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Abstract—We study the problem of target tracking in a sensor
network environment. In particular, we consider a target that
moves according to a Markov chain, and a tracker that queries
sets of sensors to obtain tracking information. We are interested
in finding the minimum number of queries per time step such
that a target is trackable under three different requirements.
First we investigate the case where the tracker is required to
know the exact location of the target at each time step. We then
relax this requirement and explore the case where the tracker
may lose track of the target at a given time step, but it is able
to “catch-up” at a later time, regaining up-to-date information
about the target’s track. Finally, we consider the case where
tracking information is only known after a delay of d time steps.
We provide necessary and sufficient conditions on the number
of queries per time step to track in the above three cases. These
conditions are stated in terms of the entropy rate of the target’s
Markov chain.
Index Terms—Target tracking, Markov chain, adaptive sensing, entropy rate, Huffman coding, causal source coding.

I. I NTRODUCTION

W

E EXPLORE the similarities between the target tracking problem in a sensor network setting and RényiUlam games [1], [2], [3], of which the game of “twenty
questions” can be considered a subclass. Our goal is to
find theoretical bounds on the number of queries per time
step a tracker is required to ask a set of sensors to track
a target. To the best of our knowledge, this work is the
first to investigate the interplay between these two problems,
providing the notable simplicity of our tracking scheme.
Perhaps the initial driving force in sensor networks research
[4], the target tracking problem is revisited in this work.
While much of recent research in sensor networks explores
networking issues like energy consumption optimization [5],
time synchronization [6], [7], sensor localization [8], [9], and
routing [10], [11], additional communications problems such
as data compression and message complexity have become
increasingly important as the number of small and inexpensive
networked sensing devices continues to grow. Moreover, the
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reliability and the capacity of the channel available for communication with the tracker lead to restrictions on the amount
of data sent over such networks. As a consequence, the tracker
needs to make judicious decisions when selecting sensors to
send data, so that communication with the sensor network is
kept to a minimum.
Related problems include those in the area of control
under communication constraints. In particular, Tatikonda and
Mitter [12], [13], [14] examined a control problem with a
noiseless digital communication channel connecting a sensor
to a controller, and provided upper and lower bounds on the
channel rate required to achieve different control objectives,
namely, asymptotic observability and asymptotic stabilizability
[15]. Sahai and Mitter [16], [17], [18] investigated the problem
of tracking and controlling unstable processes over noisy
channels and demonstrated that Shannon’s classical notion of
capacity was insufficient to characterize noisy channels for this
purpose. Furthermore, they identified a novel characterizing
quantity called anytime capacity and showed that it is both
necessary and sufficient for channels to have a certain amount
of anytime capacity such that unstable processes can be
tracked and stabilized.
We propose a sensor model in which sensors are capable of
sending only one-bit messages to a tracker. These messages
are used to gather tracking information about a moving target.
In the literature, one-bit-message sensor networks are called
binary sensor networks and have been previously considered
for target tracking [19], [20], [21]. In [22], Evans et al. analyzed the problem of optimal sensor selection; their approach
is to formulate the problem as a partially observed stochastic
control problem, where sensors are not constrained to one-bit
messages, and the tracker also controls the channel data rate
so that mean squared errors are bounded.
The remainder of this paper is organized as follows. Section II formalizes the tracking problem under three different
definitions. In Section III, the main theorems are stated; they
are later proved in Section IV. Finally, Section V concludes
this work.
II. P ROBLEM F ORMULATION
Consider a target moving around in an area. Suppose that
the area is partitioned into a number of non-overlapping
regions, referred to as locations. The target motion can be
described by a directed graph G = (X , E), where the set of
nodes X , with finite cardinality, represents target locations,
and the set of edges E describes each neighborhood, that is,
possible target motion. If there exists an edge (i, j) ∈ E,
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i, j ∈ X , with associated transition probability pij > 0,
connecting node i ∈ X to j ∈ X , then given that the target
is at node i, it moves to j with probability pij . Hence, we
model the random motion of the target by an ergodic (timehomogenous) discrete Markov chain
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pij = Pr{Xt+1 = j|Xt = i}, i, j ∈ X .
Associated with each target location is a sensor, which can
sense if the target is at its location. Throughout this paper we
use the term target location, sensor, and Markov chain state
as synonyms.
Given the initial target location X1 = x1 ∈ X , the history
of locations visited by a target up to time step t is called a
track.
Definition 1: The target track at time t ≥ 1, denoted X[1:t] ,
is defined as the following finite random sequence of states:
X1 X2 . . . Xt .
The main goal of target tracking is to estimate tracks over
time. We use the following notation for such estimates: at time
τ
step τ ≥ t, the estimate of X[1:t] is denoted by X̂[1:t]
; likewise,
at time step τ ≥ t, the estimate of state Xt is denoted by X̂tτ .
In this work, we are interested in the problem of zero-error
tracking.
A tracker estimates target tracks by querying subsets of
sensors. At each time step t, the tracker may query the sensors
a number of times, say Kt times. We denote the kth query
at time t by qt,k , 1 ≤ k ≤ Kt . Furthermore, each query
consists of a number of “questions”, each of which addresses
a particular sensor with a timestamp. Therefore, the query qt,k
is characterized by a set of sensor-timestamp pairs:
j
j
qt,k = {(sjt,k , τt,k
) : 1 ≤ j ≤ Jt,k , sjt,k ∈ X , τt,k
≤ t},
j
) denotes the queswhere the sensor-timestamp pair (sjt,k , τt,k
j
j
?”, and
tion “has the sensor st,k detected the target at time τt,k
Jt,k denotes the number of “questions” in the query qt,k .
In response, the queried set of sensors transmit a single bit
to the tracker. Specifically, the response rt,k to query qt,k can
be written as

1, if Xτ j = sjt,k for some j;
t,k
rt,k =
0, otherwise,

that is, rt,k = 1 if and only if, for some 1 ≤ j ≤ Jt,k , sensor
j
.
sjt,k has detected the target at time τt,k
At every time step t, a querying scheme is modeled by a
finite binary decision tree Tt . Here we use the same notion of
decision tree as used by Rivest et al. in [23]. Internal nodes in
Tt corresponds to queries qt,k , 1 ≤ k ≤ Kt . The right and left
children of each internal node represent queries following a
“yes” (1) and “no” (0) response, respectively (unless they are
leaves). Note that the root in Tt is considered an internal node.
Finally, associated with each leaf in Tt is a track estimate up
t
to time step t, i.e., X̂[1:t]
.
To summarize, at each time t, sensors are queried by
the tracker according to a querying scheme modeled by a

0

1

k=3
k=4

Fig. 1.

Binary decision tree Tt with four levels

binary decision tree Tt (following a path in the decision tree),
resulting in a sequence of queries
(qt,1 , qt,2 , · · · , qt,Kt )
and an associated sequence of responses
(rt,1 , rt,2 , · · · , rt,Kt ) ,
and culminating with an estimate of the track up to time t,
t
X̂[1:t]
.
Let C denote the maximum number of queries allowed
at each time step, called the query quota. Note that C is
an integer. One could think of several scenarios where the
number of queries at each time step is naturally limited in
this way. First, the capacity of the communication channel
between the tracker and the sensors is usually scarce. Also,
given the limited processing capabilities of small and simple
sensors, a constraint on how fast queries can be processed
is expected. Moreover, if sensors are deployed on a hostile
enemy environment, it is reasonable to limit the maximum
number of responses sent by sensors at each time step to avoid
being detected. Therefore, for every time step t, Tt has at most
m = C + 1 levels. Equivalently, we say that the height of tree
Tt , denoted by h(Tt ), satisfies h(Tt ) ≤ C +1. Fig. 1 illustrates
a binary decision tree with four levels.
We further make the following remarks. All sensors are
fault-free, have memory, and are able to communicate without
error or delay with the tracker, which knows the initial location
of the target and its motion law. Sensor ranges do not overlap.
Logarithms are taken to the base 2 and, by convention, log 0 =
0 and log 00 = 0.
In order to track the target, a tracker uses a strategy defined
as follows:
Definition 2: A strategy S is a rule that, at each time step,
maps the current querying scheme and its results to a next
querying scheme and an estimate of the current target track.
In other words, at each time step t, the tracker takes Tt and
the sequence of responses at time t, and then, according to S,
t
.
generates Tt+1 and outputs X̂[1:t]
Fig. 2 depicts the mapping defined above.
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time step t

time step t + 1
S

Tt

queries qt,1 , qt,2 , · · ·
responses rt,1 , rt,2 , · · ·

Tt+1

queries qt+1,1 , qt+1,2 , · · ·
responses rt+1,1 , rt+1,2 , · · ·

t
X̂[1:t]

Fig. 2.

S

t+1
X̂[1:t+1]

Strategy mapping

We investigate three distinct “degrees” of target tracking,
which we call following, tracking, and d-tracking, defined
below. Whether or not these degrees hold depends on the
target motion law, given by the tuple (G, [pij ], x1 ), and the
query quota C.
Definition 3: A target is followable if there exists a strategy
such that, at each time step t, the target track estimate equals
the true target track with probability one, that is,
t
∀t ≥ 1, X̂[1:t]
= X[1:t] a.s.

Definition 4: A target is trackable if there exists a strategy
such that the target track estimate equals the true target track
infinitely often with probability one, that is,
τ
∀t ≥ 1, ∃τ > t s.t. X̂[1:τ
] = X[1:τ ] a.s.

In other words, even if the tracker loses track of the target,
if it is able to “catch-up” and regain current information
about the target track at a later time step, tracking is still
accomplished. On the other hand, if the target track is correctly
estimated only after a fixed delay of d time steps, we define:
Definition 5: A target is d-trackable if there exists a strategy such that the target track estimate equals the true target
track, after a delay of d time steps, infinitely often with
probability one, that is,
τ +d
∀t ≥ 1, ∃τ > t s.t. X̂[1:τ
] = X[1:τ ] a.s.,
τ +d
X̂[1:τ
]

denotes the estimate of the target track X[1:τ ] at
where
time τ + d.
We are interested in answering the following questions:
1) What is the minimum query quota such that a target is
followable?
2) What is the minimum query quota such that a target is
trackable?
3) What is the minimum query quota such that a target is
d-trackable?
III. M AIN R ESULTS
As we shall see in this section, there is an intimate connection between querying and coding. A binary sequential source
code naturally arises from the use of binary decision trees to
represent the querying scheme. Recently, Borkar et al. [24]
revisited the problem of sequential source coding, formulated
as a constrained optimization problem on a convex set of
probability measures. Although we also impose a causality
constraint on codewords, one key difference between our work

and [24] is that we introduce a constraint at each time step
(the query quota) on the number of bits of codewords.
We now state three theorems on the conditions under which
a target is followable, trackable, and d-trackable. We defer the
proofs of these theorems to Section IV.
A. Target Following
We use the notation Ei to denote the set of neighbors of
state i ∈ X , that is, Ei = {j ∈ X : pij > 0}.
Theorem 1: A target is followable if and only if
C ≥ max log |Ei |.
i∈X

B. Target Tracking
As described in Section II, the target motion is modeled
by an ergodic Markov chain with finite state space. Thus, the
chain is positive recurrent [25], and its Shannon entropy rate
can be calculated as [26], [27]:
 
H=−
πi
pij log pij ,
(1)
i∈X

j∈X

where πi is the stationary distribution of the Markov chain.
We can then state our result on tracking as follows:
Theorem 2:
a) If a target is trackable, then C ≥ H.
b) A target is trackable if C ≥ H + 1.
C. Target d-tracking
Theorem 3:
a) If a target is d-trackable for some positive integer d, then
C ≥ H.
b) For any positive integer d, a target is d-trackable if
C ≥ H + d1 .
IV. P ROOFS
A. Proof of Theorem 1
We first prove necessity by contraposition. Assume
C < maxi∈X log |Ei |. Then, there must exist a state i ∈ X
such that C < log |Ei |. Since the Markov chain {Xt : t ≥ 1}
is ergodic, thus irreducible, there exists a time step t ≥ 1 such
that the t-step transition probability from state x1 to state i
(t)
is strictly positive, i.e., px1 i > 0 for some t ≥ 1 (where
(1)
px1 i = px1 i ). From the definition of query quota, we know that
at most C bits per time step can be transmitted to the tracker.
Therefore, the number of choices for estimating Xt+1 must
be at most 2C at each time step. But 2C < |Ei |, and hence no
strategy is able to identify correctly all possible choices for
Xt+1 . Therefore,



t+1
Pr X̂[1:t+1]
= X[1:t+1] Xt = i ≥ min pij > 0.
j∈X

Hence, we have


t+1
= X[1:t+1]
Pr X[1:t+1]




t+1
Pr X̂[1:t+1]
= X[1:t+1] Xt = i ptx1 i > 0,
=
xt ∈X
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contradicting
the requirement for following strategies:

t
Pr X̂[1:t]
= X[1:t] = 1 for all t ≥ 1.
To prove sufficiency, we show by induction that the simple
and well-known binary search [28] yields a strategy S using
which we can follow a target as long as C ≥ maxi∈X log |Ei |.
Since
 location of the target is known a priori,
 the initial
1
= 1 trivially. For a fixed t > 1, asPr X̂1 = X1


t
sume Pr X̂[1:t] = X[1:t] = 1. It suffices to show that


t+1
Pr X̂t+1
= Xt+1 = 1. The binary decision tree Tt+1 is
generated as follows. An internal node at level k in Tt+1
denotes a query of the form:

two important properties of strong typical sets and strong
typical sequences.
Lemma 1: For a fixed δ > 0, we have:
a) The probability of every δ-strong typical sequence x[1:t]
satisfies


2−t(H+c1 δ) px1 < Pr X[1:t] = x[1:t] < 2−t(H−c1 δ) px1 ,

where c1 = − (i,j)∈E log pij and px1 is the initial
distribution Pr{X1 = x1 }.
b) For sufficiently large t,


Pr X[1:t] ∈
/ Δt,δ ≤ c2 2−c3 t ,

qt+1,k = {(s1 , t + 1), (s2 , t + 1), . . . , (sn , t + 1)} ,

where c2 and c3 are positive constants.
Part (a) of the lemma is established by modifying the
arguments for the case of i.i.d. sequences in [27, Ch.5]. Part
(b) is proved using a result [29] from large deviation theory
for finite Markov chains. To avoid interrupting the main idea,
we defer the proof of Lemma 1 to the appendix.
Now, assume there exists a strategy S such that a target is
trackable and C < H. Using Lemma 1, we get the following

t
= X[1:t] :
bound for the probability of the event X̂[1:t]


t
Pr X̂[1:t]
= X[1:t]



=
qx[1:t] Pr X[1:t] = x[1:t]

where |qt+1,1 | ≤ |Ext | /2 . The set of sensors to be queried
is repeatedly reduced by about half until the target track is
estimated with certainty. Hence, either


|qt+1,1 |
|qt+1,k |
|qt+1,k | =
or |qt+1,k | =
.
2k−1
2k−1
Since we are interested in showing sufficiency, we consider
the case where the largest number of queries is required, that
is, the case where |qt+1,k | = |qt+1,k |/2k−1 . By definition,
Tt+1 has at most C + 1 levels; thus, assuming the largest
possible number of queries is required at time step t + 1, we
can write
|qt+1,1 |
|qt+1,C | ≥ C−1 .
2
When using binary search, the last query asked is a singleton,
therefore |qt+1,C | = 1, and we have
|Ext | /2
⇒ C ≥ log |Ext | .
2C−1
Hence we are able to estimate correctly
the stateXt+1 among

t+1
all possible choices, that is, Pr X̂t+1 = Xt+1 = 1. Thus,
it suffices to have C ≥ maxi∈X log |Ei | to follow a target.
1≥

B. Proof of Theorem 2
Part (a) is proved by contraposition. The proof uses the idea
of strong typicality and a result from large deviation theory.
First, we extend the concept of strong typicality [27, Ch.5]
to finite state ergodic Markov chains {Xt : t ≥ 1}. For every
t ≥ 1 and each state transition (i, j) ∈ E, we define the
counting function Nijt on x[1:t] as
Nijt (x[1:t] =

t


1i (xk ) 1j (xk+1 ) ,

k=1

where 1i (xk ) denotes the indicator function, that is,
1i (xk ) =

1, if xk = i;
0, otherwise.

For a fixed δ > 0 and every t ≥ 1, the set

 t


 Nij
− πi pij  < δ, ∀(i, j) ∈ E
Δt,δ = x[1:t] : 
t
is called the δ-strong typical set, and sequences in this set are
called the δ-strong typical sequences. Lemma 1 below states

x[1:t] ∈X[1:t]



=



qx[1:t] Pr X[1:t] = x[1:t]

x[1:t] ∈Δt,δ

+





qx[1:t] Pr X[1:t] = x[1:t]

x[1:t] ∈Δ
/ t,δ



≤



qx[1:t] Pr X[1:t] = x[1:t] + c2 2−c3 t

x[1:t] ∈Δt,δ



<

qx[1:t] 2−t(H−c1 δ) px1 + c2 2−c3 t ,

x[1:t] ∈Δt,δ



t
= x[1:t] |X[1:t] = x[1:t] . Given the
where qx[1:t] = Pr X̂[1:t]
constraint on the height of the tree Tt for each time step t ≥ 1,
t
there are at most 2tC choices for X̂[1:t]
. Hence,



t
Pr X̂[1:t]
= x[1:t] |X[1:t] = x[1:t] ≤ 2tC .
x[1:t] ∈Δt,δ

Therefore,


t
= X[1:t] < 2−t[H−C−c1 δ] px1 + c2 2−c3 t .
Pr X̂[1:t]
Since we can always choose δ > 0 such that H −C −c1 δ > 0,
and c3 > 0, it is clear that

 
t
Pr X̂[1:t]
= X[1:t] < ∞.
t≥1

By the first Borel-Cantelli lemma [30], we have


t
Pr X̂[1:t]
= X[1:t] i.o. = 0,
thus contradicting the assumption that a tracking strategy S
catches-up infinitely often with probability one. Hence, it is
necessary that C ≥ H for a target to be trackable.
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Tree traversal on T2
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Binary decision tree Tx1 derived from Huffman coding

To prove part (b), assume C ≥ H + 1. We describe an
interactive tracking strategy which we refer to as the catch-up
strategy, and we show (again, using induction) that a target
is trackable when C ≥ H + 1. Let t = 1. Given the initial
target location X1 = x1 ∈ X , we first show that there exists
τ
τ > 1 such that X̂[1:τ
] = X[1:τ ] almost surely. In the catch-up
strategy, each binary decision tree Tt is generated according
to a scheme based on Huffman coding [26], where the tracker
uses the Markov chain transition probabilities to get Huffman
codewords. Traversing Tt (that is, querying) takes place as
follows. The first nodes to be queried are those associated with
codewords whose leftmost bit is 1 (equivalently, one could
first query nodes whose leftmost bit is 0). If the response to
this query is 1, the tracker would then query nodes whose
corresponding codewords first two bits (from left to right) are
1, and so forth. On the other hand, if the response to the first
query is 0, the following nodes queried would then be those
associated with codewords whose first bit (from left to right)
is 0 and second bit is 1.
From Huffman coding, we can directly derive a binary
decision tree Tx1 from Ex1 , the set of neighbors of state x1 .
Each internal node in Tx1 represents a possible query, and
each leaf corresponds to a possible target location at t = 2.
We maintain an auxiliary tree T ∗ , initialized with Tx1 . In
order to generate T2 , we use the fact that at most C queries
can be asked at any given time step, and prune T ∗ at level
k = min (C + 1, h(T ∗)). The resultant tree is T2 , the binary
decision tree for the querying scheme at time t = 2. Each leaf
2
. We now have two
in T2 is associated with an estimate X̂[1:2]
possibilities:
Case 1: The tracker reaches a leaf of Tx1 within C queries,
the track X[1:2] is successfully determined, and the
tracker has caught-up. Then, the procedure described
above is repeated for t ≥ 3, that is, we first derive
tree Tx2 from Ex2 since location x2 is successfully
determined; we then set T ∗ = Tx2 , and generate
T3 with height h(T3 ) = min (C + 1, h(T ∗ )). At the
next time step (t = 3), if the tracker reaches a leaf
of T3 within C queries, then it continues as in Case
1; otherwise, it proceeds as in Case 2.

Case 2: The tracker does not reach a leaf of Tx1 after
C queries—it fails to “catch-up”. In this case, the
tracker takes a “best guess”, for example, the maximum a posteriori (MAP) estimate of X[1:2] based
on the query and response history. Then, at the next
time step (t = 3), the tracker uses Huffman coding
to derive trees Ti , where i ∈ X is associated with
leaves of the subtree in Tx1 , whose root corresponds
to the last node reached by the tracker in Tx1 . Each
tree Ti is appended to Tx1 , replacing the leaf corresponding to location i in Tx1 by the root in Ti . All
other nodes, except the last node reached and those
descending from it, are then removed, thus yielding a
“concatenated” tree Tx+ , “re-rooting” at the last node
1
reached at the previous time step. We then update the
auxiliary decision tree T ∗ with Tx+ and prune T ∗ to
1
get T3 with its height h(T3 ) = min (C + 1, h(T ∗))).
If, at the next step (t = 3), the tracker fails to “catchup”, then it derives T4 in the same way as T3 . This
process continues until the tracker “catches-up”—it
reaches a leaf of Txt−1 at time step t > 1. Querying
is then resumed as in Case 1.
We further illustrate the catch-up strategy with the following
instructive example.
Example 1: Let X1 = x1 ∈ X , C = 2, and assume
X2 = a2 ∈ X . Also, let Ea0 = {a1 , a2 , a3 , a4 , a5 } with transition probabilities {0.2, 0.1, 0.3, 0.2, 0.2}. Thus, one possible
set of Huffman codewords is {10, 011, 00, 11, 010}, and the
binary decision tree Tx1 is illustrated in Fig. 3.
Since t = 2, T ∗ is the same as Tx1 . Moreover, since C = 2,
T2 can have at most three levels, as shown in Fig. 4, where
the tracker traverses two levels (corresponding to the quota
constraint of two queries allowed at each time step), fails to
“catch-up”, and takes x1 a5 as the “best guess” for the track
X[1:2] .
In this case, Ta2 and Ta5 are generated using
the set of neighbors Ea2 and Ea5 , respectively. Let
Ea2
= {a1 , a3 , a4 , a5 } with transition probabilities
{0.4, 0.1, 0.1, 0.4}, and Ea5 = {a4 , a3 } with transition
probabilities {0.5, 0.5}. Ta2 and Ta5 are directly derived
from Huffman coding and illustrated in Fig. 5. Trees Ta2 and
Ta5 are appended to T ∗ (Tx1 ) as follows: the root in Ta2
takes place of the leaf corresponding to location a2 in T ∗ ;
likewise, the root in Ta5 takes place of the leaf corresponding
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0
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Concantenating Ta5 and Ta2

to location a5 in T ∗ , resulting in the concatenated tree shown
in Fig. 6. Removing all nodes except the last node reached,
which is associated with the query {(a2 , 2)}, and the nodes
descending from it, we obtain the updated auxiliary tree T ∗
(Tx+ ), shown in Fig. 7. The decision tree T3 is obtained by
1
pruning the auxiliary tree T ∗ at level C + 1 = 3, shown in
Fig. 8. Assuming X3 = a5 , the tracker is able to reach a leaf
3
of Tx2 at time 3, i.e., X̂[1:3]
= X[1:3] . In this case, although
the tracker lost track at time 2, it catches-up at time 3.
We now show that the catch-up strategy can indeed be
used to track a target. In other words, we show that the

Fig. 8.

Tree traversal on T3

tracker regains current information about the target location
infinitely often with probability one when the catch-up strategy
is applied. Let l[1:τ ] be the average number of queries asked
up to time τ , that is,
τ
lk
l[1:τ ] = k=1 , τ > 1,
τ
where lk is the number of queries asked to estimate Xk with
certainty. Clearly, lk is a bounded function of the Markov
chain {Xt : t ≥ 1}, for every k ≥ 1. By the Generalized
Convergence Theorem for bounded functions of discrete-time
and ergodic Markov chains with finite state space [31], we
a.s.
have l[1:τ ] −→ L, where the limit L (according to the Source
Coding Theorem [26], [27]) satisfies H ≤ L < H + 1, and H
is given by (1). It suffices to show that
Pr{l[1:τ ] < C, for some τ > 1} = 1,
and we show it by contradiction. Assume
Pr{l[1:τ ] ≥ C,

∀τ > 1} = p > 0.
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Then, since C ≥ H + 1 and H ≤ L < H + 1 hold, we have

V. C ONCLUDING R EMARKS

Pr{l[1:τ ] ≥ L, ∀τ > 1} ≥ Pr{l[1:τ ] ≥ C, ∀τ > 1} = p > 0.

In this paper, we characterized the number of queries
required to follow, track, and d-track a target that moves according to a Markov chain. Necessary and sufficient conditions
have been presented for all cases, as well as corresponding
following, tracking, and d-tracking strategies. Throughout this
paper we have associated the state of the Markov chain with
the target location. This association was merely for ease of
presentation. Indeed, in addition to location, the state of the
Markov chain could include information about the velocity of
the target, as well as other dynamic quantities needed to be
tracked (so long as their evolution can be represented as a
Markov chain).
It is of interest to extend our results to the multi-target
scenario, as well as to consider the case where sensors are
faulty (i.e., their query responses may be wrong), and where
noise is present in the communication between sensors and
tracker. In this direction, it would be natural to introduce
the notion of distance between sensors (states) and analyze
tracking performance under criteria such as the mean squared
error. We conjecture that results related to rate-distortion
theory are possible. Another interesting variation is to take
sensor responses to be the number of sensors that reply
“yes” to a query. Future work also includes investigating the
mean number of time steps (in terms of number of queries)
involved in the catch-up strategy before the target track can be
successfully determined, i.e., the mean lag time. Although the
simplicity of the catch-up strategy is particularly attractive, it
is of interest to find the strategy that incurs the minimum lag
time.

Therefore, we get
Pr




lim l[1:τ ] = L ≤ 1 − p,

τ →∞

τ
a contradiction. Hence, there exists τ > 1 such that X̂[1:τ
] =
X[1:τ ] holds almost surely. By induction, now assume the
above is true for t = t , that is, there exists τ  > t such
τ
that X̂[0:τ
 ] = X[0:τ  ] holds almost surely. Using the same
reasoning as above (for the case t = 1), we can show that
τ 
there exists τ  > τ  such that X̂[1:τ
 ] = X[1:τ  ] holds almost
surely. Hence, it suffices to have C > H + 1 to track a target.

C. Proof of Theorem 3
Part (a) is proven once again using contradiction and strong
typicality. Similarly to the tracking case, we assume that
C < H and that there exists a strategy S such that a target
t+d
has at most 2(t+d)C
is d-trackable. The track estimate X̂[1:t]
t+d
choices, since X̂[1:t]
can be true at most 2(t+d)C times. Hence,


t+d
the probability of the event X̂[1:t]
= X[1:t] is bounded by


t+d
= X[1:t] < 2−(t+d)[(H−C)−c1 δ] + c2 2−c3 (t+d) .
Pr X̂[1:t]
Again, by the first Borel-Cantelli lemma, we have


t+d
Pr X̂[1:t]
= X[1:t] i.o. = 0,
a contradiction. Thus, C ≥ H.
We show part (b) using a block version of the catch-up
strategy described in the proof of Theorem 2. Consider the
sequence of random variables {Wn : n > 0}, where Wn =
(Xd(n−1)+1 , . . . , Xdn ), d > 0, that is, each random variable
Wn is a segment of length d of the sequence {Xt : t ≥ 1}. We
call the sequence {Wn : n > 0} a block Markov chain taking
values in the state space X d . Assuming C ≥ H + 1/d, and
given the initial target location x0 , we skip querying during the
first d time steps. For each time step t from t = d+1 to t = 2d,
2d
we apply the catch-up strategy to get X̂[1:d]
. This is done using
the transition probabilities of the Markov chain {Wn : n > 0}
to generate Huffman
at t = 2d, we have
 codewords. Thus, 
the estimate Ŵ1 = X̂12d , X̂22d , . . . , X̂d2d . This procedure is
repeated for every “block” of d time steps, hence if CW is
the maximum number of queries allowed during each block,
CW = dC. Moreover, the entropy HW of the Markov chain
{Wn : n > 0} can be calculated in terms of the entropy rate
H of the original Markov chain as


− log Pr X[1:nd] = x[1:nd]
HW = lim
n→∞
n



− log Pr X[1:nd] = x[1:nd]
= lim d
n→∞
nd

= −d
πi pij log pij ,

Proof: To show part (a), consider − log p(x[1:t] ). It can
be bounded from above as follows:
− log p(x[1:t] ) =

t


− log p(xk+1 |xk ) − log px1

k=1

=



Nij (x[1:t] )(− log pij ) − log px1

i,j


(πi pij + δ)(− log pij ) − log px1

<

t

=


t
(πi pij )(− log pij ) − log px1

i,j

i,j

+




δ(− log pij ) − log px1

i,j

=

t(H + c1 δ) − log px1


where c1 = x,y − log pij .
Similarly, we can bound it from below:

t(H − c1 δ) − log px1 < − log p(x[1:t] ).
Therefore, we have

i,j∈X

that is, HW = dH.
By Theorem 2, if CW ≥ HW + 1, that is, if C ≥ H +
and d > 0, a target is d-trackable.

A PPENDIX
P ROOF OF L EMMA 1

1
d

2−t(H+c1 δ) px1 < Pr{X1:t] = x[1:t] } < 2−t(H−c1 δ) px1 .
This concludes the proof of part (a).
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To prove part (b), we use a result from large deviation theory
as stated in the following proposition [29].
Proposition 1: Suppose that {Xt } is an ergodic finite state
Markov chain with state space X , and let bt denote its L1
convergence parameter:
(t)

bt = sup sup |pij − πj |.
i

j


Then, the series b = t≥0 bt converges, and for any bounded
function F : X → R and any δ > 0 we have,

 t F (X )
k
k=1
− π(F ) ≥ δ
log Pr
t
3 2
t − 1 δ
−
,
≤ −
2
t−1
bF̄
as long as t ≥ 1 + 3bF̄ /δ, where F̄ = maxx |F (x)|
and π(F ) is the mean of the function F with respect to
the stationary
distribution π of the Markov chain, that is,

π(F ) = i∈X F (i)πi .
To apply Proposition 1 and prove part (b), we first construct
an ergodic finite state Markov chain {Yt } from the original
Markov chain {Xt } by taking Yt = (Xt−1 , Xt ). It is well
known that {Yt } is again an ergodic finite state Markov chain
with state space Y = X 2 . It is easy to verify that the stationary
distribution λij of {Yt } equals to πi pij , (i, j) ∈ X 2 . Let
bt bethe L1 convergence parameter sequence of {Yt } and
b = t≥0 bt . Let function F (Yt ) be the indication function
1ij (Yt ). Note that F is bounded and F̄ = supj |F (j)| ≤ 1.
Applying Proposition 1 to function F , we have,

 t 1 (Y )
t
k=1 ij
− λij ≥ δ
log Pr
t
3 2
t − 1δ
−
≤ −
2
b t−1
2
t − 1δ
−3
≤ −
2
b
holding for all (i, j) ∈ X 2 for t large (≥ 1+3b/δ). Writing the
above inequality in terms of the counting function Nij (X[1:t] )
and substituting λij by πi pij , we get
 N (X )

ij
[1:t]
− πi pij ≥ δ
t
2
t − 1δ
−3 ,
≤ −
2
b

log Pr

(2)

holding for t large.
Similarly, applying Lemma 1 to the function F  = 1 − F ,
we get the following bound
 N (X )

ij
[1:t]
− πi pij ≤ −δ
log Pr
t
2
t − 1δ
−3 ,
(3)
≤ −
2
b
holding for t large.
Combining (2) and (3), we have

 N (X )

 ij [1:t]

log Pr 
− πi pij  ≥ δ
t
2
δ
−3 ,
≤ −(t − 1)
b

(4)
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holding for t large. Using (4), we can now bound the probability of the complement of the strong typical set Δt,δ as
follows:


Pr X t ∈
/ Δt,δ




  Nij (X[1:t] )

= Pr
− πi pij  ≥ δ

t
(i,j)∈X 2


 N (X


 ij [1:t]
− πi pij  ≥ δ
≤
Pr 
t
2
(i,j)∈X

δ

≤ |X |2 2−(t−1)( b −3)
≤ c2 2−c3 t

2

δ

for t large, where the constants c2 = |X |2 2( b −3) and c3 =
( δb − 3)2 . This concludes the proof of the lemma.
2
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