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IV. TRUNCATION ERRORS

As a byproduct of Theorem 3.1 we can give an estimate of the
truncation error which arises if one ignores all the samples outside a
finite interval. More precisely, we have the following corollary.

Theorem 4.1: Let us define the truncation errorEN (t) as follows:

EN(t) = F (t)�
jnj�N

F (tn)Sn(t):

Then

jEN(t)j � 22p�qbApĈ

(1� �
p
D)(p� q � 1)Np�q�1

;

t in the compact setK (14)

wherep> q + 1, andq the polynomial order of growth ofF (t):
Proof: We know from Theorem 3.1 thatjF (tn)j � bjtnjq for

someq � 0 and a constantb, and

jSn(t)j � 2pApĈ

(1� �
p
D)jtnjp

=
CK

jtnjp ;

for all p � 0 andt in the compact setK:

Hence, if we take anyp> q + 1, we will have

jEN(t)j �
jnj>N

jF (tn)j jSn(t)j

� bCK
jnj>N

1

jtnjp�q

� bCK

�(N+1)

n=�1

n+
1

4

q�p

+

1

n=N+1

n� 1

4

q�p

� 2bCK
1

N�(1=4)

1

(x� 1

4
)p�q

dx:

If we use the change of variable,x � 1=4 = Nt, and note that
1=2 � [N � (1=2)]=N; 8N � 1, we obtain

jEN (t)j � 2bCK
1

N�(1=4)

1

(x� 1

4
)p�q

dx � 2bCK
Np�q�1

1

1=2

dt

tp�q

=
2bCK

2q�p+1(p� q � 1)Np�q�1
:

Therefore, replacing the constantCK by its value, we obtain the
desired result (14).
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Covering Numbers for Real-Valued Function Classes
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Abstract—We find tight upper and lower bounds on the growth rate for
the covering numbers of functions of bounded variation in theL1 metric
in terms of all the relevant constants. We also find upper and lower
bounds on covering numbers for general function classes over the family
of L1(dP ) metrics in terms of a scale-sensitive combinatorial dimension
of the function class.

Index Terms—Bounded variation, covering numbers, fat-shattering
dimension, metric entropy, scale-sensitive dimension, VC dimension.

I. INTRODUCTION

Covering numbers have been studied extensively in a variety of
literature dating back to the work of Kolmogorov [10], [12]. They
play a central role in a number of areas in information theory
and statistics, including density estimation, empirical processes, and
machine learning (see, for example, [4], [8], and [16]). LetF be
a subset of a metric space(X ; �). For a given� > 0, the metric
covering numberN (�; F ; �) is defined as the smallest number of
sets of radius� whose union containsF . (We omit � if the context
is clear.)
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We first find bounds on the covering numbers of functions of
bounded variation under theL1 metric. Specifically, letF1 be the set
of all functions on[0; T ] taking values in[�V=2; V=2] with total
variation at mostV > 0. (It is natural to use the same parameterV for
the range and variation, since a bound on the variation of a function
implies a bound on its range.) We find tight bounds onN (�; F1; L1)

in terms of the relevant constants using a rather simple proof. To our
knowledge this result has not appeared in the literature, although some
related work has been done in the context of density estimation where
attention has been given to the problem of finding covering numbers
for the classes of densities that are unimodal or nondecreasing (see
[4] and [7] for references). These classes are contained in the classes
we consider in this correspondence. However, we do not impose
a density constraint on the class which accounts for the difference
in behavior as a function of the parameters compared to the work
of Birgé [4]. In fact, it is the density constraint that accounts for the
log (V T ) constant (in [4]) rather than theV T constant that we obtain
in Theorem 1. Using a very simple proof we obtain tight upper and
lower bounds.

We also investigate the metric covering numbers for general
classes of real-valued functions under the family ofL1(dP ) metrics,
whereP is a probability distribution. Upper bounds in terms of the
Vapnik–Chervonenkis and/or pseudodimension of the function class
were first provided by Dudley [6] and improved by Haussler [8],
[9], and Pollard [16]. Various lower bounds have also been obtained
(e.g., see [13]). Recent work has shown the importance of scale-
sensitive versions of the various combinatorial dimensions in learning
problems (see, for example, [1] and [3]). Using techniques due to
Haussler and results from Alonet al. [1], Lee et al. [14] proved an
upper bound onmaxP log2 N (�; F ; L1(dP )) in terms of a scale-
sensitive dimension of the function class. We improve on this result,
and provide lower bounds. As will be shown, in general our bounds
cannot be significantly improved.

II. FUNCTIONS OF BOUNDED VARIATION

Our first result is to obtain tight upper and lower bounds on the
covering numbers for the classF1 of functions of bounded variation.

Theorem 1: For all � � V T=12

(log2 e)
V T

54�
� log2 N (�; F1; L1) �

13V T

�
:

Comments:

• Certainly under theL1 metric, the class of functions of bounded
variation (or even the subset of functions in this class that are
also continuous) is not precompact, and henceN (�;F1;L1) =

1: However, it has been established (see [15]) that the class
of functions of bounded variation that are also Lipschitz-smooth
have covering numbers of order(1=�)1=� in theL1 metric.

• Let F2 be all functions of variation at mostV that map from
[0; T ] to [�B; B], for someB > V=2. The theorem can be
extended toF2 as

V T

54�
+ log2

eBT

6�
� log2 N (�; F2; L1)

�
39V T

2�
+ log2

3(2B � V )T

8�
:

Both the upper and lower bounds are obtained by considering
vertical shifts ofF1 using the proof below.

• The upper bound (withT set to 1) in the theorem can be
extended to give the upper bound

max
P

log2 N (�; F1; L1(dP )) �
13V

�

i.e., a uniform bound on the covering numbers for all weighted
L1 norms whereP is an arbitrary probability measure on[0; T ].

The proof is modified by taking an equiprobable partition of
[0; T ] rather than a partition of equal size. In the next section,
we consider upper and lower bounds on this quantity for general
function classes.

Proof of Theorem 1:
Upper Bound: Define I as the set of all nondecreasing func-

tions on [0; T ] taking values in[0; V ]. Let G(�=2) be any �=2-
covering ofI. It is well known that for eachf 2 F1 there exists
g; h 2 I such thatf = g � h (see, e.g., [11, Theorem 4, p. 331]).
More precisely, ifv(x) denotes the total variation over the interval
[0; x], then g and h can be taken to be

g(x) = [v(x) + f(x)]=2 + V=4

and

h(x) = [v(x)� f(x)]=2 + V=4:

It is easy to show that bothg andh are nondecreasing. Also, iff
takes values in[�V=2; V=2] and has total variation bounded byV ,
then bothg andh take values only in the range[0; V ].

By the definition of a cover of a set, there exists�1; �2 2 G(�=2)

such that

kg � �1kL � �=2 kh� �2kL � �=2:

This gives

kf � (�1 � �2)kL = kg � h� (�1 � �2)kL

�kg � �1kL + kh� �2kL � �:

Thus we can produce an�-covering ofF1 by taking all pairs from
G(�=2) � G(�=2). Hence

N (�; F1; L1) � (N (�=2; I; L1))
2
: (1)

We now find an upper bound onN (�; I; L1) by producing an
�-covering ofI. Partition [0; T ] into n1 � T=h1 � 1 subintervals
of length no more thanh1, i.e.,

[0; h1); [h1; 2h1); � � � ; [(n1 � 1)h1; T ]:

Let �(n1; n2) be the set of all functions that are constant on
these subintervals, nondecreasing, and taking values only in the set
f(j � 1=2)h2 j j = 1; � � � ; n2g whereh2 = V=n2. It is easy to see
that the cardinality of�(n1; n2), denotedj�(n1; n2)j, satisfies

j�(n1; n2)j =
n1 + n2

n1
< 2

n +n
:

Next, note that for anyf 2 I there exists a� 2 �(n1; n2) such that

kf � �kL � h1V + h2T=2:

(To see this, consider the error of the best constant approximation to
f on a subinterval, and the additional error introduced by quantizing
the range.) Choosingh1 = �=2V , h2 = �=T , n1 = 2dV T=�e, and
n2 = dV T=�e gives kf � �kL � �. Hence, with this choice we
see that

N (�; I; L1) � j�(n1; n2)j � 2
n +n

= 2
3dV T=�e

for � < V T . We then have from (1) and the fact that� � V T=12 that

N (�; F1; L1) � (N (�=2; I; L1))
2
� 2

12dV T=�e
� 2

13V T=�
:
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Lower Bound: Partition [0; T ] into n segments. Take the set�
of all binaryf0; hg-valued functions constant over each segment. If
n � 2, the bounded variation and boundedness constraints impose
that

h � V=n: (2)

There are2n functions in this set. For any two functionsi; j 2 �

defined(i; j) as the number of segments on which the two functions
have different values. It is then easy to see that

ki � jkL = d(i; j)hT=n:

Hence,i; j 2 � are�-close iff d(i; j) � �n=hT . For an arbitrary
 2 �, let C(�) be the number of functions in� that are�-close
to . Then

C(�) =

b�n=hTc

l=0

n

l
(3)

whereb�c denotes the largest integer no bigger than�. The Cher-
noff–Okamoto inequality (see, e.g., [6]) is

m

l=0

n

l
p
l
(1� p)

n�l
� e

�(np�m) =[2np(1�p)]

for p � 1=2 andm � np. Letting p = 1=2 we get that

b�n=hTc

l=0

n

l
� 2

n
e
�2(n=2�b�n=hTc) =n

� 2
n
e
�(n=2)(1�2�=hT)

:

(The same result can be obtained by using Hoeffding’s inequality.)
Since the cardinality of� is 2

n, it is clear that we need at least
2
n
=C(�) functions for an�-cover, i.e.,

N (�; F1; L1) � 2
n
=C(�) � e

(n=2)(1�2�=hT )
: (4)

To obtain a large lower bound we want to maximize this expression
subject to (2). Equivalently

max
n�2; h�V=n

n 1�
2�

hT

2

� max
n�2

n 1�
2�n

V T

2

:

If � � V T=12, we may choosen = bV T=(6�)c to show that this
maximum is at least

2V T

27�
�

4

9
�

V T

27�
:

Hence from (4), a lower bound on the covering number is

N (�; F1; L1) � e
V T=54�

; 8 � � V T=12:

III. GENERAL FUNCTION CLASSES

In this section, we give upper and lower bounds on the quantity

max
P

N (�; F ; L1(dP ))

for rather general classesF of [0; 1]-valued functions defined on a
setX, where the max is taken over all probability distributionsP on
X. These bounds are given in terms of the following scale-sensitive
dimension ofF (see, for example, [1]). Define

fatF (�) = max fn: somex 2 X
n is �-shattered byFg

where a sequencex 2 X
n is �-shattered byF if there is a sequence

r 2 [0; 1]
n such that, for allb 2 f0; 1gn, there is anf 2 F with

f(xi)
� ri + �; if bi = 1

� ri � �; otherwise.

For example, it is easy to show that bounded variation functionsF1

have fatF (�) = bV=2�c. (To see the upper bound, consider an�-
shattered sequence and, for a suitable sequencer, find the sequence
b for which the corresponding function has maximum variation. An
easy construction withr = 0 gives the lower bound.)

Theorem 2: There are constantsc1 and c2 such that, for any
permissible1 classF of [0; 1]-valued functions defined on a setX

fatF (4�)=32 � max
P

log2 N (�; F ; L1(dP ))

� c1 fatF (c2�)[log2 (1=�)]
2
:

Comments:

• There is a gap between the upper and lower bounds. The class
F1 of bounded variation functions shows that the lower bound
is tight within a constant factor. The following example shows
that in general some gap between the upper and lower bounds
is essential. For any positive integersd; n, let Fd; n be the
class of all functions fromf1; 2; � � � ; dg to f0; 1=n; � � � ; 1g

and letP be the uniform distribution onf1; 2; � � � ; dg. Then
fatF (�) = d for any � � 1=2, and yet for� = 1=(2nd) we
have

log2 N (�; Fd; n; L1(dP )) > d log2 (1=(2d�)):

• Clearly, Theorem 2 can trivially be extended to classes of
functions that map to an arbitrary interval[a; b], by scaling�
by a factor(b � a).

• Recently, Cesa-Bianchi and Haussler [5] have proved a related
result in a considerably more general setting. Their result gives
bounds on covering numbers of a class of functions that take
values in an arbitrary totally bounded metric space, in terms of
a scale-sensitive dimension of the class. In the special case of
real-valued functions, their scale-sensitive dimension is different
from that considered here, although [2, Lemmas 8 and 9] show
that the two quantities are within log factors of each other.

To prove the upper bound we need three lemmas. The first
shows that a bound onfatF implies that, for any finite sequence
x = (x1; � � � ; xm) from X, there is a small subset ofF that is a
cover of the restriction ofF to x, denoted

Fjx = f(f(x1); � � � ; f(xm)): f 2 Fg � <
m
:

(In defining the cover and covering numbersN (�; Fjx), we use the
scaled`1 metric on<m defined by

�(a; b) = (1=m)

m

i=1

jai � bij:

We can also considerFjx as a class of functions mapping from
f1; � � � ; mg to <; this is how we definefatF .) The second lemma
shows that this implies there is a small cover for the set of absolute
differences between functions inF . The third lemma shows that this
implies a uniform convergence result for this set. We can use this
result to show that, for some set of sequences of positive probability
underP , the cover for the restriction ofF to the sequence induces
a cover forF .

The first lemma is implicit in [3, proof of Theorem 9]. (This gives
a slightly better bound—by a factor oflog d—than that given in [1].)

Lemma 1: Supposex 2 X
m and F is a set of [0; 1]-valued

functions defined onX. Let d = fatF (�=4), where � > 0. If
n � 2d log2 (64e

2
=(� ln 2)), there is a subsetT of F for which

Tjx is an �-cover ofFjx, and

jT j � 2
16

�

6d log (32en=(d�))

:

1This is a benign measurability condition—see, for example, [16].
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Lemma 2: For a classF of [0; 1]-valued functions, let

jF � Fj = fjf1 � f2j: f1; f2 2 Fg:

Then, with the metricL1(dP ) on F

N (�; jF � Fj; L1(dP )) � N (�=2; F ; L1(dP ))
2
:

Proof: Take an�=2-coverT for F . Then for all f1; f2 2 F ,
pick t1; t2 2 T within �=2 of f1 andf2, respectively. We have

k jf1 � f2j � jt1 � t2j kL (dP )

� k jf1 � t1j+ jf2 � t2j kL (dP ) � �:

It follows that fjt1 � t2j: t1; t2 2 Tg is an�-cover forF .
The third lemma, which gives a uniform convergence property, is

due to Pollard [16]. (Haussler [8] has a related result with improved
constants.) The classG that we will consider isjF � Fj.

Lemma 3: For a permissible classG of [0; 1]-valued functions
defined on a setX, a probability distributionP on X, and� > 0

P
m

x 2 X
m
: 9g 2 G;

1

m

m

i=1

g(xi)� Eg > �

� 4 max
x2X

N (�=16; Gjx)e
�� m=128

:

Proof of Theorem 2:
Upper Bound: We start by establishing the following chain of

inequalities:

P
m

x 2 X
m
: 9f1; f2 2 F ;

1

m

m

i=1

jf1(xi)

�f2(xi)j � Ejf1 � f2j > �=2 (5)

� 4 max
x2X

N (�=32; jF � Fjjx)e
�� m=(128�4) (6)

� 4 max
x2X

N (�=64; Fjx)
2
e
�� m=(128�4) (7)

� 16
16 � 64

�

12d log (32�64em=(d�))

e
�� m=(128�4) (8)

where (6) holds by Lemma 3, (7) holds by Lemma 2, and (8) holds
by Lemma 1 ford = fatF (�=(64 � 4)) and

m � 2d log2 (64
2
e
2
=(� ln 2)):

It is easy to show that the probability in (5) is less than1 for
m � k1d=�

3, where k1 is a constant. (Actually, a more tedious
calculation shows thatm � (k1=�

2d) log2 (1=�) will suffice.) In this
case, it follows that there is anx 2 Xm such that anyT � F for
which Tjx is an(�=2)-cover forFjx is an�-cover forF . To see this,
notice that for allf 2 F there is at 2 T with

1=m

m

i=1

jt(xi)� f(xi)j � �=2

and if x is chosen in the complement of the set described in (5), then

1=m

m

i=1

j t(xi)� f(xi)j � Ejt� f j � �=2

soEjt� f j � �. (In fact, for sufficiently largem, a proper cover for
the restriction ofF to almost anym-sequence induces a cover for
F .) Together with Lemma 1, this shows that someT � F satisfies

log2 N (�; F ; L1(dP )) � log2 jT j

� 1 + c1fatF (c2�) log2
1

�

2

from which the result follows.

Lower Bound: SupposefatF (4�) � d. Then consider the
uniform distribution on a4�-shattered set of sized, and consider
the restriction of the classF to this set. The same argument as the
proof of the lower bound in Theorem 1, gives

N (�; F ; L1(dP )) � exp (d=32):
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