APPENDIX

Proofs of some results in Chapter 9
Proposition 3.6. + & ~ &' for any variant ' of ®.
Proof. First a lemma:

Lemma. Suppose y does not occur in ®. Then: (a) y is free in &( 3) at exactly
the places where x is free in &. (b) + vxd o Vy'ﬁ(;).

(a) is obvious. We show - in (b) (~ is similar but easier). Since y is not in
#, the hypotheses of 3.5 hold, and 3.5 gives - vy#(}) — &(3)(%). One now
easily gets Vy(b(;) — ¥x®, using Axioms II anclyIII (since x is not free in
vy#(})). So the Lemma is proved.

Let us say that & is a spectal variant of @ if it is a variant and no bound variable
of &' occurs (at all) in &. It is easy to see (using ‘new’ variables) that any two
varignts have a common special variant. So 8.6 reduces to showing (*) each ®
ts equivalent to each of its special variants.

The case where & is atomic is trivial. If  is &, — &, clearly any special
variant ¥ of & is of the form ¥, — ¥, where ¥, is a special variant of &, for
i = 1, 2. By the induction hypothesis, , ~ ¥, and &, ~.¥, so clearly & ~ ¥.
The case where @ is ~ @, is similar. Now let ® be vx®,, and let ¥ be any special
variant of ®. ¥ can be written vy ¥, where x and y are different. Clearly, (**)
$, and ¥, are variants except that & has free occurrences of x exactly where
¥ has free occurrences of y. Now ¥, has no bound occurrence of x (since ¥ is
a special variant of $); and also x is not free in ¥, (as then it would be free
in ¥ and hence in & = vx$,). So we can apply the Lemma to get
Fvy¥, = vx¥,(%). But, by (**), ¥,(%) is a variant, and so clearly a special
variant, of &,. Thus, by the induction hypothesis, ~ &, — ¥,(). Hence
Fvx®, « vy¥, ie, —® ~ ¥. Thus (*) (and 3.6) are proved.
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Theorem 4.1. (a) Assume S is safe for & and +— ®. Then - &(S). OIf-e
then —*'® in any language £’ containing .

Before beginning the proof, we make two remarks. It is easy to check that

If S is safe for ® and z is free (or, respectively,
(1) bound) in ®(S) then either z is free (or bound,
respectively) in & or else z is a variable of S.

Secondly, it will be convenient (though it is not essential) to consider in the
proofs of 4.1 and 5.1 permutations of the set Vbl. of all variables. (All our per-
mutations f can have f(x) = x for all but finitely many variables x, so they are
‘finitary objects.’)

If £ is a permutation of ¥b/, f induces in the obvious way a permutation f
of the collection of all expressions and even sets of expression, etc. Sometimes
we write I') instead of F (I"). In defining ‘formula’, ‘axiom of logic’, etc., etc.,
we never singled out any particular variables. Hence f ‘goes through everything'.
For example, if ,,..., ®, is a proof of ® then &,, ..., &, is a proof of ),
On the other hand, if T is any sentence, clearly £/) is a variant of L, and hence
£ = MY, In general, for any set Ax of sentences, Ax'/! is the collection of
all £ such that I belongs to Ax; so clearly, Ax and Ax'? are ‘equivalent’ (have
the same theorems).

We now turn to the

Proof of Theorem 4.1. Assume S is safe for & and - ®. Let &/, ..., &, be
a proof of &. We can obviously construct a permutation f of Vbl which takes
each variable in @ to itself and takes every other variable in any ®/ into one
not in S. Since S was safe for & clearly S is safe for each ®;/'/). By the remark
above, ®/),..., &, is a proof of &,/ = &. Taking &, = &/ we have
shown:

(2) ® has a proof &,,..., &, such that S is safe for each &;.
We now show:

If &,,..., ®, is a proof of &, S is safe for each ®;, and £’
3) is a language containing all the formulas ®,(S), ..., ®,(S),
then - £'®,(S) fork = 1,..., p.

(Thus, in particular, we will have +~ (S), proving (a).)

We prove that - < #,(S) by induction on k < p. Suppose it is true for all
k' < k. First suppose that &, is obtained by Modus Ponens from earlier /s
or is a case of Axioms I, II, or IV(a). Then the very same applies to ®,(S) at
once since — (S) ‘goes through everything’. Hence, clearly, - £'$,(S). Next,
suppose &, is from Axiom III, say, &, isT' — vxT where x is not free in T". Then
&,(S) is I'(S) —vxT'(S). Now, S is clearly safe for I' so by (1) if xis free in I'(S),
then x is free in T' (out, by hypothesis), or is a variable of S (impossible since
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§is safe for ;). So x is not free in T'(S) and &,(S) (as above) is a case of Ax-
lom II1. Finally, suppose &, is a case of IV(b). To simplify the notation, say (as
?,n e?xample) that &, is x = y — (Qxyxz ~ Qxyyz) (x, y, z distinet). Then ®,.(S)
is either @, (so provable in £') or else Q is a P, (of S) and so ®.(S) is
x =y~ (6, %) -~ 0,4, %))

(No collisions occur here and hence this formula is a case of Proposition 8.4 since
©,(xyyz ) is obtained from ©, (4 yxz ) by replacing a number of occurrences
of :‘_by Jree occurrences of y (this is so because S is safe for ). Hence by 3.4
" ®,(S), and the proof of (3) is complete. , -

It r.emains to prove (b). Let &, ..., ®, be any proof of . Let @,, ..., ®
be a list without repetitions of all @ such that @ is in some & but not i’n ® . Le"t:
v be a fixed sentence involving only = and containing no vlariables frorr; any
®;. For j < m, let S take @, (which is, say, /,-ary) to v (or, strictly speaking
t(.) (y; Wiy e w;!j) — where the w's are distinct variables not in any &,.) Ob:
viously § is safe for each &;; and each ®,(S) is in the smallest language .Ct: con-

taining &. Hence, by (3), +~ “'®(S). But #(S) = &, so *'®(S), as desired. The
proof of 4.1 is complete.

We now turn to the proof of
Metatheorem 5.1. (a) Suppose 2" & and y is an instance of ®. Then

2V . (b) 2 is a conservativ ) T,
. e extensi % is in £O
A ol Pl on of 2, ie., if ¥ is in and

'Proof of 5.1. Any ® can be written as $(S) with § empty; so (b) will follow
if we can prove (a) and
(a") Moreover, in (a), if ¥ is in £, then 2O+ ¥,
Assume 2"+ & and ¥ is an instance of ®. Then ¥ = &(S), where
(5)(a) ® and S are as in (1) of Chapter 9,§5.

By the Deduction Theorem, we also have:

% — &, where L is a conjunction of sentences which are

universalizations of formulas T'i(S;), where (for each j) (5)(a) holds
for T; and §;, and T, belongs to Z.

(8)(b)

At first, we shall suppose also that
(6) No variable of S is in L or any T,orS;.

(At the end we will see that the general case reduces to this one.)

For the sake of (a’) we extend S to S* as follows: S* is defined for ®,, -,
Cm)®p 1y, ®, where ®,, . ,, , ®,is a list of those occurring in £ but
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for which S was not defined. Now (as in the proof of 4.1 (b)), S* takes each
such new Q (i.e., for which S was not defined) to (y; -) where « involves only
= and all the variables of y are new. Since (5)(a) hold for S, ¥ = ®(S) = B(S*).
By (6), S and so also S* are clearly safe for & — &. Hence, by Theorem 4.1,
- L(S*) — &(S*). By our assumptions and the way S* was constructed we see
that: If ¥ is in £, then so is £(S*). Hence both (a) and (a’) reduce to showing
that 2" £(S*), or that for an arbitrary, but fixed j we have:

(7N ZWk T)(S;)(S*).
(7) will follow at once if we can show that for some S’, safe for r;,
(8) Ti(S;)(S*) = T,(S)).
Just for notation, let
®/ i (p.i
S = t ) v my
, [(Gf;xjn,X’u, N Q- ]

By (6), S* is safe for each 6. Put
N [ Y ]
P @, ) ) ie o m,

We easily see that S is safe for T;. (Indeed, if x is in §; then (by (1)) either x
i in S; — sonot in I'; as S is safe for I';, or else xis in S* — so not in T; by
(6).) Hence, it remains only to prove (8). One can pretty much see (8) in his
head; but a careful proof is nearly a page long. See Problem 1, just after the
proof of 5.1.

Thus we have obtained the conjunction of (a) and (a’), assuming (6).

We now return to our position just after (5) (before we assumed (6)). Obviously,
there is a permutation f which takes each variable in @ to itself and takes
every other variable in L or any T, or S, to one not in S. (Since S is safe
for @, f(x) is also not in § if x is in ®.) The statements (5) and (6) are about
Lo Ty-eey,ee0 8,00, Z, ®and S, We claim that

(5) and (6) hold for £,/ <+ £ ... 2U) $and §
(9) (the last two unchanged).

We have just chosen f so that (6) holds for L/, ete., (as in (9)). We know
(5) holds for £, , ., Ljy iy Sjy ... Z, @, and S. Trivially, (5)(a) holds as in (9),
since ¢ and S are unchanged. (5)(b) passes over under f (see the remark
preceding the proof of 4.1 above) to £/, ..., I, L 810 .. 2Y), and @),
But /) = & so (9) holds.

We have proved above that (5) and (6) imply the conjunction of (a) and (a').

Applying this to £, etc., as in (9), we obtain: 2V ¥, and if ¥ is in £©,
then ZUO - ¢ But /MM = 20U which (see above) is equivalent to 2", So
2" - ¥, as desired. Also 2VY® = 2OU) which is equivalent to 2. Thus, if
¥ is in £°, then 2+ ¥, The proof of 5.1 (on the putting back of substitutions)
is complete.
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Problem 1. Prove (8) as follows: First reduce to showing
A(8))(S*) = A(S})for A an atomic subformula of T;, say 4 is ®/z,z,....
This amounts to

. ; J
(8") 8/(5*)(s) = ©;(s)(S*) where s is (311 ..").
(8') reduces to the case

8" a(S*)(s) = «s)(S*) where « is an atomic subformula
of ©/ and indeed one of the form ®,u,u,....

One can now obtain (8'') - using the fact that no u, or x, is in ©.
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Solutions for Selected Problems

Note: Some problems are not discussed. For example, if a section con-
tains three similar problems, only one may be solved, so the student can still
solve the others for himself.

CHAPTER 1
§1. Problem 1. AU(BNC)=(AUB)N(AVUC)

Proof. Letx € AU(BNC). Thenx € Aorx € BNC. If x € A, then
x€AUBandx € AUC sox €rightside, If x € BNC, thenx € B and
xeC,s0x € AUBandx € AUC, so x € right side. So in either case x €
right side.

. Then we have proved left C right. Now suppose x € right side, so
x€AUBandx € AUC. Ifx € A, then clearly x € leftside. If not, x € B
and x € C so clearly again x € left side. Then x € left side.

Thus we have proved right C left, so (by above) right = left,

Problem 2. Prove only the first equation.

‘Problem 5. Assume hypothesis and x € A (as in ‘Note’). Thenx € AU
C = BUC. Sox € B (as desired) or x € C (which we assume). Hence
x & ANC = BNC,sox € B asdesired. Sowe have proved A C B. One can
‘repeat’ for B C A. Or having proved that forany A, B, C,if ANC = BNC
and AUC = BUC, then A C B apply this to B, A, C (for A, B, C) getting
B € A atonce.

Problem 6. (3), (3), (1), (2), (1), (2).

§2. Problem 1. Additional hint: Teket ={x:x € Cand 7).
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§3. Problem 1. Let x € left side. Then x ¢ Uic; Aivsoforany i € I,

x ¢ Aie,xe d. Sox e right side. Now let x € right side; the argument
is similar but different.

Problem 2. Note, the second equation in 3.1(b) should read:

BUﬂ.A,' =n(B L_J_.A,)

iel iel

Problem 4. o means bound, O free.

(@forally, y < x

(©) Yat+

§4. Problem 1 Let {{a}, {a, b}} = {{c}, {c, d}). Since {a} € left side, {a} €
right side, and hence either {a} = {c} (case 1) or {a} = {c,d} (case 2).
Continue in this style.

Problem 2. Part on 4.2(c) Both sides are clearly sets of ordered couples. So
we can begin with: Let (x,y) € A x (B—C). Thenx € A andye B-C,
ie.yecBandy ¢ C. Hence (x,y) € A x Band(x,y) ¢ AXC,s0(x,y) €
right side. Now let (x, y) € right side. ..

§5. Problem 1. For example: G = M/P where P = MU F.

Problem 2. Both sides are sets of ordered couples. Let (x, y) € R/S. Then
(>, x) € R/S. So we can choose z such that (».2) € Rand (z, x) € S. hence

(x,2) € S and (z,y) € R. But then (x, y) € S/R. Now let (x, y) € right
side, etc.

Problem 3. Let y € left side. Then for some x, XRyandx € ., Ai,ie. we

can choose i such that x € 4;. But then Y € R[Ai]s0 y € right side. Other
direction ‘similar but different’.

Problem 4. Let x € left side. Then x € dom fand f(x) € A - B, etc. etc.
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§6. Problem 2 (6.22.) Letx € se[] Mics Aif@y- Then we can choose

iel .
f e niel J; such that x € niel A,‘f(,'), ie., foralli e I, x € .A,'f(i). But
f(@i) € Ji. Soforalli € I there exists j € J; (namely j = f(i)) such that
X € .A,'j.

§7. Problem 1. 5.4(a)(i) becomes A i’-;_—: A, etc. etc,

Problem 2. Left implies right: Put B = A’ | fIA). Clearly A % B. The

other direction follows at once from the fact that if u, v € f[A] then uR'v iff
w(R' N (B x B))v.

Problem 3. Hint. For ‘at most one’ assume R’ and R” both work and show

’
R = R’. For ‘at least one’, let R’ = {(f(x), f(¥)) : xRy) and show R
works.

§8. Problem 1. Further hint: Define F on A by requiring F(a) = {b: b C a})
(for each a € A).

Problem 2. First we prove 8.2: We only need to show f is one-to-one and
xRy whenever f(x)R'f(y). Write A for (A, R) and A’ for (A’, R'). Let
x,y € Aand x # y. Then, since A is connected, either xRy or yRx. By
symmetry it is enough to deal with the case x Ry: By hypothesis f(x)R’ f(y).
Since A’ is irreflexive, this implies f(x) # f(y) as desired. Now suppose
f (x)RTf (y). We want xRy. If not, then x = y or yRx (as A is connected).
If x = y then f(x) = f(y), contrary to A’ being irreflexive. If yRx then
F)R' f(x); but also (f(x)R'f(y)), contrary to A’ being asymmetric. S'o
8.2 is proved. We have only needed: A is connected, and A’ is asymmetric

(as asymmetric implies irreflexive).
Problem 3. Good little problem, but no need to give answer.
Problem 4. Use the complement of the proper initial segment, etc.

Problem 6. (a) — (b) Outline: Suppose (a) holds and X C A, xp € X,
and bg is a lower bound for X. If by € X, then by is ‘clearly’ the least
element of X which is always a g.L.b. for X. So we can let bp ¢ X. Put
X' ={y:(@AQx € X)(x <y)}. ‘Clearly’ b, ¢ X'. So X’ is non-empty and



146 Solutions

bounded above. Hence by (a), X" has a Lu.b. u. One now shows that u is also
a g.Lb. for X (as desired). The rest of Problem 6 must still be proved.

Problem 7. We give the answers, but not the proofs: False, false, true, false.
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CHAPTER 2

§1. Problem 1. By 1.2.3 get ¢ as in the Hint. Take Z = {¢} x Y.

Prol_)_l_em 2, We assume here the equivalence of (a)-(d). We show (b) — (e).
Let A’ = k. Take A, B as in (b). By the Exchange Principle obtain C)(A’
such that C ~ B — A. Clearly B’ = A’ U C is as desired.

Problem 3. Suppose ¥ < A. Then, by 1.5, we can fix A, B with A C B,
A =, B = A. If &« = 0, we are done.d If not, take ap € A. Let f be on B
with f(b) = apifb € B— A,and f(a) =aifa € A. Clearly f ison B onto
A,s0k <*A. ' )

$2. Problem 1. 2.2(a) is obvious. In 2.2(b), let x be a natural number and let
X be any set such that 0 € X and for every A, if . € X thenX +1 € X. By
2.1, € X. Hence ¥ + 1 € X for any such X. Soby 2.1, « + 1 is a natural
number.

Problem 2. One easily shows by induction (2.2(c)) that (*) for every n, N,—
by (a), (b). (Note: 2.2(c) has a class variable P in it, and in proving * we take
N for P.) We now show that for any «, if NV, then « is a natural number,
by the ‘induction’ given in hypothesis (c)—taking P to be ‘If N, then « is
a natural number’. Py is trivial since 0 is a natural number. Assume N, and
assume: if NV, then « is a natural number. So « is a natural number. Hence
& + 1 is a natural number (by 2.2(b)), so P(x + 1) holds. So (*) is proved (by
(c)), as desired.

Problems 3-12. The Corollaries are easy but require small arguments. For
example: Prove 2.3(d)(i): Letm < n. By 1.4thereis ax suchthatm+x = n.
By 1.3(a) k +m = n, 50 k < n. Hence, by (b), « is a natural number, proving
‘at least one’. Supposem +k =nandm +! =n. Thenk +m =1+ m, so
k = ! by (c). Thus ‘at most one’ is proved.

Also, we prove 2.3(d)ii): Suppose A ~ B and B C A, where A is finite.
Then BU(A—B)=Aand BU@ = B,so BU(A — B) ~ BU@. Since B
is finite, we can ‘cancel’ by (c), getting A — B = @, which is absurd.

‘The induction problems in 3-12, 13, and 14 more or less ‘correct them-
selves’. Here is one: Problem 10 (prove 2.3(b)): Fix (A, R). We show by
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induction on ‘n’ that [for any B C A of power n, if B # @ then B has a
first element]. (We have just done more than half the work.) Write P(n) for
[...n...]above. P(0) holds vacuously, as @ # @. Assume P(n). Suppose
B C A.and§=n+l,andB # B. Since B # 0 we can choose b € B.
Then B = {b} U (B — {b}), a ‘disjoint union’. By (b) B — {b} is a natural
number, say, k. Thusk +1=n+1sok = n (by (c)). If B - {b} = @ then
B = {b}, which has least element b. Suppose B — {b} # @. Then by the
induction hypothesis (i.e., P(n)), B — (b} has a least element, c. It is easy to
see that min({b, ¢} is a least element of B.

Problem 15. No induction is needed. =» is very easy. <= is a little bit harder.
In both directions, use a result or two from 2.3(a)-(j).

§3. Problem 1. We want to prove that for any u, v, 2 + p) + 2 + v) <
QC+w)2+v)ie, 44 p+v <4+ 2u + 2v + pv—which clearly holds.

Problem 2. Hint. First study the proof of 3.4(a) given in the book.

Problem 3. We must show that the F defined in (2) is into and onto AZ*C
and one-to-one. We illustrate by showing onto (given into). Let g € A2%C,
thatis, g : B x C — A. For each c € C, let h, be the function on B
such that for all b € B, h.(b) = g((b, c)). Now let £ be the function on
C such that for any ¢ € C, f(c) = h.. Then for any b € B,andc € C,
F(f)®,c) = f(c)(b) = g((b, c)); so F(f) =3g.

Problem 4. Suppose A)(B. We will define F so that ABYC = A8 x A€,

Indeed, let F be the function on APYC such that, for any f € ABYC, F( N=
(fIBfIC). .

Problem 7. Hint, Take 7 = x and consider 2 x A and 24, if ¥ > 3 (the cases
x =0, 1, 2 are trivial separately.

§4. Problem 1. f(0) = g(0) = a. Suppose f(i) = g(i)andi + 1 < q.
Then f(i +1) = Asg) = Agi) = g(i + 1). By induction, (i) = g(i) for
alli <gq.

Problem 2. Fix m. Take A; = k + m for all k; and @ = 0. Put Jq =the
unique f which works for . f, exists by 4.1(a) (which is applied several
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times below). Then (5) becomes: m - n = f,(n). Thenm -0 = fo(0) = 0.
Finally,m-(n +1) = fara(@ +1) = fori() +m = Ja(n) + m (by Lemma
D=m-n+m.

§5. Problem 2. Hint. Take P(n) to be: if m # n then f(m) # f(n). (Here
m is fixed.) Case n = 01is easy. Suppose P(n) and suppose m # n+ 1. Easys
ifm = 0, sotake m = p+1. Then p # n. But we cannot apply the induction
hypothesis which involves m not p. Apparently we chose a P which does not
work. Start over with a different P(n).

Problem 3. ((c) — (a)). By recursion, put h(0) = a and h(n +1) = f(h(n))
for all n. We show Hy induction that for all n, P(n) holds, where

P(n)is: forall k # n, h(n) # h(k).

P(0) holds, as a ¢ Rng f while k € Rng f if & # 0. Assume P(n). Let
h(n + 1) = h(k) where k # n + 1. Then k # O as above. Say k = [ + 1.
Thus f(h(n)) = f(h(l)). Since f is 1 — 1, h(n) = h(l), where l # n (as
141 # n +1). This contradicts the induction hypothesis. So P(n + 2 holds.
Now put C = Rngh U {a}. We showed his 1 — 1 on N onto C, so C = Ry.
Thus C < A= k, 50 ¥p < «, as desired.
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CHAPTER 3

Problem 1. See any modern algebra book on the ‘field of quotients’ for the
proof (of a more general result).

Problem 2. Similar to Problem 1.

Problem 3. Hint. Let R and R’ be complete ordered fields. Apply the ideas
in the hint in the book, Problem 3, to both R and R’, getting W and W’, and,
by 2.2, a (W, W')-isomorphism h. Let x € R. Put D = {w : w € W and
w < x}. Clearly D' = h[D)] is non-empty and bounded above; so we can
put F(x) = sup,¢p y (taken in R'). It remains to show that F is the desired
(R, R')-isomorphism. Be patient!

DA —
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CHAPTER 4

§1. Problem 1. Recall that the phrase ‘it is easy to see that’ always means
there are some details missing.

§2. Problem 1. By hypothesis, foreach i € I, {f : F(i) 7 G(i)) # 0. By
AC, there is a function & on I such that for each i € I, F(i) h’;f) G@). Itis
J

easy to check that |, A(i) isa 1 — 1 function on | ¢, F (i) onto U,; G(),
as desired. )

Problem 3. As in Problem 1 above, let F(i) B G(i)foralli € I. let T be the
l

function on [,; F(i) such that for all f € [];¢; F()), T(f) is the function
on I such that for each i € I, T(f)(i) = hi(f(i)). It is routine to show T is
1 -1on[],,; F(@) onto [];¢; G(i), as desired.

Problem 4. See Problems 1 and 7 of §3, Chapter 2 for special cases.

§3. Problem 1. Hint. Let f = ik;and L; = A; foreachi € I. Let
F : U, Ki = Tlies Li- We show F is not onto. Foreachi € I, let G;
be the function on K; such that, for each k € K;, G;(k) = F(k)(i). Thus
G, : K; - L;. But G, is not onto L;, since k; < A; (and by 2.1.8(b)). Hence,
by AC, there is an f on I such that for each i € I, f@) e L; — Gi[Ki).
Complete the proof by showing that f € [T;¢; Li — FIU,¢; Kil. (Hint®. f
has been chosen so that for each i, it differs at the i'* place not from one
function but from each of a whole group of functions.)

§4. Problem 4. ¢ < 7, as one see by considering the set of all constant
functionson Rto R. If f,g € Aand f(t) = g(¢) forall t € Q, then f = g.
Indeed, if x € R then x can be expressed as lim,_, f, Where each ¢, € Q;
since f and g are continuous, f(x) = liM,_,00 f () = limy_.00 g(ta) = g(x).
Since each f € A is thus uniquely determined by f | Q € R2 it is easy to
show A < R2 = ¢® =,

Problem 5. Problem 5 is harder than 4 or 6. Try it.
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Problem 6. Hint. U < R is open iff it is a countable union of open intervals
of the form (s, t) wherer s,z € Q ands < 1.

Problem 7. Denote P(N) by S. Since S ~ R we can assume ‘R’ in Problem 7
has been replaced by ‘S’. Suppose A C S and N Aandputx =S — 4.
We define Wo = {n € N : n ¢ Fo(n)). Asin Cantor s proof (cf. 3.1),
Wo € § — A. Define Fy on N by: Fi(0) = Wy, Fi(n + 1) = Fy(n). Clearly
N ;; AU{W). Using recursion we can iterate this whole process to define W;

foreachi € N, where the W;’s are distinct members of S — A. Hence Ry < «.
Say x =Np+ A. Itfollowsthate = Ro +x = Rp+Ro+A =8+ A =«.
So S — A = ¢, as was to be proved.

Solutions 153

CHAPTER 5

§1. Both problems are pretty easy, but they are important and should be done.

§2. Problem 1. Prove 2.3(a). Let (0; : i € I) be a function on / whose values
o; are order types. We can form (c; : i € I). By Assumption 4.2.1 there is
a (fixed) list (A; : i € I) such that foreachi € I, A; = o;. Foranyi € I,
putC; = {(A;, <) : i € I and (A;, <) is an order of type 0;}. Foreachi € I,
C; # @ (clearly) and C; is ‘set’ (easily). So, by AC, there is a function B on
I such that for each i € I, B; € C;, so T, B; = o;. This proves 2.3.

Problem 3. Clearly (N — {0}, ¢) and (N, ¢) (where ¢’ is ¢ ‘cut down’) have
type w, and 1 + w, respectively; and are isomorphic. So 1+ w = w.

Problem 4. Clearly 1+ # w+1. Clearly2-w = o while w2 = w+w # o.

Problem 6. Takea = 8 = 1, y = w. Then (@ + B)y = 2 ~ w = w, while
ay + By =w+w # w.

Problems 5 and 7. Problems 5 and 7 are easy but good.

Problem 8. Starting hint. Using 2.5(a), one obtains an isomorphism between
B (and its induced order) and (Q, <).
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CHAPTER 6

§1 has no problems.

There are good hints in the book for the problem in §2.

§3. Problem 1. (A, : x € X) = {(x, A) : x € X}, which exists as a case of
{B; : x € U} whose existence has been proved in item 2 in our list.

Problems 2 and 3 are the key ones.

Problem 2. There are two quite different proofs. The first depends on the
Replacement Axiom but not on the Power Set Axiom: Let b ¢ B. Put
A x {b} = {(a,b) : a € A} which exists by items 2 and 8 in our list.
Now, A x B = U{A x {b} : b € B}, which exists by items 2 and 3 in
our list. The second proof depends on the Power Set Axiom but not on the
Replacement Axiom: Note that {a}, {a, b} € P(AUB)—ifa € Aandb € B.
Soifa € Aand b € B then (a,b) = {{a)}, {a,b}} € PP(AU B). So
AxB={z:2e€ PP(AUB)andforsomea € Aand b € B, z = (a, b)}
which exists by the Separation Axiom.

Problem 3. Hints. Again there are two proofs. The first depends on Replace-

ment but not on the Union Axiom. The second depends on Union but not on
Replacement.

Problems 4 and 5 are routine, or soon will be.

———
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CHAPTER 7

§1. Problem 3. Let f,g € H. Put U = dom f and V = domg. Both U
and V are initial segments of A. Since A is connected, one can easily show
(by considering U N V) that one of U, V, say U, is an initial segment of the
other, V. Since g € H, g is an isomorphism of V onto an initial segment of
B. Since ‘isomorphism preserves everything’, g[U] is an initial segment of
g[V1, so of B. Thus both f and g | U are isomorphisms of U onto initial
segments of B. So f = g | U, by 1.1(d), and hence f < g.

Problem 4. Partial solution. First we show: h is a function. Clearly h is
a set of ordered couples. Suppose (a, b), (a,b’) € h. Then (a,b) € f and
(a,b) € f',forsome f, f' € H. Since H is a chain, either f C gorg C f,
say the former. Then (a, b), (a,b’) € g,sob =V

Using several similar arguments one may show also that: Dom# is an
initial segment of A, Rng A is an initial segment of B, h is 1 — 1, and for any
aj, a; € Domh, a, f ay iff h(a,) § h(a,).

Problem 7. Fix b € B. Assume that for each ¢ < b, there is exactly one f
which works for B, (call it f;). We will show there is an f which works for
B,,. (By (6) there is always at most one such f.) By (5),

(a)ifc < d < bthen f. = fy | predc.

Consider first the case in which b is a limit element or the first element. Let f
be on pred b with f(c) = fe+(c) forallc < b. (c* is the immediate successor
of ¢.) Then f(c) = fo+(c) = Ay, preac (as fo+ works for B.) = Ay, (as, by
(5), f. = f.+ | predc). Thus f works for B,, as desired. The other case is
where b = c¢*. This time put f = f. U {(c, Ay)}. Clearly f is a function
on pred b, and also (b) f, = f | predc. If d < c, then f(d) = f.(d) =
Af,.predd = Af_pmjd as desired. Finally, f(C) = 'Af.- = -Af,predc. by (b)
Thus f works for B,,.

Problem 8. Let A be any well-order. By 1.5, there is exactly one f which
works for A over B. Clearly, by our definition of O, O(A) = B;. We want
to prove that (7) holds for our O and A, i.e. O(A) = B(o@,)eca). Thus itis
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enough to show f(a) = O(4,), for each a € A. Since f works for A over
B, we have: f(a) = By preda- By definition, O(A,) = B, where g works for
A, over B. Thus it is enough to prove that f | preda = g. But this holds by
(5) and (6) (and (0)).

Problem 9. Using (0) for A and for A’, we see it is enough to show:
IfA % A’ then () forany a € A, O(4,) = O(A},).

(To this it is enough to apply (0) to (the original) A and A’.) Assume A % A

We prove (*) by A-induction on ‘a’. Suppose O(4,) = O(A’f(a)) for all
b < a. Then

O(4,) = Aio@,):b<a) (by (7), since if b < a then (4,), = A,)
= A(ou’ﬂ,)):b«) (by the inductive hypothesis)

= Ajo(yx<s(@) (as pred f(a) = f[preda])
= O(A}(,,)) (by (7) with A'f(n) for “A"), as was to be proved.

§2. Problem 1. Let K be any set of ordinals. We will show there is a 8
such that for any ¢ € X, @ < 8. Put B = the ordered sum 2ae(k.a) W ().
(Note that W, = W(a).) B is a well-order by 5.1.1(a); put § = Ord B.
By 1.3, for any @ € K, W(a) is isomorphic to an initial segment of B, so
a = Ord W(x) < Ord B = 8, as desired.

Problem 2. (Of course, &, = {(1, v) : u, v € x and . € v}; and well-order,
here means strict well-order.) = follows at once from results in 2.12-13 and
2.7-8.

Proof of <=: For readability write A = x. Assume 4 is a transitive set
and A = (A, &4) is a (strict) well-order. Put & = Ord A (cf. 2.2). By 2.8(b)
plus 2.12-13, A%’ (o, £4) where f(a) = Ord A, for eacha € A. We will

prove by A-induction on ‘a’ that f(a) = a for alla € A. Suppose a € A and
f(b)=bforall b €4 a. Then

f(@)=0rdA, ={Ord 4, : b € pred, a) (by 2.2, as (4,), = A, when b <4 a)

= {Ord A, : b €, a} (at once)
= {b : b €4 a} by the induction hypothesis

= a (since a is transitive).

Thus f =1Id, and then A = a, s0 A is an ordinal, as was to be proved.
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§3. Problem 1. We call / anidealin Aif 1 ¢ /,0 € I, x — y € [ whenever
x,y € I,and ax € I whenever x € I anda € A. Assume Ip is an ideal (in
A). We want to show Ay is included in a maximal ideal. Let K be the family
of all ideals I D I,. Let C be any chain of members of I. Put I* = | J,¢ I.
It is easy to check that I* is an ideal and Iy € I*. Thus I* € K. By Zom's
Lemma (with (K, Ck) for the A there), K has a maximal member /. If I is
any ideal and 7 C I’, then obviously I = I. So [ is as desired.

Problem 2. Hints given.

Problem 3. Hint. Show < can be () extended to a maximal partial order <’
for A. Then show <’ must be an order.

§5. Problem 2. There are several proofs of 5.4. Here are hints for one. First
show that for any a, w, > «. (One can imitate the proof of 1.1(a), but over
the class of all ordinals.) Thus &, > &, so we can let o be the least ordinal
such that 8, > k. Suppose 8, > «. Each of the two cases (« limit or not)

easily leads to a contradiction.

Problem 4. Hint for the Hint: By recursion over w, put

Ko =W
Knt1 = w,, forall n.

Take sup{«, : n € w}. Continue.

§6. Problem 2. First prove easily the general facts:

(A) If Q is a set of ordinals then sup,.p @ = Uyep @-

(B) U_,E,—A_, < Yier i-: (which was needed for the second sentence in
6.4). Hint: If i € I and a € A;, put F((i,a)) = a. F maps | J;., ({i} x A))
onto | J;; Ai. Apply 2.1.8(b). (Compare 4.4.4 and 4.4.2.)

(C) If « is infinite, then k is a limit ordinal. (By, for example, 6.2(b),
k = k + 1. Now one easily shows that for any o, x # a U {a}.)

Proof of 6.5(a): Put A = 2“05 < Y aepk Sk -k =«. Itremains to
prove k < A. First, suppose « is a limit cardinal (i.e., k is a limit element in

the class of cardinals, or, equivalently, for some limit ordinal 8, x = ;). For
each (cardinal) v < «, there isan @ € Q such that v < and so v < @ <A
Since « is a limit cardinal, ¥ = |J,_, v < A. Finally, suppose k = u*. We
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claim E = k. If not, 6 < K, SO 5 < u. Hence k = U‘,EQa (by (A))
=Uncg® < Taep@ by (B) < 0 - o < - = p, which is absurd. Thus
= i, as claimed. Hence A = 3~ .o @= Yweo @ (where Q' = @ — {0})
> Yuep = @ = 0 (as Q is infinite by (C)) = «. Thus (a) is proved.

Proof of 6.5(b): If u € Q,put I, = {i € I : I; = u}. Suppose
K # SUpgr Mi = (say) A Thenk =3 hi = 2uec Elel, B=2,cok"

I,,, < E“EQ). I= Q A T<k (as « is infinite and Q < 7). This is absurd,
so (b) holds.

Qlf |
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CHAPTER 8

§1. Problem 1. 1.1(a),(b),(c) are excellent exercises in making proofs by
transfinite induction (each is easy, but not too easy).

Problem 2. Prove 1.2(a),(b),(c). (a) and (b) can easily be done (without
induction). Proof of (c):

By the class version of 7.1.1(a) (see the solution of Problem 2 of §7.5)
we obtain Rk > . We prove Rka < a by induction on «. The case o = 0
is trivial. Suppose & = &, a limit ordinal, and y € V) forall y < a. Then
8 = Uyes@® S Uncs Va = Vi. Finally, suppose @ = p + 1 and B C Vj.
Then 8 € P8 C PVp = Vg4 = V,. Since Vo is transitive, B C Va, S0
a=pBU(B}C Va.

Hence, in general @ C V,, so @ € Vy41. Hence V, holds and Rke < a.
We already saw that Rka > «, so Rka = a, and 1.2(c) is proved.

Problem 3. Fix x. Define W, by:

w°=x

wn+| = U(wn) (= UIEW,,t)-

Since w exists, {W, : n € w) exists by Replacement and hence y = Uneo Wn
exists (by Union). Clearly x C y. Letu € v € y. Then v € W, for some n.
Hence u € | J(W,) = W,y C y. So y is transitive (in fact, one easily shows
y is Tc(x)).

Problem 4. 1.7(a) is easily proved. Proof of 1.7(b). Suppose (2) facts. Thus
there exists A 3 @ such that A has no e-minimal element. For each x € A,
(s-Pred x) N x # B. By Replacement {(s-Pred x) N A : X € A} exists, so by
Choice it has a choice function F. Pick x € A. By ordinary recursion (and
Replacement) define f by

fO)=x
f(n+ 1) = F(Pred f(n) N A).

Clearly f is an e-descending sequence, so (3) fails.
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§2. Problem 1. One can easily check that

(A) Rk x is finite if for some n, x € V.

(B) Tc{x} = {x}UTcx
Still fairly simple is the important

(C)Rkx = sup,, (Rky + 1)

In (C), < is nothing. For >, you might consider two cases: {Rky+1:y € x}
has a largest member, and ‘otherwise’.

(2.4) («): By a simple induction, one shows each Vj, is finite. Now
suppose x € V,. Then {x} € Vu so Tc{x} € Va. Thus if y € Tc{x] then
y € Vo, 50y C V, and y is finite.

(=): Let () be the statement: For every x of rank < a, if every
member of Tc{x} is finite then Rk x is finite. We will prove by induction on
‘o’ thatforevery @, (o) holds. Assume (a) holds foralla < 8. Suppose
Rkx = a < B and (*) each member of Tc{x) is finite. Suppose y € x. Then
Rky < Rkx < B,s0Rky < . Also, every member z of Tc{y) (= {y}UTcy
(by B)) is finite. Indeed, if z = ytheny € x C Tcx € Telx),s0z = yis
finite by (*). Otherwise, z € Tcy & Tex € Tcefx), so again z is finite, by
(*). It now follows from the induction hypothesis that Rk y is finite. Thus
Rkx = supye, (Rk y + 1) (by (C)), where x is a finite set, and each Rk y + 1
(for y € x) is finite. Hence Rk x is finite. By induction, («) holds for all ,
i.e., (=>) holds, as desired.

§3. Problem 1. By 7.1.2 one of ¢ and ¢’ is isomorphic to an initial segment
of the other. Say f is an isomorphism of ¢ onto ¢”, an initial segment of
t'. We claim that f(U) = U forall U € ¢. (Clearly the theorem follows.)
The claim will be proved by ¢-induction on ‘U’. Suppose fU) = U forall
UGV, whereV €t If V is first in ¢, then by (iii) V # 8, and likewise
f(V) = B8 = V. Suppose there in a largest U € ¢ such that U G V. Then
by @ii), V = P(U). Also f(V) is the immediate successor of f(U) in¢”
and hence, clearly, in ¢'. Hence by (ii), f(V) = P(f(U)) = PWU)=V,as
desired. Now let V be a limit element in ¢. Note that (¥) W € ¢ andWGCYV
iff f(W) et and f(W) G f(V)iIff W € tand W G f(V). Since Visa
limit element, f (V) is a limit element in ¢’ (or t'") so, by (iii),

fwv)y= Uwg%’v)w =U e W (by () =V (by (iii)),

completing the proof.
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CHAPTER 9

§1. Problem 1. We prove by induction on &, that:

No proper initial segment of a formula & is a formula.

If ® is an atomic formula, say Qxy (Q 2-place), then clearly no proper
initial segment of ® is a formula. Let us write P(®) for ‘no proper initial
segment of @ is a formula’. Suppose P(®) and & =~ ©. Clearly ~ is not
a formula, so any proper initial segment of @ which is a formula is of the
form ~ X. But clearly any formula (like ~ X) which starts with ~ is of
the form ~ @', where X = @' is a proper initial segment of ©, contrary to
hypothesis. The case where ® = Vx© is similar. Now suppose P(©) and
P(@') and ® = (® — ©') and assume &' is a proper initial segment of .
Clearly (using induction) any formula, like @', starting with (is of the form
(W — V). If |(¥) < [(©) then W is a proper initial segment of ®, absurd.
If I(W) = I(®) then clearly W’ is a proper initial segment of ®', absurd. So
we must have [(¥) > [(®). Thus the (‘main’) occurrence of — in (@ — @)
must be in W. But again, clearly (by induction) such an occurrence of — in
a formula W must have a formula, a, just to its left and another formula, B8,
just to its right (all inside ¥). But then B is a proper initial segment of ©', a
contradiction, and the proof is complete.

Problem 2. First read the nine lines of hints starting at “Proof”. Note: The
proof that logical axioms satisfy () divides into inner axioms and showing
that if @ satisfies (%) so does Yx®.

Problem 3. The last sentence before 4.4 should end with: “is deductively
closed provided Ax \ 3xV; that is:”. Also, 4.4(a) should begin: “Suppose
Ax - IxVw. If...”

Assume all the hypotheses of (the new) 4.4(a). By 4.3 and our hypotheses
- 3xPx — (Ey A+ A S, = )P, By considering the definition of &,
one easily sees (T A - -+ A B, — T)P isidentical with Efp) A AP
£®, 50 we have - Px — (B Ao AT - T®). But then
clearly - 3xPx A Vx(Px < W) = I} A--- A T3¥. By hypothesis,
Ax I A A XEY hence Ax F Vx(Px © W) — =*¥. Hence clearly
Ax - T*V, as desired.
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CHAPTER 10

§1. Problem 1. Preliminary remarks needed: We say @ is Z3-bounded if ®
is equivalent in Z to a bounded formula. (Note: The first formula in (1)(a),
u C v, is trivially Z((,o)-bounded. In fact, since Z((,o) FxCyeo (Vt €x)
tey,xCyis Z{(,U’-bounded in the stronger sense, where only €-bounded
quantifications occur. But we do not need to discuss this sense.) If ® is Z((,O’-
bounded, then so are (Vi € v)® and (Vu € v)d and clearly also (3u € v)®
and (Ju € v)®. We often consider an iota-formula ® (e.g. “z = (x, y)” or
“y = Px™), which is not strictly speaking a formula of Z((,o) since (way back in
Chapter 1, for example) their definition used the ¢-symbol. We understand that

((,0)-formula P’

the ¢-symbol can be removed as on line 2, page 100, to geta Z
and in say < is equivalent in Z(()o) to bounded formula if and only if ®’ is. This
usage is understood on lines 5-9 of §1. Another example is this: The formula
“B={x:x€ AAD}"is Z((,o)-bounded if ® is. In fact, it (orits Z((,o)-translate)
is Z{"-equivalent to (Vx € B)(x € A A ®) A (Vx € A)(® —> x € B).

Now we deal with z = (x, y) in 1(a). First note that
Z((,o)l-v={x.y}<->xev/\yev/\(‘/tev)(t=xv1=y)
of course v = {x} is also Zf,o)-bounded. Thus
Z((,o) Fz=(,y) o Que)@ver)u=I{x}Arv={x,yD

s0 z = (x, y) is Z-bounded.

The reader should do 1(b). This will be rather long, but the main re-
quirement is patience. (In 1(b) you will require for the first time the use of
C-bounded quantification.)

Problem 2 will now be straightforward.

Problem 3. The last three lines of (2) should be headed by ‘(b)’. For 2(a) we
first check that if u is a partial universe, so that for some tower ¢, # € ¢, then
for some tower ¢t’, t' € PPuand u € ¢'. Indeed, take t' = {v € ¢ : v C u).
Clearly ' C Pu,sot € PPu.

Now we want to show that ‘u is a partial universe’ is Z((,o)-absolute. There
are two cases in the definition of absolute. We do the one about w, and leave
the one about V to the reader. We must show (working in Z((,o) ) that: if (i) [w
is a limit partial universe and u € w], then (ii) {[there exists ¢ such that 1 is a
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tower and t € P Pu and u € t] iff [there exists ¢ such that f € w and (r is a
tower)™ and (t € PPu)™ and (4 € 1)]}. The three formulas relativized
to w are all bounded. Hence (by 1.1) the *)’s can be deleted. Clearly it is
enough to show that if (i) holds, ¢ is atower, € PPu,andu €t thent € w.
But, by 8.3.2 and our hypotheses, it is clear that the partial universes u, P Pu,
and w must lie in that (C)-order, sot € w (as ¢ € P Pu).

Problem 6. Additional hints. By definition, u is a partial universe iff for some
t, t is a tower and 4 € ¢. The trouble is thatthis ‘for some ¢’ is not a bounded
quantification. Try instead (perhaps differently in several cases) things like
3t e u)(¢' isatower A(Qv € 1)(u = PPt')).

§2. Problem 1. Assume ZFC© is consistent. We will prove that ZFC©® 4
‘there is no inaccessible cardinal > Ry’ is consistent. Write ‘u is a big universe’
or A(u) for ‘u is a limit universe and not the first, and u has class replacement’.
There exists an inaccessible cardinal > Nj and JuA(u) are equivalent in
ZFCO (by 8.2.6 and 8.3.3). It remains to show that ZFC®+ ~ JuA(u) is
consistent. This is certainly so if ZFC® -~ JuA(u). So we may assume
that contrary, i.e., the theory T = ZFC® + 3u A (u) is consistent.

Let W(x)be ‘x ethefirstbiguniverse’. Clearly T I IxW¥(x). By 1.2-1.4
(always ignoring the case ‘P is V), we see that if T is any axiom of ZFC©
then T (or less) - ™). We finish by showing that T I (~ JuA )™, (If
so, then W interprets ZFC@4 ~ 3uA(u) in T, so ZFCO+ ~ uA(u) is
consistent, completing the proof of 2.2.) Indeed, it follows from (2) and (3)
that A(u) is T-absolute. Hence T + W (u) A (AW))™ — A(u). But W(u)
is ‘u is the first big universe’, while A(u) is ‘u € the first big universe’. Thus
T b~ (U ) A (A@)Y), so T F~ (W) A (A@)™), and T + (~
JuA(u))™, as was to be shown.
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CHAPTER 11

§1. Problem 1. should say: Prove 1.4(a),(b),(c). Hints for (a): Let A < cfx.
As in the book, if f : A < k then f : A — a, for some @ < «. Hence
<Y e &' Also note that by G.CH., if u, u’ < « and v = max(u, ')
is finite, then u#* < v’ = v* < x. Now complete (a); and do (b) and (c),
which are easy.

Problem 2. 1.5(a) should begin: Any infinite order . .. .

Proof of 1.5(a). First we prove: any order A has a cofinal subset which
is a well-order (under <4). Pick b ¢ A and well-order A by <. Let A=
We define a,, for n < «* by recursion: If (a, : n < &) is <4 .increasing and
(its range) is not cofinal in A, then let a; be the <-first member of A such
that a, <4 a; for all n < £. Otherwise (for ‘purely technical reasons’), put
ag = b. Clearly a; = b for some § < «* (else k = k*); let y be the first
such §. Thus {a, : n < y} is a cofinal subset of A which is well-ordered by
<4 (indeed, in order type y).

Now we complete (a) by proving: Any well-order B, of power k > Ry,
has a cofinal subset C of ordinal < «. Clearly we can assume B is (£, ¢;)
where k < { < k*. Write { = {op, ..., 0, ... Jg<x. We now define by
recursion ordinals B¢ for § < . If there is an ordinal y in { which is greater
than B, forall n < &, then let y’ be the first such y and put B¢ = max(y’, a;);
if not put By = (say) £. If By < ¢ forall £ < «, then {B; : § < «} is cofinal
in ¢ (since B; > ) and has order type x. Otherwise, let £ be the first ordinal
such that B; = ¢. Then {8, : n < £} is cofinal in ¢ and has order type § < «.

Problem 3. The proof of 1.5(b) consists of several arguments. 1.5(a) is
applied twice near the beginning.
No induction or recursion is needed.

Problem 4. Prove 1.5(c). The author cannot find a ‘proof’ as simple as
the book thinks it knows (though one may exist). Here is an outline (to be
completed) of a (well-known) proof: First the reader should give the easy
proof of

Propaosition (I). The following are equivalent:
(i) a is a regular cardinal
(i) a =cfa
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(iii) for some B, a = cf B.

Theorem (IL) Let A = (A, <) be any order. Suppose B and C are both cofinal
in A, and Ord B and Ord C are both regular cardinals. Then Ord B = Ord C.
((I) will be proved below), after 11 and its proof.

Proposition (IIL) (II) = 1.5(c).

The proof of (III) is harder than that of (I) but is straightforward in, say,
5 or 6 ‘well-chosen’ lines.

Proof of (II). We know that Ord B < OrdC or Ord C < Ord B. Clearly we
can, without loss of generality, assume Ord B < Ord C. We will obtain (using
B-recursion) an isomorphism f of B onto a cofinal subset of C. We justify
this (somewhat informally) as follows: Let b € B, and suppose we have
(f(d) : b’ < b), an isomorphism of {b' : b’ < b} onto {f(b") : ' < b} C C.
Since Ord B is a cardinal, {0’ : b’ < b} and hence { f %) : b’ < b) have power
< B < C so {f(d) : b’ < b} is not cofinal in C, as C is regular. Hence
we can take ¢’ = the C-first element > f(b’) forall ¥’ € B, and take ¢’ =
the C-first element >4 b, and f(b) = max(c’,c"). It is easy to see that f
is well-defined (by B- recursion). The reader should prove that D = f[B]is
cofinal in C (in 2 lines), so D = @ Also, he should check that if U and V
any orders such that Ord U and Ord V are regular cardinals and U v then
OrdU =0rd V. So Ord C = Ord B’ = Ord B.

§2. Problems 1-4. Problems 14 already have hints.

Problem 5. Here is a sketch of a proof of 2.54C with much to be filled in.
Theorem 2.5“5: If @ > 2, B # 0, and « is infinite or B is infinite, then
of = max(@, B).

Proof. Claim (0) If « is infinite and A # O then max(x, A) - A = max(x, »).
(Just take cases ¥ < A and ¥ > A.) Henceforth assume o > 2 and 8 # 0.

Claim (1) @ > B. The proof is by induction on g > 1 (with « fixed).
Claim (2) o > a. Proof in 2 lines with no induction.

By (1) and (2), «? > max(, B). Hence (3) (_x_zﬁ > max(@, ﬁ).

Claim (4) If & >  then o? < max (3, B).

Do the easy case 0 # B < w, then prove (4) holds for 8 > w by induction
onf > w.
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(Note: If B = &, a limit ordinal, then supy ;& < 3 5, . In the step
from 8 to B + 1, use (0).)

Cla_i_m (5) Take @ = n > 2 and hence g infinite. Then nf < ? (=
max(7, B)).

Proof is by induction on 8 > w. Do B = w first. Next, assuming that
B > w and (5) holds for 8, show (5) holds for 8 + 1. These two steps are easy.
Finally, assume B = § is a limit ordinal > w and n? < yifo<y < 8. Then
n = SUp, s N7 = SUP,<y s NY < qudn:’ = Py 7 < 5.5 =a.
Thus (5) is proved and 2.5 follows from (3), (4) and (5).
Problem 6. Theorem 2.6(c) should read as follows:

(Representation to the base > 2.) For any { there exists n,

00, ..., 0p—1, and 7o, ..., Np—1 Such that g > 01 > -+ > @p

and, foralli <n,0<n < B,andt =%+ m+--+

B~ . nn—1; moreover, the representation is unique.

Now the proofs of both existence and uniquenes (in 2.6(c)), using 2.6(a)
and (b), are fairly easy.

Problem 7. We shall do (b) => (a) (leaving (a) = (b) as an easy but good
problem for the reader).

Note: If y < o, then y < ® - p for some §' < &, some p € w
(by 2.6(b)). Hence, if y,y’ < w® then for some §' < w, some p, we have
vy <a - p.

Now assume (b) and suppose (a) fails, i.e., w® can be written as y + p
where 0 < p < w® (and hence ¥ < w®). By the Note above we have y, p <
w® . p for some §' < & and some p. Hence w® =y +p < 0¥ (p + p) < ®,
which is absurd.

Problem 8. Let K,p = {f : B = a : f(y) = O for all but finitely many
y < B}. Fordistinct f, g € K, put f < g iff among the finitely many y for
which f(y) # g(v) the largest such y has f(y) < g(y). Write K;, for the
structure (Kq g, <).

It is clear that < is irreflexive and connected. We now show that < is
transitive. Suppose f < g and g < h. Let §; = max{y : f(y) # g(y)} and
82 = max(y : g(y) # h(y)). Consider the three cases: 8; = 8, §; < 87,
82 < 8,. In each case a straightforward argument shows that f < h. We
illustrate with the case 8, < 8, and leave the other two cases to the reader.
Assume 8; < 8. Using the definitions of &, and §,, we see the following:
Clearly f(82) = g(82); but g(82) < h(82) so (x) f(82) < h(82). Clearly
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F (&) = g(&) = h(&) for all £ such that §; < § < B. Hence, by (*), f < h,
as desired. Thus K, is an order.

Ify < B,putKE, = (f € Kop :forall§,ify < & < Bthen f(§) =0).
Also, let 'y, g be the function on K, such thatif g € K, then ['y,5(g) is the
SonpBwith f [y =gand f(¢£) =0if y <& < . Itis straightforward to
check that K " is a proper initial segment of K, and I’y is an isomorphism
of K, onto K ”' (which is K~ ” as a substructure of K ﬂ)

Now we prove by mductron on ‘B’ that, for all g, (!) K, has order
type o? (and hence is a well-order). If 8 = 0, (!) is clear. Suppose (!)
holds for 8. If f € Kq,p41 thenclearly f | B € Kqp and f(B) < a. Put
F(f) = (f | B, f(B)). We claim K ﬂHZK ap - a* (where - is the ordinal
product of orders and a* is (@, €;). Clearly F is 1-1, on and onto. But we
also have f < g iff f(B) < g(B)or (f(B) =g(B)and f [ B < g | B), as
one easily checks. Thus the claim is proved. Hence K 5., = Kg5 - o* = (by
induction hypothesis) a? - @ = af*1,

Finally, suppose (!) holds for all 8 < & (a limit ordinal). Then for each
B <$,(K ‘ﬂ and hence also) K's is isomorphic to (a?, €); let this umquely
determined map be Gg : 5* — (af, €). We now have K, ; = Uﬂ<8
(where B~ K ap IS @ charn under “is a proper initial segment of™). Also
al = Up<5 a” (again a chain under “is a proper initial segment of™"). Moreover
the Gg's are a chain under C. It follows that G = | J4; G is an isomorphism
of K2; onto a®. This completes the proof.



