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Problems on Philosophical Logic

For each of the five logics treated (temporal, modal, conditional, relevantistic, intuitionistic) the list below first collects the half-dozen proofs and verifications ‘left to the reader’ in the corresponding chapter of Philosophical Logic, then adds another half-dozen problems, introducing while doing so some supplementary topics not treated in the book. Instructors adopting the book as a text for a course may obtain solutions to these problems by e-mailing the author jburgess@princeton.edu

Temporal Logic

Problems ‘left to the reader’ in chapter 2 of Philosophical Logic

1. 
Show that axiom (24a) is true everywhere in every model.

2. 
Do the conjunction case in the proof of the rule of replacement (Rep).

3. 
Prove the lemma needed for the proof of the rule of duality (Dual).

4. 
Prove (40a), at least in the case n = 2.

5. 
Prove (58a).

6. 
Verify that the converse Barcan formula holds if nothing ever goes out of existence but may fail otherwise, and that the direct Barcan formula holds if nothing ever comes into existence but may fail otherwise.

Additional problems
7.
A frame (U, () that is irreflexive, transitive, and total is called a total order.  For n a positive integer, give an axiom that is valid in a total order with at most n elements, but not in a total order with n+1 elements.

8.
Show that in the logic of sections 2.6-2.8:

(a) 
GFGA is equivalent to FGA
(b)
GHFA is equivalent to GFA

(c)
GFHA is equivalent to GHA

(d)
GPHA is equivalent to PHA
(e)
GHPA is equivalent to HPA
(f) 
GFPA is equivalent to FPA

9.
Show that in the logic of section 2.6-2.8:


(a)
Hp does not imply FHp

(b)
PHp does not imply Hp


(c)
HPp does not imply PHp


(d)
Pp does not imply HPp

(e)
GPp does not imply Pp
10.
Let (U, () be a total order.

(a) 
If the order has extendibility in both directions, it is discrete iff  every element u has an immediate successor, an element v for which we have u ( v but do not have u ( w and w ( v for any w, and an immediate predecessor, an element u for which we have u ( v but do not have u ( w and w ( v for any w. Show that the formula


((Hp  p) ( FHp) ((Gp  p) ( PGp)

is true at all times in any model based on  (U, () iff that order is discrete.

 (b)
The order is a well-ordering iff  every nonempty subset V of U has a first element. Show that the formula

GH(Hp ( p) ( GHp
is true at all times in any model based on (U, () iff that order is a well-ordering.

 (c)
An upper bound for a nonempty subset V of U is an element u of U such that v ( u for every v in V. A least upper bound for a nonempty subset V of U is an upper bound u for V such that no w with w ( u is also an upper bound for V. The order has the least upper bound property iff every nonempty subset of U that has an upper bound has a least upper bound. (The real numbers have the least upper bound property, while the rational numbers do not, a counterexample being the set of rational numbers less than √2.)  Show that the formula

(PFp PFG¬p) ( PF(G¬p  ¬PG¬p)

is true at all times in any model based on (U, () iff that order has the least upper bound property.

11.
A frame (U, () that is irreflexive, transitive, extendible in both directions and L-total is called a tree. Which of the following are true everywhere in every tree:


(a)
GHA  HGA


(b)
HGA  GHA

(c)
PFA FPA 


(d)
FPA PFA
 




12.
A branch through a tree (U, () is a non-empty subset V of U such that R-totality holds for V (meaning that for all v and w in V we have v ( w or v = w or w ( v) but for any W with V  W and V ≠ W, R-totality does not hold for W. For trees we may add to the usual operators of temporal logic a strong future operator F such that


(U, () |= FA[u]

iff 
for every branch V with u in V







(U, () |= A[v] for some v in V with u ( v
Which of the following are true everywhere in every tree with extendibility in both directions?


(a)
PFA (FA A PA)

(b)
(FA A PA) FPA

(c)
(FA A PA) PFA

(d)
FPA (FA A PA)

Modal Logic

Problems ‘left to the reader’ in chapter 3 of Philosophical Logic

1. 
Show that (37) is a theorem of S5.

2. 
Show that (45) is a theorem of S5.

3. 
Prove (49a).

4. 
Prove (50).

5. 
Prove the conjunction case of (52).

6. 
For k sentence letters, how many models are there with universe {1, 2, … , n}?

Additional problems
7.
Show that A  A is not deducible from the other axioms of S5 (or in other words, in the system K + (35) + (38)).

8.
Modal logic with the axiom A  A weakened to A  A is often called deontic logic, and then  is read “obligatory”.  There is a deontic system corresponding to each modal system T, S4, S4.2, S4.3.  But there is no deontic system corresponding to the modal system S5.  Show why by showing that AA is provable given the other S5 axioms plus A  A.

9.
The system S4.4 of modal logic adds to the system S4 the axiom (A  A)  A.  


(a)
Show that the axiom (37) of S4.3 is a theorem of S4.4.


(b)
Show that the theorem A  A of S5 is not a theorem of S4.4.

10.
Recall that A B abbreviates (A ).  Much of the early literature of modal logic was concerned with the status of formulas having  as their only logical operator.


(a)
Show that A (B A) is not a theorem of S5.


(b)
Show that


(((A D) B) C) ((A D) C) C)

is not a theorem of S4.

11.
(a)
Show that the following variant of the formula in problem 10(a):


(A C) (B (A C))

is a theorem of S4.


(b)
Show that the formula in problem 10(b) is a theorem of S5.

12.
In section 3.6 it is shown that any formula A that is not a theorem of K is untrue somewhere in some Kripke model, by consider the set of all maximal consistent sets u of formulas and the relation u ( v that holds iff whenever a formula B is in u, B is in v. It was further shown that if we add the axiom (34), then the relation ( is reflexive, and if we add the axiom (35) then the relation ( is transitive, thus proving that any formula A that is not a theorem of S4 is untrue somewhere in some reflexive, transitive Kripke model. In section 3.7 it is shown that any formula A that is not a theorem of K is untrue somewhere in some finite Kripke model by considering the set of all maximal consistent sets u of A‑formulas and the relation u ( v that holds iff whenever an A‑formula B is in u, B is in v. The argument that if we add (34), then ( is reflexive still goes through in this new context. The argument that if we add (35), then ( is transitive does not.


(a)
Why does the argument not go through?


(b)
How can we fix the argument? 

Conditional Logic

Problems ‘left to the reader’ in chapter 4 of Philosophical Logic
1. 
Prove (41c).

2. 
Prove that (37a) holds in all models.

3. 
Prove that (38a) holds in all models.

4. 
Prove (46) in the two-premise case.

5. 
Show that (p ( q)  ( ¬p and (p ( r) ◊( p do imply (q ( r) ( ¬r for total models.

6. 
Show that (p ( q)  ( ¬p and (p ( r) ◊( p do not imply (q ( r) ( ¬r for all models.
Additional problems
7.
Show how to translate any conditional A  B, with A and B truth-functional into a modal formula (A  B)* in such a way that the following

(i)
A1 ( B1, … ,  An ( Bn |‑ C ( D
will be deducible in conditional logic iff the following

(ii)
((A1 ( B1)* ( … ( (An ( Bn )*) ( (C ( D)*

is deducible in S4. (This fact, together with the decidability of S4, gives another proof of the decidability of conditional logic.)

8.
Give a deduction for the following in conditional logic:

	
	(A C) (C,  A (B
	|‑
	C ((A B)


9.
Give a deduction for the following in conditional logic:

	
	(A B) (A,  (B C) (B
	|‑
	(A C) (A


10.
Show that the item in problem 8 is deducible in conditional logic by showing that it is model-theoretically valid.

11.
Show that the item in problem 9 is deducible in conditional logic by showing that it is probabilistically valid.

12.
In considering whether (p ( q)  ( q and (p ( r) ◊( p imply (q ( r) ◊( q, does it make a difference whether we consider only total models, as in problem 5, or consider also non-total models, as in problem 6?
Relevantistic Logic

Problems ‘left to the reader’ in chapter 5 of Philosophical Logic

1. 
Show that if A and B are classical formulas, then A ( B  is valid iff A classically entails B and the set of sentence letters occurring in A overlaps with the set of sentence letters occurring in B.

2. 
If A1, … , Am perfectly entail B and B perfectly entails C1, … , Cm, must A1, … , Am perfectly entail C1, … , Cm?

3. 
Verify that (p ( q) r‑entails p, but that ¬(p ( q) ( p does not ​r‑entail ¬q.

4. 
How should the assignment of pairs of values 0 or 1 to sentence letters be extended to arbitrary formulas if we wish to ensure that A r‑entails B iff every valuation of that makes A true makes B true?

5. 
Derive (10) using just MP and Ded.

6. 
Complete the proof of the starred deduction theorem for relevance/relevant logic in section 5.8.

Additional problems

7.
Check the status of each of the following

	i
	A B
	entails
	A

	ii
	¬(A B) A
	entails
	¬B

	iii
	(A B) (¬A ¬B)
	entails
	A B

	iv
	(A B) (¬A ¬B)
	entails
	(A  ¬B)  (¬A 

	v
	(A  ¬B)  (¬A 
	entails
	(A B) (¬A ¬B)

	vi
	A
	entails
	A (B ¬B)

	vii
	A (B ¬B)
	entails
	A


for each of the following logics:


(a)
relatedness 



(b)
analytic



(c)
co-analytic



(d)
perfectionist



(e) 
relevance/relevant


8.
(a)
Classically, if B and C entail each other, then for any A and D the two premises A, B entail D iff the two premises A, C entail D. Does this principle hold for perfectionist logic? (If so, explain why; if not, give a counterexample.)


(b)
Classically the two premises A, B entail C iff the conjunction A  B entails C. Does this principle hold for perfectionist logic? (If so, explain why; if not, give a counterexample.)


(c)
Show that  if A classically entails C, then there is a B such that A perfectibly entails B and B perfectibly entails C.

9.
Consider the positive logic of section 5.8. Show that the following a theorems of positive logic by deriving them using MP and the deduction theorem:


(a) 
A ( ((A ( B) ( B)


(b)
(B ( C) ( ((A ( B) ( (A ( C))


(c)
(A ( (A ( B)) ( (A ( B)


(d)
(A ( B) ( (A ( (A ( B))

10.
Show that if either of the following is added as a further axiom to positive logic, the other becomes a theorem:


i
((A ( B) ( C) ( ((A ( C) ( C)


ii
((A ( B) ( A) ( A
11.
Consider deductions of  formulas in relevance/relevant logic. In a relevant deduction of C from A1, … , An and B, B must be used at least once in getting to C. In a super-relevant deduction, B must be used exactly once. State and prove an analogue of the starred deduction theorem for relevance/relevant logic of section 5.8 for super-relevance/super-relevant logic, with the following axioms:


i
 A A




ii
(B C) ((A B) (A C))




iii
(A (B C)) (B (C A))

12. 
Which of the derivations in problem 9 is acceptable in 


(a) relevance/relevant logic? 


(b) super-relevance/super-relevant logic?

Intuitionistic Logic

Problems ‘left to the reader’ in chapter 6 of Philosophical Logic

1. 
Verify the Heyting axioms (8) and (9), given the explanations (3) and (5) of the intended meaning of the intuitionistic ( and ¬.

2. 
Show that (22) and (23) are theorems of I.

3. 
Prove the case of (8) in the proof of the soundness of I for Kripke models.

4. 
(a)
Show that (A ( ¬A) ( ¬A is a theorem of I 


(b)
Show that (¬A ( A) ( ¬¬A is a theorem of I 

5.
(a)
Show that (51) is not a theorem of KC by finding a reflexive, transitive, R-connected model where (p ( q) ( (q ( p) fails.

(b)
Show that (50) is a theorem of LC.

6. 
Show that for LC, if u, v, w  are virtuous and u ( v and  u ( w, then either v ( w or w ( v.

Additional problems

7.
Show that  (AB) ((AB) B) is a theorem of intuitionistic logic


(a)
directly, by indicating a proof of it from the Heyting axioms


(b)
indirectly, by showing that it holds everywhere in every Kripke model

8.
Show that the following are not theorems of intuitionistic logic by showing that each fails somewhere in some Kripke model:


(a)
(¬p p) p




(b)
(((p q) p) p)




(c)
(¬p ¬q) q p)


(d)
(¬¬p q) ((¬p q) q)


(e)
((pq) q) (((qp) p)  (p  q))
9.
(a) 
Which of (a)-(e) in problem 8 is a theorem of KC?


(b)
Which of (a)-(e) in problem 9 is a theorem of LC?

10.
Examination of the completeness proof for intuitionist logic shows that if a formula A is not an intuitionist thesis, then A fails somewhere in some Kripke model (U, () that is (i) finite, and (ii) anti-symmetric, meaning that we can have u ( v and v ( u only when u = v. An element u of a frame (U, () is called maximal iff we can have u ( v only when u = v.


(a)
Show that in any finite, antisymmetric model, ¬¬A holds at u iff A holds at every maximal v with u ( v.

(b)
Show that in any model, if u is maximal and A is a classical tautology, then A holds at u.

These facts can be used to give an alternate, model-theoretic proof that ¬¬A is a theorem of intuitionistic logic whenever A is a classical tautology.

11.
(a) 
Show that if in place of the axiom (50) of KC one took the following:

(¬¬A B) ((¬A B) B)

one would obtain an equivalent system.   


(b) 
Show that if in place of the axiom (51) of LC one took the following:

 ((A B) B) (((B A) A)  (A B))
one would obtain an equivalent system.   

12.  
Drop ¬ from intuitionistic logic, add a symbol ( that can appear in the same places as sentence letters, and reintroduce ¬A as an abbreviation for A  (.


(a) 
Show that the Heyting axiom (9) is a theorem, even without any axioms for (.


(b)
Show that the Heyting axiom (10) is a theorem, given as a new axiom (  A.


(c)
Show that A  ¬A becomes a theorem given as a further new axiom 

(((A B)  A) A).
