4 We have

b(C, n) = Θ

(

n

log n

)

.

The proof of Theorem 2 gives an explicit construction of a family G = {Gn}∞n=1 of
comparability graphs with Gn having n vertices such that b(G, n) = O( n

log n
).

A graph is perfect if the clique number and the chromatic number of each induced
subgraph are equal. Comparability graphs and P4-free graphs are perfect graphs. A perfect
graph G is called basic if G or Ḡ is a bipartite graph, a line graph of a bipartite graphs, or a
double split graph. The basic perfect graphs have linearly sized complete or empty bipartite
subgraph. These results suggest that the following conjecture is plausible.

Conjecture 5 For P the family of perfect graphs, we have

b(P, n) = n1−o(1).

Since every perfect graph on n vertices has a clique or independent set of size at least

n
1
2 , we have b(P, n) ≥

⌊

n
1
2

2

⌋

.

Recently, Chudnovsky et al. [10] proved Berge’s famous Strong Perfect Graph Conjec-
ture [7], which states that a graph G is perfect if neither G nor Ḡ contains an odd cycle of
length at least 5 as an induced subgraph.

For a graph H , let Forb(H) denote the family of graphs with no induced subgraph
isomorphic to H . Erdős et al. [12] proved that for a fixed graph H on k vertices, we have

b(Forb(H), n) = Ω(n
1

k−1 ). Seinsche [28] proved that a graph G is P4-free if and only if every
induced subgraph H of G satisfies that H or H̄ is disconnected. It quickly follows that
b(Forb(P4), n) = Θ(n).

For a family H of graphs, let Forb(H) denote the family of graphs with no induced
subgraph in H. By definition, b(Forb(H), n) = b(Forb(H̄), n) where H̄ denotes the family of
graphs that are the complement of graphs in H. If H is a finite collection of graphs that each
contain a cycle, then by considering sparse random graphs it is easy to show that there is a
constant ǫ(H) > 0 such that b(Forb(H), n) = O(n1−ǫ(H)).
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2 Proof of Theorem 1

The dual P d of a poset P has the same set of elements as P with the ordering x ≤d y
if and only if x ≥ y.

Proof of Theorem 1: Suppose P is a poset with n elements such that for every two
disjoint subsets A and B of P with |A| ≥ m and |B| ≥ m, there is an element of A that is
not greater than all the elements of B, and there is an element of A that is comparable with
an element of B. We want to show that m > n

4 log n
if n is sufficiently large.

Take any linear extension x1, . . . , xn of P . Hence, if xi < xj , then i < j. Define d =
⌊

n
2m

⌋

.

For 1 ≤ l ≤ d, let Cl = {xj : 2m(l − 1) < j ≤ 2ml}. For the rest of the proof, we do not
make use of the elements xj with 2md < j ≤ n. Define the “low set” L =

⋃

1≤l<⌈ d
2⌉ Cl, the

“middle set” M = C⌈ d
2⌉, and the “high set” H =

⋃

⌈ d
2⌉<l≤d Cl. Notice that L and H each

have cardinality greater than n
2
− 3m, and M has cardinality 2m.

For an element x ∈ M , define the “up set” U(x) (respectively, “down set” D(x)) to
be those elements of H (respectively, L) that are greater (respectively, less) than x. For a
subset S ⊂ M , let

U(S) = {x : x ∈ H and x > s for at least one s ∈ S} =
⋃

s∈S

U(s)

and
D(S) = {x : x ∈ L and x < s for at least one s ∈ S} =

⋃

s∈S

D(s).

Let V = {x : x ∈ M and |D(x)| < m} and W = {x : x ∈ M and |U(x)| < m}.
If any element x ∈ M satisfies U(x) ≥ m and D(x) ≥ m, then setting A = U(x) and
B = D(x), we have A and B are disjoint, |A| ≥ m, |B| ≥ m, and every element of A is
greater than every element of B, a contradiction. So for every x ∈ P , we have |U(x)| < m or
|D(x)| < m. Therefore, we have M = V ∪ W . Since |M | = 2m, then |V | ≥ m or |W | ≥ m.
This is illustrated in Figure 1. We can assume without loss of generality that |V | ≥ m since
otherwise the same argument holds using the dual poset of P and the ordering x′

i = x2md+1−i.

If |D(V )| ≤ |L| − m, then setting A = V and B = L − D(V ), we have that |A| ≥ m,
|B| ≥ m, and every element in A is incomparable with every element in B, a contradiction.
Therefore, |D(V )| > |L| − m.

Arbitrarily label the elements of V as v1, v2, . . . , v|V |. For 0 ≤ i ≤ ⌈log2 |V |⌉ and

1 ≤ j ≤
⌈

|V |
2i

⌉

, let V (i, j) = {vk : vk ∈ V and (j−1)2i < k ≤ j2i}. If j >
⌈

|V |
2i

⌉

, then let V (i, j)

be the empty set. We note that V = V (⌈log2 |V |⌉, 1) and V (i+1, j) = V (i, 2j−1)∪V (i, 2j).

For 0 ≤ i <
⌈

d
2

⌉

, let Li =
⋃

i<l<⌈ d
2⌉ Cl.

We have two cases to consider.

Case 1: ⌈log2 |V |⌉ <
⌈

d
2

⌉

− 1. Since V = V (⌈log2 |V |⌉ , 1), then by Lemma 6 below we
have

m > |L⌈log2 |V |⌉ ∩ D(V )| ≥ |C⌈log2 |V |⌉+1 ∩ D(V )|.
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M = C⌈ d

2
⌉

U(W )

WV

D(V )
L

H

H − U(W )

L − D(V )

...

...

Cd

Cd−1

C⌈ d

2
⌉+2

C⌈ d

2
⌉+1

C⌈ d

2
⌉−1

C⌈ d

2
⌉−2

C2

C1

Fig. 1. An illustration of a general poset on 2md elements partitioned into a lower set L, middle
set M , and upper set U (as discussed in the proof of Theorem 1). The set U(W ) consists of the
elements in H that are above at least one element of W , and the set D(V ) consists of the elements
in L that are below at least one element of V . The sets Cl each have cardinality 2m.

Since |C⌈log2 |V |⌉+1| = 2m, then |C⌈log2 |V |⌉+1 −D(V )| > m. But this contradicts the inequality

m > |L| − |D(V )| ≥ |C⌈log2 |V |⌉+1 − D(V )|.

Case 2: ⌈log2 |V |⌉ ≥
⌈

d
2

⌉

− 1. Recall that
⌈

d
2

⌉

− 1 = |L|
2m

≥ n−6m
4m

. Also notice that
⌈log2 |V |⌉ < 1+log2 2m = log2 4m since V ⊂ M and |M | = 2m. Combining these inequalities
and simplifying, we have

6m + 4m log2 4m ≥ n.

To satisfy this inequality, we must have

m ≥
(

1 + (1 − o(1))
log2 log2 n

log2 n

)

n

4 log2 n
. 2
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|D(V (i + 1, j)) ∩ Li+1| ≥ m

Li+1
Li

V (i + 1, j)

L

...

...

M = C⌈ d

2
⌉

C⌈ d

2
⌉−1

Ci+2

Ci+1

Ci

C1

|D(V (i + 1, j) ∩ Ci+1| < m |Ci+1 − D(V (i + 1, j))| > m

Fig. 2. An illustration of the contradiction to the assumption |D(V (i + 1, j)) ∩ Li+1| ≥ m in the
proof of Lemma 6. Setting A = D(V (i + 1, j)) ∩ Li+1 and B = Ci+1 − D(V (i + 1, j)), we have
|A| ≥ m, |B| ≥ m, and every element of A is incomparable with every element of B.

Thus we have reduced our goal to prove the following lemma.

Lemma 6 Let V , V (i, j), and Li be as in the proof of Theorem 1.

For 0 ≤ i ≤ min(⌈log2 |V |⌉ ,
⌈

d
2

⌉

− 1) and 1 ≤ j ≤
⌈

|V |
2i

⌉

, we have

|D(V (i, j)) ∩ Li| < m.

Proof: The proof will be by induction on i. The lemma is true in the base case i = 0 since
|V (0, j)| = 1 and |D(x)| < m for x ∈ V , so |D(V (0, j))| < m.

Assume the result is true for i. Since V (i + 1, j) = V (i, 2j − 1) ∪ V (i, 2j), then

|D(V (i + 1, j)) ∩ Li| ≤ |D(V (i, 2j − 1)) ∩ Li| + |D(V (i, 2j)) ∩ Li| < 2m.

For the sake of contradiction, assume that

|D(V (i + 1, j)) ∩ Li+1| ≥ m.

By the last two inequalities, we have

|D(V (i + 1, j)) ∩ Ci+1| < m.

Hence, |Ci+1−D(V (i+1, j))| > m. Set A = D(V (i+1, j))∩Li+1 and B = Ci+1−D(V (i+1, j));
then A and B are disjoint, |A| ≥ m, |B| ≥ m, and every element of A is incomparable with
every element of B, a contradiction. This contradiction is illustrated in Figure 2.

Hence, by induction on i, we have proved that for 0 ≤ i ≤ min(⌈log2 |V |⌉, ⌈d
2
⌉− 1) and

1 ≤ j ≤ ⌈ |V |
2i ⌉, we have |D(V (i, j)) ∩ Li| < m. 2
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3 Proof of Theorem 2

The height h(x) of an element x of a poset P is the length of the longest chain with
largest element x. The following lemma shows that m(n) and b(C, n) are within a constant
factor of each other.

Lemma 7 (i) For all positive integers n, we have

m(n) ≤ b(C, n) ≤ 2m(n).

(ii) If Km,m is a subgraph of a comparability graph G, then there are subsets A and B of the
associated partially ordered set P with |A| ≥ m/2, |B| ≥ m/2, and every element of A is
greater than every element of B.
(iii) If Km,m is a subgraph of the complement of a comparability graph G, then there are
subsets A and B of the associated partially ordered set P with |A| ≥ m/2, |B| ≥ m/2, and
for every x ∈ A and y ∈ B, x and y are incomparable and h(x) ≥ h(y).

Proof: The lower bound m(n) ≤ b(C, n) is trivially true. The upper bound b(C, n) ≤ 2m(n)
follows from (ii) and (iii). Since the proof of (ii) and (iii) are essentially the same, we only
prove (ii) here. Let A′ and B′ be disjoint subsets of P of size m such that every element in
A′ is comparable with every element of B′. Label the elements of A′∪B′ in order a1, . . . , a2m

by increasing height, breaking ties arbitrarily when necessary.

If |A′ ∩ {am+1, . . . , a2m}| ≥ m/2, then setting A = A′ ∩ {am+1, . . . , a2m} and B =
B′ ∩ {a1, . . . , am}, we have |A| ≥ m/2, |B| ≥ m/2, and every element of A is greater than
every element of B.

If |A′ ∩ {am+1, . . . , a2m}| < m/2, then setting A = B′ ∩ {am+1, . . . , a2m} and B =
A′ ∩ {a1, . . . , am}, we have |A| > m/2, |B| > m/2, and every element of A is greater than
every element of B. 2

An (n, r, d)-expander is a finite r-regular undirected graph G = (V, E) such that |V | = n
and for every subset S of V , the set N(S) = {v ∈ V : (v, u) ∈ E for some u ∈ S} of neighbors
of S satisfies

|N(S)| ≥ (1 + d(1 − |S|/n)) |S|. (1)

In particular, we have

|N(S)| ≥ (1 + d/2)|S| (2)

for all subsets S ⊂ V with |S| ≤ |V |/2.

For a graph G, let λ = λ(G) denote the second largest eigenvalue of the adjacency
matrix for G. One of the most fundamental results concerning expander graphs relates the
second largest eigenvalue of a graph to its expansion d. Alon and Milman [1], [3] showed that
if G is an r-regular graph on n vertices, then G is an (n, r, 1 − λ2

r2 )-expander.
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P (5, C6)G = C6

5

6

3 4

2

1

1 2 3 4 5 6

Fig. 3. Illustration of the Hasse Diagram of the partially ordered set P (5, C6).

A Ramanujan graph is a r-regular graph G whose second largest eigenvalue λ(G) is at
most 2

√
r − 1. Ramanujan graphs are excellent expanders in that they have large expansion.

Infinite families of r-regular Ramanujan graphs have been constructed for r − 1 being any
prime power [9,20,22,23].

For a positive integer a and graph G on b vertices with vertex set V = {1, . . . , b},
define the poset P (a, G) with elements {(j, k): 1 ≤ j ≤ a and 1 ≤ k ≤ b} generated by the
comparisons (j1, k1) < (j2, k2) whenever j2 = j1 + 1 and (k1, k2) is an edge of G. Figure 3
illustrates the Hasse diagram of the poset P (5, C6).

We will use the following two lemmas to prove Theorem 2.

Lemma 8 If G is an r-regular graph, then every element of the poset P (a, G) is comparable
with at most ra−1

r−1
elements of P (a, G).

Proof: Since the degree of every vertex in G is r, then the number of elements of P (a, G)

that are at least (j, k) is at most 1 + r + · · · + ra−j = ra−j+1−1
r−1

. The number of elements of

P (a, G) that are at most (j, k) is at most 1 + r + · · · + rj−1 = rj−1
r−1

. Hence, the number of
elements of P (a, G) that are comparable with (j, k) is at most

ra−j+1 + rj − r − 1

r − 1
.

This upper bound is maximized at j = 1 and j = a. Hence, every element of the poset
P (a, G) is comparable with at most ra−1

r−1
elements of P (a, G). 2

Lemma 9 If G is a (b, r, d)-expander, then for every pair A and B of disjoint subsets of

P (a, G) with |A| ≥ b(2+d)
d

and |B| ≥ b(2+d)
d

, there is an element of A that is comparable with
an element of B.

8



U(B′, j0)

D(A′, j0)
Aj0

Fig. 4. Illustration of the incomparable sets D(A′, j0) and U(B′, j0).

Proof: Assume there are disjoint subsets A and B of size m such that every element of A
is incomparable with every element of B. By Lemma 7, there are disjoint subsets A′ and B′

satisfying |A′| ≥ m
2
, |B′| ≥ m

2
and such that every element of A′ is incomparable with every

element of B′ and h(x) ≥ h(y) for all x ∈ A′ and y ∈ B′.

Let Aj = {(j, k) : 1 ≤ k ≤ b}. So P (a, G) =
⋃a

j=1 Aj is a partition of P (a, G) into
antichains of size b. Let j0 be an integer such that h(x) ≥ j0 ≥ h(y) for all x ∈ A′ and y ∈ B′.

For a subset S of P (a, G), let

U(S, j) = {(j′, k′) : j′ ≤ j and (j′, k′) ≥ s for at least one s ∈ S}.

Likewise, let

D(S, j) = {(j′, k′) : j′ ≥ j and (j′, k′) ≤ s for at least one s ∈ S}.

Notice that D(A′, j0) and U(B′, j0) have the property that for every x ∈ D(A′, j0) and
y ∈ U(B′, j0), x is incomparable with y and h(x) ≥ j0 ≥ h(y). Moreover, A′ ⊂ D(A′, j0) and
B′ ⊂ U(B′, j0). This is illustrated in Figure 4.

Notice that |D(A′, j0) ∩ Aj0| ≤ b
2

or |U(B′, j0) ∩ Aj0| ≤ b
2

since the sets D(A′, j0) and
U(B′, j0) are disjoint. By considering the dual poset if necessary, we may assume without
loss of generality that |D(A′, j0) ∩ Aj0| ≤ b

2
.

For each nonnegative integer i with i ≤ n − j0, let Si = {k : (j0 + i, k) ∈ D(A′, j0)}.
Notice that |S0| = |D(A′, j0) ∩ Aj0| ≤ b

2
. We view Si as a subset of vertices of G. Therefore,

for every nonnegative integer i with i < n − j0, we have N(Si+1) ⊂ Si. By the expansion

9



Inequality (2) for G, we have

|Si| ≤ |S0|
(

1 +
d

2

)−i

≤ b

2

(

1 +
d

2

)−i

.

Hence, we have

m

2
≤ |A′| ≤ |D(A′, j0)| =

n−j0
∑

i=0

|Si| <

∞
∑

i=0

b

2

(

1 +
d

2

)−i

=
b(2 + d)

2d
.

Hence, m < b(2+d)
d

. We conclude that for every pair A and B of disjoint subsets of P (a, G)

with |A| ≥ b(2+d)
d

and |B| ≥ b(2+d)
d

, there is an element of A that is comparable with an
element of B. 2

We now prove Theorem 2.
Proof of Theorem 2:

Let r = 9, n > r
1
ǫ , a =

⌊

ǫ log n
log r

⌋

, and let b be the smallest positive integer such that

b > n
a

and there is a 9-regular Ramanujan graph G on b vertices. By the constructions of

Morgenstern [22], such a b exists with b = (1+ o(1))n log 9
ǫ log n

. Let P be any subposet of P (a, G)

with |P | = n. By Lemma 8, every element of P is comparable with at most ra−1
r−1

elements

of P . Notice that the inequality ra−1
r−1

< ra holds. Substituting in a =
⌊

ǫ log n
log r

⌋

, every element

of P is comparable with at most nǫ elements of P . By Lemma 9, for every pair A and B
of disjoint subsets of P with |A| ≥ b(2+d)

d
and |B| ≥ b(2+d)

d
, there is an element of A that is

comparable with an element of B. Substituting in

d = 1 − λ2

r2
≥ 1 − 4r − 4

r2
=

49

81
,

we have that for every pair A and B of disjoint subsets of P satisfying

|A| = |B| ≥ (13.66 + o(1))
n

ǫ log2 n
,

there is an element of A that is comparable with an element of B. 2

We note that the constant factor 13.66 in the proof above can be improved significantly
by using the full strength of Inequality (1) instead of using Inequality (2).

4 Dimension and the bipartite analogue of Dilworth’s theorem

In this section we prove Proposition 3. The proof is similar to the proof of Lemma 7.
Proof of Proposition 3:

Let P be a poset with n elements and dimension d. Let L1,...,Ld be linear extensions of
P whose intersection is P . Let Xi be the largest ⌊n

2
⌋ elements in the linear extension Li and Yi

10



be the smallest ⌈n
2
⌉ elements in the linear extension Li. Notice that |X1∩Yi| = |Y1∩Xi| and

every element of X1 ∩ Yi is incomparable with every element of Y1 ∩Xi. If there is an i such
that |X1 ∩ Yi| ≥ ⌊ n

2d
⌋, then setting A = X1 ∩ Yi and B = Y1 ∩Xi, then |A| = |B| ≥ ⌊ n

2d
⌋ and

every element of A is incomparable with every element of B. If there is no such i satisfying
|X1 ∩ Yi| ≥ ⌊ n

2d
⌋, then the two sets X1 ∩ . . . ∩ Xd and Y1 ∩ . . . ∩ Yd each have cardinality at

least ⌊ n
2d
⌋ and the elements of the first set are larger than the elements of the second set. 2

5 Concluding Remarks

Pach and Toth [26] showed that a graph G is a comparability graph if and only if
there is a family of n continuous real functions defined on [0, 1] whose intersection graph is
G. They show, as a corollary of this result and Theorem 2, that for every ǫ > 0 there is a
positive constant c(ǫ) such that for every integer n > 1, there is a family of n continuous
real functions defined on [0, 1] such that their intersection graph G contains no complete
bipartite graph with at least c(ǫ) n

log2 n
vertices in each of its vertex classes, and every vertex

in G is adjacent to all but at most nǫ other vertices.

Let pr(n) be the largest integer such that for every set P on n elements and partial
orders <1, . . . , <r on P , there are two disjoint subsets A, B ⊂ P , each with at least pr(n)
elements such that either there is an i with a <i b for all a ∈ A and b ∈ B or every element
of A is incomparable with every element of B for all r partial orders <1, . . . , <r. Pach and
the author [15] prove that for each fixed r, there is a constant cr such that

n

2(1+o(1))(log2 log2 n)r ≤ pr(n) ≤ crn (log2 n)−r (log log n)r−1 .

Larman et al. [19] showed that there are four partial orders <1, . . . , <4 on convex
compact sets in the plane such that two convex compact sets intersect if and only if they
are incomparable in all four partial orders. It follows from repeated application of Dilworth’s
theorem that every intersection graph G of n convex compact sets in the plane contains a
clique or independent set on n1/5 elements. From the lower bound on p4(n) and the result
of Larman et al., it follows that for every intersection graph G of n convex compact sets in
the plane, either G or Ḡ contains a complete bipartite graph with n

2(1+o(1))(log2 log2 n)4
vertices

in each of its vertex classes. Similar results do not hold in 3 dimensions, as Tietze [29]
showed a century ago that every graph is the intersection graph of convex compact sets in 3
dimensions.

Let mk(n) denote the largest integer such that for every partially ordered set P on n
elements, there are pairwise disjoint subsets A1, . . . , Ak of P with |Ai| ≥ mk(n) for 1 ≤ i ≤ k,
and every element of Ai is greater than every element of Aj if i > j or every element of Ai

is incomparable with every element of Aj if i 6= j.

By iterating Theorem 1, we get the following corollary of Theorem 1 and Theorem 2.

11



Corollary 10 Fix a positive integer k. We have

Ω

(

n

(log n)2k−1

)

≤ m2k(n) ≤ O

(

n

log n

)

.

It would be nice to tighten Corollary 10.

Question 11 Does m3(n) = Ω
(

n
log n

)

?
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[27] P. Pudlák and V. Rödl, Pseudorandom sets and explicit constructions of Ramsey graphs.
Complexity of computations and proofs, 327–346, Quad. Mat., 13, Dept. Math., Seconda Univ.
Napoli, Caserta, 2004.

13



[28] D. Seinsche, On a property of the class of n-colorable graphs, J. Combinatorial Theory Ser. B
16 (1974) 191–193.
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