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1 Introduction

We propose a new way to characterize risk price dynamics. Ihég methods of mathematical
Pnance, risk prices are encoded using the familiar risk neaittransformation and the in-
stantaneous risk-free rate. In structural models of macroenomic risk, they are encoded in
the stochastic discount factor process used to represenigas at alternative payo! horizons.
As an alternative, we depict asset pricing dynamics by exteing two types of methods:
local risk prices and impulse response functions. Localkiprices give the reward expressed
in terms of expected returns for alternative local exposuseto risk such as shocks to the
macro-economy. Impulse response functions characterizewhshocks today contribute to
future values of a stochastic process such as macroeconognawth or future cash 3ows.
First we develop a related concept but tailored to the pricig of the exposure to macroeco-
nomic risk, and then we extend the concept of a local risk pedy asking how the reward to
shock exposure changes as we alter the terminal or maturitag for the payo!. This leads
us to construct shock-exposure and shock-price elastieti as functions of payo! horizons.
Structural asset pricing models feature state dependenaerisk premia as well as sensitivity
to the payo! horizon. These risk premia depend on shock expaogs and prices, and the
elasticities we propose ref3ect both dependencies.

We believe that uncertainty about macroeconomic growth hasnportant welfare impli-
cations and major consequences to market valuations of famd-looking assets. To explore
these phenomena requires the simultaneous study of stodim@agrowth and discounting, in
contrast to the extensive literature on Pxed income secues and the term structure of in-
terest rates that abstracts from growth. Previous work hasaaight to provide informative
characterizations of risk premia for cash Bows that grow stbastically over time and to
extract the distinct contributions of risk exposure (the aset pricing counterpart to a quan-
tity) and risk prices. See, for instance, Lettau and Wachtef2007), Hansen and Scheinkman
(2009a,b) and Hansen (2009).

While there have been quantitative and empirical success#wough the use ofad hoc
models of stochastic discount factors specibPed Rexibly toferce the absence of arbitrage,
we continue to be interested in structural models that allovus to truly answer the question
Ohow does risk or uncertainty get priced?O The promise offsumdels is that they will allow
researchers to assign values to the shocks identiped in nmemonomic models and support
welfare analyses that are linked to uncertainty. While redeed-form models continue to
provide a convenient shortcut for presenting empirical es¢ence, we aim to provide a dynamic
characterization of risk pricing that will support structural investigations that stretch models
beyond the support of the existing data.

The methods we develop are applicable to models with smallatks, increments to Brow-
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nian motions, as well as large shocks, jumps with Poisson iaals. We illustrate our approach
with a series of examples. For lognormal models we derive sk@xposure elasticities which
coincide with impulse response functions familiar from th®AR literature. In more com-
plicated models, our methodology allows us to characterizeonlinearities in the dynamics
of asset prices. We contrast the habit formation models of @gbell and Cochrane (1999)
and Santos and Veronesi (2008), and we document important!eliences in the risk price
elasticities across investment horizons. We also derivasticities for a model with recursive
utility in the spirit of Hansen et al. (2008), and for a model vith jump risk where the state
variable evolves as a Pbnite state Markov chain.

2 Markov pricing with Brownian information struc-

tures

We follow the construction in Hansen and Scheinkman (20093,and Hansen (2009). Con-
sider a Markov di'usion that solves:

dXi = u(Xp)dt + o(Xi)dWh.

wherelV is a multivariate standard Brownian motion. In this model nmlinearity is captured
by the specibcation ofu and o. While the state variable X may well be stationary, we will
use it as a building block for processes that grow or decay owame.

2.1 Growth and discounting

In econometric practice we often build models for the logdhims of processes. An example
of such a model is

A = /Ot B(Xy)du + /Ot a(Xy) - dWy.

We call the resulting process, denoted byl, an additive functional because it depends
entirely on the underlying Markov process and it is constried by integrating over the time
scale. Nonlinearity may be present in the specibcation gfand .

While it is convenient to take logarithms when building timeseries models, to represent
values and prices it is necessary to study levels instead ofyarithms. Thus to represent
growth or decay, we use the exponential of an additive funamal, M; = exp(A4;). We will
refer to M as a multiplicative functional parameterized by @, ). ItoOs Lemma guarantees



that the local mean of M is )
‘O‘(Xt)|
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The multiplicative functional is a local martingale if its local mean is zero:

My | B(Xy) +

‘O‘(Xt)|2 —

0.
2

B(X) +

There are two types of multiplicative functionals that we fature: we use one to represent
stochastic growth and another for decay. For future referee, let G be a stochastic growth
functional parameterized by (3, o). The second will be a stochastic discount functionad
parameterized by (s, as). The stochastic growth functional grows exponentially cer time
and the stochastic discount functional decays exponentil

2.2 Perturbations

To compute elasticities we construct perturbations to mulplicative functionals. A per-
turbation to M is M H(r) where we parameterizef{(r) using a pair (Gn(z,r), rag(x)) with
Gn(x,0) = 0. The function a4 dePnes the direction of risk exposure. Thus

t t
log Hi(r) = /O On(Xy,Ndu + r/0 ag(Xy) - dWy.

As r declines to zero, the perturbed proces® H(r) collapses toM. Let

Gu(r) = LG

r=0

and consider the additive functional:
t t
Dy = / Ba(Xu)du + / aa(X) - AW
0 0

We use this additive functional to represent the derivative

— E[MtDt|X0 = JI]
r=0 E[Mt‘XO = .TJ] .

d —
o log £ [M Hy(r) | Xo = 2] (1)

See Hansen and Scheinkman (2009b) for a formal derivatiorciuding certain regularity
conditions that justify this formula. Interestingly, formula (1) gives anadditive decomposition
of the derivative using theadditive functional D.

In what follows we will build an alternative formula for the cerivative in (1). This will



require two steps. First we build a factorization of the mulplicative functional, and then we
construct a nonlinear moving-average representation forgarticular function of the Markov
state.

3 Factorization

We obtain an alternative and convenient representation ofl) by applying a change of
measure as in Hansen and Scheinkman (2009a). They providécgnt conditions for the
existence of a factorization of a multiplicative process/:

M= exp(nt) B S

(2)

where M is a multiplicative martingale and e is a strictly positive, smooth function of the
Markov state. The parametery is a long-term growth or decay rate. We use the martingale
M to debne a new probability measurion the original probability space. The multiplicative
property of M insures that X remains Markovian in the new probability space. While this
factorization may not be unique, there is only one such faataation in which the change in
measure imposes stochastic stability and preserves the Mav structure.

This factorization is distinct from that of Ito and Watanabe (1965). The Ito and Watan-
abe (1965) factorization for a multiplicative supermartiigale results in the product of a local
martingale and decreasing functional. This factorizatiomlelivers the Markov counterpart to
the risk neutral transformation used extensively in mathemitical Pnance when it is applied
to a stochastic discount factor functional. In this case theecreasing functionald/¢ is

Jw=wpklkmmﬂ

where p is the instantaneous interest rate. State dependence in tlieecreasing component
makes it less valuable as a device to characterize risk pridgnamics because even locally
deterministic variation in instantaneous interest ratesnduces risk adjustments for cash 3ows
over Pnite time intervals. This leads us instead to extract éong-term growth or discount
rate n as in (2).

If M is parameterized by G, am), GirsanovOs Theorem assures that the incremefit;
can be written as:

AW = [am (X)) + v(Xp)] dt + d19;. 3)



Herev is the exposure of log(x) to dWV;:

L= o [moge] @

Ox

and ¥ is a Brownian motion under the alternative probability measre &
To use this factorization in practice, we must compute and . Hansen and Scheinkman
(2009a) show how to accomplish this. Solve

E [Mie(Xy)| Xo = x] = exp(nt)e(x)
for any ¢ wheree is strictly positive. This is a (principal) eigenfunction poblem, and since
it holds for any t, it can be localized by computing

i BIMe(X0)| Xo= ] — exply)e(s) _

t—0 t

0 (5)

which gives an equation ire and n to be solved. The local counterpart to this equation is

Be = ne (6)
where p
Be(z) = pr E[Mie(Xy)| Xo = 7]
t=0
It can be shown that for a dilusion model, if f is smooth,
_ 1 5 of 1 , O%f
Bf = (ﬁm + §|O‘m| ) [+ (oam+ pu)- Or + étrace (0’0‘ D20

We illustrate this computation in two examples that we develdp throughout the text into
stylized economic models. The brst example features logmai dynamics commonly used
in VAR analysis. The second example specibes a state var@althat forms the basis of the
consumption externality model of Santos and Veronesi (2008

Example 3.1. Suppose that
dX; = g X dt + gdW,

whereg and @ are matrices of sizen xn andn x k, respectively. The multiplicative functional
M is parameterized by

ﬁm (l’) = /@’mx

afm.

am ()



Conjecturing that the functione(z) satisbesloge(z) = Nz, equation (6) yields:
/ 1 2
= Bnr+ Npr+ S |@A+ an|".
Thus A = —(@')~14,. Under the change of measure,

dX; = X dt + &(@m + &' )\)dt + gd¥.

Consider now the second example. In this example the procéss X is a member of Wong
(1964)0s class of scalar Markov dilusions built to imply stanary densities that are in the
Pearson family*

Example 3.2. Let the univariate Markov stateX evolve as:
dXi = — p(Xy — @)dt — @XdWy, X¢ >0

where g, @, and @ are positive constants.
Rather than specifying the multiplicative functional\/ and then calculating the factoriza-
tion, we construct the multiplicative components directhas

B L1+ X
M=o () B (113

N, =exp

5@+ B (1~ 170)

where @, IS a constant.
Then formula (3) implies that the evolution ofX under the change of measure is given

by
dXi = — @60 X + ga(X: — @)] di — @X, A9,

and the risk exposure fotog M is

T

=y — @
am(x) m 1+

By construction, the eigenfunction ise(z) = (1 + x)~! with eigenvaluen. !

1See process F in Wong (1964).



We use the alternative probability measure to absorb the méngale component of the
multiplicative functional in our formula (2). The derivative of interest is:

_ Ble(X,) Dy | Xo = 7]
=0 BE(Xy)|Xo = a]

d
a log E [MH(r)| Xo = «]

where &= 1. Moreover,

e"

D= [ sttt [ as(x) - fan(X)+ (Xt [ as(Xs) -

For our analysis, we will seek a related representation wiblit resort to stochastic inte-
grals. Prior to achieving this, we will present a nonlinear wving-average representation for

&x).

4 Nonlinear moving-average representation

We build a nonlinear moving-average representation for a gacular function of the Markov
state. This formula can be viewed as a special case of the Hamann-Clark-Ocone formula
that holds under additional smoothness conditions. For exaple see Haussmann (1979). Let
T, denote the conditional expectation operator under the chge in probability measure over
an interval of time 7. The process{T;_,&X,) : 0 < u <t} is a martingale since

T8 Xy) = B [&(X1)|Ful

where F, is the o-algebra generated by the Brownian motion until date:. This martingale
can be represented as a stochastic integral against the Bmman motion, and, in particular,
there exists an adapted procesB such that:

&(Xy) = /O t Ry - AW, + T,&(Xo). (7)

The following assumption and our Markov specibcation allsws to characterizeR,.

Assumption 4.1. T,_,é(x) has a continuous second derivative with respect to and a
continuous prst derivative with respect ta.

It is an immediate application of ItoOs lemma that in this cas

Ru = O'(Xu)/ [%Tt_uaXu)} .



This construction motivates a depbnition of a nonlinear veisn of an impulse response func-
tion as

A o
o(x) [%Ttdx)]7

the response of@©Y;) to a shock d19.2
Recall that e (and henceedis strictly positive, and construct

0

o) |5 loaTiéto)

_ o@) [ Tid(n)]
Ti&(x) .

o(z,1)

Note in particular that

v(z) = —¢(z,0)

where v is given by (4). With this construction, we may represent (7equivalently as:

80X = /0 [T wBX)] S(Xa, ) - AP, + Ti8(Xo). ®)

The function ¢ will play a central role in our representation of elasticies.

4.1 Examples

We now apply these calculations and compute the impulse respse ofe{x) for the lognormal
example introduced earlier.

Example 4.2. Consider again Example 3.1. Recabi(z) = exp(—\zx) for A\ = — (@) 14,
and conjecture that

T 8(z) = exp[ao(t) + as(t)'z].

2The existing econometrics literature contains many definitions of nonlinear impulse response functions.
Koop et al. (1996) and Potter (2000) examine four definitions used with linear series and assess the merits
of the nonlinear analogue of each. They work in discrete time and argue that the most sensible definition is
one motivated by the linear updating function used for linear series. In the Markov case their construction
is based on

T (X)) — Tre(Xo)

over a prediction interval !'. In our continuous time limit, this increment becomes:
n !/
e Tee0k0)| #OKo)

where we take the vector multiplying the shock dW, as the state-dependent impulse response.



Under this conjecture,aq(0) =0, a1(0) = —\, and

% T 8() = explao(®) + ay(t)'e] [dast(t) . (da;t(t)) x] . (9)

Alternatively, from ItoOs Lemma the drift off () is given by:

d . / / / / 1 /

%Ttdx) =exp [ao(t) + ai(t)'x] |as(t) Br + as(t) @(@m + &'A) + éal(t) oa (1) (10)
Equating (9) and (10) gives

ay(t) = — exp(@)A

ao(t) = /Ot {%X exp(eu)aa exp(@u)\ — N exp(@) (@, + er’A)} du

Thus,
o(z,u) = o' exp(@u)(a) B

since the nonlinear moving-average coe!cient fo(x) is:

Te&(x)d(x,t) = exp [ao(t) + ai(t)'z] & exp(Bt)(@") ™" Fn.

To further illustrate these methods, let us develop Exampl8.2.

Example 4.3. For notational simplicity rewrite the evolution of X under the change of
measure as

dX; = — Py (X; — fo) dt — @X,d19;.

P1 =@ + B0,

. _ [
2=

Use the distorted evolution equation and expression fé(z) to calculate

Tub(z) = 1+ Qup + exp(—p1u)(z — [2).
As a consequence,

@ exp(—p,u)

1+ 2 + exp(—pu)(x — i2) D

¢z, u) =

10
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Figure 1: Plot of ¢(x,t) in Example 4.3 at the 2%', 50", and 73" quantile values ofz. The
parameterization is;g = 0.04, . = 2.28, ®= 0.6853,+9= 0.0054.

Thus, the nonlinear moving-average representation f@(x) is

t .s
&X0) /0 T wB(X0)(Xar t — ) dWy + 1+ iz + exp(—pat)( Xo — fa)

t
- / exp [t — u)] BXud By + 1 + Gip + exp(—rt)( Xo — o)
0

Notice that unlike in the lognormal model of Example 3.1, tifanction ¢ is state-dependent.
Figure 1 displays the function at each quartile of the statiary distribution for X, with
parameterization given in the pgure.

4.2 Malliavin derivative

There is an alternative way to construct the nonlinear movig-average representation that
is both more general and of interest in its own right. This castruction is based on the

Malliavin derivative, which we develop in this subsectionlt is not necessary to understand

this section in order to follow the remainder of our paper. Wanclude this discussion because
Malliavin dilerentiation is prevalent in mathematical Pnance.
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Consider the following perturbations to the Brownian motio between date zero and
date t. Let ¢ be a function in L3[0, ¢] that is,

t
/ lq(v)[2dv < 0.
0

The perturbed process is:
W+ rQu, 0<u<t

whereQ, = fou q(v)dv, and r € R. Recall that we can identify each path of a Brownian mo-
tion in [0, ¢] with an element of # = Cy([0, t), R"), the set of continuousR"-valued functions
starting at 0. Given a random variable $ debned on # we are intested in the derivative
of $(W + rQ) with respect to r. The Malliavin derivative is a processD,$( %) that is
motivated® by the following representation:

jim SOY * 1Q) —$(19) _ /t Du$(8) - g(w)du. (12)
0

r—0 r

The value of the Malliavin derivative at v quantibes the contribution ofd®, to $. This
contribution will, in general, depend on the entire Brownia path from O to ¢.
Fix an initial condition x and a time ¢t and consider the random variable $ debned by

$(19) = @(X)

where X solves

[(X) + o(Xu)(a(Xy) + (Xo)]du+ o(Xy)dW,
P Xy)du + o(X,)d9,.

dX,

If the functions @ and o are smooth and with bounded derivatives then the random vaable
X; is the domain of the Malliavin derivative. In fact let Y be the brst variation process
associated toX, that is Yy = I, and

dYy = Op(Xy)Yodu+ > 00i(X,) Y, dW®). (13)

Here, OF denotes the Jacobian matrix of arR" valued function F' and o; is the i-th column

3The construction of the Malliavin derivative usually starts by considering a subset of random variables
called the Wiener polynomials and defining the Malliavin derivative using equation (12). The Malliavin
derivative is then extended to a larger class of random variables using limits. Equation (12) does not
necessarily hold for every random variable which has a Malliavin derivative.
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of the matrix o. Then, for v < t, the n x n matrix
Dy Xi = VY o(Xy). (14)

In addition, if @ has bounded Prst derivatives, then $ is in the domain of the Miavin
derivative and
Dy$ = V&Xy)' DX (15)

where V is used to denote the gradient. The Haussmann-Clark-Oconerrinula provides a
representation of the integratorR in equation (7) in terms of a Malliavin derivative?

R,= P [Du$( W)m] ,

and thus® t
8x)= [ B[DSORIA] - a¥+ BleX)|Xo= o],

Furthermore, it follows directly from equations (13)D(15jhat
B[D,S(W)| 7] = B[Ds(®)|x,].

When the smoothness required by Assumption 4.1 is not satel we may as an alternative
write the function ¢ via

e [Du$( 1) X, = y}

,t—u) = = 16
A TR X, = 4] °e

where we have initializedX, at = and $ depends implicitly on¢.°

5 Representing elasticities

We now have the core ingredients for representing the elasties that interest us. These
ingredients include:

i) the coe"cient o, used in the construction of the multiplicative functional M

4For a statement of this formula and the results concerning the Malliavin derivative of functions of a
Markov diffusion see, for instance, Fournié et al. (1999), pages 395 and 396.

®Haussmann (1979) gives formulas for Markov dynamics for more general functions ®.

6Gourieroux and Jasiak (2005) suggest basing impulse response functions on the pathwise contribution
to changing a shock at a given date. This leads them to explore more general distributional consequences
of a shock. The Malliavin derivative is the continuous-time counterpart and depends on the entire shock
process up to date t.
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i) the coe"cients (33 and agy used in the construction of the additive functionalD;
iii) a change of probability measure and functiore @&rom factorization (2);

iv) the function ¢(x,t) constructed from the state-dependent coe'cients in a mowg-
average representation foe(d;) given in (16).

The integral representation of the logarithmic derivativeis given by:

Proposition 5.1. (Hansen and Scheinkman (2009b))

d
d—logE[Mth(r)lXo =zx]] =
r =0

Bo(X0) fy (Ba(X) + aa(Xa) - [am(Xa) + 6Kyt — 1) = 6(Xy, O dulXo = @
B8(X0)|Xo = 2] |

Exchanging orders of integration, the date: contribution to the integrand is:

E’[é(Xt")zp(Xu,t —u)|Xo = 7]
BE(Xy)|Xo = 2]

where df X;) is an extra weighting function and

Uz, 7) = Pa(z) + ag(2) - [am(2) + ¢(z,7) — ¢(x, 0)]. (17)

In formula (17), ag parameterizes the local exposure to risk that is being expésl and
(4 is determined as a consequence of the the nature of the peliation. The coe"cient
am IS the local exposure to risk of the baseline multiplicativéunctional. To interpret the
logarithmic derivative as an elasticity, we restrict|ag(X;)|? to have a unit expectation in
order that o4 - dWW; has a unit standard deviation. The dependence af on the horizon to
which the perturbation inBuences, that is the dependence on is only manifested in the
function ¢.

The function v captures the impact of the shock that occurs in the next instd. The
impact of a shock at a future date will be realized through a diorted conditional expectation:

E[d%(uﬂ YU(Xu, 7)| Xo = 7]
Bl Xy+1)|Xo = 7]

(18)

for w > 0 and 7 > 0. Specibcally, this formula captures the date zero impacf a shock at
date u on the logarithmic derivative for dateu+ 7 = ¢. Since the proces is stochastically
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stable under the change of measure, the limiting version afriula (18) as the shock date

is shifted o! to the future is .
2 [&XUH )¢(XU7 T)]

Blo(Xyn)]
which is independent ofu but continues to depend onr.
We now add some structure to perturbations in order to prodweformulas for 3.

(19)

5.1 Martingale perturbations

Suppose that
— 1 2 2
Bn(z,r) = —5f lag ()|~

Thus H(r) is a local martingale for anyr and
fa=0.
In this case the date zero contribution is:

e(x,1) = ag(z) - [am (@) + (2, 1) — ¢(x, 0)], (20)

which we refer to as ashock elasticity function(of M in the direction ag) when viewed
as a function oft. It gives a nonlinear counterpart to an impulse response fation by

characterizing the (local) impact of a shock today on the exgrted future values of the
multiplicative functionals. When the processX is stationary, this function will typically

have a well debned limit given by

€(x, 00) = ag(x) - [am(z) — ¢(z, 0)]

This nonzero limit ref3ects the fact that shocks are permanten
To see the connection between our elasticity and an impulsesponse function, consider
again Example 3.1.

Example 5.2. Use ¢(z,t) as computed in Example 4.2 in equatiof20) to get the shock
elasticity function:

e(x,1) = @q - (@n — @[ — exp(@t)](g) 9

This coincides with the impulse response function fot = log M where the vectorgy selects
the shock combination of interest.

In this example the shock elasticity function is not state deendent, but this outcome

15



is special. Nonlinearity in the growth rate or stochastic Matility alter this conclusion. We
analyze such examples in Section 6.

5.2 Pricing growth-rate risk

Following Hansen et al. (2008), Hansen and Scheinkman (2@)9and Hansen (2009) we
consider the pricing of exposure to growth-rate risk. We stly the pricing of cash Rows that
are multiplicative martingales in order to feature the priing dynamics. We investigate the
pricing of what is sometimes referred to as zero coupon equfsee Wachter (2005) or Lettau
and Wachter (2007)), that is a claim to a single random payo! fa point in time ¢.

To feature price dynamics, suppose that the growth functial G and each perturbation
G H(r) are multiplicative martingales:

By(z) + Bn(x,r) = —%|ag(x) + rag(z) %

The price of cash Bow is
E (Sth|X0 = ZE') .

SinceG; has conditional expectation equal to one,
1
—; IOgE(Sth|X0 = JI) ,

is the expected rate of return.
Given a direction g, construct the additive functional:

. t
D = —/ ad(Xu) - ag(Xy)du + / ag(Xu) - dWy
0 0

Then the growth-rate risk price for direction agq is debPned to be the marginal change in
the negative logarithm of the price (logarithm of the expe@d return) with respect to the
exposure to a shockyy(X;) - dWW;. Formally it is given by

o= _%E(SthDdXo: )
t E(Sth|X0 = JI)

(21)

We take the negative because risk exposure is typically uneme to investors. We makey
an elasticity by normalizing the long-run riskiness of the>g@osure to be one per unit time.
Specibcally we restrict

Eflag(X)? = 1.
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We decompose this risk price by applying Proposition 5.1. Ehshock-price elasticity
function

m(z,t) = —aqg(x) - [as(x) + ¢z, 1) — ¢(z,0)] (22)

represents the timeu = 0 contribution to the risk price. We call the price elasticties to

shocks at intermediate dates: risk-price increments These intermediate contributions are
of the form (18) and Proposition 5.1 shows how to write the gveth-rate risk price (21) as
the integral of the incremental prices over the lifetime offte cash 3ow.

5.3 Alternative perturbations

In order to focus exclusively on price elasticities, in seoh 5.2 we structured our perturba-
tions so that GH(r) is a martingale for eachr. Suppose instead we follow the approach in
section 5.1, by constructing a martingale perturbation:

r2 t t
g ()=~ [ laaXu) Bdu+ [ ag(x) -
0 0

Typically GH(r) will not be a martingale, and as a consequence in our study kdturns we
must also take account of how the perturbation alters the exgrted payo!.
The return of interest is given by:

G H(r)
E[SiGiH ()| Xo = ]

In our study of the dynamics of expected rates of return we havo consider contributions
from both the expected payo! and from the price:

1 1
i log £ [G1Hi(r)| Xo = ] — i log E [St Gy Hy(r)| Xo = «].

In light of these two contributions, we compute two elastity functions: the shock-
exposure elasticity ofG in the direction oy and the shock-exposure elasticity of G in the
same direction. The brst elasticity imitates our earlier daulation with

B, [f; 8y(X)eg( Xy, t — u)du|Xo = =
r=0 Eg [ég(Xt)\Xo = x]

d
o log E [GHi(r)| Xo = «]

where
g(z,7) = aa() - [ag(x) + ¢g(x, T) — gg(x, 0)], (23)
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This gives the exposure contribution over an intervat and its decomposition using dis-
counted shock-exposure elasticities for shocks at interdiate dateswu. In this formula we
use the subscripty because we chos&/ = G, and the elasticity measures how a shock today
inBuences the growth functional in future time periods.
The second elasticity is entirely analogous except that/ = SG = V and measures value
responses:
9\, [fot 6,(Xt)e( Xy, t — u)du| Xo = x]

pv [Q/(Xt)‘XO = .TJ]

where
ev(z,7) = ag() - [av(z) + dv(x, T) — dv(x, 0)].

In this formula,

ay = ast ag

Combining these two integral contributions, we obtain a ris price elasticity that takes into
account the predictability of G and its perturbed counterpart:

r=0

d
a log £ [GiHi(r)| Xo = x] — log £ [S; G H(r)| Xo = ]

B, [fééb(Xt)eg(Xu,t — u)du| Xo = x} B, [fga(xt)ev(xu,t —w)du|Xo = @
By [8y(X0)| Xo = 2] B, [8,(X)|Xo = 1]

From the instantaneous contribution to these integrals, weonstruct an alternative shock-
price elasticity function:

m(x,t) = —aqg(z) - [as(x) + (o — ¢g)(, 1) — (dv — ¢g)(2, 0)]- (24)

When G is a multiplicative martingale, ¢4 is identically zero and this coincides with our
previous construction of a shock price elasticity. The inggal contributions, or risk-price
increments, will still be dilerent becauseG and V' are associated with two dilerent changes
in measure.

6 Example economies

To illustrate the methods we developed, we provide the elasity calculations for several
models from the existing asset pricing literature. First wecontrast the price elasticities
implied by two models in which investors have preferencesatrel3ect external habits or
consumption externalities. Next we postulate consumptiodynamics that contain a small
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predictable component in macroeconomic growth and stochisvolatility. We investigate
how the price elasticities change when we alter the invess@d preferences from a baseline
power utility specibcation to a recursive utility countergrt.

6.1 External habit models

The class of external habit models includes a variety of specations that strive to explain
empirical characteristics of the asset price dynamics. Onmportant aspect, analyzed in
Santos and Veronesi (2008) and other papers, are the dilems in returns on cash 3ows of
alternative maturities. We share a similar interest and fags on the implied pricing dynamics
as rel3ected in the term structure of shock-price elasticis. We calculate these elasticities for
the models of Campbell and Cochrane (1999) and Santos and deesi (2008) (abbreviated
as CC and SV, respectively) and highlight important di'ererces. We start with the SV model
for which there are closed-form solutions for the shock-pg elasticities. For comparison we
use a continuous-time version of the CC model and rely on nunml calculations similar to
those in Wachter (2005).
Both models specify the stochastic discount factor as a migticative functional

N}
s ~erp(-an (GG
0

_#
= exp(—dt) (%) Zg((?))

C* is an external consumption reference process antlis aggregate consumption, evolving
as a geometric Brownian motion

dlogC; = B.dt + adW;.

The growth functional of interest is the aggregate consumjon process itselfG = C.
Santos and Veronesi (2008) specify the transitory comporieas
N
e(X) ™= (1— g) =1+ Xi > 1,
C
where the processX evolves as in Example 3.2. The = SC'is a multiplicative functional
of the form in Example 4.3, wherexg = (1 — ~)@.. Additionally, the loading of X on the
shock, g is expressed as a factor of. @@ = y@.. The local risk price (identical to the local

shock-price elasticity) is
Xi
1+ X,

Y@ + X
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In Campbell and Cochrane (1999), the transitory componensigiven by
e (X)) =exp (v (X + b))
and the processX follows
dXy = —& (Xt — px) dt + XN (Xy) ocdWh

with the volatility factor A(z) =1 — (1 + ¢z)Y2 and ¢ = 2¢/(v |@.|%). This implies the local
shock-price elasticity

VD — VA(x)ﬂc = 'Y(l + Cx)ﬂz@c-

The SV and CC models thus amplify the local shock-price elasities in the power utility
model, v@., by a state-dependent factor.

To facilitate comparisons between the SV and CC specibcaig we bxy = 2 for both
models but set the parameters of the SV model so that the digbution of local risk prices is
similar to that in the CC model. Formally, the parametersu, and y are chosen to minimize
the Kullback-Leibler divergence (the log-likelihood rat) with respect to the local risk price
density of the CC model’ Figure 2 reports the stationary densities for the local rislprices
in the two models. The densities have rather dilerent shapesven after we have adjusted
the SV parameter values to make them look as similar as podsib

For simplicity we consider only the single shock case and set to unity. We use formula
(22) to calculate the following shock-price elasticity fuetion, which in this example is state-
dependent:

exp(—M1t)
1+ @y +exp(—pt) (x — fiz)
For the CC model we do not have quasi-analytical formulas atuo disposal and instead rely
on numerical methods to compute the function.

The top panel of Figure 3 displays the elasticity function fiothe quartiles of the stationary
distribution of the state variable X, and the bottom panel compares with the shock-price
elasticity function implied by Campbell and Cochrane (1999 The elasticity function of the
SV model decays relatively quickly and is near its limiting alue by about 50 quarter$ On
the other hand, that of CC remains relatively 3at for 100 quders and does not approach its

m(z,t) = e+

X @

"When the original SV parameterization is used the local risk prices in CC are roughly twice as large
as those of SV. For the SV specification, it is tricky to change $. If the specification of the consumption
externality is held fixed the convenient functional form for the state evolution is lost.

8This limiting value as the maturity t — oo is equal to the elasticity from the power utility model, $%..
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Figure 2. The top panel displays the stationary density of lcal risk prices in the Santos
and Veronesi (2008) model. The 25 50", and 73" quantiles are marked with circles. The
parameterization isy = 126.9, 1 = 0.04, u, = 2.280, = 0.0054,~ = 2. The bottom panel
compares with the model of Campbell and Cochrane (1999) astllmed in Hansen (2009)
with parameter values¢é = 0.035, i = 0.4992,0g = 0.0054, andy = 2.

limiting value until about 300 quarters. Thus, the SV modelmplies a much less persistent
impact of exposure to a current shock on the prices of cash [®Wrther in the future.

Recall that the shock-price elasticities depict the impadior valuation of shock exposure
that occurs over the next instant. We now shift forward the de&e of the exposure to beu
periods into the future. This gives the risk-price incremes which are a distorted conditional
expectation of the shock-price elasticity function repogd in Figure 3:

Bl Xy+1) [as(Xy) + ¢(Xy, 1) — (X, 0)] | Xo = 1]
Ba(Xy+1)[Xo = 7]
f2 + exp(—pru)(z — fr) @
1+ pp+exp(—py(u+ 7))(z — f)

(25)

= @ +exp(—p17) x

whereu + 7 = t is the investment horizon. These curves (indexed hy) have a well debPned
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Figure 3: The top panel displays the shock-price elasticifynction in the Santos and Veronesi
(2008) model, while the bottom panel compares with the Cameli and Cochrane (1999)
model. The solid curve conditions on the median state, white dot-dashed curves condition
on the 28" and 73" quantiles. Both parameterizations are as in Figure 2.

limit as © — oo given by formula (19), which in the case of the SV model is

po
&
L+,

Y@ + exp (—f17)

For the CC model counterpart we again rely on numerical caltations.

Figure 4 compares the limiting shock-price elasticities ithe SV and CC models. The
upper panel shows that in Santos and Veronesi (2008) the litimg shock-price elasticity
decays exponentially, and it sits somewhat higher than theotal elasticity conditioned on
the upper quartile. This upward pull is due to the heavinessfahe upper tail of the stationary
distribution of X.

The bottom panel shows that in the CC model, this upward pull o the limiting elasticity
is extreme N the limiting local contribution is higher by a factor of 30 compared to the local
elasticity at the median state? The limiting elasticity curves sharply contrast what the SV

9To elucidate the calculation, consider the numerator of the limiting contribution in formula (19) for
&=0: E[6(X.) (X4, 0)] = — [Q(X)&(X)%, (x)dx where §(x) denotes the stationary density for the state
variable under the change of measure. Hansen (2009) shows that the large X approximation of q(X)é(x) is
exp(—ky/X) with a small coefficient k while —%,,(x) behaves as /X for large X. The slow decay of §(x)é&(x)
combined with the unboundedness of the local risk price function leads to the high limiting contributions
displayed in the bottom panel of Figure 4.
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Figure 4: A comparison of the limiting shock-price elastities of the Santos and Veronesi
(2008) model (top panel) with the Campbell and Cochrane (199 model (bottom panel).
Both parameterizations are as in Figure 2.

and CC models imply about how tail risk alects the prices of cgh Bows with long maturities.

So far, we have analyzed the shock-price elasticityz,t) and its limiting counterpart.
We now consider pricing growth rate risk as in Hansen and S¢hkman (2009a) and Hansen
(2009) where we parameterize the exposure to risk to occureoithe entire investment hori-
zon. These growth-rate risk prices are integrals of the pecelasticities discussed previously
as depicted in Section 5.1 and scaled by the investment haizt. Hansen (2009) discusses
the computation of the risk prices in more detalil.

We plot the risk prices for the two models in Figure 5 as funains of the investment
horizon. The top panel shows that the risk prices in the SV mad show a similar decaying
pattern as the shock-price elasticities. The decay rate fdine risk prices is slower relative to
the elasticity function because risk prices aggregate th&asticity contributions at intermedi-
ate shock dates. In the CC model, the growth-rate risk priceacrease with maturity up until
about 200 quarters. This is consistent with the dramatic upard shift in the shock-price
elasticity function for the CC model as we move forward the @osure date, thus approaching
the limit curve depicted in Figure 4. It is only after 200 quaters that the growth-rate risk
prices start to decrease. Thus the risk price dynamics areryedilerent for the SV and CC
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Figure 5: The top panel displays risk prices as a function afvestment horizon in the Santos
and Veronesi (2008) model. The solid curve conditions on tmeedian state, while the dot-
dashed curves condition on the 25 and 73" quantiles. The bottom panel compares with
the Campbell and Cochrane (1999) model. Both parameterizahs are as in Figure 2.

models even though they were designed to capture similar eimgal phenomenon, larger risk
prices in bad times than good times.

6.2 Breeden-Lucas and Epstein-Zin preferences

The literature on Olong-run riskO features models with a shhpredictable component in the

growth rate of consumption and investors endowed with recsive utility preferences for which
the intertemporal composition of risk matters. Stochastio/olatility in the macroeconomy

is included in part as a mechanism for risk prices to RBuctuatever time. Hansen et al.
(2007) and Hansen (2009) present an example that is the conibus-time counterpart to

the model of Bansal and Yaron (2004). This example generag the log-normal dynamics
introduced in Examples 3.1 and 4.2 by the inclusion of a squaroot process for the evolution
of macroeconomic volatility.
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6.2.1 State dynamics

In line with the example in Hansen (2009), we specify the dynacs for the state vector
Xe = (X, Xy as

_ @ 21 _ &
u(x) = [ﬂz(xa] B 1)] o(zr) = V2 [@j

and consider a multiplicative functional for consumption prameterized by
B(z) = B+ Bt + Bo(aP — 1) a(r) = Ville. (26)

This specibcation of the dynamics contains a predictable roponent in the multiplicative
functional modeled by X, and allows for stochastic volatility modeled by the scalarariance
processX?. Our variance process stays strictly positive, and we prengit from being pulled
to zero by imposing the restrictionyug + % \mz\z < 0. To guarantee stationarity, assume that
@ has eigenvalues with strictly negative real parts.

6.2.2 Investors’ preferences

We compare the shock-price elasticities for two specibaais of investorsO preferences. In the
Breeden (1979) and Lucas (1978) specibcation, investorssédime-separable power utility
with relative risk aversion coe"cient v. In the second case, we endow investors with recursive
preferences of the Kreps and Porteus (1978) or Epstein andnZj1989) type, analyzed in
continuous time by Du"e and Epstein (1992). We refer to the bst model as the BL model
and the second as the EZ model.

In the BL model, we immediately have the stochastic discourfactor as:

—#
Sy = exp(—at) (%) .

In the EZ model the stochastic discount factor requires mowlculation. Let {V;} denote
the continuation value for the recursive utility specibcabn, and denote the inverse of the
elasticity of intertemporal substitution by o. The continuous-time recursive utility evolution
is restricted by:

)

- -$ -$ $ At
0= 1[GOS = (5] (0 + | =] Vi
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where )\ is the local mean:

1-# 1-#
%0 €

Notice that this recursion is homogeneous of degree one imsomption and the continuation
value process. The limiting version fop = 1 is given as:

At
=5( — 1 + : 27
0= 509 Ci ~logW) i+ | =] Vi @)
In what follows we impose the unitary elasticity of substittion restriction as a device to
obtain quasi-analytical solutions!® The stochastic discount factor is then:

Sy = exp(—at) (%)
0

where S; is the multiplicative martingale component of

V{ 1-#

(5) @)
given by the Ito and Watanabe (1965) decomposition descridg@reviously!! This martingale
component inherits the forward-looking features of the cdnuation value process.

Hansen (2009) shows that both stochastic discount factorbiaxe the same martingale
component whené \, 0, and thus the long-term pricing implications for both the B and
EZ models coincide in this limiting case.

Given the state dynamics, constructing this martingale coponent is straightforward.
The necessary calculations to arrive at the stochastic dment factor are detailed in Ap-

1
St (28)

pendix A. Appendix C provides an alternative derivation.

6.2.3 Elasticities

This model specibcation implies two useful properties inlcalating shock elasticities. First,
for a multiplicative functional parameterized by (26), theprincipal eigenfunction associated
with the martingale decomposition is loglinear in the stateariables, e(x) = exp(\'z). Note
then that {e(X})/e(Xo) : t > 0} is also a multiplicative functional of form (26). Second, ¢o
ditional expectations of such a multiplicative functionalare loglinear in the state variables,

10The impact of the intertemporal elasticity on the risk prices vanishes as we let the subjective rate of
discount approach unity.

1The martingale contribution is well known to support an interpretation of a model in which beliefs are
distorted as a device to enforce a concern about model misspecification or a preference for robustness.
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with time-varying coe"cients given as solutions to a set of ist-order ordinary dilerential
equations. See Appendix A for details.
Using the two properties of process (26) mentioned above,

T:8(x) = exp {fo(t) + 61(t) - 2 + Oa(t)2™}
where the coe"cients§(t) are given in Appendix A. This implies
¢z, 1) =[2101(2) + B302(1)] V'l

The shock-price elasticities follow, and are displayed inigure 6 for both the BL and EZ
models. The growth functional that we use is the martingaleaanponent of the multiplicative
factorization (2) of consumption.

The calculation is parameterized such that the innovationso logC, XM, and X are
mutually uncorrelated. We interpret these innovations as ansumption, growth-rate, and
volatility shocks, although a structural model of the macreeconomy would, among other
things, lead to more interesting labels assigned to shoclkale plot the shock-price elasticities
for the volatility shock with opposite sign because a surge increase in volatility is bad for
agents.

Since the consumption shock has only a permanent impact onnsomption, the asso-
ciated risk price elasticities coincide for the two utility specibcations. In contrast, local
elasticities for the growth-rate and volatility risk in the BL model are zero, while in the
forward-looking EZ model the elasticities for arbitrarilyshort investment horizons remain
bounded away from zero. The shock price elasticities for tH&. model mirror closely the
shock exposure elasticities for aggregate consumption lechby v. The exposure elasticities
are reported in Figure 7. This close link reRects the underhg time separability in prefer-
ences. In the EZ model exposure of future consumption to grttwrate and volatility risk
induces Ructuations in the continuation utility. As a consguence both the growth-rate state
and volatility state evolution directly inBuence the equibrium stochastic discount factor
in the EZ model with recursive utility investors. The correponding shock-price elasticity
function is close to Rat for this model with the limits being ssentially the same as for the
BL model? This reRects the importance of the martingale componeri in the stochastic
discount factor process. Notice that overall the shock-ergure elasticities are larger for
exposure to growth rate risk than volatility risk.

12They are identical in the limiting case in which the subjective rate of discount is zero.
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Figure 6: Shock-price elasticities under both the BL (dask§¢ and EZ (solid) preference
specibcations. The parameterization i#., = 0.0015,4., = 1, 4, =0, g; = —0.021,

@ = 0013, =[0.0078 0 0} @ =[0 0.00034 0]og=[0 O 0.038].

7 Incorporating jump risk

So far, we have analyzed models formulated under Browniarfanmation structures. In this
section, we develop formulas that incorporate jumps in lelgeof the stochastic processes. We
focus on a discrete state space specibcation with a Pnite raen of states, where jumps are
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Figure 7: Shock-exposure elasticities for the aggregatensamption process parameterized
as in Figure 6.

modeled as Poisson arrivals.
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7.1 Basics

Consider a functionalM of the form

log M, = Z (Zu-) K2y + /t(Zu—),ﬁdu + /t(Zu—),aqu- (30)

0<u <t 0 0

Here Z evolves as am-state Markov chain with intensity matrix A and the realizations of
Z are identibped by a coordinate vector iRR". We write Z,_ for the pre-jump (left) limit at
date t. Abusing notation a bit, we now let 5 be ann-dimensional vector anda an n x k
matrix. The functional is now parameterized by the triplet (3, o, ), representing the local
mean conditional on no jumps, the local dilusive volatilityand the jumps in the functional.
In this specibcation, the local trend and volatility dependlinearly) on the Markov state.

In our calculations in this section we use the following notmnal conventions. dveg-}
applied to a square matrix returns a column vector with the emes given by the diagonal
entries of the matrix, and diad-} applied to a vector produces a diagonal matrix from a
vector by placing entries of the vector on the correspondindiagonal entries of the con-
structed matrix. The symbol x used in conjunction with two matrices forms a new matrix
by performing multiplication entry by entry. exp*(-) when applied to a vector or matrix
performs exponentiation entry by entry. Finally, a real-véued function on the state space of
coordinate vectors can be represented as a vector.

7.1.1 Multiplicative martingales

We construct a multiplicative martingale decomposition bycomputing an eigenfunction of
the form e - z where the vectore has all positive entries. The vectore must solve the
eigenvalue problent?

Be = ne (31)
where 1
B = diag {6 + édvec{oza’}} + A x exp’ (k)
Then P
M, = exp(t) 9, ( | ") (32)
e - Zt

and we can represent the martingaléd as

ogti= Y (4 8%+ [ (2o Yodus [ (Zyedw, ot (33)
0 0

O<u <t

13Details on the construction of the eigenvalue problems can be found in Appendix B.1.
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where
8= r+ 1,(loge)’ — (loge) 1, (34)

We use the multiplicative martingale 9 to change the probability measure. This measure
change leads to a Brownian motio® under the new measure that satispes

dWe = (Zi_) adt + A9y
Under the new measure, the process has intensity matrix
D= —yI +diag (6) Bdiag ()

wheree and n are given by the solution of the eigenvalue problem (31), anilis the vector
of reciprocals of the entries ire.

7.1.2 Additive martingales

In order to construct perturbations corresponding to perm@ent shocks, we will extract the
martingale component of an additive functional. Considerhte martingale decomposition of
the additive functional logM in (30)

logM; = pt+log M, — h-Z,+ h - Z. (35)

To bnd the martingale component log¥4, let ¢ denote a vector with positive entries that
sum to one and satisfy
qdA=0. (36)

The long-run growth trend of the process is then given by
p = qdvec{rA'} + ¢'3. (37)
The vector h determining the transient component can be found as the sailon to
Ah = —dvec{rkA'} — 5+ 1,p. (38)

Notice that the vector on the right-hand side is orthogonald ¢, which is consistent with the
fact that vectors in the image ofA are orthogonal toq (see (36)). We solve equation (38)
for h restricting ourselves to then — 1 dimensional subspace of vectors that are orthogonal
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to ¢. The martingale component is then given by

t t
09X = 3 (Z)8Z+ [ (Zu) B+ [ (ZuYadW, (39)
0<u <t 0 0
where
g = [B—1np
@ = k+ 1,0 —hl].

Observe that has again zeros on the main diagonal. The permanent componhen the
jump risk is thus given by
(Zi-) 82 + ( Z;-) Bdt.

We will also directly construct martingales. Consider am x n matrix + with zeros on
the diagonal, and build the additive martingale

t
log M, = Z (Zu_) ®2Z, —/ (Z,_) dvec{rA'} du.
0

O<u <t

For instance, we could specify all of the entries af to be zero except for a single one.

Additive martingales scaled by the% obey the Central Limit Theorem. To deduce the
variance ¢? associated with the normal approximation, the conditionasecond moment of
the increment (per unit of time) is!4

(R x k)A 2.
Using the stationary distribution to average over alternaive realizations ofz,
¢ = q-dvec{(r x k) A'}. (40)

By scaling the matrix 5 by the scalari, we obtain an additive martingale with a unit variance
per unit of time.

T ocally the second moment and variance coincide.
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7.1.3 Jump-risk perturbations
Our jump-risk perturbations of a functional M are of the form M H (r) where

09 ()= 3 (Zu) () Zu+ [ (Z) o () (41)

O<u <t

where the direction matrix, x4, is the appropriately scaled (Sa)%ﬁ) jump risk component in
the direction of the desired perturbation, ands, (r) is a vector that inducesH (r) or GH (r)
to be a martingale, depending on the application. For the fomer, &, (r) needs to satisfy

0 = G (r) + dvec {exp* (rkq) A’} .

DebPning 34 analogously to the dilusion case, we have

dn(r)

o = —dvec{xqgA'}

r=0

Ba =

For the latter, recall that G is parameterized by (g, og, kg). Since the coe'cients are
additive, the appropriate martingale restriction determning /3, (r) is

0= %dvec{aa’} + 3+ [ (r) +dvec {exp" (kg + rkq) A'}.
Dilerentiating with respect to r and evaluating this derivative at zero, we have
fa = —dvec{[exp’ (kg) X kq] A’} .

7.1.4 Constructing the nonlinear moving-average representation

We perform a direct calculation of the nonlinear moving-avage coe"cients needed for
computing the elasticities that interest us. Recall thateds the vector of reciprocals of the
entries ofe. Then

62 = Y (Zu—Zs)exp [/@(t—u)]é— / t (Zo_) Bexp [@(t—u)} elu  (42)
0

O<u <t

+( Zo) exp (A’t) 6
where £ is the intensity matrix under the change in measure. The newformation at time
uis

(Zu — Zu_) eXp [/@(t _ u)] 6— (Z,.) Bexp [@(t _ u)} &du,
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and the prst two terms in the decomposition (42) form a martigale.
Next we scale by((t — u)'Z,_ where

C(t —u) = exp [@(t . u)] 6

and produce a new representation that will be useful in our adticity calculations. We do
this in two steps:

1. First construct the matrix %({ — ) such that

* — C(t - U)/Z*

2% —u)]" = m—

2. Second construct the vectog(t — u) by dividing each entry of 8¢ (¢t — ) by the corre-
sponding entry of((t — w).

Then write

8- Z = Y [(t—w)Zu][(Zu) % —u)Zi] — (43)

O<u <t

—AKU—MZAKU~W%JM+GW%. (a4)

7.1.5 Shock-price elasticities

The moving-average representation foe 07, derived in Section 7.1.4 allows us to state a
counterpart of Proposition 5.1 for the jump risk case.

Proposition 7.1. Let M be a multiplicative functional parameterized b{s, o, x) with mar-
tingale decomposition outlined in Section 7.1.1H(r) a jump perturbation of the form (41)
parameterized by(5n(r), 0, rkq), and Bg = dpn(r)/dr|,,. Then

= (45)
r=0

B [(a Z) i (2 (@, + dvec{/-sd}'{y} + dvec {(%(t — ) x md)@})dmzo g Z]
- Blo- 2|20 = 7]

d
ar log E [MH(r)| Zo = 2]

The proof is deferred to Appendix B.2. Switching the order oihtegration in the nu-
merator of formula (45), the shock elasticity function for adirection x4 is the time v = 0
contribution to the integral across the time dimension, viered as a function of the maturity
date t. As in the Brownian case, we obtain the shock-price elastigifunction in the special
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case whenM = SG and both G and GH(r) are martingales, attaching a minus sign by
signing convention. We write the shock-price elasticity fuction as a vector

m(t)= —Fy — dvec{mdj@} — dvec{[%(t) X rial A’V} . (46)

7.2 Growth and discounting

Our construction of the multiplicative functional M in (30) that explicitly allows for jumps
in the levels of the functional is motivated by the implicatons of continuous-time Markov
switching models for the dynamics of equilibrium quantitis that are of interest to us. For
the sake of illustration we introduce jumps directly in the gowth or consumption processes,
but production economies are also of interest and can be, amdfact have been, investigated
using computational methods.

There are also other potential sources of jumps. We have ady shown that even if a
stochastic growth or discount functional contains no jumpsn the sample paths ¢ = 0),
its martingale component both in additive and multiplicatve form will generically contain
a jump component provided there are jumps in either the contitbnal mean of the growth
or conditional volatility. As we will see, when consumers wva EZ preferences the forward-
looking continuation values may exhibit jumps even if the azsumption process has a con-
tinuous sample path!® Jumps thus become relevant when pricing permanent compongf
asset payol!s.

In some models with production and capital accumulation, jmps in the equilibrium
consumption process may arise endogenously. In the Cagedtial. (2002) model, the dis-
crete Markov state determines the mean growth rate of the thoology process, but the
process itself has continuous trajectories. Since a registaft discretely changes the instan-
taneous mean growth rate of the technology process and thenddional distribution of the
future technology, there is also a discrete adjustment in &hconsumption and investment
processes?

In the following subsections, we construct the stochastiastount factor functional for the
continuous-time version of the Epstein and Zin (1989) prafences when intertemporal elas-
ticity of substitution is equal to one. We will subsequentlyuse the stochastic discount factor
to calculate the shock-price elasticities for consumptiotlynamics estimated by Bonomo and

15Calvet and Fisher (2008), Chen (2008), and Bhamra et al. (2008) generate stochastic discount factors
with discontinuous trajectories using the continuous-time version of Epstein and Zin (1989) preferences.

David (1997) produces a model along similar lines with two different linear technologies where jumps
in the mean growth rates of the two technologies exactly offset each other, so that the distribution of
the aggregate production possibility set is independent of the current state. In this case, the equilibrium
consumption process remains continuous.
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Be Q¢ A
0.0355 0.0330 -0.4627 0.4627 0
0.0127 0.0484 0.1709 -0.1938 0.0229
0.0193 0.0163 0.0554 0 -0.0554

Table 1: Parameterization of the jump risk example, annuaed quantities. The intensity
matrix is calculated by taking the matrix logarithm of the transition probability matrix
from Bonomo and Garcia (1996), and setting all negative o!4dgonal terms equal to zero.
This produces an intensity matrix with zeros in the same enigs as in the original transition
probability matrix. Original parameters estimated using yarly data from 18891985 (for
details on the data sources, see Appendix A of the cited paper

Garcia (1996).

7.3 Example economy with jumps
7.3.1 State dynamics

For illustrative purposes, we consider an example of consption dynamics with three states,
estimated by Bonomo and Garcia (1996). We focus on the prigirof permanent jump shocks
to the equilibrium consumption stream in the Breeden-Luca¢BL) and Epstein-Zin (EZ)
specibcation of preferences.

Bonomo and Garcia (1996) specify the consumption dynamics a conditionally Gaussian
discrete-time process with jumps in the conditional growthrate and volatility. This leads
us to parameterize consumption as a multiplicative functiwal given by (G, ac, kc) Where
ke = 0 and scaled by the initial condition Cy. Table 1 provides the parameter values, and
a¢ estimated by Bonomo and Garcia (1996), while Figure 8 givebd Pltered probabilities
of the three states. Before 1950, the economy was mostly ssking between states 1 and 2,
with longer spells spent in state 2. These were the more vadlattimes in the brst half of
the 20" century. After 1950, the economy switches to the highly pestent, low-volatility,
average-mean growth rate state 3, where it resides for modgttbe remainder of the sample
(at least until recent events).

7.3.2 Investors’ preferences

As in Section 6.2 we consider two models of preferences. Rletizat in model BL the
stochastic discount functional is:

—#
Sy = exp (—dt) <%) .

36



1 = (& B @mGEQ FEEEER v. N =5
o " S
r
0.8 = 1
]
I 1|

i

0.8 i u

(1]
L]
0.4 +— it
M 1l
m
0.2
| M
iy
{ ‘ A m | nu
M|
. /\ WAL L0 T
1890 1900 1910 1920 1930 1940 1950 186 1870 1980

Figure 8: This is Figure 3 from Bonomo and Garcia (1996). Theucve with boxes depicts
the bltered probabilities for state two and the solid curve ithout boxes depicts the bltered
probabilities for state three.

In model EZ we use the continuous-time specibcation of resive utility preferences given
in Section 6.2. As we saw, when preferences have a unitarysélzty the stochastic discount
functional has a particularly simple form:

Co .
Sy = exp(—dt) (—") S (47)
Ch
where S, is the multiplicative martingale component of
V{ 1-#
%)
As in Hansen (2007), the continuation value is of the form
logV; = v - Z; +log C;
where v solves the continuous-time discrete-state Bellman equati:

0= —du+ B+

1 dvec{exp'[(1 — 7)k,]A'} + l; T dvec{aca'} . (48)
-7

37



and*’

K‘/V = ( ]_nU/ - U]_n,) + K‘/C.

To construct this martingale component, write
(1 —(log Vi —logVp) = (1 —~)[v - (Z — Zo) +log Ct — log Co]

t t
Z Zu 'k Zy + / Zu_' Bedu + / Zu_’achu].
0 0

O<u <t

=1 =)

Then

t
logs; =(1 —~) Z Zy_ kv Zy —/ dvec{exp[(1 — y)rv]A'} - Zy_du
0

O<u <t

t t 1— 2
+(1 — ) / Zo oved W, — / dvec{%acac’} - Zy_du.
0 0

The coe"cients in the stochastic discount functional thus ae

fBs = —01p — B — dvec{exp[(1 — 7)xv]A'} — dvec{Lfacac’}

= =01y = (1 —7)dv — v
as= —ac+t (1 —y)ac= —yae

ks = —ke+ (1 —V)ky = —yrc+ (1 — ) (1p0" —v1,).
where we have used equation (48) for the vectowp.

7.3.3 Elasticities and risk-price increments

We specify the growth functionalG as the multiplicative martingale component of the con-
sumption functional C, extracted using the procedure outlined in Section 7.1.1. e brst
perturbation we consider is the jump component of the permamt shock to logC. Let &

denote the corresponding jump matrix, dictating how the shek is constructed as function
of the jumps in Z. We parameterize the perturbationH(r) using (G, (r) , O, r&.) where 3, (r)

makesG H (r) a martingale, and then we scale the perturbation by the regrocal of the long-
run volatility as in Section 7.1.2. This scaling normalizeshe risk exposure of the shock.

17"This equation is more general than the corresponding equation in Hansen (2007) because it allows for
jumps in the consumption process and heteroskedasticity in the loading on the Brownian increment.
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Figure 9: Shock-price elasticities for the Bonomo and Gaeci(1996) consumption dynam-
ics under the Breeden-Lucas (dot-dashed lines) and Epstedm (solid lines) utility speci-

pcations. The priced growth functional is the martingale aoponent in the multiplicative

decomposition ofC', and the direction of the perturbation is given by the jump canponent

of the martingale in the additive decomposition of log'. Preference parameters are = 10

and 6 =0.01.

The resulting direction matrix is:

L 0 -2.1804 -0.1139
Eﬂc = 2.1804 0 2.0664 (49)
0.1139 -2.0664 0

As rel3ected by the Pbrst row of this matrix, a movement from thdorst state to either of
the other states had an adverse consequence on this permdrsrock to consumption. In
contrast, movements from the second state to either of the $trtiwo states has a positive
impact on the permanent shock. From the third state, a moverm¢ to the high growth prst
state has a positive impact and to the low growth second state negative impact.

The shock-price elasticities (46) for the two utility sped?cations are shown in Figure 9.
We plot the elasticities conditional on each of the three stas, as well as the limiting con-
tribution (19).

In the BL model the paths of the stochastic discount factorS are continuous. Since
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Figure 10: Shock-price elasticities for the Bonomo and Gaaq1996) consumption dynamics

for the BL specibcation. The growth functionalG is the martingale component in the

multiplicative decomposition ofC'. We set the direction matrices to feature each of the three
states, adjust the local mean to maké: H (r) a martingale, and scale by the reciprocal of the
long-run volatility. The preference parameters are =10 and 6 = 0.01.

the dilusion and jump terms are constructed as having indep®lent increments, the local
elasticity with respect to the jump component is zero. Howey, as we have already indicated,
our construction of the growth functional G as the martingale component of” includes a
nonzero jump part. The elasticity functions Ratten out for naturities over 5 years. In the
EZ specibcation, the elasticity trajectories are almost Rarel3ecting the dominance in the
martingale component of the stochastic discount factor.

From Figure 9, we see that the elasticity functions Ratten dufor maturities over 5 years.
In the EZ specibcation, the elasticity trajectories are alost 3at, ref3ecting the dominance in
the martingale component of the stochastic discount factotAlso the price of the immediate
exposure to permanent jump shock varies substantially depding upon the current state.
While the state one prices are sizeable, the state three g are tiny. Recall that bltered
state probabilities indicate that the economy was switchigp between states 1 and 2 until
about 1950, while in the post-1950 era the economy mostly i@sd in state 3. The limiting
shock-price trajectory, (19), is plotted in the bottom righ panel of Figure 9. This curve
shows that a forward shift in the time of exposure in the casd state three will substantially
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increase the risk prices while the same shift in case of staiae leads to a drop by about
pfty percent.

We explore the pricing of exposure to each of the states forahBL specibcation of
preferences. We construct direction matricesy to feature jumps into the three states. For
each state we start with a direction matrix of zeros except ithe column corresponding
to the state of interest say jump statej. Column j has ones in all entries except for the
diagonal entry. We again divide by the long-run volatility, and we make the appropriate
drift compensations so thatG H(r) is a martingale. The resulting shock-price elasticitiesra
shown in Figure 10. Each of three panels corresponds to a diéat current state. For each
current state we depict the shock-price elasticities for juping into the other states. Some
of these curves are degenerate because it is not possibleump immediately from state 3
to state 2 and from state 1 to state 3. (See Table 1.)

The speed of convergence of the nondegenerate elasticitpdiions is dictated by the
implied jump intensities. Recall that state 2 is the low-gravth, high volatility state. Exposure
to an upward jump from state 1 to state 2 is desirable and purelsing a claim on such
an outcome provides insurance. As a consequence the shom&epelasticity function is
negative. Exposure to transition from state 3 to 1 is also assiated with a negative shock-
price elasticity for long-horizon cash Bows. This ref3ecta part the indirect elect that if
state 1 is realized this increases the possibility that lowrgwth-high volatility state 2 will be
reached prior to the date of the payo!. We also include the liming shock price trajectories
in the bottom-right panel. In the long-term the jump exposue to state 1 exceeds that of
state 3. The exposure to state 2 commands a negative shockcpti again because of the
insurance motive.

The constructed shock-price elasticities represent therstivity of values of cash Rows to
a shock over the next instant. We now consider the impact of sbks at intermediate dates
between now and the maturity of the cash Row. Recall that we tmed these intermediate
contributions risk-price increments because they electaly integrate to risk price (elasticity)
over the payo! horizon. (See Proposition 7.1.) As in the comuous-state case, we calculate
the risk-price increments by taking conditional expectatins of the shock-price elasticities
at intermediate dates using distorted probability distritutions. This calculation combines
the state dependence of the elasticity function with the imgct of stochastic growth and
discounting in the conditional expectation. Formula (45) mplies a timewu, 0 < u < ¢,
contribution

— (diag {¢ ()" exp (Bu) |¢ (t— ) x (50)
X <ﬁd + dvec {md}?} + dvec {[%(t — 1) X Kg] A"}ﬂ
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Figure 11: Risk-price increments for the Bonomo and Garcid996) consumption dynamics
for the BL (left column) and EZ (right column) preference speibcations. Individual panels
depict the risk-price increments for payols of dilerent maurities. The solid black line
corresponds to the long-run elasticity curve from Figure 9plotted backwards from the
maturity date. Risk prices are obtained by integrating unde the individual curves and
scaling by J/t. The preference parameters are = 10 and ¢ = 0.01.

We depict these risk-price increments for the BL and EZ modgln Figure 11 for exposure
to the jump component of the permanent shock to consumptioroastructed previously. Each
panel represents the decomposition of the risk price for thmash Row of a given maturity
into the contributions of shocks at dilerent horizons.

We brst focus on the risk-price increments for the BL model stvn in the left column
of Figure 11. The plots capture substantial state dependeadn risk-price increments for
proximate shocks, and their convergence as the time of theostks moves further to the
future. Consistent with the plot for the shock-price elastities, the risk-price increments in
model BL diminish to zero as the time of shock approaches theatarity date. Notice that in
state three, the state commonly visited during the post waithe risk-price increments remain
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small for an investment horizon of ten quarters but the incraents are more notable for the
pfty-quarter horizon as the probability of transiting to a kad state becomes less negligible.
Thus in state three the risk prices are more substantial ovehe longer time horizons in the
BL model.

Next we compare the risk-price increments in the BL model tohbse in the EZ model.
The EZ model risk-price increments are displayed in the riglcolumn of Figure 11. The
important dilerences are in the risk-price increments thatare close to the maturity date.
In the EZ model there is no drop o! in the price increments neathe terminal date of
the payo!. For the ten quarter maturity the overall dilerence between models remains
substantial. As the payo! date is extended to bfty quarterstie risk-price increments behave
similarly across models for the Prst forty quarters (ten yea) and then the BL risk-price
increments diminish to zero over the remaining quarters ohée investment horizon. Shock-
price elasticities and their counterparts for shocks at iermediate dates thus reveal pricing
subtleties across models that are disguised by the pricesrafk exposures over the entire
investment horizon.

8 Conclusion

Stochastic dynamic model economies inform us how alternai shocks infBuence key eco-
nomic variables at alternative time horizons. Structural mdels of asset valuation tell us
even more. They inform us how the exposure to nondiversibPahinacroeconomic shocks is
compensated over alternative investment horizons. To undstand better such implications,
we proposed shock-price elasticities that measure this cpamnsation and are valuation coun-
terparts to impulse response functions. These price elasties are also the dynamic extension
of local risk prices familiar from Pnance. Similarly, we catructed shock-exposure elasticities
which capture the sensitivity of expected cash 3ows. We procked tractable continuous-time
formulas for structural models that explicitly account forstochastic discounting and macroe-
conomic growth. Thus this paper provides an additional todbr analyzing structural models
that connect macroeconomics and asset pricing.

In this paper we deduced price and exposure elasticities tgconstructingthe risk premia
of conveniently chosen cash Rows. Risk premia on specibpetsslepend on the exposure
of an underlying cash Row to risk along with the price of that>@osure. By design our
elasticity calculations explore marginal changes in expa®s in alternative directions, and
in models with nonlinearities these elasticities depend amhat benchmark cash 3ow is used
in their construction and on the evolution of the Markov stae. Constructing risk premia
thus requires that we integrate the marginal contributionsover the range of the relevant
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exposures. This integration is implicit when we confront epirical evidence using a limited
set of asset payo!s and prices. While we have not proposed annsget of statistical procedures
for testing, we believe the deconstruction of risk premia tbe of interest in understanding
better the implications of alternative asset pricing modsl

In a series of examples, we showed how to construct the shod&sgcities in models
where investorsO preferences include external habit orursve utility, and where there is
consumption predictability and stochastic volatility, so called Olong-run risks.O0 We also
explored models where the dynamics are driven, at least inppaby a Pnite-state Markov
chain. We showed examples in which models that have similanplications for local risk
prices have dramatically dilerent implications over long mvestment horizons, and examples
of models that have very similar long-term price implicatios but substantially dilerent
implications for shorter horizons.

While our examples feature alternative specibcations ofvestor preferences, the starting
point for the methods we develop is a benchmark macroeconaengrowth process and a
corresponding stochastic discount factor process. It is W&nown that models with explicit
investor heterogeneity in opportunities and limitations o the nature of asset trading can
still be captured by appropriately specibed stochastic disunt factors. For instance, see
Hansen and Renault (2009). We anticipate that a more comprehsive study of the pricing
implications of these models will reveal interesting compaons to some of the models that
we have explored in this paper.

Finally, we have abstracted from econometric and empiricahallenges. While we leave
this to future work, we do not wish to diminish the importanceof these tasks. In regard
to empirical implications, Bansal and Lehmann (1997), Alvez and Jermann (2005), and
Koijen et al. (2009) use the holding period return on long-ten bonds and the maximal
growth portfolio to gain information about the one-period ®chastic discount factor in a
discrete-time asset pricing model. The risk premium on the aximal growth portfolio re-
veals information on the volatility of the logarithm of the gochastic discount factor and
the limiting holding-period return on a discount bond revels the one-period ratio of the
dominant eigenfunction ¢(X:+1)/e(X;) in our notation) in a multiplicative factorization of
the stochastic discount factor. Taken together, they consict informative bounds on the
logarithm of the stochastic discount factor and its compom#s. The specibcation of stochas-
tic growth risk exposure plays no role in their analyses, antius empirical extensions of this
literature that explicitly confront the valuation of stochastic growth is a potentially fruitful
direction for future research. The initial steps by Lettau ad Wachter (2007) and Hansen
et al. (2008) are promising starts in this direction.
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A Derivations for Section 6.2

Consider recursive preferences in the case of unitary elagy of intertemporal substitution.
Hansen (2009) shows that when the subjective rate of time fegenced \, 0, the stochastic
discount factor is of the following form:

e(Xt)

Sy = exp(—nt)Sy (o)

where S is the Breeden-Lucas stochastic discount factor specibedSection 6.2, and; and
e(x) = exp(\'z) are the eigenvalue and eigenfunction associated with thamcipal martingale
decomposition ofC*—#.

In order to Pnd the eigenvalue and eigenfunction for a genéraultiplicative functional
M of form (26), decompose\ into a vector \; and its Pnal entry, \,. Then X\ solves the pair
of equations

O=gih+ 9

1
O=poho+ B+ 5 |Nidn + Moy + al’ (51)
Additionally, the associated eigenvalue is given by

n= B —(@r+ &)

Since equation (51) has in general multiple solutions, wellfav Hansen and Scheinkman
(2009a) and choose the solution that is associated with theallest eigenvalue. This solution
is the one that leads to stable dynamics of the Markov processunder the change of measure.

It follows from the specibcation ok(x) that the stochastic discount factorS* is also of
form (26). The coe"cients are given by

Bo=—0—Bo+t(1 —B2+ N
Bi= =181+ N

B,= =B+ N
@ = — @+ N @+ N

Finally, Hansen (2009) shows that for a multiplicative funtonal M parameterized by
(26),

E[M| Xo= x]=exp {fo(t) + 61(t) - 2™ + O,(t) 2}
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where the#;(t) coe"cients satisfy the following set of ordinary dilerential equations, each
with initial condition 6;(0) = 0.

d ,

E‘gl(t) =@ + @10:(t)

d 1 ,

Eez(t) =8 + @o0,(t) + 5 @+ 01(t) @ + 0(1)3)°

Lho(1) = B — B~ pabial)

B Derivations and proofs for Section 7

B.1 Eigenvalue problems

For the multiplicative decomposition in Section 7.1.1, guss that the martingale component
takes the form (33). The martingale restriction for an incrment in ' conditional on state
Zi_ =z is
1 .
0= ézi’ozo/zi + 6 —n+ ZAij exp (& )
j
Plugging this restriction into decomposition (32) and com@ring coe"cients, we obtain the
condition
B; =loge; —logei + kj

which yields equation (34) by stacking. Using this conditio in the martingale restriction

leads to

1 €j
0= éz{ao/Zi + 3 —n+ JZAU- e—’iexp (ki)

which, after multiplying by e; and stacking the equations, yields the eigenvalue equation
(32).

The additive decomposition in Section 7.1.2 is obtained in similar way. Guess the
form of the martingale component log? given by equation (39). The additive martingale
restriction conditional on state Z;_ = z; is

0= Z @ Ay + 8
j
Using this restriction in (35), and comparing coe"cients, v have

B = GBi—»
Kij +hj — hj

Bij

46



Thus the martingale restriction implies
p=> ki Ayp + > Ayl + B (52)
j j

Stacking this set of equations and premultiplying byy yields equation (37). The vector
of transient componentsh can then be found (up to scale) as a solution to the system of
equations (52).

B.2 Proof of Proposition 7.1

Proof. Notice that

_ E'[("é-Zt)Dt | Zo = 2]
r=0 E[é'Zt|Zoz 2]

d
a'OQE[Mth (N | Zo= 2]

where

Di= ) (Zu_)'/idZu+/(Zu_)/6ddu.

O<u <t 0

Notice that the additive functional

B= Y (Z) reZ, —/t (Zu_)’dvec{/-cd/@} du
0

O<u <t

is a martingale under the change of probability measure. Irrder to Pnd the expression for
J2i [(é- Z) By | Zy = z} we calculate the local covariance between correspondimgriements
in @ and the moving-average decomposition ef-&; in formula (43). We have

B(® Z)B | Zo= 2] =
= p {/Ot [C(t—u) Zu_] [(Zu_)’dvec{(% t — u) x md),@/}} du

Zoz Z}

p {/Ot &- 7)) [(Zu_)’dvec{(% ¢ — 1) X rq) A’Y}] du

Z(): Z}

where we used
% — u) X k) X]z = z’dvec{[%(t) X Kd]ﬁz}

and
[C(t—w)Zy ] = Bl6-Z | Zy-].
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Combining this result with the expression for@ [(8- Z) (D, — By) | Zo = =] completes the
proof. O

C Stochastic discount factor

An alternative derivation of the continuous-time stochast discount factor follows from the
approach in Du"e and Epstein (1992).

I) Take a monotone transformation of the utility index:
W= (V)"

For v > 1, the case that interests us, this transformation is decreeng, so we will have
to make an appropriate sign adjustment.

i) Notice that )\; is the local mean forl¥. Solve (27) for):

M= d(r—1) {loga R (il) logwt} W,
—

=3$( Ct, W)

iii) Following Du"e and Epstein (1992) (see their formula (%)),

_ $C(Ct7VVt) _/t :|
St = $.(Co.1V0) exp{ i Sw(Cy, Wy)du

1-# t
(B) () oot e (L)oo

1-# t
= exp(—ait) (%) (%) exp {6(7 — 1)/ (logV, — IogCu)du]
t 0 0

1-# t
= exp(—adt) <%’) (%) exp [5(7 — 1)/0 v - Zudu}

where we have placed a minus sign in frontbto o!set the fact that we used a monotone
decreasing transformation of the utility index. This formda is consistent with our
conclusion in Section 6.2.
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