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According to the late Richard Jeffrey’s "lite logicism", a kind of a cross between Frege-Russell logicism and Hilbert’s formalism, mathematics is logical only in the sense in which physics is empirical: the data of mathematics are logical, as the data of physics are empirical, though in each case a theoretical structure of the science goes far beyond the data. After this view is introduced and compared and contrasted with others, the question just what form the “protocol sentences” or reports of data are to take is examined.
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Protocol Sentences for Lite Logicism
Attenuated Empiricism

When the ancient hypothesis of atomism was revived and introduced into modern chemistry by Dalton in order to explain the law of combining volumes, it at first met with a cautious reception. So, too, did Avogadro’s further elaboration of atomism, his theory of molecules, and so, too did Arrhenius’s yet further elaboration of molecularism, his theory of ions. Yet each of these new hypotheses showed itself capable of predicting phenomena that had not been taken into account when the hypothesis was framed, and in the face of a series of such successful applications, resistance among chemists essentially disappeared before the end of the nineteenth century. Thus Arrhenius, in his Nobel Lecture (1903), after mention of his predecessors back to Democritus and exposition of some of his own principal results, was able to speak as follows:

I have now described how theories of electrical dissociation have developed from our old ideas about atoms and molecules. We sometimes hear the objection raised, that this viewpoint is perhaps not correct, but only a useful … working hypothesis. This objection is in fact not an objection at all, for we can never be certain that we have found the ultimate truth. Theories of molecules and atoms are sometimes attacked on philosophical grounds. [But] until a better and more satisfactory theory appears, chemists can continue to use the atomic theory with complete confidence. The position is exactly the same as regards electrolytic dissociation.1

While this confident attitude may have been shared by chemists, among some physicists doubts persisted well into the twentieth century. This was partly because it was not easy to achieve a proper understanding of the relationship between phenomenological thermodynamics and statistical mechanics — witness the famous debate between Ludwig Boltzmann and Max Planck’s assistant Ernst Zermelo. It was the theoretical work of Einstein (1905) and the experimental work of Perrin (1911) on Brownian motion that proved decisive in bringing the most conservative physicists to share the attitude of the more progressive physicists and of the chemists. By the time of the publication of Perrin’s Atoms (1913), the scientific debate was closed; any doubts after that time reflect not scientific caution, but philosophical skepticism.


Philosophical debate about the acceptability, and even the intelligibility, of hypotheses about unobservable theoretical posits did continue during the interwar period. Such issues arose in different ways in connection with Russell’s logical atomism, with the project of Carnap’s Logische Aufbau der Welt and more generally with the logical positivism or logical empiricism of the Vienna Circle, with the verificationism of Ayer and the falsificationism of Popper, and with the operationalism and related doctrines of Bridgman and other physicists‑turned‑philosophers, whose views looked back to those of Mach. In the course of discussions and debates over these matters, a three‑level picture of science was elaborated in different ways by different writers, which I would like to begin by reviewing briefly.


Bottom level: protocol sentences. The curious term “protocol sentences” was used for the observation reports at the ground floor or level zero. Underlying such reports are sensory observations, and some thought the observation reports should themselves be formulated in a special language of sensation. But the prevailing view was that they should be formulated in the ordinary language of sensible objects, the everyday language of chairs and tables, knives and forks, and the furniture and utensils of scientific laboratories. So an example of an observation report might be “The beaker is growing warmer,” rather than something about heat sense data in the hand holding the beaker. 


Observation reports, if true, can always be verified or recognized as true by observation: If the beaker grows warmer it can felt to do so. In this sense, science does not yield any true protocol sentences that observation cannot. What it does is to yield true protocol sentences more quickly than observation can: as predictions of observations to come rather than records of observations past. 


Observation reports can in fact not only be verified if true, but falsified if false: If the beaker remains cool, it can be felt to remain cool. Hence not merely ascriptions of observational predicates to observable objects, but also truth‑functional compounds of such ascriptions will be decidable (verifiable if true, falsifiable if false), and may themselves be considered observation reports in an extended sense. Not so with generalizations from observation reports. These take us to the next level.


Middle level: primary laws. The primary or empirical laws at the first floor or level one involve only the observational vocabulary of protocol sentences, being generalizations of observation reports, especially ones in conditional form. An example of a law might be, “In any case, if you take a beaker and pour in first lye, then vinegar, the beaker becomes warmer.” 


An empirical law can by itself yield observation reports in the extended sense allowing truth‑functional compounds, for instance, “In the present case, if this lye and this vinegar are poured into this beaker, it will become warmer;” and an empirical law with some observations reports as auxiliaries can yield other observation reports. Our law together with the observation report, “In the present case, lye and vinegar have been poured into the beaker,” will yield the prediction, “In the present case, the beaker will grow warmer”. Even one unsuccessful prediction of this kind can refute a universal generalization, while no number successful predictions can prove it; but it is not proof one seeks in science, but only inductive confirmation or corroboration.


While all empirical laws, once conjectured, can be thus tested against observation, only some could in practice be conjectured from an accumulation of observation reports by simple Baconian or enumerative induction from particular to general. Since lye and vinegar are common household substances, the law about them may be an example. Other laws, for instance, those correlating the strength of acids with their electrical conductivity, in practice could hardly have been conjectured except by deducing them from theoretical hypotheses that have themselves been conjectured from an accumulation of other laws. Baconian induction, in practice, does not take us very far in science. Hence we must proceed to the next level.


Top level: theoretical principles. Theoretical principles at the second floor or level two differ from primary laws at level one in that they do not directly yield predictions, even with observation reports as auxiliary hypotheses; that is why empiricist philosophers have tended to be suspicious of them. Least suspect are those that fail to yield predictions only on account of their logical complexity. An example might be, “Whenever a substance that always turns litmus paper blue and a substance that always turns litmus paper red are poured into a beaker, the beaker becomes warmer.” This does not tell us that if first lye, then vinegar have been poured into a beaker, then the beaker will grow warmer. For to get such a prediction we must first have the laws “Lye always turns litmus paper blue,” and “Vinegar always turns litmus paper red.” It is only with the help of certain laws and observation reports as auxiliary hypotheses that a logically complex statement can yield observational predictions. 


More suspect among empiricists are those theoretical sentences that involve non‑observational vocabulary, such as “Whenever a solution with an excess of hydroxide ions and a solution with an excess of hydronium ions are poured into a beaker, the beaker grows warmer.” We never get any prediction from a single such theoretical sentence, even with the aid of laws and observation reports as auxiliary hypotheses. It always takes several statements in theoretical vocabulary together to yield anything at a lower level. In our example, we would need other sentences involving the theoretical vocabulary of ions, namely, “Lye releases an excess of hydroxide ions in solution” and “Vinegar produces an excess of hydronium ions in solution.” It is not theoretical sentences that give us predictions, but scientific theories consisting of a cluster of such sentences. Though suspect among certain philosophers, theoretical hypotheses, including existential hypotheses positing such unobservable entities as atoms and molecules and ions, have proved indispensable in the practice of science, and that is why scientific debate over the admissibility of such hypotheses has closed.


A philosopher may nonetheless still ask whether what is infeasible in practice, the elimination of reference to unobservable posits, may yet be possible in principle. Could theoretical hypotheses be somehow eliminated? Or at least, could those involving non‑observational vocabulary somehow be reduced to logically complex ones that do not? Such a reduction might be possible if theoretical terms like “acid” could be given operational definitions like “substance that always turns litmus paper red,” instead of “substance that releases hydronium ions in solution,” or something still more theoretical. For a couple of decades after the closure of the scientific debate over atoms, there were philosophers who had hopes that some such reductionist project might succeed. All failed, as was acknowledged in Hempel’s 1950 “Problems and Changes” paper, the obituary notice of logical positivism.2

So long as there were hopes that reductionism might succeed, a philosopher could hope to be able to combine allegiance to empiricism with allegiance to orthodox physics and chemistry. When reductionism failed, most philosophers who had held such hopes abandoned the strict empiricist view that only notions definable in observational vocabulary are meaningful, in favor of something looser. One fallback position would require, not that each theoretical hypothesis should have a direct observational meaning, but only that each theory, in conjunction with suitable auxiliary hypotheses, should yield some new predictions that can be tested by observation — if not literally, chronologically new, at any rate new in the sense that one did not have these phenomena in mind when framing the theory. Such an attenuated empiricism would not “block the road of inquiry” by ruling out a priori  hypotheses about unobservable theoretical posits, but it would counsel caution about accepting any such hypothesis so long as all it does is to purport to explain phenomena already known. Such an attenuated empiricism does not seem unscientific; on the contrary, it seems to have been reflected in the initial caution of scientists about atomism and its successive elaborations. 


Among those philosophers who have chosen to remain faithful to strict empiricism, even if this brings them into conflict with orthodox science, it has become common to feign belief in the reality of atoms while discussing scientific questions and practical issues to which science is relevant. In discussing the greenhouse effect they will talk just as Arrhenius did when he first raised a warning over this issue, and speak of carbon dioxide and other molecules in the atmosphere. But on entering the philosophy room, they will take this all back, and deny any real belief in atoms and molecules. Such skeptical empiricists are likely to meet with the reply that the problem of the reality of atoms, once it is no longer a scientific issue but has become a purely philosophical one, is meaningless. The locus classicus for this kind of reply is Rudolf Carnap’s “Empiricism, Semantics, and Ontology”, which appeared in exactly the middle of the last century (in the same issue of the same journal as Hempel’s article, in fact).3 The appearance of this paper did not mark the end of philosophical debate over atomism, since as Carnap remarks it is in the nature of philosophical debates never to end; but it did end one important phase of that debate. 


Since that time the simplistic three‑level picture of science I have been describing has itself been subjected to intense criticism, beginning with an attack on the assumption (which no one ever imagined was anything more than an idealization) that scientific vocabulary can be divided into “observational” and “theoretical”. But my aim here is not to defend this picture of science, but only to compare it with a certain picture of mathematics, to which I now turn.

Attenuated Finitism

Hermann Weyl, in his comments (1927) on Hilbert’s second lecture on the foundations of mathematics presents Hilbert’s philosophy of mathematics as being quite consciously modeled on contemporary philosophy of science. He makes the same point, in very similar language, two decades later in his Hilbert obituary notice (1946). In that version he describes Hilbert as pointing to “…the neighboring science of physics where likewise, not the individual statement is verifiable by experiment, but in principle only the system as a whole can be confronted with experience.”4 Elaborating on Weyl’s remarks, it may be illuminating to compare in some detail Hilbert’s picture of mathematics with picture of science I have just been discussing.


Bottom level: protocol sentences. At level zero in Hilbert’s picture come the sentences Hilbert called “inhaltlich”. This word, as Hilbert used it, means “having content;” something not easily expressible in English by a single adjective (hence the frequent use in discussions such as this of the unlovely coinage “contentual”). Such are computation reports, beginning with equations and inequalities between the results of applying to specific numbers such arithmetic operations as addition and multiplication, and beyond these exponentiation and other functions: for instance, “two plus two equals four.” Such reports are decidable by computation (verifiable if true, falsifiable if false), and hence so are truth‑functional compounds thereof, and beyond these bounded quantificational compounds, which may also be considered computation reports in an extended sense. According to Hilbert, such computation reports are grounded in intuitions (in a quasi‑Kantian sense) of syntactic objects, as observation reports in physics or chemistry are grounded in sense‑perceptions; but for the moment we may take the bottom‑level sentences to be expressed in arithmetical rather than syntactical terms. 


Middle level: primary laws. Unbounded universal quantification takes us to the next level, the level of what logicians call 01 sentences. These are what correspond in Hilbert’s picture to empirical laws. As empirical primary laws do not yield empirical protocol sentences beyond those yielded by observation, but rather deliver some of the same ones more quickly, as predictions, so also computational primary laws or 01 sentences yield no computational protocol sentences not obtainable by calculation, but rather yield computational protocol sentences more quickly. Thus the commutative law for multiplication, which may be expressed by the 01 sentence a  b = b  a (with initial universal quantifiers, as per convention, left to be tacitly understood) yields 


123,456,789 987,654,321 = 987,654,321 123,456,789

without our having to undertake the considerable labor of working out the twelve‑digit product (121,932,631,112,635,269). The indirect route through the commutative law is much shorter than the direct route of calculation.


Of course, the proof of the commutative law for multiplication is itself not so very short (since one has to prove the associative and commutative laws for addition, the distributive law, and the associative law for multiplication first). If we count the length of the proof of the commutative law as part of the length of the indirect route (which may not be fair, since after all we only have to prove the law once and we have it available for instantiation by as many specific numbers as we desire), then that route may no longer be shorter than the direct route of computation where nine‑digit numbers are involved. But in general, if we compare how long it takes to get a numerical result by reproducing the proof of a 01 sentence, and then instantiating with specific numbers, with how long it takes simply to do the calculations with those specific numbers, then we find that the length of the first, indirect  route grows much more slowly as the specific numbers get larger than does the length of the second, direct route, and for large enough numbers becomes distinctly shorter. 


As some empirical laws, Baconian generalizations, are more readily discoverable than others, so also with arithmetical laws expressed by 01 sentences there is a distinction to be made that is central to Hilbert’s philosophy of mathematics. Some arithmetical laws, like the associative and commutative and distributive, are finistically provable. They are deducible from the defining equations for the arithmetical functions involved using only a simple form of proof by recursion or mathematical “induction”, namely, the quantifier‑free form. In contrast to arithmetical laws whose usual proofs are of this kind, Hilbert noted that there were others for which the only known deduction uses the infinitistic apparatus of classical mathematics. Such was the status in Hilbert’s day of Chebyshev’s theorem (a.k.a. Bertrand’s postulate, that between any number greater than one and its double there is a prime), which was originally proved using complex analysis. 


Top level: theoretical principles. The classical apparatus begins to go beyond the 01 level already with first‑order Peano arithmetic, PA, where we still have only arithmetical vocabulary, but sentences of greater logical complexity. When we go still higher, to higher‑order arithmetic and Russell’s theory of types, PM, or to the axiomatic set theory of Zermelo with the amendment by Frankel, ZFC, we of course have also non‑arithmetical vocabulary, the language of classes or sets. All this apparatus Hilbert declared to be “formal” or “ideal” as contrasted with “inhaltlich” or “real”.


Roughly corresponding to the reductionist projects in philosophy of empirical science was the reductionist project implicit in Hilbert’s program, whose aim was to justify classical mathematics to its critics in the following sense. On the plane of philosophical principle, Hilbert would concede that almost the whole of classical mathematics is devoid of computational content, agreeing in this sense even with Paul Gordon, who had criticized Hilbert’s own first major result, his famous basis theorem, as being “not mathematics, but theology.” On the plane of mathematical practice, however, Hilbert would concede nothing at all, defending even “Cantor’s paradise” of transfinite cardinal and ordinal arithmetic, insisting that a taking detour through the merely formal or ideal was in practice indispensable as a route to many results that were themselves real or inhaltlich. 


Orthodox scientists and mathematicians may say to skeptical critics, “Higher theory, which you declare meaningless, is needed to get certain results that even you consider meaningful, which in practice you cannot obtain.” The skeptics will reply, “But how do we know that the meaningful results implied by meaningless higher theories are true?” The orthodox may then say, “Any instance can be checked directly (by observation or calculation), and all that have been checked so far that have been have been found to be true.” The critics will reply, “But how do we know that this will continue to be so in the future?” The orthodox may say, “By induction.” The skeptic will reply, “And is induction an acceptable method of inference?”


Here a disanalogy emerges between the scientific and the mathematical cases. The orthodox scientist may say, “Induction is used all over science, and must be accepted if one is going to have any science at all.” But the orthodox mathematician cannot claim that induction — I mean induction properly so called, not mathematical “induction”, better called proof by recursion — is used all over mathematics. On the contrary, in mathematics we generally require proof.


It was this requirement, without analogue in the case of physics or chemistry, that Hilbert aimed to fulfill. To justify to the critic the use of theorems of classical mathematics to derive 01 sentences and hence computation reports, Hilbert would establish that classical mathematics is reliable in the sense that any theorems derived by classical means that are inhaltlich are also true. Of course, if such a result is to make any impression on the critic, it must itself be established by methods that are beyond criticism. Hilbert took “finitist” methods in roughly the sense of Kronecker (which apply not only to numerical computation, but also to symbolic computation) to be beyond question; and so his aim was to show by finitistic reasoning, that classical mathematics is reliable, a task that quickly reduces to showing by finitistic reasoning that classical mathematics is consistent. A finitistic consistency proof for classical mathematics would implicitly provide a method that in principle could be used to convert any classical proof of a sentence, such as Chebyshev’s original proof of his theorem, into a (much more tedious and much less perspicuous) finitistic proof. To provide such a consistency proof was the top item on the agenda or program of Hilbert’s proof theory or metamathematics.


Gödel’s second incompleteness theorem, of course, showed that this program cannot be carried out. Thus strict allegiance to finitism and allegiance to orthodox mathematics cannot be reconciled, any more than strict allegiance to empiricism and to orthodox physics and chemistry. If one wishes to retain orthodox mathematics, one will have to relax or loosen the requirements of finitism, just as one has to relax or loosen the requirements of empiricism if one wishes to retain orthodox chemistry and physics. The mathematical analogue of the loose, attenuated empiricism I described earlier, requiring only that scientific theories should provide new predictions of the results of observation, would be a loose, attenuated finitism requiring only that higher mathematical theories should provide new predictions of the results of computations.


Gödel’s second incompleteness theorem in fact shows that this requirement of attenuated finitism is met. As we pass from theories of lower to theories of higher (consistency) strength — from PA to PM, from PM to ZFC, from ZFC to ZFC plus large cardinals — we do get more and more 01 sentences as theorems. This is because, on the one hand, the consistency of the lower theories can be proved in the higher theories, whereas no theory can prove its own consistency; and on the other hand, the consistency of an axiomatizable theory can be formulated as a 01 sentence. Gödel’s related speed-up theorem tells us that each higher theory, besides yielding 01 sentences that lower theories did not, also yields more quickly than the lower theories yielded them some 01 sentences that the lower theories did already yield.

Attenuated Feasibilism

Weyl’s in the 1946 obituary describes Hilbert as being “more papal than the pope” in the sense that Hilbertian finitism was more restrictive than Brouwerian intuitionism, the main school of critics of classical mathematics in Hilbert’s day. There is no similar language in Weyl’s 1927 remarks. Nor did Hilbert, in the lecture on which Weyl was commenting, show much awareness of the distinction between finitism and intuitionism. This lack of awareness is also evident in, for instance, von Neumann’s presentation at the 1931 Königsberg symposium on logicism, intuitionism, and formalism, where he replied as representative of Hilbert’s formalism to the presentations of Russell’s logicism by Carnap and of Brouwer’s intuitionism by Heyting.5 


At Königsberg, von Neumann presented the formalist position as something like a dialectical synthesis of the logicist thesis and its intuitionist antithesis. Because formalism is supposed to preserve something from each of the other schools, he was able to open with polite compliments to the rival schools in phrases like the following:

Brouwer’s sharp formulation of the defects of classical mathematics… 

Russell’s thorough and exact description of its methods (both the good and the bad)…
Such remarks, however, though perhaps appropriate to the occasion, are rather misleading as to the relationship between formalism and the two rival schools. 


On the one hand, it is misleading to suggest, as the remark about the “methods” of classical mathematics tends to do, that there is some special relationship between Hilbert’s formalism and Russell’s PM without mentioning that there is an exactly similar relationship with Zermelo’s and Frankel’s ZFC. For all that Hilbert’s program really required was some completely formalizable theory sufficient to encompass the bulk of classical mathematics.


On the other hand (and more importantly in the present context) it is equally misleading to suggest there is a special relationship with Brouwer’s intuitionism. In remark about “defects of classical mathematics” just quoted, and in other remarks in von Neumann’s exposition, as well as in remarks of Hilbert himself at about this period, we see a tendency to conflate finitistic methods, to which Kronecker had wished to restrict mathematics and to which Hilbert restricted his proof theory of metamathematics, were the same as the intuitionistic methods advocated by Brouwer. It is, of course, now well known that intuitionism is less restrictive than finitism (and ironically the Hilbert basis theorem is an example of a result that admits an intuitionistic but not a finitistic reconstruction). 


Yet, had Hilbert and his school recognized at the time the gap between finitism and intuitionism, it might have made no difference. For given that Hilbert’s aim concerning foundational questions was to get rid of them once and for all [einmal aus der Welt zu schaffen], it arguably was appropriate for him to accept or feign to accept the strongest restrictions any sane critic had advocated, which would have meant finitist and not just intuitionist restrictions, even though intuitionism was at the time the more active movement.


Since Hilbert’s time, a still more restrictive philosophy, a stricter finitism has emerged, which questions even much of what finitism allows. Finitism admits the operations of addition, multiplication, exponentiation, and more — according to the analysis of Tait, all the functions of Skolem’s primitive recursive arithmetic — while stricter finitism balks already at exponentiation. The ground offered for the rejection of exponentiation is that when it is feasible to write down (the decimal or binary numerals for) two numbers, it is feasible to compute their sum and product, but not, in general, the value of the first raised to the power of the second: If a =  123,456,789 and b = 987,654,321, we can with some strain compute a  b, but ab is beyond us. A further, related restriction is that while truth‑functional compounds of equations and inequalities involving addition and multiplication are allowed, bounded quantifiers are banned, also on the grounds of infeasibility. In short, where finitism insists on computability, stricter finitism insists on feasibility, and therefore might well be called “feasibilism”. 


It is natural to feel some suspicion of a position based on such a vague notion as “feasibility”, but my aim here is not to defend stricter finitism in any stronger sense than that of maintaining that it is not insane. What I want to urge is that if Hilbert had known or conceived of the feasibilist position, it would have been appropriate for him, given his aims, to have imposed not just finitist but feasibilist restrictions in his program. Had he done so, would the Gödelian conclusions about the Hilbert program still hold? As higher scientific theories do some observational work, making new predictions of the results of possible observations, so do higher mathematical theories do some computational work, making new predictions of the results of possible calculations. But is this still true if we restrict our attention to calculations that are not just possible in principle, but feasible in practice? That is to say, if we now restrict our attention to those 01 sentences admitted by feasibilists, is it still true that higher theories give new 01 sentences of this restricted kind? 


In connection with such questions it will be useful to introduce a bit of jargon. Let us call a class of 01 sentences revelatory if stronger and stronger theories do prove more and more of them. Thus Gödel’s work tells us that the full class of all 01 sentences is revelatory, and our question now is whether the restricted subclass consisting of universal generalizations of truth‑functional compounds of equations and inequalities involving addition and multiplication is revelatory. The question is non‑trivial, but an affirmative answer emerges as a corollary to the proof of a theorem due to Yuri Matiyasevich, building on earlier work of Julia Robinson: the solution to the tenth of the problems on Hilbert’s famous list of 1900. 


Let me begin with what we get from Robinson’s work. We may define a Robinson sentence to be (the universal closure of) a formula expressing the inequality of two exponential polynomials. An example is provided by Fermat’s conjecture (a.k.a. Wiles’s theorem). That result would be most naturally written as a conditional, thus:


1 ≤ a & 1 ≤ b & 1 ≤ c & 3 ≤ d  ad + bd ≠ cd
But it can be written equivalently as a Robinson sentence, thus:


(a + 1)(d + 3) + (b + 1)(d + 3) ≠ (c + 1)(d + 3)
Robinson’s work in effect reduces 01 sentences involving arbitrary primitive recursive functions to Robinson sentences, which are 01 sentences involving only addition, multiplication, and exponentiation. To give a very simple example, consider any identity between exponential polynomials, such as the first law of exponents:


a(b + c) = ab  ac
This is equivalent to a pair of Robinson sentences, one telling us the right-hand side of the identity is not less than the left-hand side, and the other telling us the reverse, thus:


a(b + c) ≠ ab  ac + d + 1

a(b + c) + d + 1 ≠ ab  ac
Robinson’s theorem tells us something like this reduction to Robinson formulas can be achieved for any 01 formula, even ones involving superexponentiation and higher primitive recursive functions. A corollary to the proof is that the class of Robinson sentences is revelatory.


Turning now to Matiyasevich’s theorem, let use define Matiyasevich sentences the same way we defined Robinson sentences, but with ordinary polynomials in place of exponential polynomials. Then Matiyasevich, by proving a certain key conjecture of Robinson, establishes for Matiyasevich sentences what she had established for Robinson sentences. It follows that the class of Matiyasevich sentences is revelatory. Since these form a subclass of the class of universal closures of truth‑functional compounds of equations and inequalities involving addition and multiplication, the latter class, which is the class of 01 sentences admitted by feasibilists, is a fortiori revelatory.


And this is as far as we can go. For it is a corollary to the proof of Presburger’s theorem on the decidability of arithmetic with addition alone that all true 01 sentences involving addition alone are finitistically provable. Moving on to higher theories will not give any new results about addition alone. But an ultrastrict finitism or ultrafeasibilism that disallowed even multiplication would be insane, and so need not concern us. 

What of Applications?

A point Weyl fails to mention is that Hilbert’s picture of mathematics is essentially a picture of pure mathematics only, saying little directly about applications. Formalism was not alone in essentially ignoring applications, for intuitionism did the same. In the case of intuitionism a possible explanation is that Brouwer’s attitude towards applied mathematics was essentially hostile. The attitude of Hilbert and associates was radically different, and so we must seek some alternative explanation for their philosophical inattention to applications. Perhaps such an alternative explanation can be found in the hypothesis that Hilbert is merely following Brouwer, aiming to reply to him on his own ground. Perhaps such an alternative explanation can be found in the fact that the applications that most concerned Hilbert and von Neumann and Weyl were applications to advanced and sophisticated physical theories — quantum theory and relativity theory — that were considered by the prevailing empiricist philosophy of science of the period to be themselves “ideal” rather than inhaltlich. But let me leave this question to the historians.


Mathematics, of course, has other applications besides its applications to sophisticated physical theories, and an audience of logicians will be well aware that higher mathematics has applications to first‑order logic. To be sure, if one uses mathematics to establish the validity of some first‑order schema, then one could also in principle have established it instead using the kind of proof‑procedure that one finds in textbooks (or that are used in automated theorem‑proving programs). That is what the Gödel completeness theorem tells us. Nonetheless, an indirect route to a first‑order schema using mathematical methods can sometimes be much quicker than a direct route using only textbook methods. 


For one instance, working in PM or higher‑order logic, or even just working in second‑order logic, one can sometimes obtain a first‑order logical schema much more quickly than one could working in first‑order logic alone. The best known examples of this phenomenon may be certain “curious inferences” published the late George Boolos.6 For another instance, working in ZFC, one can sometimes derive syntactic conclusions from semantic considerations; that is, can one can sometimes establish set‑theoretically that a first‑order schema holds in all models more quickly than one can construct a proof of it. The best known examples may ones pointed out long ago by Alfred Tarski: The completeness of the theory of real closed fields allows one to conclude, when an algebraic theorem has been proved for the real field by analytic methods, that the theorem in fact holds for all real closed fields, even if one has no idea how to deduce the theorem from the axioms for such fields. But there is no mystery why Hilbert and associates did not consider these kinds of applications of mathematics to logic, since they were only discovered at a later period.


Mathematics, however, has yet other applications, neither sophisticated nor historically recent, beginning with the primæval use of arithmetical facts or laws, according which, from something like the premise that “two plus two equals four” one may infer something like the conclusion that “if exactly two sheep jump the fence in the morning, and exactly two sheep jump the fence in the evening, and no sheep jumps the fence both morning and evening, then exactly four sheep jump the fence either morning or evening.” Hilbert gives a very sketchy account of such applications, but does not elaborate and does not even seem to attach too much importance to the matter. This is somewhat surprising, especially since the logicists made so much of these applications. Roughly speaking, the logicist analysis makes an arithmetical fact or law like “two plus two equals four” essentially a generalization whose instances are conclusions like the one about the sheep. 


Such applications can be viewed as applications to first‑order logic, at least if we expand our notion of first‑order logic to take in numerically definite quantifiers. The existential quantifier  of first‑order logic means “there exists at least one”. We can introduce as an abbreviation the quantifier ! meaning “there exists exactly one” in the usual way. But we can also introduce as abbreviations the quantifiers 2, 3, 4, and so on, meaning “there exist at least two” and “there exist at least three” and “there exist at least four” and so on. For example, 17xAx may be taken to abbreviate the following:


x1x2…x16x(Ax & x ≠ x1 & x ≠ x2 & … & x ≠ x16)

(There are also other possibilities.) Then “there exist more than one” and “there exist more than two” and so on are equivalent to “there exist at least two” and “there exist at least three” and so on; and “fewer than” is the negation of “not fewer than” or “at least”, while “at most” or “not more than” is the negation of “more than”, so we can obtain such quantifiers also. Further, “exactly” amounts to the conjunction “not more and not fewer” or “at most and at least”, so we also get the quantifiers 2!, 3!, 4!, and so on, meaning “there exist exactly two” and “there exist exactly three” and “there exist exactly four.” 


I will henceforth understand “first‑order” logic to admit such numerically definite quantifiers. Admitting such quantifiers amounts to admitting the use of numerals as adjectives, as in “There are three cups on the table,” in contrast to their use as nouns, as in “Three is a prime number.” The adjectival use goes back to prehistoric times, while the introduction of the nominal use is a datable historical event. 


On a logicist analysis, there is an absolutely immediate connection between laws of cardinal arithmetic and certain second‑order logical truths, and an almost immediate connection between laws of finite arithmetic and the truth of certain universal second‑order logical truths, or what comes to the same thing, the validity of certain first‑order schemata. (A first‑order schema is in effect a universal second‑order sentence with the initial universal second‑order quantifiers left to be tacitly understood.) In particular, “two plus two equals four” is in effect analyzed as meaning something like the following generalization, of which the example about the sheep above is an instance:

(1)
2!xAx & 2!xBx & ~x(Ax & Bx)  4!x(Ax  Bx)


Now no Hilbertian will accept a logicist analysis of arithmetical facts or laws. All Hilbertians will insist that the arithmetic is founded on syntactic intuition, not logical deduction; some may even claim that syntactic intuition is need simple to follow logical deductions. But setting aside all questions of analysis, the Hilbertian picture of mathematics must be considered radically incomplete until it adds some provision — I mean, some formal provision — for logical applications. In short, Hilbert’s picture needs to be supplemented with some account of how first‑order schemata like (1) can be obtained from arithmetical facts or laws. I will be proposing such a supplement below.


One might imagine the route from a 01 sentence to a variety of first‑order schemata proceeding in either of two ways. On one approach, various substitutions of particular numerals 0, 1, 2, … for variables in the 01 sentence will produce a variety of numerical instances, and each of these would be associated with some first‑order schema. On another approach, the 01 sentence would be associated with a single non‑first‑order schema involving symbols u, v, w, … with variable subscripts, and then various substitutions of particular numerals 0, 1, 2, … for these variables would produce a variety of first‑order schemata. The two approaches are in some sense equivalent, and the choice between them a matter of taste. My proposal below will be formulated the first way, but proposals formulated the second way can also be found in the literature.

Lite Logicism

In particular, several such proposals have been put forward by the late Richard Jeffrey, in connection with the perspective on philosophy of mathematics that he called “lite logicism” or “logicism lite”, to which I now turn. In American commercial English, “lite” is a deliberate misspelling of “light” used in marketing low‑fat and low‑calorie food and beverages. For instance, lite “beer” is a fluid with approximately the calorie content and approximately the taste of a fifty‑fifty mixture of real beer and soda water. Jeffrey’s lite “logicism” may be described as a fifty‑fifty mixture of real logicism and formalism. 


Lite logicism differs from traditional Frege‑Russell logicism or contemporary Wright‑Hale neo‑logicism in that it makes no attempt to reduce all of mathematics to logic. Lite logicism differs from formalism in that it replaces what I will call the Hilbert proportion, namely, the following:

computational : mathematics :: empirical : physics

by the following Jeffrey proportion:

logical : mathematics :: empirical : physics

Orthodox physics is “empirical” only in the attenuated sense that its data are reports of empirical observations, and orthodox mathematics is “computational” only in a similarly attenuated sense. Lite logicism agrees with formalism that mathematics is different from physics or chemistry because it starts from data of a different kind, and similar to natural science because it builds on these data an elaborate theoretical apparatus to bring out patterns and regularities among them. Lite logicism differs from formalism over the nature of the data, taking these to be not computational but rather logical, thus far agreeing with real logicism in assigning great importance to the connection between arithmetic and logic. Lite logicism seeks to picture mathematics as a theoretical structure built upon and testable against, but not reducible to, logical data like the validity of certain first‑order schemata. It is these schemata, rather than computation reports, that play the role of protocol sentences in the lite logicist picture of mathematics.


As I have said, Jeffrey made several proposals as to how arithmetical facts or laws are to be associated with logical schemata.7 It would be impossible to argue with any serious degree of informal rigor that any such proposal is optimal without first undertaking some examination of what the desiderata are when one undertakes to extract logical schemata from arithmetical laws and facts; and such an examination was more than Jeffrey had time for in his last years. In taking up the question where he left it, I will begin with such an examination, albeit a rather cursory one, bringing out just two points.


Supposing we are to instantiate 01 sentences with numerals and then translate the results into logical schemata, the first point to be noted is that from a lite logicist point of view it is not a requirement, and not really even a desideratum, that every 01 sentence should yield logical schemata. For the lite logicist has abandoned the ambition of reducing mathematics to logic. A second point is that it should be a desideratum or even a requirement, even for a lite or diluted or attenuated logicism, that stronger and stronger mathematical theories should give us more and more in the way of new quick routes to logical schemata. At any rate, such a requirement would be the obvious analogue of what attenuated finitism and attenuated empiricism require. Let me elaborate a bit on this desideratum or requirement. 


It will turn out on the proposal I will eventually be making that the following 01 sentence:

(2)
~(c ≤ a & b < c & a ≤ b)

will by instantiation with specific numerals followed up with translation from arithmetic to logic yield the pigeon‑hole first‑order schemata P0, P1, P2, and so on. Here in general Pm, for any numeral m = 0 or 1 or 2 or whatever, says the following:


~(mxAx & ~mxBx & (x(Ax  y(By & Rxy)) & 


xyz(Ax & Ay & Bz & Rxz & Ryz  x = y)))

or what is trivially equivalent and more perspicuous, the following:


mxAx & ~mxBx & x(Ax  y(By & Rxy)) 

xyz(Ax & Ay & Bz & Rxz & Ryz & x ≠ y))

For say m = 17, this is the first‑order schema one of whose instances says that “if you have sat least seventeen pigeons and fewer than seventeen pigeon-holes, and if every pigeon goes into a hole, then some hole will have more than one pigeon in it.”


There is a substantial literature on the lengths of the shortest proofs of pigeon‑hole principles under different formalizations of the principles different types of proof‑procedures, some of which do produce proofs quite quickly.8 What I want to say here is that even so obtaining the Pm from (2) by instantiation and translation is even quicker; indeed, it is essentially instantaneous, requiring only as much time as it takes to write Pm down.  At any rate, we certainly have here a new quick way of obtaining Pm. So we get something new by applying arithmetic to logic, and mathematics is doing some logical work. 


But the part of mathematics doing the work in this particular example is the finitist part. For the law (2) involved in this example is obtainable already in very weak systems of arithmetic. What I maintained above was that the attenuated logicist ought to require that further strengthenings beyond weak systems of arithmetic to PA and PM and ZFC and beyond should do more logical work, in the sense that it should continue to give us new quick ways of obtaining first‑order logical schemata. 


To meet this requirement we need a method of obtaining logical schemata that will apply to enough 01 sentences even if not to all, where “enough” has the precise meaning of “enough to constitute a revelatory class” in the sense introduced in the earlier discussion of Robinson and Matiyasevich. What I will be proposing, therefore, is a way of obtaining logical schemata from arithmetical laws and facts that applies to a class of 01 sentences including all Matiyasevich sentences.

Protocol Sentences

Let me without further preliminaries begin to present the proposed translation from arithmetic to logic, whose products will play for lite logicism the role corresponding to observation reports for empiricism or computation reports for formalism — the role of protocol sentences. Consider a 01 sentence such as the following:

(3)
1 ≤ a & 1 ≤ b  (a + b)(a + b) ≠ (a  a) + (b  b)

Such sentences can be reduced to Matiyasevich sentences, and in the case of (3) it is easy to see what Matiyasevich sentence we get:

 (4)
((a + 1) + (b + 1))((a + 1) + (b + 1)) ≠ ((a + 1)  (a + 1)) + ((b + 1)  (b + 1))

By standard logician’s tricks, introducing auxiliary variables, (4) will be equivalent to the following:

(5)
~(c = 1 & a + c = d & b + c = e & d + e = f & f  f = g &


d  d = h & e  e = i & h + i = j & g = j)

(I mean, of course, that the universal closures of (3)-(5) are all equivalent.)  Let us call 01 sentences obtained in this way reduced Matiyasevich sentences. Any specific numerical instance will be equivalent to a variant with a couple more conjuncts. For example, the instance of (5) with the numeral  3 substituted for the variable a and 2 substituted for b will be equivalent to the following:

 
~(a = 3 & b = 2 & c = 1 & a + c = d & b + c = e & d + e = f & f  f = g &


d  d = h & e  e = i & h + i = j & g = j)

Let us call sentences obtained in this way specialized Matiyasevich sentences. 


What I will do will be to introduce a class R properly including the reduced Matiyasevich sentences, a subclass S thereof properly including the specialized Matiyasevich sentences, and a method of translating any arithmetical sentence  in the class R into a first‑order schema * in such a way that if  is in the subclass S then * logically valid. (For  in R but not in S in general * will only be valid over finite domains.) The sentences in R will be negated conjunctions. What I will describe directly is how to translate a sentence  in R into negated conjunction † with one conjunct † for each conjunct  of the original . The † will be in some cases first‑order, and in other cases existential second‑order. But the existential quantifiers can all be brought out in front of the conjunction, and then changing negated existential quantification to universally quantified negation we obtain a universal second‑order sentence, which when its initial universal second‑order quantifiers are left tacit amounts to a first‑order schema *.


To specify the class R, it will suffice to specify what sorts of formulas may appear as conjuncts in the negated conjunction. We may allow the following types, wherein a, b, c may be any variables, and m any specific numeral:

	(6)
	a = m

	(7)
	a ≤ m
	(8)
	a < m

	(9)
	a ≠ m

	(10)
	a ≥ m
	(11)
	a > m

	(12)
	a = b
	(13)
	a ≤ b
	(14)
	a < b

	(15)
	a ≠ b
	(16)
	a ≥ b
	(17)
	a > b

	(18)
	a = b + c
	(19)
	a = b  c 
	
	



The specification of the subclass S will require some preliminaries. Given  in R, let us define recursively or inductively what it is for a variable in  to be capped. First, variables in (any conjuncts of types) (6)-(8) are capped. Further, if either variable in (12) is capped, so is the other; if the variable on the right-hand side in (13) or (14) is capped, so is the variable on the left-hand side; if the variable on the left-hand side in (16) or (17) is capped, so is the variable on the right-hand side. Finally, if the variables on the right-hand side in (18) or (19) are capped, so is the variable on the left-hand side. Intuitively, if a is capped, then the conjunction implies an inequality of the form a ≤ n, where n is some specific numeral. A little thought shows that as all reduced Matiyasevich sentences are in R, so all specialized Matiyasevich sentences are in S.


In the translation from arithmetic to logic each variable a, b, c will be replaced by a one‑place predicate A, B, C. In describing how an arithmetical conjunct  is to be translated into a first‑order or existential second‑order †, I will discuss only the five types (7) and (13) and (14) and (18) and (19), leaving the others, which are readily reducible to these, as exercises. Intuitively, † will say that  holds if a, b, c are the numbers of x such that Ax, Bx, Cx. Thus for (7) the translation is mxAx. For (13) the translation begins with R, after which comes the following:

(20)
x(Ax  !y(By & Rxy))

For (14) in place of (13) we have the following in place of (20):

(21)
z(Bz & x(Ax  !y(By & y ≠ z & Rxy)))

Note that (21) expresses that the number of x such that Ax is less than the number of x such that Bx only provided that the latter number is finite, which will be guaranteed if our original  is in S (but not in general if  is only in R).


As (20) says that R maps the x such that Ax one‑to‑one into the y such that By, so the item corresponding to (20) for (18) in place of (13) will say that R maps the y such that By one‑to‑one onto some of the x such that Ax and maps the z such that Cz one‑to‑one onto the rest of the x such that Ax. Something like 2 + 2 = 4 can be expressed by something like the following sentence  in S:


~(a = 2 & b = 2 & c = a + b  & c ≠ 4)

When one works out *, one will find that it is not identical with (1) above, but rather something logically stronger that logically implies (1). Turning from addition to multiplication, the item corresponding to (20) for (19) in place of (13) will involve a three‑place rather than a two‑place auxiliary predicate R. What it will say is that R maps the pairs consisting of an x such that Ax and a y such that By one‑to‑one onto the z such that Cz. 


The citation of Matiyasevich’s theorem is not really needed: Robinson’s theorem would do, since there is an existential second‑order sentence that expresses that the number of x such that Ax equals the number of y such that By raised to the power of the number of z such that Cz, provided this last number is finite. In this case what is said about the three‑place auxiliary predicate R is the conjunction of the following:


For each x such that Ax, the relation Syz  Rxyz defines a function sx from the z such that Cz to the y such that By.


For distinct w and x such that Aw and Ax, the associated functions sw and sx do not give the same value for every argument.


For any x and y and z such that Ax and By and Cz there is a w such that Aw with the property that sw(z) = y and the values of sw and sx are the same for all other arguments.

Indeed, even less than Robinson’s theorem is needed, since even more operations beyond exponentiation can be expressed in the same way and sense. And with this remark I conclude my discussion of protocol sentences for lite logicism.

Instrumentalist Philosophies

What I have emphasized is that the class of protocol sentences is broad enough that we join the attenuated logicists in viewing mathematics simply as an engine or instrument for deriving logical results in the form of such protocol sentences, then we find that higher and higher mathematical theories do more and more logical work, just as higher and higher scientific theories do more empirical work. But is such an attenuated logicism, or the analogous attenuated empiricism that views science simply as an engine or instrument for deriving observational predictions, a tenable philosophical position? Is it really plausible to view theoretical posits such as numbers and sets or classes in mathematics, or atoms and molecules and ions in chemistry and physics as mere “useful fictions”? Such instrumentalist — or as they are now often called, “fictionalist” — positions do appeal to many skeptical philosophers. It must be acknowledged, however, that they hardly accord with the attitudes of working scientists and mathematicians.


This, too, is something Weyl acknowledged and emphasized long ago. Of physics he spoke in the 1927 “Comments” as follows:

It has been said that physics is concerned only with establishing pointer coincidences. … But, if we are honest, we must admit that our theoretical interest does not attach exclusively or even primarily to the “real propositions”, the report that this pointer coincides with that part of the scale; it attaches, rather, to the ideal assumptions that according to the theory disclose themselves in such coincidences, but of which no perception gives the full meaning — as, for example, the assumption of the electron as a universal elementary quantum of electricity.
And what Weyl said about Machian empiricist philosophies of physics was intended to apply also to Hilbertian formalist philosophies of mathematics — and applies as well to Jeffrey’s cross between logicism and formalism, for which I have been striving here to provide only an adequate technical formulation, not any sort of philosophical defense. Is the attitude of the skeptic looking at mathematics from the outside and inclining towards this or some other form of “fictionalism” better justified than the very different attitude of the working mathematician, whose theoretical interest lies in, say, the Riemann hypothesis rather than in any first‑order schemata or computation reports or whatever that the Riemann hypothesis, if proved, might help us derive? Here I can only agree with Weyl:

What “truth” or objectivity can be ascribed to this theoretic construction of the world, which presses far beyond the given, is a profound philosophical question.
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