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Existence and Constructibility in Geometry: 

Two Remarks and Three Questions  

 

JOHN P. BURGESS 

 

Abstract Given Tarski’s version of Euclidean straightedge and 

compass geometry, it is shown how to express construction theorems, 

and shown that for any purely existential theorem there is a 

construction theorem implying it. Three questions about possible 

extensions of this result are then listed. 

 

Introduction Let us consider three types of assertions, illustrated by these:  

 

(1) There exists a regular heptadecagon. 

(2) It is possible to construct a regular heptadecagon. 

(3) It is possible to construct a regular heptadecagon in the following way… 

 

… where (3) would be completed with the specification of Gauss’s construction.  

 The kind of construction meant here is that familiar from the early books of 

Euclid’s Elements, traditionally or conventionally called “straightedge and 

compass” constructions, though not so called by Euclid. These are found in the 

first three postulates and many of the propositions of Books I-IV and beyond, 

beginning with the very first. The propositions in question are those that have been 

called “problems” rather than “theorems,” whose treatment ends with “which was 

to be done” (QEF), rather than “which was to be shown” (QED).  

 Philosophers of mathematics have often contrasted the ancient style of 

axiomatic geometry represented by Euclid with the modern style represented by 

David Hilbert (1902). Paul Bernays (1964, p. 275) explicitly draws the contrast as 
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one between statements of type (2) and statements of type (1): 

 

Euclid postulates: One can join two points by a straight line; Hilbert 

states the axiom: Given any two points, there exists a straight line on 

which both are situated. 

 

But in the classic translation of Thomas Heath (1968), Euclid’s formulations are 

expressed as infinitival phrases (“to join two points…”) rather than complete 

sentences (“one can join two points…”) of type (2). What follows is in the nature 

of a footnote (which it is hoped will be readable by students of classical philosophy 

and history of ancient mathematics with minimal background in modern logic) to a 

recent study of Jonathan Beere and Benjamin Morison (to appear), who argue that 

it is a mistake to take Euclid to be making assertions either of form (1) or of form 

(2), though they also differ from Heath in attributing to the Greek infinitival forms 

an imperatival force. 

 Their thesis is that, just as theorems and their proofs aim to impart an 

especially solid kind of knowledge-that something is the case — episteme — so 

problems and their solutions aim to impart an especially solid kind of knowledge-

how to do something. It is when one tries to express this knowledge-how as a kind 

of knowledge-that that one may arrive at something like a construction theorem of 

type (3), as contrasted with a constructibility theorem of type (2).  

 As Beere and Morison make clear, though existence and constructibility 

assumptions or assertions are not entirely absent from the Elements, they are rare, 

while construction problems are ubiquitous in the geometrical books, which 

famously culminate in book XIII with the construction of the Platonic solids. By 

contrast, in present-day mainstream mathematics, questions of existence are prior, 

and it is only when one is answered in the affirmative that a question of 
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constructibility then arises, or rather a series of them for different kinds of 

constructibility (straightedge and compass, marked ruler and compass, and more).  

 Moreover, though modal locutions such as “it is possible to…” or “one 

can…” or -ible and -able suffixes occur all over present-day mathematics, 

including this note, in formal contexts these get explained away in terms of 

existence statements. For instance, constructibility and computability are defined in 

terms of the existence of programs for constructing or computing. This 

circumstance would affect the understanding of (2) and (3), turning them into 

“There is a program for doing such-and-such,” and “The following is a program 

for doing such-and-such…,” or something of the sort.  

 But the most important difference from ancient mathematics is that 

mathematicians now hold themselves to a higher standard of rigor; and as the 

discussion of Bernays suggests, this explaining away of modal locutions in terms 

of existence statements occurred during the process of rigorization, as in Hilbert. 

The ultimate in rigorization of Euclidean straightedge and compass geometry was 

provided by Alfred Tarski in a first-order axiomatization here to be called G. (It is 

called CG(2) in the survey of Tarski and Givant, 1999, p. 191.)  

 The austere formalism of G has variables only for points of the plane, and it 

admits just two primitives, for the following relations among points: 

 

 Bxyz or betweenness: x, y, z lie in a line, with y between x and z 

 Cwxyz or congruence: w lies as far from x as y lies from z 

 

(Here betweenness is understood inclusively, so Bxxz and Bxzz always hold, and 

identity of points x = y is definable as Bxyx.) 

 Nonetheless, because any pair of distinct points may be regarded as coding a 

line (the one passing through both points) and a circle (the one having as center the 
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first point and passing through the second point), one can express indirectly 

through coding the basic geometry of lines, circles, and composite figures. For 

instance, G has a circle axiom that thus expresses that a line with points both inside 

and outside a given circle has a point on the circle. 

 Returning to (1)-(3), because there is no modal apparatus in the language of 

G, (2) cannot be expressed if the modal locutions are understood literally or 

primitively, in terms of a possibility operator ◊. And if (2) is explained in terms of 

the existence of a program, it still cannot be expressed — not directly, since the 

variables do not range over programs; nor yet indirectly, since programs cannot be 

coded by pairs of points, as can lines and circles, or by configurations of any other 

fixed finite number of points. 

 But two more positive remarks can be made: 

 

(R1) One can produce a definitional extension of G, with a formal notation for 

straightedge and compass construction programs, permitting the systematic 

expression of assertions of type (3). 

 

(R2) It can be shown that for any purely existential assertion of type (1) that is a 

theorem of G there is a construction assertion of type (3) implying it that is 

also a theorem.  

 

In the following two sections I will sketch the construction justifying (R1), and 

outline the proof justifying (R2). 

 

1 To Express a Construction Theorem Where we have only points, a 

straightedge and compass construction must be viewed as involving marking new 

points given previously marked points. There are three basic kinds of steps: 
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(4) to mark the intersection of the lines coded by x, y and by u, v 

(5)  to mark the intersections of the line and circle coded by x, y and u, v 

(6)  to mark intersections of the circles coded by x, y and by u, v 

 

 Let now  be any formula for which it is a theorem of G that for any xs 

there exists a unique y such that  holds of the xs and y, or in symbols, this: 

 

 x1x2…xn!y(x1, x2, … , xn, y) 

 

Then one can add a symbol  representing the function that, given any xs as input, 

gives their y as output.  is then called the defining formula of , and the 

following its defining axiom: 

 

 x1x2…xn(x1, x2, … , xn, (x1, x2, … , xn)) 

 

Because the symbol  is definable, every formula containing it will have a 

provable equivalent not containing it, formulated solely in terms of the austere 

original language. To express construction assertions we will want to add in this 

way function symbols connected with the construction steps (4)-(6).  

 To be able to do so, we must first recall how various notions are expressible 

Tarski-style, in the language of G. Here are a few basic ones: 

 

 |xyz or collinearity:  

 “x, y, z lie on a line” or “y lies on the line coded by x, z”:  

 Bzxy  Bxzy  Bxyz  

 

 xyz or equidistance:  

 “y lie at the same distance that z does from x”  
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 or “y lies on the circle coded by x, z”:  

 x ≠ y & Cxyxz 

 

 xyz or equilaterality:  

 “x, y, z are the vertices of an equilateral triangle”:  

 ¬|xyz & Cxyyz & Cxzyz 

 

 ⊥xyz or perpendicularity:  

 “the angle yxz is right”: 

 ¬|xyz & w(Bwxy & Cxwxy & Czwzy) or equivalently 

 ¬|xyz & w(Bwxy & Cxwxy → Czwzy) 

 

 <xyz or nearness:  

 “y lies less far than z does from x”:  

 w(w ≠ z & Bzwx & Cxyxw) or equivalently  

 w(Bwzx → ¬Cxyxw) 

 

 To continue, we have an important technical auxiliary. Three points r, s, t 

are (a system of) landmarks, to be written Lrst, if xyz & ⊥xyz. That landmark 

systems exist is a theorem of G, as is the stronger assertion: 

 

(7) rs(r ≠ s → t Lrst) 

 

In fact, it is a theorem that there exist exactly two such t. When working with fixed 

landmarks, we may suggestively call r the origin, and s and t the unit points on the 

horizontal and vertical axes, respectively. Landmarks will play three roles.  

 First, before we can introduce a symbol  for a function, the function must 

be total, or defined for all inputs, even in waste cases where we do not care what 
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the output is; and we may take the origin as the waste-case output. For geometric 

constructions (4)-(6) the definition of waste case will be a disjunction of four 

clauses, the first three the same for all of (4)-(6): ¬Lrst   x = y  u = v, meaning 

the triple r, s, t fails to provide landmarks, or one of the pairs x, y or u, v fails to 

code. The last will be different for each of the three basic construction steps, thus: 

 

(8) the lines coded by x, y and u, v do not intersect in a point  

 (coincide or are parallel) 

(9) the line and circle coded by x, y and u, v do not intersect in two points 

 (is disjoint from or tangent to it) 

(10) the circles coded by x, y and u, v do not intersect in two points 

 (coincide or are tangent or disjoint) 

 

 Second, constructions must begin with some input, and Euclid’s most basic 

begin with a pair of points, endpoints of a segment; and we may take the origin and 

the horizontal unit point as these starting points.  

 Third, in the case of intersections with circles we will need to mark two 

points, but functions can only be single-valued, so we will need two functions, and 

so will face the question of which function marks which point; and this choice can 

be made, exploiting the fact that only one point is equidistant for all three of r and 

s and t, by using the notion of x being proximal and y distal relative to the 

landmarks, definable thus:  

 

 <xyr or (Cxryr and <xys) or (Cxryr and Cxsys and <xyt) 

 

 To conclude, we can now write down the definitions of symbols for the 

functions connected with constructions.  
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 (r, s, t, x, y, u, v) = w iff we are in a waste case and w = r or w is  

 the point of intersection of the lines coded by x, y and by u, v 

 

 (r, s, t, x, y, u, v) = w iff we are in a waste case and w = r or w is  

 the proximal point of intersection of the line and circle coded by x, y and u, v 

 

 (r, s, t, x, y, u, v) = w iff we are in a waste case and w = r or w is  

 the proximal point of intersection of the circles coded by x, y and by u, v 

 

 ' like  but for distal   ' like  but for distal 

 

 i(r, s, t) = r   j(r, s, t) = s   k(r, s, t) = t 

 

One metalinguistic abbreviation will make for conciseness: Let §fg1…gn denote the 

m-place function obtained by substituting n given m-place functions in the n-place 

function f, thus: 

 

 §fg1…gn(x1, … , xm) = f(g1(x1, … , xm), …, gn(x1, … , xm)) 

 

Then a program for constructing a configuration of k points can be represented as a 

k-tuple of complexes of the above nine symbols.  

 To apply this apparatus to Euclid’s Book I, Proposition 1, take our two 

starting points r = i(r, s, t) and s = j(r, s, t), and obtain the vertices of an equilateral 

triangle by taking along with them one of the two points of intersection, say for 

definiteness the proximal one, of the circle with center r passing through s and the 

circle with center s passing through r. In the notation above this amounts to 

(r, s, t, r, s, s, r), which amounts to the composition of the seven-place function  

with the functions i, j, k, i, j, j, i, applied to r, s, t. Hence the program for the 

construction of the vertices of an equilateral triangle can be represented by a trio of 
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symbol complexes , ,  as follows: 

 

  = i   = j   = §ijkijji 

 

The existence theorem that there is an equilateral triangle, namely, 

 

(11) xyz (x, y, z)  

 

is implied by the following construction theorem: 

 

(12) rst(Lrst & ((r, s, t), (r, s, t), (r, s, t)) 

 

 What has just been said about the equilateral triangle applies equally to the 

regular heptadecagon, substituting Gauss’s construction for Euclid’s. Behind a 

formalized version of (1) in the style of (11) there stands a formalized version of 

(3) in the style of (12).  

 More generally, for any condition expressible in a formula , a statement of 

type (3), to the effect that an explicitly specified program would produce a 

configuration of points x1, x2, x3, … satisfying , can be taken to be of a formula of 

the form 

 

(13) rst (Lrst &  (1(r, s, t), 2(r, s, t), 3(r, s, t), …)) 

 

wherein 1, 2, 3, … are symbol complexes of our notation for representing 

programs, indicating how points x1, x2, x3, … are to be constructed starting from 

the landmarks.  

 In sum, while a constructibility assertion of type (2), to the effect that there 

exists a program that would produce a given kind of configuration, has to be 

expressed in the metalanguage, as the statement that there exist s for which (13) 
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is a theorem, by contrast we have produced (or at least sketched, relying on results 

of Tarski and his school) a way, namely (13) itself, of expressing in the object 

language a construction assertion of type (3), QEF. 

 Let it be noted, to clarify the role of landmarks, that a construction that 

works with one system of landmarks works with all. For (13) is equivalent by basic 

linear algebra to the following: 

 

(14) rst (Lrst → (1(r, s, t), 2(r, s, t), 3(r, s, t), …)) 

 

This is because, if Lrst and Lr's't', there is a linear transformation carrying the one 

system of landmarks to the other (a translation to move r to r', a rotation to move s 

to the line through r' and s' on the same side of r' as s', a dilatation to further move 

s to s', and if t is not now already at t', a reflection to bring it there), and such 

transformations preserve relations of betweenness and congruence and any logical 

compounds thereof — and all this linear algebra can be developed in G. Applying 

the transformation of (13) into (14) in the case of the equilateral triangle (11) (and 

recalling the fact (7)) we obtain a formulation closer to what Euclid proves: 

 

(15) xy(x ≠ y → z (x, y, z))  

 

2 There Is a Construction Theorem for Any Existence Theorem A purely 

existential formula (respectively, purely universal formula) is one provably 

equivalent in G to a formula that, when written out in primitive notation, with all 

defined symbols replaced by their definitions, consists of a string of existential 

quantifiers  (respectively, universal quantifiers ) in front of a quantifier-free 

formula. Purely existential (respectively, purely universal) formulas are said to be 

of class  (respectively, class ), and a  formula is any that is of both classes  
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and , while function denoted by a symbol  introduced as above is  if its 

defining formula is.  

 The basic features of these notions belong to general definability theory, not 

at all tied to geometry specifically, and include the following closure properties.  

 

  is closed under  and  and  

  is closed under  and  and  

  is closed under  and  and ¬  

 

and all three are closed under substitution of  functions. The general proofs about 

 and  are not unlike those for semi-recursive and recursive in computability 

theory. (Compare Boolos, Burgess, and Jeffrey, 2007, p. 76, Theorem 7.4.) 

 Now obviously (13) implies the existence statement 

 

(16) x1x2x3, …(x1, x2, x3, …) 

 

which will be purely existential provided  is. And indeed it is so in the case of the 

formula stating that the xs are the vertices of a regular polygon of n sides, for any 

n ≥ 3. It is so also in many other cases, for we will soon see that the class  and 

indeed  is quite large. The main result whose proof will be outlined here is that 

for any purely existential theorem of G of type (16) there is a construction theorem 

of G of type (13) that implies it. 

 It is crucial for the proof of this result that the defining formulas  for our 

, ,  can be taken to be . This is verified by going through the list of defined 

notions in the preceding section one by one, and that list could be indefinitely 

extended. At the beginning, collinearity and equidistance were given quantifier-

free definitions; then perpendicularity and nearness were each given a  and an 
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equivalent  definition. The first problematic case would be (8), amounting to the 

parallelism of the lines coded by x, y and by u, v, where the obvious definition is 

. The parallel postulate implies a less obvious equivalent definition that is , in 

terms of the existence of points z on the one line and w on the other with the 

segment zw perpendicular to both lines. (9) and (10) are left as exercises to the 

reader. The end result is that in a case of the kind that interests us, where  is ,  

the formulas of type (13) will be , by the closure of that class under substitution 

of  functions and the other closure properties of   and . 

 The rest of the proof draws on the beautiful nineteenth-century algebra used 

to show that the classic problems of duplicating the cube and trisecting the angle 

are unsolvable (as expounded in Papantonopoulou 2002, chapters 11 and 12; the 

impossibility of squaring the circle, involving as it does the number π, requires 

analytic methods). The constructible field is the smallest set of real numbers 

containing 0 and 1 and closed under the rational operations of addition, 

subtraction, multiplication, and division, as well as under extraction of square roots 

of positive numbers.  

 Tarski shows that a minimal model M of G can be obtained by taking as 

“points” pairs constructible numbers and defining the primitive relations as in 

middle-school analytic geometry: 

 

  if x = (a, a'), y = (b, b'), z = (c, c') then Bxyz holds iff  

 a ≤ b ≤ c or c ≤ b ≤ a & (b - a)·(c' - a') = (b' - a')·(c - a)  

 

 If u = (d, d') and v = (e, e'), then Cxyuv holds iff 

 (b - a)2 + (b' - a')2 = (e- d)2 + (e' - d')2 

 

Square roots are needed to get the circle axiom. This M may be called the 
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constructible plane. The points r = (0, 0), s = (1, 0), t = (0, 1) constitute landmarks, 

and the crucial property of M is that every point is straightedge and compass 

constructible from those landmarks.  

 This result has a long history. Euclid has a theory of ratios and proportions 

of lengths and other magnitudes, but he does not speak of these ratios as real 

numbers the way we would. Numbers for Euclid are natural numbers. That is why 

it is an anachronism to speak of the Greek discovery of the incommensurability of 

the side and diagonal of a square as the discovery that √2 is an irrational number. 

In Euclid ratios are not things that can be added and multiplied. Ratios were 

considered numbers at least as early as Omar Khayyam, and constructions in 

Euclid could then be reconstrued as rational operations on ratios, as well as 

extraction of square roots. This picture is in the background in Descartes’ 

Géométrie and the foreground in Newton’s Universal Arithmetick, and the theory 

is treated fully rigorously in Hilbert.  

 The treatment of the straightedge and compass constructions for 

multiplication, division, and square roots has found its way into the more thorough 

introductory textbooks of abstract algebra, as part of Galois theory. (See 

Papantonopoulou, Propositions 11.1.12 through 11.1.14, pp. 345-346.)  In the 

constructible plane, any point (a, 0) on the horizontal axis can be obtained from 

(0, 0) and (1, 0) by the geometric steps corresponding to the algebraic steps used to 

obtain a from 0 and 1. Likewise any point (0, b) on the vertical axis is constructible 

from the landmarks (0, 0) and (1, 0). And then any point at all (a, b) is 

constructible from the landmarks as the intersection of the horizontal line through 

(0, b) with the vertical line through (a, 0). 

 Now suppose (16) is a theorem of G, with  purely existential. Then it must 

be true in the constructible plane, where every point is constructible, and if we take 

symbol complexes, s, describing the construction of the pertinent xs, then (13) 
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will be true in the constructible plane. But what was meant by calling M a 

“minimal” model is that any model of G has the constructible plane (or if not 

literally that model itself, an isomorphic copy thereof) as a submodel. And it is a 

quite general fact model theory, not at all tied to geometry specifically, that any  

statement true in a submodel of a model is true in the model itself. Because (13) is 

, it will thus be true in every model of G. And finally, by the Gödel completeness 

theorem it follows that (13) will be a theorem of G. And so we have shown (at 

least in outline) that behind every pure existence theorem there is a construction 

theorem, QED. 

 Let it be noted, to clarify the role of the restriction to purely existential 

conditions, that the result does not apply to existence theorems generally. It is 

known that proportionality is expressible in the language of G, hence it is 

expressible that five points v, w, x, y, z are so related that z is twice as far as is w 

from v but that vw is to vx as vx is to vy and as vy is to vz,  a condition that forces 

the ratio of vw to vx to be 3√2, and may be called that of representing a duplication 

of the cube. It is a theorem of G that there exist five points forming the vertices of 

a regular pentagon. As a logical consequence, it is then a theorem of G that there 

exist five points such that either they represent a duplication of the cube, or there 

are no five points representing a duplication of the cube and the given five are the 

vertices of a regular pentagon. But since 3√2 is not a constructible number, any 

construction provable in G to produce five points satisfying the disjunctive 

condition just stated would have to be a construction of a regular pentagon, and 

this construction would not satisfy the disjunctive condition in models of G larger 

than M in which there are quintuples representing a duplication of the cube; for 

instance, the model based on the whole field of real numbers rather than the 

subfield of constructible numbers. 
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3 Further Questions The following questions arise concerning potential 

extensions of what has been shown above: 

(Q1)  What of other constructions beyond straightedge and compass, and to begin 

with marked ruler and compass (also called “verging”) constructions? Where 

straightedge and compass permits the duplication of the square and the 

bisection of angles, marked ruler and compass permits also the duplication 

of the cube and the trisection of angles. Another construction impossible 

with the straightedge but possible with the marked ruler is that of the regular 

heptagon. The algebraic counterpart of going beyond the one to the other is 

going beyond solving quadratic to solving cubic equations. (See again 

Papantonopoulou 2002, pp. 357ff.) Can an analogue of the main result here 

be established for this more extensive class of constructions, involving a 

suitable strengthening of G?  

(Q2)  What of universal-existential statements? The problem of duplicating the 

square or cube can be viewed as that of proving by construction a purely 

existential conclusion: the existence of a pair of squares (respectively, cubes) 

one twice the area (respectively, volume) of the other. This will immediately 

imply, by change of landmarks such as took us from (11) to (15), the 

universal-existential statement that any square (or cube, as the case may be) 

has a double. The problem of bisecting or trisecting the angle, by contrast, is 

that of proving by construction a universal-existential conclusion that cannot 

be immediately inferred from a merely existential conclusion in this way; 

namely, the existence for any angle of another half or a third the size. Can an 

extension of the main result here to this more general class of statements be 

established? 

(Q3)  What of  finding in practice construction theorems behind pure existence 

theorems, now that we know that they exist in principle? Given a proof of a 
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pure existence theorem of G we could in theory search through all proofs in 

G (they can be effectively enumerated ) until we get a proof of a 

corresponding construction theorem (we can effectively decide whether a 

given proof is a proof of such a theorem). But this gives us no bound on how 

many steps it might take before such a procedure would find what we are 

looking for: The function we get from existence proof to construction proof 

is recursive, but may be astronomically fast-growing. Is there any more 

efficient way to develop from a given existence proof a construction proof, 

and to begin with one that would give a primitive recursive function? 

 

4 Related Work As the anonymous referee of an earlier version of this paper 

suggested, some discussion of previous publications on constructivity in geometry 

is desirable in order to situate the present work in the larger literature. And the first 

thing that must be said is there are no end of papers taking up questions of the kind 

considered here from what is, so to speak and in certain respects, an opposite 

perspective. Here, in attempting to modernize the Euclidean context of Beere’s and 

Morison’s historical discussion of existence theorems versus construction 

problems, I have simply adopted Tarski's axiomatization, whose primitives are 

predicates, and whose postulates include items (notably Pasch's axiom) of 

universal-existential form. A tradition originating with Moler and Suppes (1968), 

by contrast, seeks to do for geometric theories what has already been done for any 

number of arithmetic or algebraic theories, namely, to formulate them with only 

function symbols rather than predicates as primitives, and with all axioms as 

quantifier-free statements, where as usual it is to be understood that assertion of 

such a statement is tantamount to assertion of its universal closure. It would not be 

too inaccurate to say that whereas the interest here has been in finding construction 

theorems “behind” existence theorems, the interest in the tradition under discussion 
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is more in simply avoiding existence assertions in favor of construction assertions. 

 Despite the difference of perspective, quite a few similarities are noticeable. 

In particular, Moler and Suppes include in their axiomatization constants for a 

distinguished triple of points, roughly corresponding to what I have called 

landmarks. Moreover, Moler and Suppes mention (p. 144) that for them there arise 

“certain complexities that are closely akin to division by zero in algebra.” These  

roughly correspond to what I have called waste cases. A difference is that while I 

consider three types of constructions, intersection of lines, intersection of line and 

circle, and intersection of two circles, Moler and Suppes work with two types, 

intersection of lines and transfer of a segment as in Euclid I.2. This is because they 

are working not with Euclidean geometry but with the weaker Pythagorean 

geometry, which lacks the circle axiom. (The difference between the two 

geometries parallels the difference in algebra between Euclidean ordered fields, in 

which every positive element has a square root, and Pythagorean fields, satisfying 

the weaker condition that every sum of squares has a square root.) The Euclidean 

as opposed to Pythagorean case was taken up only later, in Seeland (1978). By the 

time we come to the survey Pambuccian (2008) multiple geometries of the 

Euclidean type and of the hyperbolic type have come into play, and the 

bibliography of this tradition has grown to nearly 150 items. 

 Besides the work in this tradition, notice should be taken of the work of 

Michael Beeson in several papers, culminating in Beeson (to appear), all concerned 

with geometry that is “constructive” in the double sense of being both concerned 

with straightedge and compass constructions and based on Brouwer’s and 

Heyting’s intuitionistic or constructivistic logic. Euclid notoriously makes use of 

proof by contradiction and other intuitionistically unacceptable logical principles, 

such as the Law of Clavius, (¬A → A) → A. Nonetheless, Beeson has shown that a 

substantial part of Euclid’s geometry can be recovered in an intuitionistic context. 



 18 

The main complication is that definition and proof by cases are generally not 

acceptable intuitionistically unless the case hypotheses are decidable, and that just 

as in algebra the intuitionist will not admit the decidability of equality of real 

numbers, so likewise in geometry the intuitionist will not admit the decidability of 

coincidence of planar points. Beeson nonetheless obtains results akin to (R2) by 

less direct methods. 
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