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We consider an environment of a fixed size that can be converted to another use. This

conversion can be made in steps, but itieversible The future benefits (per unit) from

the original use, and from the alternative use, follow a diffusion process. For a fairly

general case, we show that thalue functionmust be the unique (viscosity) solution to

the associated Hamilton-Jacobi-Bellman equation. We also exhibit several properties of

the solution for the case of constant relative risk aversion betweamd 1, and a log-

linear diffusion for the benefits. Journal of Economic Literature Classification Numbers:

C61,D090,Q30.

1. INTRODUCTION

In this paper we study a class of dynamic optimization problems, inspired by
questions on the economics of environmental management, which are character-
ized by uncertainty and irreversibility. We consider an environment of a fixed
size that can be converted to another use. Though this conversion can be made
in steps, it isirreversible The future flow of benefits from each possible use is
uncertain. We model these futuitewsas following a diffusion. The utility flow

in turn depends on these benefit flows. The presence of irreversibilities, together
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with the increase over time in the quality of information about the future values
of the benefits, gives rise to what Arrow and Fisher [2] named a “quasi-option
value” and Henry [12] the “irreversibility effect; that typically creates a bias
towards a more conservative conversion policy. In fact our model is basically
a generalization to many periods of the example used by Arrow and Fisher to
discuss the “quasi-option” value.

We first consider a fairly general type of optimization problem and show that its
value functiormust be the unique (viscosity) solution to the associated Hamilton-
Jacobi-Bellman equation. We then specialize to utility functions that exhibit
constant relative risk aversion parameter p satisfying0 < p < 1, and a
log-linear diffusion for the benefits. In this case we can characterize the solution
much more explicitly. First, the optimal action becomes simply a function of the
fraction 6 of the environment that has not yet been converted and ofattiee z
of the benefit flows from the alternative use to the benefit flows from the original
environment. Hence our problem becomes essentially one dimensional. As in
[15], the optimal policy is fully determined by agxercise boundarythat is a
map from the ratio of benefits to the “optimal” fraction of the environment
to be preserved. 1§, < ¥(z), the optimal policy is to immediately “jump” to
¥ (z). Of course, since conversion is not reversible]yif> (z), it is optimal
to “stay put”. The optimal policy after time zero is to continually “deflect” from
the regiong < v(z). We discuss this particular case in Section 4. As usual, we
start by using heuristic arguments. We first write down the optimization problem
and proceed in subsection 4.1 to show that the exercise boundary must satisfy a
particular equation.

In subsection 4.2, we present several qualitative properties of the exercise
boundary. We show that there is a valu@) > 1, such that ifz < z(p), the
optimal policy is to stay put, even # = 0. That is, development should not
start at all until the benefits of the alternative project exceed that of the original
environment by a certain amount. This is one of the implications of the presence of
the quasi-option effect. Property 4.3 then characterizes the amagurguch that
if z > z(p) then the optimal policy is to sét= 1 (full conversion). In the case of
risk-neutrality(p = 1), z(1) = z(1) that is, the quasi-option effect implies that a
minimum threshold(1) > 1 must be reached before conversion starts, but once
this threshold is reached full conversion occurs. When risk aversion is present
(p < 1) the level ofz(p) that leads to full conversion is finite, but strictly exceeds
the level ofz(p) required to start conversion.

Several results comparing solutions are also established. An increase in the
expected rate of growth ok (or a decrease on the expected rate of growth of
Y) leads to a more conservative policy. The decrease in the rate of groukh of
makes it less likely that the irreversibility constraint is ever binding in the future
and hence, as argued earlier by Kolstad [16], lowers the “quasi-option” value.

Lc.f. also [11] and [16].
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Similarly, an increase in the discount factor leads to a less conservative policy.
We also show that an increase in the correlation between innovatiokisand

in Y, lowers the option value of remaining at a giveand hence leads to a less
conservative policy. Finally we argue that an increase in risk-aversion, because it
makes diversification more valuable, leads tessconservative policy wheé is

small (that is, when much of the original environment is still preserved) and to a
moreconservative policy wheé is large.

The effect of irreversibilities and changes in information have also been studied
in the literature on irreversible investmentsd. [1], [19]). In fact, the optimal
investment policies in the models of Pindyck [20], Bertola [3] or Dixit [8] exhibit
the same “deflection” behavior of our model in Section 4 and Kobila [15] analyzes
models of irreversible investments in a singular stochastic control set up similar
to ours. One novelty in our analysis is that we allow for two capital stocks instead
of one. In addition, we admit risk aversionFinally, the economic problem that
we study leads naturally to different comparative statics questions and results.

Even though our formulation is motivated by questions about the economics
of environmental management, our results should prove useful in other set-ups in
which one can convert at a fixed price from one project, or asset, to another but
this conversion is irreversible. We hope to develop these connections in future
work.

2. THE MODEL

As discussed in the introduction, we model an environment of fixed size which
can be developed into an alternative use. The developmergvusrsibleand the
benefits (per unit) of the original environment and of the alternative project are
random. More precisely, we suppose the per unit benefits of the environment, at
instantt > 0, are given by a diffusion that satisfies

dXy = p1(Xp)dt + o1 (X)) dW,. (1)

The alternative project has a flow of (per unit) benéfjtthat is also a diffusion
and satisfies

dY; = pa(Yy)dt + oo (Y;)dW2. )

Here, W} and W? are Brownian motions defined on a probability space
{Q, F, P} and have a correlation coefficient (—1,1). We assume tha, > 0,
Yy > 0 and that the coefficientg; ando; satisfy conditions that guarantee that
X, > 0andY; > 0%.We will also assume that far= 1, 2 the functions:; ando;

2c.f. also Remark 2.2 below.
3There are many alternative standard conditions that guarantee this property. For instance we could
assume that the origin is absorbing. for i = 1,2, 4;(0) = 0;(0) = 0, or we could assume
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are Lipschitz, that is:

1 (X) = (X)) < KY|X - X7, 3
and

2(Y) = p2(Y')] < K4|Y =Y, (4)

and similarly for the functiong; ando,. Finally we assume that the dynamics
are“concave’l.e. for each(t,w) the functions that map the initial conditiofi§,
into X;(w) andYj into Y;(w) are concave.

Remark 2.1.This concavity holds ie.g. for eachi = 1,2 u; is concave and
o; is linear. This can be shown by letting;* denote the solution to equation
(1) with initial conditionzy, z2 or z3 = Az; + (1 — A2, A € (0,1). Let
X, = AX[ (1= X\ X7, Finally, letA, = X, — X*. Using the concavity of,
the linearity of the volatility term and standard iteration arguments for establishing
classical comparison results for the solutions of stochastic differential equations
(e.g. [14],Chapter 5, Propositions 2.13 and 2.18), we gefihatix{A;,0}] =0
a.s. for allt > 0. Hence,X; < X as.

If at time ¢ a fractiond, of the environment has been transformed, then the
utility flow is given by U((1 — 6,) X, 6,Y:), whereU is a continuous, concave
function that is increasing in its arguments, wifti0, 0) = 0.

The initial data is given by, = x, Yy = y and the fraction of the environment
that has been transformég = 0. We will write F, for the o-field generated by
the realizations of the pair of Brownian motions uptto The objective is to
choose anF;— progressively measurable non-negative, non-decreasing process
of cumulative development/;, to maximize

E/ e PU((1 - 6,) Xy, 0,Y;)dt, (5)
0

whereX; solves (1) withX, = z, Y; solves (2) withYy = y and
0<6,=6+M, <1 (6)

For convenience we assume thef, = 0. Note that the above equation
indicates tha¥ is a state variable, andl/; is the control process that we have
to specify in order to maximize the payoff given in (5). The fact thét is
non-decreasing captures threeversibility of the development process and the
constants measures the time rate of discounting. We will weitg for the set of
non-negative, non-decreasirfgj-measurable processés that satisfy (6).

properties onu; ando; that imply that the origin is not attracting, which insures the positivitykof
andY%, if we start at positive initial conditions.
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Remark 2.2.The formulation of the objective in equation (5) is justified if we
assume that the benefits of the natural environment and of the new project are not
spanned by existing assets. This is different than what is done in the irreversible
investment literature where spanning is typically assumed; but seems more natural
in our context. Further, we set the cost of development to zero. Equivalently, we
may assume that the costs of the development are linear an¥f tisathe flow
of netbenefits, already accounting for the cost of development. In any case, we
could easily accommodate a constant marginal cost of development.

We define the value function associated with the expected payoff (5) via:

v(z,y,0) =sup F e PU((1 = 6,) Xy, 0,Y7)dt. (7)
Ao 0

ProrosiTiON 2.1. If 8 > max{K{', K}'}, then the value function is concave,
non- decreasing in: andy and non-increasing if.

Proof: SincelU is concave, anf < 6, < 1, we know that there are constants
M, Cy andCs such that:

E [ e PU((1-0)X,0,Y,)dt <E | e PYM+C X, + CoYy)dt.

0 0

SinceX; > 0 anduy(-),o01(-) are Lipschitz functions we havB(X;) = = +
fg Euy(Xs)ds < [z + pi(0)t] + KY' fo s)ds and hence, from Gronwall's
inequality, E(X;) < ¢,eX1* for somec;. S|m|IarIy, (V) < coef2t. Hence the
value function is finite. The concavity follows from the concavitylofand the
“concave dynamics”. The fact thétis increasing an < 6, < 1 guarantees that
v is nondecreasing with respectiandy. Finally, sinced,, C Ay, if 65 < 64,
v IS nonincreasing if.

Notice that the role of the bound ghgiven by the Lipschitz constants is to
insure the finiteness of the value function. In order to establish uniqueness or, more
generally, comparison results, it is more convenient to strengthen the assumption
on the size of the discount factor relative to the Lipschitz constant slightly to:

B > max{K} Ky} +1. 8)
This assumption is onlgpparentlystronger. If3 > max{K}', K}'} we may
always (linearly) change the measurement of time so that (8) holds.
Remark 2.3.Since#, is non-decreasingy(z, y,1) = E [~ e #*U(0, Y;)dt
Remark 2.4.If 41 (0) = 01(0) = 0, thenifx = 0, X; = 0 for eacht > 0. Con-
sequentlyp(0,y, ) = SXpE /O e PtU(0,6,Y;)dt = E / e PtU(0,0Y;)dt.
0
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Remark 2.5. Similarly, if p2(0) = 02(0) = 0, thenify = 0,Y; =0
for eacht > 0. Hencev(x,0,0) = supE | e PU((1 — 6,)X;,0)dt =

E/ e PU((1 - 0)X,,0)dt.
0

Recall that astopping timer is a non-negative random variable such that the
event{r < t} is in F;, for eacht > 0. We next state thdynamic programming
principle:

THEOREM 2.1. If 7 is a stopping time then:

v(z,y,0) = sup E[/ e PU((1 = 0,) X, 05Ys)ds + e "To(X,, Yz, 67))(9)
Ag 0

wheref* = 6 + M* with M*, the optimal control process at time

Proof: See [10].

As is standard in stochastic control problems, we first assume that the value
function is smooth and derive the associat&mmilton-Jacobi-Bellmamquation
heuristically. This equation turns out to be a nonlinear variational inequality with
a gradient constraint. Due to inherent degeneracies in the HIB equation, it is
convenient to work with weak solutions in the appropriate class. These turn out
to be the so-callediscositysolutions, presented in subsequent sections. It is in
this class that the value function turns out to be the unique solution of the HIB
equation.

In the case of a HARA utility function and log-linear laws of motion, the
homogeneity of the problem allows us to reduce the dimensionality and obtain a
solution to the HIB equation in closed form. This solution is smooth and thus it
is a viscosity solution. Therefore this solution coincides with the value function
because of the uniqueness of viscosity solutions to the HIB equation (see section
3).

There are two possibilities at each instant: preserve the environment or develop.
If the decision is to preserve for a time periodr], thend; = 6 in [0, h]. Hence
by the dynamic programming principle:

h
v(z,y,0) > E[/ e PU((1 = 0) X, 0Y,)ds + e~ "o( X, Yi, 61)], (10)
0
with equality if the optimal decision is to keép = 6 in [0, A].

Assuming that Ito’s rule applies o ?"v(X},, Yy, ;) in (10), dividing both
sides byh and taking the limit ag — 0, we obtain:

Bv > Lo+ U(((1—0)x,0by), (11)
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with equality if ¢, = 0 in [0, h].
Here, L is the differential operator associated with the diffus{ofy, Y;), that
is:

Lf = m(x)fo+ p2(y)fy +
3 U%(x)fwc + O’%(y)f’yy] +701 (T)U2(Z/)fxy (12)

Next, assume that the optimal decision is to develop part of the environment and
thatAd represents the instantaneous share that is developed. dphen,d + A6
and (9) implies:

U(:Ea Y, 0) > E’U(iL’, Y, 00"’)'
Clearly, if the optimal decision at the poifi, y, §) is to move instantanegusly to
(z,y,0+A0) with Af > 0, then a singular transaction of magnitutié — (6 — 6)
is also optimal for any poin € (6,60 + A#). Dividing the above equality by
Af > 0 and sending\é | 0 yields at the poinfz, y, )

1}9:0.

In general, an instjl/ntaneous admissible displaceu@nb 0 from the point
(x,y,0) to (z,y,0 + Af) is suboptimal which, in view of (10) yields

v(z,y,0) > Ev(z,y,0 + AG).
Dividing by A6 and passing to the limit a8y 1 0 gives
ve < 0.
In any case we obtain:
vg < 0. (13)

Writing (11) and (13) in a concise form gives the Hamilton-Jacobi-Bellman
(HJB) equation:

min{fv — Lo —U((1 — 0)x,0y), —vg} =0 (14)

forz >0,y >0and0 <0 < 1.

3. VISCOSITY SOLUTIONS OF THE HIB EQUATION
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A classical approach in the theory of stochastic control is to derive information
about the value function and the optimal policies via the associated HIB equation.
In fact, if it is a priori known that the value function is smooth then itis a classical
solution of the HIB equation and, moreover, the optimal policies can be obtained
in a feedback form via the first order conditions.

In many applications, like the one we study here, the value function may fail
to be smooth and therefore the notion of a solution to the HIB equation needs to
be relaxed. It turns out that the “right” class of weak solutions are the so called
viscosity solutiongintroduced by Crandall and Lions [7] for first order equations
and by Lions [18] for second order equatitns

The main advantage of employing viscosity solutions is that under fairly general
assumptions the value function turns out to beuthigjueviscosity solution of the
HJB equation. Furthermore, tstability properties of viscosity solutions ensures
that the value function and optimal policies of more tractable approximations to
the original problem, approach the value function and optimal policies of this
original problem. This convergence is valid even in cases where the original value
function is merely continuous. The theorems presented in this section elaborate
on these ideas.

Whenstate and control constraint@re binding, as for instance the state con-
straint (6) above, the value function can be characterizedasstrained/iscosity
solution of the HIB equation. The following notion of constrained viscosity solu-
tions was introduced by Soner [21], and Capuzzo-Dolcettta and Liohs [5]

Consider a nonlinear second order partial differential equation

F(Z,v,Dv,D*v) =0 for Z € D, (15)

whereD is an open subset ak”, F : D x R x R" x M(n,n) — R, and
M (n,n) denotes the set of x n matrices. We assume thatis continuous, and
if 0 < B e M(n,n), then

F(Z7t7p7A+B) S F(Z7t’p7A)

i.e. F'is (possibly degenerate) elliptic. Hefev € R™ denotes the gradient of
andD?v € M (n,n) the matrix of second-order derivativesiofWe denote byD
the closure of the open domdih

DEFINITION 3.1. A continuous functiom : D — R is a constrained viscosity
solution to (15) if and only if:

(i) For any functiong € C?(D), (i.e. for any ¢ that can be extended a<’a
function to an open set containifiy) and any pointZ, € D wherev — ¢ achieves
a maximum,

F(Z07U(Z0)7D¢(Z0)7D2¢(ZO)) <0.

4For a general overview of the theory see [6] or [10].
5See also [13].
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(i) For any functiong € C?(D), and any pointZ, € D wherev — ¢ achieves
a minimum,

F(Zy,v(Zy), Dp(Zy), D*¢4(Zo)) > 0.

If only condition (i) (or condition (ii)) is satisfied we calh aviscosity subso-
lution (resp.supersolutiohof equation (15).
Let

O={(z,y,0) ER*:2>0,y>0,0<6 <1},
andO its closure.

THEOREM 3.1. The value functiom is a constrained viscosity solution of the
HJB equation (14) oi©.

The proof of this result is essentially as in [22] or as in Theorem VIII.5.1 of
[10]. For completeness, we present some of the main steps assuming the existence
of an optimal trajectos; The proof will require the following Lemma:

To ease the presentation we introduce the generic arguthen{z, y, 6) and
we will use — by slight abuse of notation{z) to denotev(z, y, ).

LEMMA 3.1. Suppos€Z, = (zo,¥0,00) € O and¢ € C?(O) are such that
v < ¢, p(Zy) = v(Zp) and,$e(Z) > 0 for eachZ € B(Zy), a neighborhood of
Zy. Consider the optimal trajectori; starting att = 0 at Z;,. Lete be such that
(x0,90,60 + €) € B(Zp) and letA be the event that the optimal trajectory has a
jump of size at leastat timet = 0. ThenP(A4) = 0.

Proof: By the dynamic programming principle, we have that

o0, 90, 00) = / o0, you b + )dP + / o )P 16)
A Q\A

Hence,[, [v(z0, yo, 6o +€) —v(z0, Yo, 0o)]dP = 0. Sincev—¢ has amaximum
at Z,, we have that:

/A (620,90, 00 + €) — b0, 40, 60)|dP > 0, (17)

and also that the functionis subdifferentiable ak,. This together with the fact
thatv is non-decreasing ifl, yields ¢(xo, yo,60) < ¢(xo0,y0,00 + €). Letting
e — 0, and using Fatou’s Lemma, inequality (17) yields:

/ im infﬁﬁofﬁ(xo, Y0,60) — ¢(w0, Yo, 0o + €) AP < 0. (18)
A

€

6The technically inclined reader should consult [23] or [17] for general results on the existence of
optimal policies in singular stochastic control problems.
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Which, in turn, implies thaP(A)¢e(Zy) < 0. Hence,P(A) = 0.

Proof of Theorem 3.1 : (a) We first show thais a viscosity subsolution o
i.e. thatif ¢ € C?(O) andv — ¢ has a maximum afy = (¢, o,6o) € O then:

min[Bv(Zo) — LP(Zo) — U(Zo), —de(Zo)] <0, (19)

wherelU(Zy) = U((1 — 0y)x0, Ooyo). Without loss of generality we assume that
v(Zp) = ¢(Zp) andv < ¢ elsewhere. To prove (19) we argue by contradiction.
Let us assume thaty(Z,) < 0 and that there exists@&> 0 such that3¢(Z,) —
Lo(Zy) — U(Zy) > . Sinceg is smooth there must exist a neighborhood of
Zy, B(Zy) such that forZ € B(Zy),

¢o(Z) <0, (20)
and
Bo(Z) — Lo(Z) - U(Z) > 6. (21)
We write Z; for the optimal trajectory that startsiat 0 at Z, and let

T(w) = inf{t > 0 : Z}(w) € B(Zy)}. By the preceding lemmas(w) >
0 P—a.s. and inequalities (20) and (21) imply:

7(w) 7(w)
E / e Pl5dt < E / e PBH(Z;) — Lo(Z7) — U (Z)\dt
0 0
T(w)
B / e Plpg(Z; )dm, (22)
0

where, M} = fot dm? is the optimal policy.
By Ito’s formula :

E[(BT(“%(ZRW))] = ¢(Zo) +
(w)

7(w) 4
E / e PU=BH(Z7) + LOZ))dt + B / e P gg(Z7 )dm; . (23)
0 0

The dynamic programming principle together with the assumptions for the
maximum ofv — ¢ at Z, yields:

()
oz SB[ et T O0(Z), (24)
JO
Adding (22) to (23) and (24), we obtain:

(w)
E/ e Ptsdt <0,
0
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which is a contradiction.
(b) We now show that is a viscosity supersolution of (14) i@? i.e. that if
¢ € C?(0) andv — ¢ has a minimum af, = (X, Y, 0o) € O then:

min[Bv(Zo) — LP(Zo) — U(Zo), —pe(Zo)] = 0. (25)

Again we assume without loss of generality that ¢, v(Zy) = ¢(Zy), and
we will show that both arguments in (25) are non-negative.

Since choosings = 6, for 0 < s < t is feasible, the dynamic programming
principle implies that:

) 2 B[ [ U~ )XotV + 005 Yist)] - @)

Applying Ito’s formula toe =%t (X}, Y, 6,) and using the assumptions on the
minimum ofv — ¢ at 7, yields:

t
Bf /0 P (=B(Xs, Ve, 00) + LS(X s, Ve, 00) + U ((1—00) X, 60Y3))ds} < 0.

Dividing by ¢ and lettingt — 0, we get thaiv(Zy) — Lo(Zy) — U(Zp) > 0 (for
details see [22]).

Suppose now thaty < 1 and thatdy, < 6y, + My < 1. Again the dynamic
programming principle implies that:

é(x0,%0,00) = v(xo,Y0,00) > v(x0, Yo, 00 + Mo) > ¢(x0,y0,00 + Mp).

Dividing by M, and lettingM, — 0, since¢ is smooth,we obtaim,(Z,) < 0
and thus (25) is established.

Our next task is to characterize the value function as the unique constrained
viscosity solution of the HIB equation (14). This characterization will be used in
the next section to establish that the solution we obtain for (14), actually coincides
with the value function.

Remark 3.1. As it is usually the case in the literature of nonlinear partial
differential equations, we present the uniqueness result via a comparison theorem.
This is done only to provide more general properties of the solutions of (14), since
the uniqueness property follows easily from the theorem below. In fact, suppose
that besides the value functian there exists another viscosity solution to (14)
sayu which belongs to the same class of solutions that are continuous, concave
in z andy and nondecreasing th Since bothu andwv are viscosity solutions of
(14), they are both sub- and supersolutions as the Definition 3.1 requires. In other
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words, v is a subsolution and is a supersolution of (14). Then the comparison
result stated below yields that< « on O. Reversing the arguments yields that
v > u and the uniqueness follows.

THEOREM 3.2. Letw,v : O — R be continuous functions which are also
concave inz andy and non-increasing with respect o Also assume that is
bounded from below and that,is a viscosity subsolution of (14) @ andv is a
viscosity supersolution of (14) i@. Theu < v onO.

Sketch of proof: The proof parallels arguments in [13], so we present only
the main steps here. We start by constructing a strictly positive supersolution to
the HJB equation (14). To this end, let the function © — R, be given by
h(z,y,0) = N(1+z+y) — COwith N andC being positive constants such that
N —C > M > 0, whereM is large enough so that far> 0,y > 0,

Ulz,y) < M(1+z+y). (27)
Let
H(Z,v(Z),Dv(Z), D*v(Z)) = min{Bv(Z) — Lv(Z) — U(Z), —ve(Z)}.
Then the Hamiltoniadl (Z, h(Z), Dh(Z), D*h(Z)) > 0. In fact,
H(Z,h(Z),Dh(Z),D*W(Z)) =
min{3N(1 + z +y) — BCO — Npi(z) — Nua2(y) — U((1 - 0)z,0y), C}

> min{BN(1+z +y) — BC — N(Ki'z + Kiy) — M(1 +z +y),C}
= min{(B(N — C) — M) + (z + y)[(8 — max(K{', K3))N — M|, C}.

Here, we used (27), together with the fact thd{1 — 6)x, y) < U(x,y) and
that K{' (respKY) is the Lipschitz constant associated wikh( resp.Y’). Using
(8), we get:

H(Z,1(Z), Dh(Z), D*(Z))
> min{(3(N - C) = M) + (z +y)(N - M),C}
M
> mi -—
- - 2.0}
>min{3—-1,C} = M > 0. (28)
Next letw* = \v + (1 — A\)h for 0 < A < 1. Notice thatw” is a viscosity

supersolution off — (1 — A\)M = 0. In fact, letyy € C?(O) and assume that
w™ — 1) has a minimum af,. Thenif¢ = ; (v — (1 — A)h), thenv — ¢ also has
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a minimum atZ,. Sincev is a viscosity supersolution df = 0 and inequality
(28) holds, we have:

NH (Zy,v(Zo), D$(Zo), D*$(Zo)) +
(1= N H(Zo, M(Zo), Dh(Zo), D*1(Zp)) > (1 — A)M.

Since the Hamiltonia# (z, p, ¢, A) is jointly concave with respect @, ¢, A),
the above inequality yields:

H(Zy,(Z0), DY(Zo), D*¥(Zo)) > (1 — \)M, (29)

which in turn implies thatv* is a viscosity supersolution @f — (1 — \)M = 0.
Applying the comparison results of Theorem V1.5 of [13kt@andw?, we get

u < w on O.
Letting A — 1 we obtain the result.

Remark 3.2. For completeness, we note that the above comparison results hold
if we relax the continuity assumption and allow ferandv to be, respectively,
upper- and lower-semicontinuous functions.

Moreover, one could also drop the concavity assumptiom by allowing v
to be of sublinear growth and bounded from below. (We refer the technically
oriented reader to [13].)

4. THE CASE OF AN ADDITIVE HARA UTILITY FUNCTION

In this section we assume that the dynamicsXgfandY; are lineari.e. that
equations (1) and (2) are specialized to:

dX; = pX.dt + o X dW} (30)
and
dY; = 1 Yydt 4 o1 Y,dW2. (31)

For definiteness we will assume that> 0 ando; > 0. This will allow us to
state that whery > 0, (v < 0) the innovations taX; andY; are positively (resp.

“A function f(z, y) has sublinear growth if, for some consta¥it f(z,y) < N(1 + = + y), for
x andy large.
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negatively) correlated. We also specialize our utility functitm

U((1 — 0)z, 0y) = w, 0<p<l. (32)

The homogeneity of the value function of degpdellows from the homogene-
ity of degreep of U and the linearity of the state equations. As we observed in
Remark 2.4, the problem is trivial whenever= 0. The homogeneity enables us
to reduce the dimensionality of the original problem from three to two whenever
x #0. If x #0, for z = y/x, homogeneity yields:

v(z,y,0) = 2Pv(l, z,0). (33)
Define:
u(z,0) =v(l,2,0) =2 Pv(z,zz2,0). (34)

Then, at least formallyy solves:
- 1
min{fu — §k%z'2uzz —kozu, —U(1 —0+6z),—up} =0, (35)

where
B = B+p(l—p)o?/2—pp
k2 = 0% —2y010 4+ 02 (36)
ke = o’(1—p)+ryoro(p—1) = p+ .

We will assume tha# is large enough, so that
B > max(k?, ky). (37)

This growth condition will be subsequently used in the construction of the solution
and the specification of the optimal exercise boundary.

We can show that in fact is the value function associated with the reduced
problem:

w(z,0) =supE | e PH((1 = 0,) + 0,2,)Pdt, (38)
Ay Jo
subject to:
dzy = kozedt + kyzdW), (39)
do, = dM,

8The limit casep = 0, corresponding to logarithmic utility function can also be treated. However,
since we assumed earlier tH&f0, 0) is finite, we would need to present further arguments.
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whereW}! is a Brownian motion andl, is defined along the same lines.4s.

Remark 4.1.The drift in the stochastic differential equation (39) is not equal
to the drift of the variable = £ under the law of motion given by equations (30)
and (31) (although the volatility is). This change in drift and of discount factor is
necessary because the objective function in (38) does not account for the level of
the variableX.

Remark 4.2.As pointed out in Remarks 2.3 and 2.bsatisfies:

u(z,1) = E/ e PtPat, (40)
0

1—-0)?
u(0,0) = (1= 6" (41)
B
Also, u(.,6) is concave and strictly increasing aa(k, .) is concave and nonin-
creasing.

4.1. Optimal exercise boundary

Since the HIB equation is associated with a singular control problem, it is
expected that the state space is partitioned in two regions, say tegiwhregion
II. Inregionl, us < 0and henceu— (1/2)k?2%u,, —kozu, —U(1—0+0z2) =
0, while inregionlI, ug = 0. If (z,0) € I, then no action is taken. (&,0) € I
the optimal policy is singular. The next task is to characterize these two areas.
We first assume that the common boundary of the two regions is described by a
curvez = ¢(#), and we provide an explicit description of this boundary. Later we
show that, in fact, this boundary characterizes an optimal policy, in the sense that
if (2,0) € IT ={(2,0) : z > ¢(0)}, an optimal policy is to jump instantaneously
to thed, that satisfies = ¢(6), while, if (z,0) € I = {(2,0) : z < ¢$(0)} then
no action should be taken.

Remark 4.3.The concavity ol implies thatu, is monotone. Hence, {&, 0) €
I andd’ > 6, then(z,0’) € I. Also from Remark 2.5, we know théd, 8) & 1.

Remark 4.4.The functiong must be monotone. In fact if < 2/, for any6,
o+ (2,60) < 0o+ (2, 60). (42)

To see this, first suppose thdt> z > 1. Let T be the first time that, (2, ) <
z. Natice that, by the dynamic programming princigle, (2, 6¢) > 6o+ (z, 09).
Foreach) <t < T, let

0:(2',00) = max{6;(z',600); 0o+ (2,60)},

and fort > T'letd, = 6,. If (42) does not hold, since > 1, thed, path dominates
the candidate optimum. If > 2’ > z, an analogous reasoning can be made by
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choosingI’ to be the first time at which the path startingzatrosses the level
and choosing fot < T,

0:(2,00) = min{6;(z, 00); 0o+ (2, 60)}.
We will proceed by assuming that the functignhas an inverse) and by

constructing a smooth solution to:

%:0 (0 el (43)

u(z,0) =u(z,¥(2)) (2,0)€ll. (44)

~ 1
Bu — ik%ZQUzz — kozu, —

In Appendix A we show that (43) and (44) imply:

p

Bu — %k%zQuzz — kozu, —

Again, by writing/f for the differential operator associated with the diffusion
z¢, We may express equations (43) and (45) as:

[L-0+0ap
p
= w(z)p+ LACILI 0,2) € II. (47)

Bu — Lu(z,0) — =0 (8,2)€l, (46)

B — Eu(z7 0) —

Therefore, as shown in Appendix A, with an argument similar to that in [15], the
functionu must satisfy:

2 L (PO [0+ 0zl
O [ o
= A= d(@) + P()a]?
P1
+z /qw) e dm] , (48)

wherep; > 0 > ps are the roots of the quadratic equation
1 _
Skip® + (ke = ki /2)p = B =0. (49)

In order to guarantee that the solution- together with the optimal exercise
boundary — is well defined, we need the ropts p. to satisfyp, < p — 1
andp; > 1° In Appendix A we show that these properties follow from the

assumptions on the discount factom (37).

9see for example [15] (Section 6).
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A simple computation yields:

= povw] dr = 0.

u(p(0),0)  2¢(0)r /W) (x — 1)1 — 0+ 0z]P1
o0 (p1 = p2)o? Jo

Hence the optimal exercise boundary must satisfy:

14 p—1
¢(9)zsup{€:/0 (z = D[L — 6+ ba] d:c<0}. (50)

P2+l

This is easily seen since the integrand on (50) is monotone, negative for small
values of¢, and the integral must vanish atf).

4.2. Qualitative properties of the optimal exercise boundary
We present here some properties of the optimal exercise boundary:

PROPERTY 4.1.
1
#(0) = Hlel
| p2 |

Proof: From equation (50), we know that,

#(0) #(0)
/ x~ P2 dr = / z= (P2t gy,
0 0

The above condition holds f@n(0) = 0, or for ¢(0) = % > 1. We claim that

¢(0) # 0. In fact, recall from Remark 4.3 that6) > 0, if 6 > 0. If $(0) = 0,
let z < 1 be in the range of, sayz = ¢(61). Then:

povren dx < 0,

/¢(01) (x —1)[1 -0+ Oz]P~?
0

which gives a contradiction. Thereforg(0) = (1+ | p2 |)/ | p2 |-

Property 4.1 guarantees that there exists a valpe> 1 such thatifz < z(p),
the optimal policy is to stay put, evendf= 0.

PROPERTY 4.2. Equation (50) defines an increasing function [0, 1] — R.

Proof: Define foreach <6 <1,

Pk, 0) = /Ok (z— DO —0+06a" (51)

P2+l
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The following properties are immediate:
(i) F(0,0) =0,
(i) F(k,0) <0, ifk < 1,F(k,0) > 0,ifk > 1, andlimy_,o. Fi(k, 0) = cc.
Hence, for eacth < 6 < 1 there exists exactly ong(f#) > 1 such that
F(¢(0),6) = 0, and furthermore, thig(#) satisfies (50). Further,
F(1,6,) < F(1,09) if, 6; < 65. Hence:

/¢(91) (CE _ 1)[1 —0+ gx]P—ldm B /¢(92) (aj — 1)[1 -0+ 933]p_1
1 1

>
2P+l 2P+l dz 2 0,

thatis,p(01) < ¢(62).

PROPERTY 4.3. The functiony(6) satisfies:

pt | p2 |
p(1) = 2121
) pt|p2| =1

Proof: Sincep+ | p2 | —1 > 0 (see Appendix A) we know that

#(1) 6(1)
/ P Flp2l=1 4, :/ P2l =2 4,
0 0

pt+|p2|

o) pt+lpa | =1

Remark 4.5.As stated above, the growth conditions on the roots of the char-
acteristic quadratic (49), namely < p — 1 andp; > 1 are needed in order to
guarantee that the solution in (47) is well posed. In addition it is worth observing
at this point that if the conditiops < p — 1 is violated, then (50) will yield
(1) = 400, i.e. for this range of parameters, full conversion is never optimal.
We do not examine these cases herein.

Hence:

Remark 4.6.f z > z(p) = piﬂfﬂw then the optimal policy leads to full
conversion. Observe that as— 1 (linear utility) then¢(0) — ¢(1) — (1+ |
p2 1)/ | p2 |, which together with the monotonicity @f implies that the optimal

boundary converges dp — 1) to the vertical linep(0) = %. That is, the

2]

optimal policy converges to: “do nothing if < ¢(6) and convert everything if
2> ¢(0)".

The next Proposition studies the behaviordofvhen the parameters of the
problem change. Notice that if a change in a parameter value niakesease
(for every value of), this change in parameter value impliesiare conservative
policy. To help analyze the effect of parameters on the solution to the problem,
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we will slightly abuse the notation and write the optimal exercise boundary curve
aso(8, u, p1,7,0,01,0).

PROPERTY 4.4. The functiony satisfies:

(i) 35 <o,

(i) 52 >0,

(iii) 84’ <0,

(iv) @¢ <0,

(v) If7<0 (%2) >0,

(Vi) If y <0, (32) > 0.

Proof: Recall thap satisfies:

F(¢79757M7M1777J70’1):07 (52)

whereF is the obvious analogue to the function defined in (51) above, obtained by
making the dependence on the parameteys 11,7, o, ando; explicit. Hence,
if ve{B,u,u,,0,01}, we know from the implicit function theorem that:

a_(b _ _Fl/((b(ﬁaﬂmulv’yﬂja 0’179)797ﬁa,u7/1/17/770’70-1) (53)
ov Fk’((b(ﬂ?/’bau1577070'170)79aﬁﬂu’7.u17770'701)
Further:
&(Bsp,141,7,0,01,0) _ p—1
F, = Gpg (2~ D1 — 0+ 62] Inzdzx. (54)

v gprztl

Notice that the integrand in equation (54) is always positive and thus

sign(F,) = —sign (%’f)

Further, from Properties 4.1 and 4.2 we know th&B, u, p1,v,0,01,0) > 1

and! as a consequence, tm(d)(/@) My p1,7%,0,01, 9)7 07 ﬁ7 My 1575 0, 01) > 0.
Hence

.0 9]
sign(97) = sign(92)
Hence it suffices to establish the signagéyﬁ. In Appendix A, we show thats
is the negative (in fact less than- 1) root of the quadratic equation (49), whose
coefficients,3, k? andk, are given by (36) in terms of the vector of parameters
(B, py 11,7, 0,01). Hence, if we write (49) as follows:

1 _
G(Bvﬂa;ula’yvaao—lvp)z ik%p2+(k2_k%/2)p_/67 (55)
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then implicit differentiation again yields, for eache {3, i, u1,7v, 0,01},

%__(36’)*18_6’

o \op v’ (56)

SinceG is convex inp and p- is the smallest of the two roots of equation (55),
%f(ﬂa My 1,7, 0,01, p2) < 0. Hence

s (22) =i (29),

and by using (36) we can easily establish (i). To show that (ii) holds, observe that:

oG
aiu(ﬂauaﬂlawag,o—lapﬂ:pfpz>0. (57)
Similarly:
oG
P) (5,/1’#1’%0701»[)2) = p2 < 07 (58)
M1

and therefore (iii) holds. Also:

oG

a—v(ﬂyﬂaﬂh%mo’hpz) = —P2010+0010+9010(P— 1)

= a10(—p5 + pap) < 0. (59)
Hence (iv) holds. Further,

oG
%(ﬁ7ﬂ7,u17’7)0—7 Ul»P2) = U(p% + P2 — 2P2p _p(l _p)) + ’yapo(p - p2)

= o(p2 —p)(p2 — (p — 1)) + yo1p2(p — p2). (60)

Sincepy < p — 1, the first term of the right hand side of (60) is always positive.
The second term is non-negativeyif< 0. Hence (V) is established.
Finally:

oG

%(ﬁaﬂ7ﬂ177707 Ulap?) = 0’1(P§ - p2) + ’YUpQ(p - ;02)

Again, the first term in the right hand side is positive and the second is non-negative
if v <0, and this establishes (vi).

The last Proposition states that an increase in the expected rate of refXirn of
leads to a more conservative policy (an increasg) irAn increase in the discount
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factor or in the expected rate of return ¥fin turn, leads to a less conservative
policy. An increase in the correlation between innovationXiand inY’, lowers
the option value of remaining at a givérand hence leads to a less conservative
policy. The comparative statics with respect to the volatilitiesr o; are more
complicated. Unless the correlation coefficier$ negative, an increase in the log
volatility of X, can have an arbitrary effect on the variancégfX — log Y, and

the variance of this difference is what determines the effect on theymhpfact,

if we increasek?, the variance of the innovations bfg X — log Y, and change
the other parameters i8, i, u1, v, o, 01 } in order to keeg3 andk, unchanged,
then one can easily verify thatgoes up.

Remark 4.7.The comparative statics with respect to the risk-aversion parameter
p are more complicated. A benchmark can be obtained by examining the case
where the two flow processes are identical and independent martingales=
01,7 =0andy = p; = 0. Sinceps is the negative root of equation (49) we
have, using the formulas for the coefficients given in (36) above, that:

Op2 _ (p—p2—1/2)

Jp p—2p2

Sinceps < p — 1, we have that:

dpa
0< — <1
< ap <

Using Property 4.1 we have that

“op TV
and, similarly, using Property 4.3,
9¢(1)
ap < 0.

That is, if we assume more risk aversigngpoes down), the optimal policy Iess
conservative for low values &f and moreconservative for high values é¢f To
understand the economic intuition behind the first part of this result, imagine that
X, andY; satisfy the same diffusion, that= 0, thatf, = 0 and thatX, = Yj.

In this case, if we ignored the irreversibility, the usual diversification result would
lead to an optimal choice @f = 1/2. The cost of departing from the policy of

0 = 1/2 is larger if the utility function exhibits more risk aversion (a smajier

and hence risk-aversion tends to decrease the threslip]d As risk-aversion
increases, the same tendency towards diversification increases the thigghold

at which full conversion occurs.
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Write ¢,,(8) for the exercise boundary when the risk-aversion parameter is
and consider the decomposition:

Pp(0) = ¢1(0) + (¢p(6) — $1(6)) - (61)

The first term in the right hand side of (61) is theasi-option effectThe second
term results from risk-aversion and is negative for I¢& and positive for high
0’s.

5. AVERIFICATION RESULT AND CONCLUSION

We first state the main theorem which characterizes the value function of the
original problem (7) when the utility function is of the form given by (4). The
proof of the theorem is presented in Appendix B.

THEOREM 5.1. Leta(z,y,0) = 2Pu(Z,0) whereu is the value function of
the reduced problem given by (48). Moreover, consider the curve given by (50).
Then:

(i) a = v is the value function of (7) and,

(i) the optimal policyM; is such that i) = 6§ + M, andy = ¢! then

07 = min{0,supv(Ys/Xs)}.

s<t

In this paper we considered a problem of developing portions of an original
environment when the development is irreversible and the benefits of preservation
and of the development project are uncertain. In the general case, we were able to
establish that the value function associated with the problem is the unique viscosity
solution of a Hamilton-Jacobi-Bellman equation. For the case where the utility
function exhibits constant relative risk aversion between zero and one, and the
benefits satisfy a log-linear diffusion, we were able to characterize the solution
much more explicitly. In this case, we showed that the optimal policy was given
by anexercise boundaryGiven the ratio of the benefits at any timez,, if the
fraction converted up to that point in time is below that given by a funetion),
then the optimal policy prescribes that the fraction converted be brought to the
level ¢)(z;). On the other hand, since conversion is irreversible, if the fraction
converted exceeds(z;), then no action should be taken.

This exercise boundary was shown to have several properties. We showed that
there exists &(p) > 1 such that ifz < z(p), then even if nothing has been
converted, no action should be taken. This means that conversion should not
start until the benefits from conversion exceed the benefits from preservation by a
certain margin. This, of course, reflects the fact that development is irreversible.
The functiory is monotonei.e. larger current relative benefits to conversion lead
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to conversion of a higher fraction of the environment. We also established several
comparison results relating changes in parameters of the problem to changes in
the optimal policy.

The problem we discussed is of course similar to that of converting one asset
into another. In complete markets set-ups such as that of exercising an American
option in the classical Black-Scholes framework, the optimal policy leads to full
conversion at a point in time. However, in the presence of incomplete markets,
though it is usually assumed that agents choose a point in time to convert the full
amount, there is no reason why this would be the case in an optimal policy, when
we permit fractional conversion. The framework of this paper should prove useful
to investigate this type of question.
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APPENDIX A

Derivation concerning the Optimal Exercise Boundary
In this Appendix, we prove two claims made in subsection 4.1 where we
established the properties of the optimal exercise boundary.
We start by establishing equation (45). Recall that from (44),if) € 11, we
have:

u(z1) = ulz, () (A1)
ur(0) = 9L (b)) + S b))

= 2ew(a) (A2)
2U 2'[,L
uy,(z,0) = 8—(z,¢(z))+aiae

022
— (z,9(2)). (A3)

(2,9(2))¢'(2)
o
022

Further, from (43) we have that:

_ 2

1 0
Bu(z,(z)) = ikffﬁu(z’e)l(z,w(z))
[ —9(=) +9G)"
p

0
_ szEu(z,G)‘(zﬁw(z)) +
Combining equation (A.4) with (A.1)(A.2), and (A.3) we establish (45).

We now show that (48) and the restrictions on the rpgts. p — 1 andp; > 1
hold. In fact, evaluating (49) at the point- 1 we get

(A.4)

2
O = RO+ (kD) p—1) -
2
= %(p—l)(p—Q)Jrkz(p—l)—B (A.5)

and, at the point,

Cy = ky — . (A.6)

To establish thap, < p — 1 andp; > 1, it suffices to show thaf’; < 0 and
Cy < 0. Notice that for0 < p < 1, Cy < k% — 3. Therefore, we need to have
max{k? — 3, ks — 3} < 0 which holds given (37)

Following similar arguments as in Proposition 2.2 of [15], yields that, for fixed
0, there exists a unique solution to the O.D.E.

[(1—0)+0z]P

. 1
Bu = 5/{%221/’ + kozu' + (A7)
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that satisfies appropriate growth conditioﬂis%u(z)/zf’Z = lim u(z)/z"* =0,
and it is given by:

u(z) =

2 *[(1—60) + 6a]? +5 (1 — §) + fa]?
D E———— P2 A s B o 1 W\ —v)rvx-
(p1 — pa2)o? [Z /0 prr2tl dr + z /z pIRE dz |(A.8)

Combining (A.4) and (A.8) yields (48).

APPENDIX B

Proof of Verification Theorem

Proof of (i): First we observe that the functiafiz, y, #) is a classical solution
in the interior of the domai®. Moreover, by using the definition of constrained
viscosity solutions, we can show thais a constrained viscosity solution @h
Moreovera is concave inc andy and nondecreasing ér(the latter argument can
be proven directly using the form af) Using the fact that the value function is
the unique (constrained) viscosity solution in the above class (see Theorem 3.2),
we easily conclude that coincides with the value function.

Proof of (ii): For ease of presentation, we present the optimal policy for the
reduced one-dimensional problem. Once we establish the optimality, the verifica-
tion of the original two dimensional problem is routireed. [9]). Although the
verification arguments follow along the lines of [15], we present them here for

completeness.
First observe that the functiangiven by (48), satisfies:

Bu = Lu+ % for z>0, 6 < (z), (B.1)

Ba = Bu+ 1= w(z); YR g 500 P(z).  (B.2)
Moreover,

ug(z,0) < 0if z > 0. (B.3)

Applying Ito’s formula tOe’Etu(zt, 0:¢), wheret is arbitrary, yields:

t
e_ﬁtu(zt, 0:) = u(z,0) +/ e_ﬁ“”(—ﬁu(zs7 0s) + Lu(zs, 05))ds +
0

t _ _
+ / e*ﬁsw(zs,es)msdﬁe*ﬁﬁ :[u(zti,t?;t)fu(ztiﬁti)], (B.4)
0

g
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where,m; represents the density of the absolutely continuous part of the control
processM;, and the last summation is over all timgs< ¢ at which M; jumps.
Taking expectations in (B.4) and using (B.1),(B.2), and(B.3) yields:

b gL — 05 + 0szs)P 5
u(z,0) > E {/ eﬁs%d{s + e Ptu(z,0,)|.  (B.5)
0

Lettingt — oo and using the monotone convergence theorem as well as the fact
that
lim e~"u(z, 6;) = 0 (this follows from the form of, and the growth conditions)

t—o0

we get:

20>E/ L=+ 02" ) (B.6)
p

Next assume that we use the politf}* such that:

0; = min{0,sup(zs)}. (B.7)

s<t

In other words M, represents a vertical reflection on the cufve ¢ (z). Then
the optimality of (B.7) follows from the fact th& never enters the interior of the
region{6 : 6 > (=)} fort > 0, and thatuy = 0 whenevei, increases.
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