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Abstract—This paper introduces a framework for distributed
learning (regression) on attribute-distributed data. First, the convergence properties of attribute-distributed regression with an additive model and a fusion center are discussed, and the convergence
rate and uniqueness of the limit are shown for some special cases.
Then, taking residual refitting (or 2 boosting) as a prototype algorithm, three different schemes, Simple Iterative Projection, a
greedy algorithm, and a parallel algorithm (with its derivatives),
are proposed and compared. Among these algorithms, the first two
are sequential and have low communication overhead, but are susceptible to overtraining. The parallel algorithm has the best performance, but has significant communication requirements. Instead
of directly refitting the ensemble residual sequentially, the parallel
algorithm redistributes the residual to each agent in proportion to
the coefficients of the optimal linear combination of the current
individual estimators. Designing residual redistribution schemes
also improves the ability to eliminate irrelevant attributes. The performance of the algorithms is compared via extensive simulations.
Communication issues are also considered: the amount of data to
be exchanged among the three algorithms is compared, and the
three methods are generalized to scenarios without a fusion center.
Index Terms—Distributed information systems, distributed processing, statistical learning.

I. INTRODUCTION
ISTRIBUTED learning is a field that generalizes classical
machine learning algorithms to a distributed framework.
Unlike the classical learning framework, in which one has full
access to the entire dataset and has unlimited central computational capability, in the framework of distributed learning, the
data are distributed among a number of agents. These agents
are capable of exchanging certain types of information, which,
due to limited computational power and communication restrictions (limited bandwidth, limited power or confidentiality), is
usually restricted in terms of content and amount. Research in
distributed learning seeks effective learning algorithms and theoretical limits within such constraints on computation, communication, and confidentiality.
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Fig. 1. Two basic scenarios for distributed data: instance-distributed (left) and
attribute-distributed (right). In the instance-distributed scenario, each agent (A,
B, and C) observes a subset of the instances, with complete information on all
attributes; alternatively, in the attribute-distributed scenario, each agent observes
all the instances, with a subset of attributes.

In a typical setting of a distributed learning system, there are
a number of agents, which are capable of collecting, processing
(local training), and communicating a certain amount of data to
one another, or to a fusion center. A fusion center may not be
required if the links of the agents form a connected component
of a graph.
One key issue in distributed learning is the way in which data
are distributed among the agents. If each agent observes the entire attribute space with a subset of the instances of the entire
data set, then we call the data instance-distributed (or homogeneous data/horizontally partitioned data). On the other hand,
if each agent observes all the data instances within a subset of
the attribute space, then we call the data attribute-distributed
(or heterogeneous data/vertically partitioned data). Of course,
there are other hybrid ways to distribute data, but instance- and
attribute-distributed data are the two most fundamental cases.
Fig. 1 illustrates these two ways to distribute data.
Problems involving instance-distributed data have been
widely studied. Two important types of models are established
in [17] and [16], respectively: instance-distributed learning
with and without a fusion center. The relationship between the
information transmitted among individual agents and the fusion
center, and the ensemble learning capability, are discussed in
these papers.
One of the essential questions about distributed learning
is what type of information should be exchanged among the
agents. For instance-distributed cases, exchanging estimator
information among the agents is a direct, effective and natural
choice because the estimator of one agent has exactly the same
form (takes input on the same domain) as those of other agents,
and hence can be directly applied and evaluated on the data of
other agents. Moreover, since estimators to a great extent characterize the statistical properties of the training data, sharing
individual estimators can be an efficient way of exchanging
information. This is why classical learning algorithms are more
easily adapted to the homogeneous data cases with the form
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of the classifier/estimator being exactly the same as that of the
centralized learning algorithm. Homogeneity in the individual
classifiers/estimators is a great advantage for designing distributed learning algorithms that compare and combine them.
However, these advantages disappear in the attribute-distributed
scenario, in which different agents observe different attributes,
and thus have many different forms of classifiers/estimators.
This makes it harder to evaluate, compare and combine the
estimators.
In this paper, we concentrate on solving distributed learning
problems with attribute-distributed data. In particular, we address several fundamental questions:
1) Given the constraints on the observations of each agent,
what is the optimal ensemble estimator?
2) Is there an efficient protocol for collaborative training so
that the agents can reach the optimal choice of this ensemble estimator?
3) What is the tradeoff between performance and the amount
of data exchanged?
In this paper, we will answer these questions in part. In
Section II, we briefly review the existing methods in this
field, highlighting the residual refitting scheme in detail. In
Section III, we pose a fundamental optimization problem: under
the residual refitting scheme, find the best thing that we can do,
given that we have an infinite amount of data and no noise. Then
we propose a solution to this problem. In Section IV, we seek
algorithms that perform well with finite, noisy observation data,
and we present simulation results to support our conclusions
in Section V. In Section VI, we discuss communication issues
associated with the distributed learning algorithms, and then
conclude our paper in Section VII.
II. REVIEW OF EXISTING METHODS
Despite the difficulties of attribute-distributed learning,
there are many research results in this area. Basak [1] sets up
a general paradigm for classification problem on vertically
partitioned data (i.e., attribute-distributed data). There are many
algorithms that are distributed versions of different centralized
classification algorithms on attribute-distributed data, for instance, -nearest neighbor [5], support vector machine [13],
[23], Bayesian networks [24], [25] and decision trees [6], [22].
In addition, researchers have also generalized unsupervised
learning algorithms to attribute-distributed data. For instance,
[21] considers -means clustering problems with attribute-distributed data and [10] generalizes it to arbitrarily partitioned
data.
In most of these approaches, the privacy-preservation aspect
of distributed algorithms is also highlighted. In other words, in
all the algorithms, the protocols under which the agents share
information with one another do not involve direct communication of private data.
On the other hand, there are also many works that consider
regression problems and emphasize the estimation error of the
ensemble estimator, e.g., [14] or [26]. Some basic ideas include
voting/averaging, meta-learning, collective data mining, and
residual refitting. In terms of the training process, the first
two are non-collaborative, i.e., each agent individually trains
its own classifier/estimator and fixes it before sending it to
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Fig. 2. Comparison between non-collaborative training (left) and collaborative
training (right). For non-collaborative training, individual estimators (f , f and
f ) are trained locally and fixed, and no agents receives information from other
agents. Alternatively, for collaborative training, every agent can get feedback
from the fusion center/other agents, and the individual estimators are updated
based on external information, evolving as the training algorithm proceeds.

others or to a fusion center. The last two are collaborative in
the sense that each agent updates its local estimator based on
the information/feedback from other agents or a fusion center.
Obviously, collaborative training can achieve more accurate
estimators, at the price of a greater communication burden of
the system. Here, we briefly review the basic idea of these
methods. The difference between non-collaborative training
and collaborative training is illustrated in Fig. 2.
A. Non-Collaborative Training
The voting/averaging algorithm simply combines the predictions of the individual agents, with or without weighting coefficients. The training process is purely non-cooperative and hence
requires no communication at all. Usually a fusion center is required for this scenario, and each agent simply sends its prediction on the test set to the fusion center to contribute to the
ensemble decision. An extensive simulation of this algorithm is
described in [14], in which decision trees are used as individual
classifier/estimators, and unweighted/weighted voting schemes
are used as combining rules.
In the meta-learning case (see [3], [4], and [15]), the fusion
center seeks a more sophisticated way to integrate predictions
of individual estimators by taking their predictions as a new
training set, i.e., the fusion center treats the output of individual
estimators as the input covariates. Although this hierarchical
training scheme is somewhat more sophisticated than simple
voting/averaging, it is still non-cooperative and hence fails to
learn hidden rules in which covariates of different agents are related in a complicated way.
B. Collaborative Training
In contrast to the above methods, collective data mining algorithms (see [9], [11], and [12]) are collaborative. They seek
to determine the information required to be shared among the
agents (usually certain attributes, or columns of a data matrix
) so that the optimal estimator can be decomposed into an
additive form without compromising the performance of the
ensemble estimator (compared to an estimator that could be
trained by a centralized algorithm). However, this requirement is
rather strong and hence this technique relies on specific types of
transformations (e.g., wavelets), which require significant prior
knowledge of the problem, and thus is hard to generalize to solve
other problems.
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Another class of cooperative training algorithms, the residual
refitting algorithm and algorithms derived from it [19], [26]–[28],
has the advantage of not being dependent on individual learning
algorithms. The only information the agents communicate with
each other is their training residuals. Sharing training residuals
is a promising choice for attribute-distributed learning because
the training residual of one agent represents the “unexplainable”
part of the outcome based on that agent’s attributes. Moreover,
since residual refitting algorithms bear a natural resemblance to
the -boosting algorithm of classical machine learning, many of
the conclusions and methodologies of boosting can be borrowed
and revised. Nonetheless, there are still many unique problems
associated with distributed residual refitting.
An interesting question is the following: If we adopt the
residual refitting scheme and assume that each individual agent
is able to find its conditional expectation estimator (optimal
in terms of mean square error), then what is the limit of the
residual refitting algorithm? Reference [26] partly answers
this question by demonstrating that repeatedly finding the
conditional-mean estimator of the current ensemble residual
(iterative projection) is a non-expansive map, and under certain additional assumptions, is a contractive map, and hence
converges to a unique limit, which is the optimal estimator of
the form of a linear combination of individual estimators. The
analysis in [26] justifies the efficacy of the residual refitting
algorithm in the infinite instance, noise-free data scenario.
However, since training data is generally limited an noisy, direct residual refitting on ensemble training error in a round robin
manner fails to perform well, especially in the presence of irrelevant attributes (attributes that are completely unrelated to the
outcome). Usually, this phenomenon is considered to be a form
of overtraining in the parlance of machine learning. [19], [27]
and [28] have proposed different ways of solving this problem.
In [27], uncertainty about the covariance of individual training
residuals is introduced so that the ensemble estimator can be
searched in a minimax manner to avoid overtraining. In [19]
and [28], different ways of agent selection/pruning schemes are
proposed to eliminate irrelevant agents so that the final ensemble
estimator has a sparser form, leading to better generalization capability. Moreover, selecting/pruning agents can also reduce the
amount of data exchange to some extent, making the algorithms
more efficient in terms of communication requirements.
In this paper, we consider an alternative residual-based algorithm that addresses this problem in a different manner. Instead of projecting the ensemble residual sequentially on the
agents (selected or unselected), which is greedy and myopic,
we use the training residual (or equivalently, the prediction on
training data) in a holistic way, reshaping the entire prediction matrix using gradient descent. This essentially reduces to a
problem of parallel residual refitting in which current ensemble
training residuals are distributed in proportion to the weighting
coefficients of the best linear combination of individual estimators. In addition, if we do not strictly follow gradient descent,
and instead adjust the weighting coefficients to emphasize more
promising agents and de-emphasize the less promising ones, a
better ensemble estimator can be obtained, with most irrelevant
agents being eliminated, and only a few of the most important
agents surviving.
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III. LIMITS OF ADDITIVE MODELS
A. Model and Problem Definition
Suppose that there are
attributes,
instances and
agents. Define the set of indexes of attributes as
(1)
and the set of indexes of instances as
(2)
composed of elements
then the observation data matrix
can be divided into many small parts
, of the general form
(3)
, then
If we add some extra structural constraints to the sets
we can describe instance-distributed and attribute-distributed
data. To be more specific, if
(4)
contains only complete rows of , i.e.,
then each data set
each agent observes all the attributes for a subset of the instances. In this case, we call the collection
instance-distributed data.
On the other hand, if
(5)
then each data set
contains only complete columns of , i.e.,
each agent observes all the instances of a subset of the attributes.
In such situation, we call the collection
attribute-distributed data.
Our further discussion is based on an estimation/regression
problem with attribute-distributed data. Suppose attribute
, and outcome
. Then the entire dataset can be
written as

or, for simplicity

where
is the th instance of attribute
, and
is the
th instance of .
We assume that there exists a hidden deterministic function
(or rule/hypothesis)

such that
(6)
where
is an independently drawn sample from
that is independent of
a zero-mean random variable
and . For simplicity, we denote the hidden rule
as
(7)
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Suppose there are agents and one fusion center. Each of the
agents has only limited access to certain attributes. As defined in
denotes the set of attributes
the introduction,
accessible by agent , and
, assuming that
. For centralized data, the set of possible estimators is given
by

and for each agent , the set is reduced to

We will restrict

and

to include only functions

satisfying
(8)

The fusion center observes the outcome , with all its instances
. These assumptions specify the “attribute-distributed” properties of our problem.
Suppose is the random variable that generates the samples
with a fixed (but unknown) distribution; then ideally, we need to solve the following problem:
(9)
where

following manner:
(14)
and
(15)
In other words, each agent repeatedly finds the conditional expectation (conditioned on the set of covariates visible to agent
, i.e.,
) of the difference between the hidden rule
and the current projection of the other agent. This is compatible
with our intuition because the conditional expectations given
by (14) and (15) are the minimum-mean-square-error (MMSE)
estimators of the fitting residuals of the other agents. For simas
.
plicity, we henceforth denote
If this conditional expectation projection process is iterated,
then hopefully we can asymptotically achieve a limit
that best approximates . To investigate the limit behavior of
the iterative conditional expectation projection, we define the
as
distance between two functions and on the space
(16)
then we can show that the map defined by (14) and (15) from
to
is a non-expansive map. More specifically,
we have the following theorem.
and
, the
Theorem 1: For two functions
specified by (14) and (15), i.e.,
map

(10)
If we assume that the ensemble estimator is of additive form
(11)
then problem (9) can be reduced to a simpler form
(12)
In practice, if we have only finite, noisy data, it is impossible to
exactly solve (12). Instead, we use the training error as a proxy
of the objective specified in (12). Then, we have the problem
(13)
of minimizing the mean square training error.
In Section III, we concentrate on showing some results concerning problem (12), closely relating to the question “What is
the best we can do?” In Section IV, we go further to find a practical algorithm for solving problem (13).
B. Iterative Conditional Expectation Projection
Now, let us consider a very naive approach to iteratively solve
problem (12). Suppose that we have two agents. We initialize
and
both as 0. Suppose
,
and Agent 1 and Agent 2 then update their estimators in the
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(17)
satisfies the property
(18)
That is, is a non-expansive map on the metric space
with
distance defined by (16).
Non-expansive is weaker than contractive, and “fixed-point”
theorems generally require a contractive map. The following
theorem shows that if the covariates of the two agents are jointly
Gaussian and the hidden rule is a finite-order polynomial, then
is a contractive map.
is a finite-order
Theorem 2: If the hidden rule
polynomial function with zero mean, and its input covariates
are jointly Gaussian with correlation coefficients , then defined by (17) is a contractive map, with contraction factor , i.e.,
(19)
The proofs of Theorems 1 and 2 can be found in
Appendixes A and B, respectively.
By the fixed-point theorem for metric spaces, under the assumptions of Theorem 2, the iterative conditional expectation
algorithm specified by (14) and (15) converges to a unique limit,
which is the solution of the simultaneous equations
(20)
(21)
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Moreover, the convergence speed is
, where is the
number of iterations. If the covariates of the two agents are independent, then the algorithm converges in one iteration.
In [26], a detailed example is provided to support Theorem 2
in the section containing our simulation results. In the example,
the limit of the iterative conditional expectation projection is
exactly the same as the one that is found by solving (20) and
(21). Moreover, the distance, as defined by (16), between the
estimated function and the limit (i.e., the fixed point) converges
.
with a rate of
We now turn to the realistic case in which the data are finite and noisy. Moreover, we do not assume that each agent is
perfect at finding the conditional expectation of the current ensemble residual projected onto its local data. On the contrary,
we assume that the agents may employ different learning algorithms.
With these new relaxed assumptions, we turn to designing an
algorithm to solve problem (13) iteratively to create an ensemble
estimator with the least possible generalization error.
IV. METHODS AND ALGORITHMS

Algorithm 2:

Boosting Algorithm

1
2 for

do

3
4
5
6 end
Notice that the major difference between Algorithm 2 and Algorithm 1 is in Line 4, where the sets of functions from which
the latest estimator of the ensemble residual can be selected are
different for different iterations in Algorithm 1. For the distributed case, we have to select the estimator from a smaller
where
. If we can expand the space
space
somehow, and search for the latest estimator in a larger set of
functions, then we can make the algorithm more efficient in
terms of reducing the training mean square error.
in Line 4 of AlgoOne possible choice is that we replace
rithm 1 by
, or equivalently, that we redefine
as
follows:

A. Minimizing Training Error Sequentially
If we directly employ the iterative conditional expectation algorithm in the last section specified by (14) and (15) and apply
it to solve the finite, noisy data case (13), i.e., to refit the current
ensemble residual in a round robin manner, then we can obtain
denotes the index of the agent at
Algorithm 1, in which
iteration , which, for a round robin refitting, is given by
(22)
specified by (22), henceforth
Applying Algorithm 1 with
called Simple Iterative Projection, does not achieve very desirable results, especially in the presence of many irrelevant
attributes. Since the algorithm treats every agent equally,
neglecting the fact that some of them are better at predicting
the outcome than others, and thereby projecting the ensemble
residual onto some spaces orthogonal to the outcome, it can
overfit the data.
Algorithm 1: Prototype Residual-Refitting Algorithm
1
2 for

do

3
4

(23)
where
(24)
In other words, for each iteration , the fusion center sends the
, each of which finds a
residual to all the agents
local optimal estimator
based on its own limited set of functions
, and then the fusion center chooses the agent that generates the estimator with the smallest training error to project the
current residual. We call this algorithm the greedy algorithm,
boosting, with extra conwhich is a distributed version of
straints on the set of functions from which the latest estimator
can be selected.
Nonetheless, in the greedy algorithm, the information of the
ensemble residual is still used in a rather myopic manner. As
pointed out in [20], the algorithm can be overaggressive in reducing the training error at each step, and hence may discard
some relevant agents, while using the predictions of estimators that are orthogonal to the outcome. If we use the training
residual information of every agent in a more holistic manner,
we may be able to achieve better results.

5
6 end

B. Redefine the Model

7

Before we introduce our parallel approach, we need to reformulate another model that is equivalent to (13), given that
are linear.
In the new model, we still stipulate that the ensemble estimator has an additive form, but this time we introduce a
for each agent. Thus, we have a new
weighting coefficient

Before we explore other algorithms that improve on Simple
Iterative Projection, it is worth noting the resemblance of our
boosting algorithm [2], as shown in Algoalgorithm to the
rithm 2.
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optimization problem:
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where

(25)

(33)

Since
implies
(due to the linearity of
),
the set of functions over which we search in (25) does not expand relative to (13) so that the two problems are equivalent.
Now we convert (25) into a two-stage optimization:

is the set in which all possible prediction matrices
i.e.,
reside.
Solving (32) requires an iterative algorithm since the training
constraint is not explicit. A gradient descent (in this case, it
is actually hill climbing) algorithm to optimize (32) requires an
explicit expression for the gradient of
with respect to , which is

(26)

First, let us observe the inner stage of (26), which can be
fixed, find the best
interpreted as: given
linear combination so that the ensemble estimator has minimal
mean-square training error:

(27)

Define the vector as
, the vector as
,
the vector as
and the matrix
as
. Then if the individual estimator of each agent is
given (i.e., is given and fixed) as in the meta-learning case,
we can rewrite the optimization problem in (27) as
(28)
which is a standard linear least squares regression problem, and
can be readily solved analytically: the solution is given by
(29)
with the minimal value given by
(30)
Interestingly, in a cooperative training algorithm, the agents
have opportunities to change their training residuals so as to reshape and hence reduce the optimal value of (30), thereby
minimizing the ensemble training error. It is this stage of optimization that distinguishes the cooperative problem from linear
least squares regression.
In the second stage, the optimization problem thus becomes
(31)
which is equivalent to
(32)

(34)
The derivation of (34) can be found in Appendix C.
Note that the gradient for is simply the current training
, reweighted by
for the th column.
residual
If we solve this problem sequentially, i.e., we send the current
residual to one of the agents to refit, then this closely relates
boosting algothe second stage of our optimization to the
rithm, introduced and developed in [2] and [7], in which the
training residual is repeatedly refitted. The basic idea of the
second stage optimization is now clear. Namely, given that the
optimal weighting coefficient can always be determined analytically, the system repeatedly updates its basis , and hence reshapes so that the ensemble training mean square error can be
minimized.
C. Parallel Gradient Descent
As stated above, we use a gradient descent algorithm to solve
the optimization problem (32). The difficult part is to consolidate the training constraint for each agent. Since the specification of
is implicit, the most straightforward way to use
is through repeated training.
Moreover, there is a practical issue in our algorithm. In particular, if two agents observe exactly the same data and hence generate the same estimator, the objective becomes singular and the
optimization becomes meaningless. To prevent this from happening, one needs either to bootstrap the data for each agent, or
to add a regularization term to the original objective of the optimization problem:
(35)
Based on the above ideas, the gradient descent algorithm is
described as follows: First each agent fits the outcome as well
as it can, and the fusion center finds a best linear combination of the agents’ predictions on the training set. Based on the
weighting coefficients, the fusion center finds the gradient for
and uses a back-search algorithm to
the prediction matrix
find the optimal step length . Then the fusion center sends the
desirable next-step prediction to each agent, which fits to this
ideal next-step prediction as well as it can. The fusion center
again updates the weighting coefficients and repeats the above
process until the training error stops decreasing. The algorithm
described above is specified in Algorithm 3.
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larger the magnitude of , the more important the th agent is
in the ensemble estimator. Those agents whose weighting coefficients are rather small in absolute value are less likely to be relevant agents. Therefore, we can adjust the reweighting process
of the training residual so that the more promising agents can
obtain a larger portion of the residual, while the less promising
agents are assigned a smaller portion of the residual. In this way,
we can iteratively phase out irrelevant agents.
A revised version of the gradient descent algorithm based
on this idea will use a different searching direction for (34) as
follows:

Algorithm 3: Parallel Algorithm
1
2
3
4 for

do

5
6
7
8

(36)

9
10
11 end
function in Line 6 of AlgoThe
rithm 3 is designed to find the optimal step length to expedite
and
the convergence of the training error, where
. Algorithm 4 summarizes this procedure.
Algorithm 4: Back-Search Algorithm
1 function
2
3
4 define
5 while
6

do

7
8 end
9 return

D. Beyond Gradient Descent
There are two sources of overtraining in distributed algorithms. First, the local training algorithm of each agent may lead
to overtraining. The fusion center does not have control over this
type of overtraining. Second, including overtrained estimators
in the ensemble estimator also may lead to overtraining. Those
agents whose observations are irrelevant to the outcome will
produce this type of overtrained estimators. The fusion center,
however, can decide whether to incorporate an estimator into
the final ensemble estimator or not. Avoiding the second type of
overtraining is essential to the distributed algorithm.
Applying gradient descent directly to (32) may lead to overtraining, since irrelevant attributes will still play a role in the
final ensemble estimator. This raises the question: is there a way
to iteratively lower the weight of irrelevant estimators in the final
ensemble estimator?
One possible approach to this problem is to modify the update
direction for iteratively solving the optimization problem (32).
Note that the gradient (34) is merely a weighted version of the
ensemble training residual. The training residual is redistributed
to each agent by its weighting coefficient . Intuitively, the

should emphasize
The reweighting function
components of that are relatively large in absolute value and
suppress components of that are closer to zero. There are many
choices of such functions, and we could even use a clustering
algorithm to distinguish significant agents and irrelevant agents.
Here, for simplicity, we consider the power function
(37)
controls the preference to larger values of coeffiwhere
, the gradient reduces to the original one. It
cients. When
on the genis thus interesting to investigate the influence of
eralization error of Algorithm 3, by replacing Line 5 by (36).
Before we apply the revised search direction to our algorithm,
if the optimal solution is path independent, then no matter what
path we go through to reach it, we will achieve the same result.
To make the above approach work, we need to show that the
solution to problem (32) is actually path-dependent.
For agent , define
(38)
Then, suppose that each space is spanned by
. On defining
basis vectors

orthonormal

(39)
the prediction of agent can be written as a linear combination
of the basis vectors, i.e.,
(40)
When the back search algorithm terminates, the residual must
be orthogonal to all the basis vectors of every agent. Therefore,
we have
(41)
where

is determined by (40), and

.
We can rewrite (41) as
(42)
where
(43)
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Notice that (42) can be simplified into a polynomial equation
). As long as
of high order (each of the equations has order
are not trivial (e.g., mutually identical), we have an
equal number of unknown variables and equations. This means
, and problem (32) is
that we have many solutions for
indeed path dependent. The simulations in the next section will
demonstrate the influence of search direction on the generalization error of the ensemble estimator.
V. SIMULATION RESULTS
In this section, we examine the efficacy of our parallel algorithm (Algorithm 3 in Section IV) and its variants on several different data sets, and compare it with Simple Iterative Projection
(Algorithm 1 with (22) in Section IV) and the greedy algorithm
(Algorithm 1 with (23) in Section IV) in different simulation
scenarios.
A. Generalization Error
We test the algorithms on both artificial and real data sets. For
artificial data, we employ three functions used in [18] (originally
from [8]) as the hidden rule to generate our simulation training
data sets. The three functions and the corresponding joint distributions of the covariates are as follows:
• Friedman-1:

where
• Friedman-2:

where
and
• Friedman-3:

;

,

,

,

;

where the distributions of the attributes are the same as
those of Friedman-2.
All these attributes are independent of one another, and before running the algorithm, the variance of the outcomes is normalized to 1. In our simulations, we choose 2000 training data
instances and 2000 test data instances, and the standard devia.
tion of white noise is set to
Moreover, to examine the algorithms’ performance on
real data, we further test them on the concrete compressive
strength (CCS) dataset from the UCI Machine Learning Repository. This is a multivariate regression dataset with
attributes and 1030 instances, from which we randomly select
as the training set, leaving the rest for testing. Moreover, since in practice it is very likely that there exist some
attributes irrelevant to the outcome, to test the algorithms under
the presence of nuisance attributes, we added eight nuisance
attributes to the CCS dataset and also compared the algorithms.

Fig. 3. Comparison of the test errors (mean square error) of the centralized L
boosting, linear/non-linear meta-learning, parallel algorithm, the greedy algorithm, and Simple Iterative Projection on the data sets Friedman-1, -2, -3, CCS
and CCS with eight irrelevant attributes.

The distributed system is constructed as follows: Assume that
is the total number of attributes, and there are
agents,
with each agent observing attribute , i.e., each agent observes
only one unique feature. In addition, each agent uses a regression tree (with a constraint on the smallest leaf) as its individual
estimator.
For comparison, we also introduce three other algorithms,
centralized learning, meta-learning with a linear model, and
meta-learning with a non-linear model. The centralized learning
boosting algorithm with a discounting factor
.
is a
The meta-learning with a linear model simply takes the output
linear regression
of individual agents as its input, and use an
to refit a model; its non-linear counterpart also takes the same
boosting algorithm to process the
input, yet it employs the
agents’ predictions.
The simulation results are shown in Fig. 3, which vividly
illustrates the comparison among the algorithms on different
data sets. It is conspicuous that on all the datasets, the parallel
scheme outperforms the other distributed algorithms with linear
models (greedy algorithm and Simple Iterative Projection, and
meta-learning with a linear model).
Moreover, in the right subgraph of Fig. 3, it can be seen that
the performance of the parallel scheme on the CCS data set is not
affected very much by the introduction of eight irrelevant variables (the same number of relevant variables). However, most
of the other distributed learning algorithms almost double their
test error in MMSE. This “agent selection” property of the parallel scheme is highly desirable in the presence of irrelevant attributes. In the next subsection, we investigate how to further
enhance this advantage of the parallel scheme.
It is also worth pointing out that the test errors for the greedy
algorithm and Simple Iterative Projection are selected at the
optimal stopping time (according to the true test error), while
the test error for the parallel algorithm is blindly selected after
a fixed number of iterations. This can be better demonstrated
through Fig. 4.
It is apparent that the greedy algorithm, with the complexity
of its ensemble estimator growing aggressively, suffers from
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Fig. 4. Comparison between the convergence of the parallel algorithm, the
greedy algorithm and Simple Iterative Projection for the Friedman-1 dataset with
5 irrelevant attributes. The parallel algorithm is least susceptible to overtraining
than the greedy algorithm and Simple Iterative Projection, and the training error
curve for the parallel algorithm parallels its test error curve with a small gap
between them. Yet for the greedy algorithm and Simple Iterative Projection,
though the training errors converge rapidly, they do not correctly reflect the test
errors of the ensemble estimator, with large gaps and opposite trends.

Fig. 5. Comparison between power of relevant terms (44) and power of irrelevant terms (45) in the final ensemble estimator for different values of p in the
reweighting function (37).

TABLE I
TEST ERRORS (MEAN SQUARE) OF THE PARALLEL ALGORITHM
OF REWEIGHTING FUNCTION (37) OF DIFFERENT VALUES OF p.
THE OPTIMAL VALUE IS ACHIEVED WHEN p 2 (3; 4)

It is clear that there is an optimal value of in terms of test errors. To show further detail about the influence of and its connection to the test error of the ensemble estimator, we compare
the sum of the power of the predictions of the agents with relevant attributes and that of the agents with irrelevant attributes.
To be more specific, let be the set of relevant attributes, and
be the set of irrelevant attributes. We then compare
(44)

overtraining, while the parallel algorithm, with the ensemble
estimator complexity fixed, remains effective once reaching a
good result.
The overtraining problem of the greedy algorithm can be
partly solved by taking steps more cautiously (by multiplying
a discount factor to the prediction when updating the ensemble
residual), similarly to stagewise regression. Yet this may greatly
reduce the speed of convergence of the algorithm, and add a
heavy burden to the communication between the fusion center
and the agents.
B. Performance in the Presence of Irrelevant Attributes
It is also of interest to test the capability of the parallel algorithm to eliminate irrelevant variables, especially in the presence of a significant fraction of them. Moreover, we are also interested in the possible improvement of performance by intro. We use the Friedman-3
ducing the weighting function
data set (1000 training data points and 1000 test data points)
for the simulation. There are only
with noise level
four relevant attributes in the data set, and we mix 26 irrelevant
attributes (white noise) into the data set so that the relevant attributes comprise less than 14% of all the attributes.
Under this setting, keeping the configuration of the distributed system unchanged, we test our algorithm with adjusted
in the form of
gradient by reweighting the residual using
(37). The results in terms of mean square test errors are shown
in Table I. For comparison, the error for the greedy algorithm
for this scenario is 0.2746.

to
(45)
The results are shown in Fig. 5. This provides us with insight
into why the use of the weighting function
improves the performance of the system. When we do not de-emphasize the ir, the total power of
relevant variables, as in the case of
terms corresponding to irrelevant estimators (45) increases as
the number of iterations increases. This means that the fusion
center allocates a larger portion of the outcome to the irrelevant
variables. This is a major source of the second type of overtraining, and drags down the performance of the vanilla version
of the parallel algorithm.
On the other hand, when we oversuppress the irrelevant vari, we achieve a very small value of
ables, as in the case of
(45), yet the sum of the powers of the relevant estimators (44)
is also smaller. Instead of overtraining, the system “under-uses”
some of the relevant variables such that the ensemble estimator
does not fully explain the outcome using relevant data.
Achieving a balance between these two extremes, as in the
, we can both eliminate the irrelevant attributes and
case of
fully use the relevant attributes. This requires a proper choice of
, which depends on the data. It is desirable to design adaptive
algorithms to automatically select a proper reweighting function
based on the data itself.
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TABLE II
COMMUNICATION COST FOR ATTRIBUTE-DISTRIBUTED ALGORITHMS

VI. DISCUSSION
A. Communication Issues
In practice, the residuals or predictions of each agent, i.e., the
columns of , need to be transmitted among the agents under
the coordination of a fusion center. Therefore, it is of interest to
look into the amount of data that must be exchanged for different
algorithms.
For the greedy algorithm, for each iteration, the fusion center
sends the current residual to every agent and receives from them
the correlation coefficients as feedback. Deciding which agent
to select, the fusion center again asks for the updated residual
from the selected agent, who sends it back to the fusion center.
This completes an iteration. The fusion center needs to broadcast data points to each agent, and each agent needs to feed
back an
indicator, and one of them needs to further feed
data points back.
The parallel algorithm on the other hand, needs more data
transmission. For each iteration, the fusion center needs to
broadcast the current residual and send each agent ( data
instances) its weighting coefficients. Then each agent updates
its individual estimator and sends back to the fusion center its
new prediction on the training set ( data instances).
Moreover, if
in Algorithm 1 follows some deterministic
sequence as in the case of Simple Iterative Projection, then we
can greatly reduce the amount of data exchanged for each itfor one active agent. This is further diseration, to only
cussed in [23], where the value of
for the next iteration can
be predicted by some heuristics to reduce the amount of data to
be exchanged.
Table II summarizes the communication cost for several
typical attribute-distributed algorithms for each iteration during
training.
B. The Role of Fusion Center
Throughout the paper, to keep the problem simple, we have
kept a fusion center in the system. However, for all our algorithms, the Simple Iterative Projection, the greedy algorithm
and the parallel algorithm, there is a possible implementation
without a fusion center.
For instance, the Simple Iterative Projection algorithm requires only sending the latest training residual to the next agent
in a predefined order. As long as the communication links
among the agents form one connected component of a graph, it
is always possible to project the latest residual to the next agent.
The greedy algorithm needs to achieve two things: First, select the agent that reduces the ensemble training residual the
most. This is equivalent to the problem of finding the minimum

395

value distributed system. Second, the selected agent must broadcast its updated training residual to every agent. These two tasks
can be easily achieved by flooding or gossip like algorithms.
For the parallel algorithm, it is rather difficult not to have a
fusion center, because each update needs full knowledge of the
prediction matrix . As long as all the agents are connected as
one component, this can also be achieved by flooding/gossiping.
Moreover, once we reach a point at which some agents have
been proved to be irrelevant to the outcome, we can stop some
agents from sending their own training residuals and reduce the
amount of data needed.
Therefore, keeping the fusion center in our system is purely
for the elegance and simplicity of the problem. In practice, we
can achieve the same goals in a purely distributed system.
VII. CONCLUSION
In this paper, we have introduced a framework for distributed
learning, especially for regression problems, on attribute-distributed data. We have introduced two models: the ideal case
(12) and the realistic case (13). Based on the ideal case (12), the
convergence properties of attribute-distributed regression with
an additive model have been discussed, and the convergence
rate and uniqueness of the limit have been proven for the case
in which the attributes of the two agents are jointly Gaussian,
and the hidden rule is a finite order polynomial. Then, taking
residual refitting, the classical machine learning counterpart of
boosting, as the prototype algorithm, we have
which being
developed and compared three different schemes, Simple Iterative Projection, the greedy algorithm and a parallel algorithm
(with its derivatives). In terms of the amount of data needed
to be exchanged for training, sequential Simple Iterative Projection is the simplest and the parallel algorithm the most intensive. On the other hand, the parallel approach, by using individual residual information holistically, performs the best in
terms of generalization. Moreover, designing residual redistribution schemes that emphasize more promising agents further
improves the capability of eliminating irrelevant attributes. In
addition, we have noted that the fusion center of the system is
not required: all three algorithms have corresponding decentralized implementations without a fusion center.
APPENDIX A
PROOF OF THEOREM 1
For simplicity, we denote the conditional expectation
as
. Then, the distance between two
mapped functions can be simplified as

By definition,
. Define
; then we only need to show that
(46)
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Define
fact

, then

. Notice the

equation (46) is then equivalent to

where
,
, and
are all probability densities derived
from the joint Gaussian distribution with zero mean, unit variance and correlation .
Proof: The conditional distribution of given and the
distribution of given are, respectively,
and
Therefore, we have

(47)
of which the left-hand side satisfies

Notice that the exponential term, with proper manipulation, can
be expressed in the form of the sum of Hermite polynomials.
Thus, on defining

we have
The inequality step is due to Jensen’s inequality, and the last
step is due to the tower property.
On noting that

Then the expression of

can be rewritten as

(48)
we hence have that the left-hand side satisfies
LHS
Moreover, the right-hand side of (47) satisfies

Therefore, we have a closed-form expression for
-order polynomial:
is also an

RHS
On noting an important relationship
(49)
we hence have
It is straight forward to derive that
RHS

LHS

Equation (50) guarantees that map

LHS

(50)

is a non-expansive map.

APPENDIX B
PROOF OF THEOREM 2
Lemma: Suppose is a polynomial of order
, and
is given by

Then, with the additional assumption that
, we have the inequality

and
,

Moreover, since

is of zero mean,

, which
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Therefore,

If the hidden rule
is restricted to a bivariate polynoand zero mean, and
and
mial with finite order
are both initialized as 0, then after each iteration,
and
will remain in the space of zero-mean polynomials of
finite order . If we define the distance between two polynoand
as
, then, according to the
mials
to
is a conabove lemma, the map that converts
tractive map.
APPENDIX C
DERIVATION OF THE GRADIENT (34)
Given the expression for weighting coefficients
(51)
and the objective function
(52)
we have
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