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Energy Efficiency of Decode-and-Forward for
Wideband Wireless Multicasting
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Abstract—In this paper, we study the minimum energy per bit
required for communicating a message to all the destination nodes
in a wireless network. The physical layer is modeled as an additive
white Gaussian noise (AWGN) channel affected by circularly symmetric fading. The fading coefficients are known at neither transmitters nor receivers. We provide an information-theoretic lower
bound on the energy requirement of general multicasting in arbitrary networks as the solution of a linear program, when no restrictions are placed on the bandwidth or the delay. We study the
performance of decode-and-forward operating in the noncoherent
wideband scenario, and compare it with the lower bound, for a variety of network classes where all nonsource nodes are destinations.
For three-terminal networks with one source and two cooperative destination nodes, the energy expenditure of decode-and-forward is shown to be at most twice the lower bound and optimal
in many cases. We also show that for arbitrary networks with
nodes, the energy requirement of decode-and-forward is at most
times that of the lower bound regardless of the magnitude
of channel gains. In networks that can be represented as directed
acyclic graphs (DAGs), we establish the minimum energy per bit,
also achieved by decode-and-forward. In addition, we also study
regular networks where the energy consumption of decode-and-forward is shown to be almost order optimal in many situations of
interest.
Index Terms—Decode-and-forward, flooding, minimum energy
per bit, multicasting, noncoherent communication, relay networks.

I. INTRODUCTION

M

ULTICASTING, i.e., the problem of communicating
the same message to multiple destinations in a communication network has received abundant attention in the
literature. For wireline networks, the problem of energy efficient communication can be formulated as the well-known
minimum cost spanning tree problem. However, in wireless
networks, not only is there an inherent wireless multicast
advantage [25] that allows all the nodes within the coverage
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range to receive the message at no additional cost (see also
[3], [17]), but even distant nodes are able to hear low power,
unreliable transmissions which can be used to decrease the
transmission energy costs in the network thanks to cooperation
and relaying. This has been termed cooperative wireless advantage in [10]. Therefore, the physical layer can offer energy
efficiencies which need to be properly studied and exploited.
This is especially important in those wireless networks, such as
sensor networks [1], where the energy budget is a paramount
constraint, while spectral efficiency is secondary.
Prior work [10], [20], [19], [11] has shown improvement in
the energy efficiency of wireless multicasting by proposing multihop decode-and-forward schemes which let nodes accumulate
the message energy by overhearing several low power transmissions. The question of optimal performance of such schemes can
be formulated either as optimal cooperative broadcast [10], [20]
or as accumulative broadcast [19]. In these formulations, an optimal transmission order for the nodes is chosen. Given such an
order, total transmission power is minimized by solving a linear
program for the power distribution over nodes, under the condition that the total power at each destination node exceeds a
threshold.
In this work, we quantify the energy efficiency as minimum
energy per bit
. Minimum energy per bit is a fundamental
information-theoretic concept that quantifies the minimum cost
of transmission over a noisy communication channel. When energy consumption (rather than bandwidth) is a primary concern,
is a sensible measure of how much transmission energy is
required for reliably transmitting asymptotically long message
blocks, when there is no restriction on the number of channel
uses. For a simple point-to-point channel with additive white
Gaussian noise (AWGN) and fading, the minimum energy per
bit is given by
(1)
is the “channel
is the noise spectral density and
where
is the “channel loss”) [23].
is
gain” (or equivalently,
not affected by the knowledge of channel states at the receiver.
Attaining minimum energy per bit requires infinite bandwidth
(or vanishing spectral efficiency).
Minimum energy per bit is also known for the Gaussian multiple-access channel, the Gaussian broadcast channel, and the
Gaussian interference channel [24], [23], [15], [4]. However,
it is not yet known for the three-terminal setting of a Gaussian
relay channel, though some progress has been made (see [9],
[26], and the references therein).
In this paper, we study the minimum energy per bit for multicasting in wireless networks using the description of the net-
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work at the physical layer only. The physical layer is modeled as a Gaussian channel with circularly symmetric fading.
The fading coefficients are known at neither transmitters nor receivers. Each transmission incurs a cost quadratic in the magnitude of the transmitted symbol. In our system model, we use
“energy” to refer to the sum total of the transmission costs at all
the nodes.
We use information-theoretic techniques to give both upper
and lower bounds on the minimum possible energy consumption. Our aim is to compare the broadcasting performance of decode-and-forward operating in the noncoherent wideband scenario with the lower bound for the following cases of wireless
networks: three-terminal networks, arbitrary networks, directed
acyclic graphs (DAGs), and regular networks.
In [11], another lower bound on the minimum energy per bit
for multicasting is provided in terms of the effective network
loss, for a similar system model. This lower bound takes the
same form as the right-hand side of (1) with
replaced by
the effective loss of the network. The bounds in this paper are
stronger than the effective loss bound of [11]. In fact, none of
the lower bounds given in this paper can be directly obtained
from the effective loss bound.
In Section II, we introduce the channel model, which is similar to the one used in [11]. The description of the model used
for the physical layer is given in Section II-A while the notion of
minimum energy per bit is defined in Section II-B. In Section III,
a lower bound is given on the minimum energy per bit for multicasting in arbitrary networks. This lower bound holds for arbitrary destination sets of nodes, and is formulated as a linear
program. Furthermore, the bound is shown to depend only on
the channel gains between different node pairs, and not on any
other property of the fading distribution.
In Section IV, we focus on broadcasting to all the nodes
rather than the general multicast setting where not all nodes
serve as destinations. We analyze decode-and-forward-based
wideband communication schemes. Due to the assumption of
large bandwidth, each node is allocated a separate and dedicated
wideband frequency channel. Similar to the point-to-point case,
these communication schemes also require unlimited bandwidth to achieve minimum energy per bit but no knowledge of
the channel states at the receivers.
In Section IV-B, the three-terminal problem with one source
and two cooperating destination nodes is studied. It is shown
that the energy expenditure of decode-and-forward is always
within a factor of of the lower bound, and in many cases, decode-and-forward achieves the minimum energy per bit. This
problem has been considered before as fully cooperative relay
broadcast channel (or cooperative broadcast channel, in short)
with a common message (see [18], [8], [21], and references
therein) for general channels. The case of Gaussian channels
without fading has been studied in [18], [16], and [2].
In Section IV-C, we show that in any -node network the
energy requirement of decode-and-forward for broadcasting is
at most
times the minimum energy per bit. Note that
this factor of
is independent of the magnitude of the
channel gains between nodes. In Section IV-D, we show that
decode-and-forward achieves the lower bound on the minimum
energy per bit for the class of networks that can be represented as

DAGs. Cooperation between nodes is crucial to attain this maximal energy efficiency. Popular network settings that can be represented as DAGs include relay networks, broadcast channels,
and layered networks.
In Section IV-E, we study regular networks in which the geographical area is divided into square cells with side length .
Each cell is restricted to contain at least and at most nodes,
otherwise the nodes are free to be placed anywhere within the
cells. A path loss model is imposed on the channel gains between two nodes separated by a distance of , such that the
channel gain falls off like
for
for large enough .
In order to prevent unbounded gains as
, a restriction
is imposed on the maximum possible gain. It is shown that a
decode-and-forward-based flooding scheme has an achievable
energy per bit within a constant factor of
of the lower
bound given in Section III. This multiplicative gap is a constant
when the number of nodes within each cell is a constant, and
is poly-logarithmic (in the number of nodes) for large random
networks (cf. [11]). The case of regular networks serves to illustrate the fact that the lower bound and the decode-and-forward
upper bound are close for many networks of practical interest.
II. SYSTEM MODEL
In this section, we present the channel model and the necessary information-theoretic background. Unless otherwise specified, vectors are represented with boldface, small-case letters
(e.g., ) and matrices are represented with boldface, upper case
letters (e.g., ) throughout the paper.
A. Channel Model
We deal with a discrete-time complex AWGN channel with
fading. Let node
transmit
at time , and
let
be the received signal at node
at
time . The relation between
and
is given by
(2)
where
is circularly symmetric complex AWGN at receiver
, distributed according to
. The noise terms are independent for different receivers as well as for different times.
The fading between any two distinct nodes and is modeled by complex-valued circularly symmetric random variables
which are independent identically distributed (i.i.d.) for
different times. We also assume that
for all nodes
and all times . Also, for all
, the pair
and
is independent for all times . Absence of channel state
information at a transmitter implies that
is independent of
the channel state realization
from
node to all other nodes. Channel state information at a receiver
implies that the channel state realization
is known at receiver at time . The quantity
is referred to as the channel gain between nodes and .
For concreteness, let node be the source node. Suppose that
only a subset
(called the destination set) of
the nonsource nodes is interested in receiving the message from
the source node. In a multicast setting, contains two or more
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nodes [22, Sec. 5.2.7 and 5.2.8]. When
consists of all nonsource nodes, we call it a broadcast setting.
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is an achievable energy per bit if it is -achievable energy
per bit for all
, and the minimum energy per bit
is the infimum of all the achievable energy per bit values.

B. Minimum Energy Per Bit
All the nodes in the network can act as relays and cooperate
with each other in order to communicate a common message to
the destination nodes. An error is declared whenever a destination node fails to decode the message correctly by the end of the
protocol. The energy consumption of the network is the sum of
the average transmission energy expended at all the nodes. Reliable transmission requires that the probability of error goes to
zero for large message sizes.
Consider a code for the network with block length . The
codeword at any node is symbols long, denoted by
. If the message set at the source node
, then the codeword
at node
is
is determined by the message
chosen equiprobably from
. At any other node , the codeword
the message set
is a function of the first
inputs at the node, i.e.,
. At each nonsource node , there may be a
decoding function (depending on whether the node is interested
in receiving the message) which decodes a message
based on the channel outputs
at the
.
node. Therefore,
The probability of error of the code is defined as

is the message

III. LOWER BOUND ON THE MINIMUM ENERGY PER BIT
In Theorem 1, we present an information-theoretic lower
bound on the minimum energy per bit for an arbitrary wireless
network with an arbitrary destination set. Theorem 1 holds
whenever the channel states are not known at the transmitters,
regardless of the channel state knowledge at the receivers.
This bound is a generalization of the lower bound given in
[11, Th. 1].
As before, consider a network with the node set
where node is the source node and
is the
destination set of size
. A cut, say , is a subset of nodes
that contains the source node such that at least one of the nodes
in does not belong to , i.e.,
such that:
1)
;
2)
.
Clearly, a cut partitions the node set into two subsets: and
, such that contains the source and
contains at least one destination.
Let the collection of all such cuts be
.
ways of assigning the nonsource nodes
Note that there are
to either or . Out of them,
assignments violate the
second condition of a cut. Therefore, the total number of cuts is
(6)

(3)

Note that the error event at a single node is a subset of the error
event defined above. Clearly,
is at least as large as the probability of error at any subset of the nodes in .
Next, we define the energy per bit of the code. Let
be
the expected total energy expenditure (for all nodes) of the code,
i.e.,
(4)
is the expected energy spent in transwhere
mitting the th symbol at node . Note that, in each case, the
expectation is over the set of messages at the source node, and
the noise and fading realizations which affect the channel outputs (and hence, the relay inputs).
The energy per bit of the code is defined to be
(5)
code is a code over channel uses, with
An
messages at the source node, expected total energy consumption at most
, and a probability of error at most
.
,
is an
Definition (cf. [24]): Given
-achievable energy per bit if for every
and all sufficiently
large , an
code exists.

Given the collection of cuts , we can construct a matrix
of size
as follows. The
coefficient of is defined
to be
if
if

(7)

Effectively,
is the maximum total power (in ) of the received signal at all the nodes in the destination side of a cut (i.e.,
set ), due to
of transmission power from node
.
Consider the point-to-point scenario where node is the transmitter and the destination node is a multiple-antenna system
with access to received signals at all the nodes in . Thus, this
system is a single-input–multiple-output (SIMO) system with
receiver antenna. For such a system,
is the gain dictating the minimum energy requirement through (1) (for complete treatment of minimum energy per bit of SIMO systems,
refer to [23]). Therefore,
is a lower bound on the
minimum energy per bit required in the simplified system where
node is a transmitter even when many nodes cooperate with no
energy expenditure to decode a message. In a network setting,
there could be many transmitters and several nodes could cooperate to decode the message; however, the basic idea of simplifying and reducing the network into several SIMO systems can
still be used to obtain a lower bound as shown in Theorem 1.
In the following discussion, we use
and
to denote
column vectors of size containing all s and all s entries,
respectively.
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Theorem 1: The minimum energy per bit for multicasting is
lower bounded by the value
of the linear program (8), whenever channel state information is not available at the transmitters

(8)
To prove Theorem 1, we need Lemma 1, but first we introduce
some notation. For a subset of nodes
, we use
to denote the observation vector at the nodes belonging
to , i.e., the th element of
is given by
if
(9)
if
Similarly, we use
to denote the transmission random
vector at the set of nodes . Without subscripts, and denote
the observations and transmissions at all the nodes, respectively.
Let be the random matrix formed by the fading coefficients
, for ,
. The
th entry of the fading random
matrix
is given by
if
(10)
otherwise.

(16)
where (13) is an upper bound on the mutual information
under AWGN; (14) is due to Hadamard’s inequality and the
fact
; and (16) is obtained by maximizing
the right-hand side of (15) among all
independent of
such that
, taking into
account that the channel coefficients are independent with zero
mean.
Substituting (16) in (12), we get
, where

(17)
Note that
is a lower bound on the minimum energy per bit.
Note from (17) that multiplying
by an arbitrary real number
does not change the value of the
right-hand side of (17). Hence, the domain of can be constrained to lie within a compact set. Therefore, the infimum in
(17) can be replaced with a minimum. Suppose the optimum
power policy in (17) that achieves
is
.
Define

Dropping the time indices, we can rewrite (2) to give the observation vector at the set of nodes
as
(11)
where
nodes

(18)
Next, set

is the noise vector denoting noise only at the set of
, i.e.,
is if
and is if
.

Lemma 1: The minimum energy per bit for multicasting is
lower bounded by

(12)
whenever channel state information is not available at the transmitters.
Proof: Appendix I.
Proof of Theorem 1: It is sufficient to show that
.
To do so, we first need to simplify (12) according to our channel
model.
Fix the power constraints
such that
, and also fix a cut
. For a given probability
distribution of (independent of ), we can bound the mutual
information in (12) by

(13)
(14)
(15)

(19)
Therefore, for all
(20)
Therefore, all the constraints in (8) are satisfied by
. Also,
the values of the objective functions in (8) and (17) coincide at
. Therefore, for every value of the objective function (17),
the objective function (8) can take the same value. This implies
that
. Thus,
is a lower bound on the minimum
energy per bit.
Remark 1: The lower bound given in Theorem 1 has
the following interpretation. The energy per bit allocation
is the energy of transmission (per
information bit) at nodes
, respectively. Let
be
a collection of all such allocations such that the total energy
per bit received at the nodes in
due to transmissions from
nodes in according to the allocation is at least
,
for every cut in the network. Any communication scheme
which reliably multicasts the source message to the destination
nodes should necessarily have its energy consumption per
bit at its nodes in the set . Thus, the particular allocation
vector
in which minimizes the sum
is also a lower bound on the minimum total energy consumption in the network. Note that the converse may not be true,
i.e., an allocation
may not be “feasible” in the sense
that no reliable communication scheme may exist which has
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the energy consumption per bit at its nodes. Similarly, the
sum-minimizing allocation
is not guaranteed to be a feasible
allocation. However, in Section IV, we present some networks
where decode-and-forward has energy consumption at the
nodes either equal or close to .
Remark 2: In the proof of Theorem 1, (17) forms another
lower bound on the minimum energy per bit which is equivalent
to (8). This is stated as Corollary 1. The formulation in Corollary
1 will be useful in Section IV-B.
Corollary 1: The value
, where

of the linear program (8) satisfies

(21)

Proof: Note that the right-hand side of (21) is the same
with
in (17).
as (17) and is obtained by replacing
Since, in Theorem 1, we have already established that
,
we are only left to show that
[with
as given in (17)].
Since each row of corresponds to a cut in , the first constraint of (8) implies that
(22)
for all satisfying the constraints of (8). Therefore, for all
satisfying the constraints of (8), the value of the linear program
(8) is greater than the minima in (17), i.e.,
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where
(25)
denotes the subset of the cluster set
and the cluster set
obtained by removing the cluster containing node if such
a cluster exists. Note that the quantity
is dependent only
upon the channel gains in the network. Thus, unlike program
(8), evaluation of
does not require an explicit determination of optimal energy per bit allocation, which is especially
convenient in analyzing the minimum energy per bit of a variety of networks, e.g., regular networks (Section IV-E). Furthermore, as shown in Corollary 2, the effective network loss
for networks is naturally analogous to the channel loss
for point-to-point channels (1). We note that the notion of effective network loss was also treated in [11]; however, the definition in (24) leads to tighter bounds as is discussed in the proceeding Remark 4.
Corollary 2: The minimum energy per bit required to
transmit a message reliably to all the nodes in satisfies
(26)
for any cluster set in .
Proof: Appendix II.
Remark 4: In [11, Th. 1], a lower bound on minimum energy
per bit is derived which is the same as (26) with the specific
choice of cluster set where each cluster consists of a single node
from and the clusters exhaust all the nodes in . In this case,
the simplified expression for effective network loss
is given
by
(27)

(23)
Note that since all channel gains are positive and finite,
cannot be a solution to (8). Thus, the constraints on the left-hand
side of the inequality in (23) are identical to the constraints in
(8). Thus, the left-hand side of (23) has the value
. We can
further lower bound the right-hand most side of (23) by , by
removing the constraint
. Thus,
which completes the proof.
Remark 3: In Corollary 2, we establish another result based
on the quantity effective network radius.
Define a cluster in to be a subset of the destination set
of nodes, and a cluster set to be a collection of disjoint clusters
in . Note that the nodes in a cluster set may not exhaust .
Define the effective network loss
for a cluster set
by the relation
(24)

The form for the network loss given in (27) simplifies the
analysis of random networks where the nodes are distributed
randomly and uniformly over the network area [11] and the
channel gain falls off roughly as
with distance
between nodes (see Section IV-E for more details on the path loss
model). In [11], it is shown that for “dense” random networks
with nodes,
when the area
as
. On the other hand, when the node density
(in nodes/m ) is a constant (“extended” random networks),
. Furthermore, another class of
grid-like networks—regular networks—was also considered in
[11] where the network area is partitioned into square cells such
that each cell holds exactly one node confined to an area in the
center of the cell. As opposed to random networks, regular networks have enough structure so as to preclude the asymptotic
(in ) analysis; i.e., bounds can be given for regular networks
which hold even for finite . In particular, for regular networks
the gap between the upper and lower bounds on minimum
energy per bit is at most a constant for all
[11, Th. 4].
However, while the lower bounds proved in [11] rely completely on the simple definition (27) of network loss, it is not
possible to use the same definition for proving results for a more
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which let a receiver decode the message reliably when the accumulated energy per bit at the receiver exceeds
regardless of the knowledge of channel states of the receiver.
In this section, we assume the broadcast setup where all nonsource nodes are destination nodes.
B. Three-Terminal Network

Fig. 1. Three-terminal network.

general class of regular networks considered in Section IV-E. As
opposed to the definition used in [11, Sec. VI], in Section IV-E,
we use a more generic definition of regular networks where
there are no restrictions on the placement of nodes within the
cells. This allows the nodes to be arbitrarily close to each other
and thus have a maximal channel gain [say,
] between
them. In the situation where nodes in groups are positioned very
close to each other (thereby implying a maximum gain between
them), definition (27) will give
even as the network grows sparse. Thus, for such networks, definition (27) will
not give the right scaling function for . In order to generate a
tighter scaling law for , we need to treat clusters of proximate
nodes as single nodes. This can be accomplished by using the
richer definition (24) of . Indeed, as we show in Section IV-E
using Corollary 2, the gap between the upper and lower bounds
is still a constant even under the new, less restrictive definition
of regular networks.

In this section, we focus on a three-terminal wireless network
with one source and two cooperating destination nodes (Fig. 1).
We obtain lower bounds for this setup using Corollary 1. Furthermore, we compare the performance of decode-and-forward
with the lower bounds.
Using Corollary 1, we get a lower bound on the minimum
energy per bit
(28)
where

(29)
Note that the cuts used in obtaining (29) are
,
, and
.
For all cases of
,
,
, and
, we evaluate (28)
using (29). For each of these cases, we also propose a decode-and-forward scheme and compare its performance with
the lower bounds. Details on the calculations are relegated to
Appendix III.
The analysis is divided into the following cases of channel
gains. For each case, we assume, without loss of generality

IV. DECODE-AND-FORWARD
In this section, we briefly describe decode-and-forward in
wideband and then compare the performance of decode-and-forward with the lower bounds of the previous section for different
classes of wireless networks.

(30)
1)
The three subcases are as follows.
a)
: In this case,

.1 Hence

A. Decode-and-Forward in the Wideband Regime
By decode-and-forward we mean the class of schemes in
which the nodes completely and reliably decode the source message before transmitting anything. In the discussion on decodeand-forward, it is assumed that the receivers are noncoherent.
In [23], it was shown that in Gaussian point-to-point energyconstrained channels, achieving minimum energy per bit requires vanishing spectral efficiency. Likewise, in this section,
we assume availability of arbitrarily large bandwidth. In particular, we assign each transmitter its own wide frequency band
that is orthogonal to the bands of other transmitters. All receivers listen to transmissions over all the bands. Wideband
broadcasts are not affected by interference from other transmissions. It was shown in [23] that knowledge of the channel
states does not reduce the minimum energy per bit requirements.
Various wideband communication schemes can be constructed

(31)
The minimum energy per bit in (31) is achieved
by broadcasting with enough energy per bit
[
for any
] for
node to be able to decode the message, i.e., the total
received energy per bit at node exceeds
.
This energy is also enough for node to be able to
decode the message.
b)
: In this case,
. Hence
(32)
1In

this section and Appendix III, we use the short form
.

to denote
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This minimum energy per bit is achieved by decodeand-forward where the message is first decoded by
node which then forwards it to node . Node
is able to decode the message based on the initial
transmission by the source node (with transmission
energy per bit
for any
) and the subsequent transmission by node
[with
for
any
].
c)
: This case is different
from the previous cases in that the prescribed decode-and-forward schemes do not achieve the minimum energy per bit lower bound. Gains are now in
the regime where it might be better for nodes to cooperatively decode their messages rather than decode
using only the direct transmission(s) from the source
node. For this case

Fig. 2. The algorithm to determine parameters
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and

where the last step is due to (30). The ratio of is
approached when
,
, and
.
2)
The two possibilities here exhibit the same behavior as the
first two subcases of 1).
a)
: In this case,
which implies that

(33)
Hence, defining
(34)

.

(41)
The minimum energy per bit is achieved by a broadcast with enough energy to reach both nodes and .
b)
: In this case,
. Hence

we immediately conclude
(42)

(35)
from Corollary 2.
Note that as
,
,
. This is
the regime where the links between the two destination nodes are so strong that the cooperation entails
negligible energy, and so
(36)
which is also the minimum energy per bit of a
point-to-point channel with two antennas (nodes
and ) at the destination.
In general, decode-and-forward does not achieve the
lower bound in (35). However, consider decode-andforward by node , which has an achievable energy
per bit
(37)
as discussed in subcase b). From (34) and (37), the
ratio of the upper and lower bounds is
(38)

This minimum energy per bit is achieved by decodeand-forward from node to node as discussed in
case 1), subcase b).
Remark 5: When decode-and-forward is suboptimal, an estimate-and-forward-based scheme [6] has been proposed in [12].
The idea involves node to quantize its observation at a rate
high enough so that node could decode the source message
given its own observation and the digital message from node .
Once node has decoded the message successfully, it can make
a suitable transmission to node so that node could also decode the source message now. As shown in [12], this scheme
reduces the maximum gap between the upper and lower bounds
from a factor of to a factor of
for symmetric channel
gains. In fact, as
approach infinity, the gap reduces
to .
C. Performance of Decode-and-Forward
in Arbitrary Networks
For three-terminal networks, we have seen that decode-andforward is suboptimal by at most 3 dB. In this section, we generalize this result for arbitrary networks.
Theorem 2: In an arbitrary network with nodes, decodeand-forward requires energy per bit
bounded by
(43)

(39)
(40)

Proof: We prove Theorem 2 by constructing a decode-andforward scheme that has an energy per bit that is within a factor
of
of the lower bound given by Theorem 1.
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Fig. 3. A network with isolated source and five destinations.

Suppose that the energy policy
achieves the
minimum value of the linear program (8) for the given network,
i.e.,

(44)
Using , we now construct a scheme that has an energy policy
. The scheme involves communication over
time
slots, each slot consisting of transmission by one of the nodes
that has already decoded the message. The transmission power
levels at the nodes is determined by the policy .
Choose any
. The proposed decode-and-forward
scheme is the following. Node
transmits the message (in
wideband) with energy expenditure per bit
in time slot
, for
. If node
is unable to decode the
message by the end of time slot
, an error is declared and
the algorithm terminates. Parameters
and
are recursively defined by Algorithm 1 in Fig. 2. Note that
, so
no transmission is required in the slot .
Since the choice of
is arbitrary, we have an achievable
energy per bit
. The conclusion of Theorem 2 is now
immediate from Lemma 2 and (44).
Lemma 2: For given decode-and-forward scheme with
and as determined by Algorithm 1, the following holds:
1) the set
forms a permutation of
;
;
2)
3) node
can decode the message by the end of time slot
with vanishing probability of error, for
.
Proof: Appendix IV.
Remark 6: When
, i.e., for point-to-point channels,
Theorem 2 gives tight results [23], i.e.,
. Of
course, decode-and-forward is trivial in this case.
Remark 7: The result of Theorem 2 is consistent with the
result for the three-terminal network considered in Section IV-B
(see also [12] for a more extensive treatment) where the energy
per bit achievable by decode-and-forward scheme was shown
to be always within a factor of of the lower bound.
In order to further understand the tightness of the result in
Theorem 2, consider a network where there is an isolated source
node and
destination nodes which are close to each other

but far away from the source node. In Fig. 3, we show the isolated node which has a gain of
to each of the
(
in
Fig. 3) destination nodes, and all the destination nodes have a
gain of to each other. We focus on the particular case of when
is much larger than .
For such a network, the energy requirement of decode-andforward is
(45)
at the source node, since if none of the destination nodes are allowed to transmit anything before they decode the message, the
initial transmission from the source should be powerful enough
to let at least one of the destinations decode the message. Thus,
in (45) is the minimum energy requirement of decodeand-forward; furthermore,
is also sufficient for all the destinations to be able to decode the message reliably. On the other
hand, consider the energy per bit quota
(46)
in the context of linear program (8), where the source node has a
minimum energy per bit allocation of
and
the rest of the nodes have an allocation of
.
The allocation vector
satisfies all the constraints of program
(8), and thus is a feasible allocation. Hence, according to Theorem 1, the lower bound
on the minimum energy per bit
satisfies
(47)
which immediately implies that the gap between the upper
bound
and the lower bound
from Theorem 1 approaches a factor of
as becomes large in comparison
with
. Thus, the network described in Fig. 3 is an
example of a network where it is not possible to further improve
upon Theorem 2 using the results presented in this paper. In
order to obtain tighter results, we would need to either improve
the lower bounds or develop more efficient communication
schemes.
Remark 8: The scheme obtained from Algorithm 1 need not
be the best possible decode-and-forward scheme. Optimal decode-and-forward schemes are proposed in [10], [19], and [20].
As mentioned in Section I, the optimal decode-and-forward
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schemes discussed in [10], [19], and [20] require first determining an optimal transmission order of nodes, and then optimizing the energy allocation for this order. However, figuring
out the minimum energy consumption of decode-and-forward
using this method is nontrivial for the most general cases of
networks. Instead, the decode-and-forward scheme described
in Algorithm 1 is more suitable for our analysis.
D. Decode-and-Forward for DAGs
Consider a directed graph (or a digraph)
, where
is the set of vertices and (edges) is a set of ordered pairs
from . We denote a directed edge from node to node by
. A directed graph is acyclic if there are no loops in it, i.e.,
for every node
there is no directed path from node to
itself.
A given wireless network can be represented by a DAG
if there is a one-to-one correspondence (say, given by
the identity mapping) between nodes
in the network
and the vertex set
such that
(48)
i.e., there is no path from a node to itself that is over links with
strictly positive channel gains. For a meaningful discussion, we
assume that for every nonsource node there is a path that takes us
from the source node to it. This also implies that no edge points
into the source. The result for this setup is given in Theorem 3.
Note that examples of networks which can be represented
as DAGs include relay networks and broadcast channels. In
many resource constrained wireless networks, nodes may have
the ability to transmit and receive only over selected frequency
bands which may differ from node to node. This could introduce
directionality into the communication system due to different
channel gains on different links. Furthermore, some nodes may
not be able to receive messages in certain frequency bands while
they could broadcast in other (more universal) bands.
Theorem 3: For a wireless network represented by a DAG ,
the minimum energy per bit
for broadcasting is given by
the value
of the linear program (8).
Proof: The converse part is directly from Theorem 1. Let
the minimum value of the linear program (8) be achieved by the
energy policy
. Next, we show how to achieve
the minimum energy per bit using decode-and-forward with the
energy policy .
Every DAG admits a topological sort (see, e.g., [13, Ch.
2.2.3] and [5, Ch. 22.4]), which is simply an ordering of nodes
from left to right such that every edge is directed from left to
right. For graph , since node has edges only directed away
from it, it is possible to start the sort with node . For the sake
of simplicity, we assume that all the nodes in are already
topologically sorted [i.e., for every directed edge
,
].
Choose an
. Consider the following simple decodeand-forward scheme according to the power policy . Node
transmits the message with energy expenditure per bit
in
time slot , for
. If node is not able to decode the
message by the end of time slot
, an error is declared and the

7703

algorithm terminates. The next result shows that the probability
of error is arbitrarily small.
Lemma 3: For the scheme described, and for every
, node
successfully decodes the message by the end
of time slot with a vanishing probability of error.
Proof: Appendix V.
Note that since the choice of
is arbitrary, we can have
. This immediately
an achievable energy per bit equal to
implies that the value of program (8) is achievable. Note that
node need not transmit anything since there are no outgoing
edges from node rendering its transmissions useless for any
other node.
E. Regular Networks
In this section, we study energy efficiency in regular networks
which were also considered in [11] in a less general setup. The
bounds of [11] are not tight enough to deal with the general
placement of nodes. Also, here, we allow more than one node
per cell. The deterministic approach taken here is similar to the
approach taken before in [14].
In a regular network,
nodes are placed within a square
network area under the following restrictions. If we divide the
network area into square cells of side length , then each such
cell contains:
1) at most nonsource nodes;
2) at least
nonsource nodes.
The nodes can be placed arbitrarily within cells. Let the network area be a square with the diagonal coordinates
and
. The source node, node , is placed at the origin. Let
denote the set of cells in the network. We use
for ,
, to denote the particular cell with its
lower left corner at the coordinates
. For simplicity, we
restrict our attention to the case when is a multiple of . Note
that
(49)
The channel gain between any pair of nodes, say and ,
is determined by the distance
between the nodes through a
monotonically decreasing path loss function
,
i.e.,
, which satisfies for all
(50)
and
are constants of the model. We impose
where
an additional restriction on the path loss function that for some
constant
for all

(51)

to ensure that the gain between any two nodes is not arbitrarily
large.
For the converse results on minimum energy per bit in regular
networks, we use Corollary 2. On the other hand, achievability
is demonstrated using a decode-and-forward scheme which is
also a flooding algorithm at the network layer (algorithm
given in Fig. 4). We operate under the minimal information
framework of [11] which requires the nonsource nodes to make
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Fig. 6. The algorithm to construct clusters
Fig. 4.

.

.

Next, with each leader cell, say
, we
associate a cluster
of nodes constructed by Algorithm 2
given in Fig. 6. Applying Algorithm 2 to each leader cell gives
us a cluster set
.
An example of a cluster set constructed according to Algorithm
2 is shown in Fig. 7. A few observations about the clusters and
the cluster set are given in the following result.
Lemma 4: For the cluster set generated by Algorithm 2,
the following hold.
1) For any cluster in , the minimum distance between a node
inside the cluster and a node outside the cluster is at least
.
2)
is a subset of nodes belonging to the supercell with
the leader cell
.
3)
.
4) Each cluster has at least nodes and at most .
Proof: Appendix VI.
Knowing , the converse is obtained from Corollary 2. In
order to apply Corollary 2, we need to upper bound the following quantity for all
:
Fig. 5. A regular network with 36 cells and four supercells each consisting of
nine cells. Also shown is a single cell with 100 subcells.

transmissions at preallocated energy levels. In other words, the
nodes do not need to know their locations for the flooding to
be successful since the location information does not determine
any parameter in the
algorithm as described in Fig. 4.
Furthermore, we also assume that the channel state information
is not available at the receivers. The result for regular networks
is given in Theorem 4.
Theorem 4: In a regular network, the minimum energy per
bit
and the achievable energy per bit
of
satisfy
(52)
is some constant depending only on the path loss
where
model.
Proof: We begin with some elementary constructions. Divide each cell into
square subcells. Also,
partition the whole network into supercells consisting of nine
cells each. Each supercell consists of a leader cell of the form
for
,
, and the
eight cells (subordinate cells) that are tangent to the leader cell.
Note that there are
supercells in the network. (See Fig. 5.)

(53)
which is the sum of gains from node to all nodes that are
part of some cluster not containing node . Since each cluster
has a one-to-one correspondence to leader cells and supercells,
instead of summing over the clusters, quantity in (53) can
instead be summed over the corresponding supercells. Node
belongs to a supercell, say . Consider the supercells at
steps (horizontal, vertical, or diagonal) away from , for
. The supercell at a step distance of
is itself. So, node is either a part of the cluster of or
it is at a distance of at least
from all nodes in the
cluster. Similarly, node is at least
distance away
from any node in the clusters corresponding to the supercells
surrounding . For
, there are at least
whole
supercells separating node from a cluster in the supercell
steps away, thus giving the minimum separation between those
clusters and node to be
. Furthermore, from Lemma
4, there are at most
nodes in any cluster. Also, there are at
most
clusters at a step distance of . Thus, using (24) and
monotonicity of
, we obtain

(54)
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Fig. 7. An example of a cluster set, shown for a single supercell and
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.

.
• Case 2:
In this case, all the distances of interest in (55) are greater
than . Using (50), we can bound
as
(55)
The proof is divided into three cases.
• Case 1:
.
In this case, the whole network can be enclosed within a
box of side
. Thus, the following direct transmission scheme:
(56)
for any
, is able to reliably communicate to all
the nodes. Since the choice of
is arbitrary, the
achievable energy per bit of (56) is
(57)
where we have used (50) and the fact that the energy consumption of
is at most
,
to obtain (57). On the other hand, since the gain to a node
cannot exceed , the effective network radius (in the sense
of [11, Th. 1]) does not exceed . Therefore, by [11, Th. 1]
(58)
Therefore, from (57) and (58)
(59)
for some positive constant

.

(60)
(61)
for some positive constant . In deriving (61), we have
made use of the facts that
for
,
and that
since
. So, from Corollary
2 and (61)
(62)
Next
(63)
for any
, can reach all the nodes. To see this, note
that the first transmission, by the source, is enough to reach
all the nodes within a distance of
(i.e., two diagonals). Note that the maximum distance between nodes in
adjacent cells cannot be more than
. Thus, after the
first transmission, if all the nodes (at least in number) in
a cell have already decoded a message, then their transmissions according to (63) ensure that all the nodes in an adjacent (horizontally, vertically, or diagonally) cell receive
enough energy
to decode the message with
arbitrarily small probability of error.
Since
and the choice of
is arbitrary, we
get the following achievable energy per bit for (63):
(64)
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Therefore, for this case

(65)
for some positive constant
• Case 3:
Define

.
.

(77)
(66)

Since
that

Furthermore

due to the defining condition of this case, note

(67)

(78)
for any
, reaches all the nodes. To see this, note
that in the first transmission by the source, the message is
communicated to all the nodes lying within the set of cells
, where

(68)

(79)

and

since
Next,

where (74) is due to the fact that
for all
, since
. Thus, (76) leads to (71). Inequality (72)
is a direct consequence of (67). Finally, (73) is obtained by
noting that the first term of (72) is greater than a constant
times the second term [since
due to (51)]. So,
from Corollary 2, (73) gives us

.
can be bounded as

(69)

(70)

for
. Next, let us assume that all
the nodes in the cell
decode the message by the end
of time slot . We now show that by the end of time slot
, all nodes in the set
decode the message with
vanishing probability of error. It is enough to show this for
since, by our hypothesis, the nodes in
have
already decoded the message. Without loss of generality,
consider the nodes in the cell
where
. For every
, the
set of cells

(71)
(80)

(72)
(73)
for some positive constant . Inequality (69) is directly
from (55) by separating the summation from
to
, and by upperbounding the gains
and
for all
by ; inequality (70) is by
noting that
and by extending
the upper limit of second summation from
to ;
the first term in (71) is obtained from inequalities (67) and
(68) and the second term is obtained by noting that

is a subset of
. Furthermore, if
, then
and
are disjoint. Note also that each cell in
is at most
steps away from
, each step being either in the
vertical, horizontal, or diagonal directions. Thus, the nodes
in
are at most at a distance of
from
the nodes in . Thus, the total energy (per bit) collected
at any node in
due to transmissions from
according to (78) is greater than
(81)

(75)

since the cardinality of is greater than . Aggregating the
energy due to transmissions from for all
gives us that the total received energy per bit at any node in
(and thus, at any node in
) is greater
than
, which makes reliable decoding possible.
By induction, this argument works for all
,
and hence for all nodes in the network.
Since
, for all

(76)

(82)

(74)
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(83)
(84)
Using (84) and (78), the energy consumption due to nonsource nodes is not more than

(85)
(86)
(87)
for some constant , where we have assumed an appropriate choice of
and used (67) to obtain (87). Next,
using (84), we can show that the energy consumption by
source node is at most
,
which is less than the right-hand side of (86) even when
[since
from (49)]. Thus, for an appropriate , the right-hand side of (87) is also an upper bound
on the total energy consumption per bit for all the nodes in
the network, i.e., the total energy consumption of (78) is
(88)
Therefore, from (77)–(88)

minimum energy per bit under various conditions. In situations
where the channel gains between the destination nodes are large,
decode-and-forward is not optimal but still is worse by at most
3 dB.
For arbitrary networks with nodes, decode-and-forward has
at most
times the energy expenditure of the lower bound.
Thus, this result can be thought of as the generalization of the
factor of in the three-terminal network to a factor of
in
arbitrary networks. This result also implies that the performance
of decode-and-forward cannot be arbitrarily worse than that of
the optimal scheme. Furthermore, the maximal gap is not too
large for smaller networks, and is unaffected by the magnitude
of the channel gains.
On the other hand, decode-and-forward is shown to attain the
exact minimum energy per bit in DAGs. The optimal energy
efficiency is attained by cooperation between the nodes, where
the nodes collect energy over multiple time slots, and the nodes
that have decoded the message retransmit it for the benefit of
their peers.
Although the gap between the upper and lower bounds can
be large in arbitrary networks, the situation could be different in
the real-world networks. For example, if the number of nodes
within each geographical cell is fixed (regular networks) the
gap is at most a constant independent of the size of the network. Regular networks can also be used to show that the gap
is at most a poly-logarithmic factor in the number of nodes for
large random networks. Thus, regular networks demonstrate the
utility of both our lower bound and simple decode-and-forward
schemes in many setups of interest.

(89)
Equation (52) is now immediate by combining all the cases.
Remark 9: Suppose that there are
nonsource nodes in a
network that are placed randomly uniformly and independently
over a square area of size . If the network area is divided into
square cells of size
, then
and
almost surely as
[14, Claim
3.1]. Therefore, for random placement of nodes, by Theorem 4,
we get
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APPENDIX I
PROOF OF LEMMA 1
Proof (Straightforward generalization of [11, Lemma 1]):
code over channel uses. The
Consider an
total energy consumption at node is
(91)
which satisfies
(92)

(90)

V. CONCLUSION
We have studied the maximum possible energy efficiency of
reliable multicasting in wireless networks by focusing on the
minimum energy per bit.
An information-theoretic lower bound on the minimum energy per bit for multicasting in arbitrary networks is derived in
terms of a linear program. For the achievable part, we have proposed a decode-and-forward-based communication scheme that
operates in the wideband regime and does not require knowledge of the channel states at the receivers.
For networks with one source and two destination nodes that
cooperate, decode-and-forward has been shown to achieve the

denotes the colFor the rest of the proof,
lection of transmissions by the nodes in set
.
is the set of symbols transmitted by the nodes
in set at time . We use
to denote the matrix of channel
coefficients at time , i.e., the th, th entry of
is the fading
coefficient
. Furthermore, the message random variable is
denoted by .
Fix a cut
. By the definition of , we have
and
a destination node
. For the cut , we derive a form of
cut-set or max-flow min-cut bound (see [6, Th. 4] and [7, Th.
15.10.1]) in the following steps:

(93)
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(94)
(95)
(96)
(97)
(98)

(99)
(100)
(101)
(102)

that, conditioned on
,
form a Markov chain, and that the second mutual information
term in (99) is zero due to the fact that
is independent of
given
and
; step (101) is a result of the fact that,
conditioned on
, the transmission
is independent of
the channel state
since channel state information is not
available at the transmitters; applying the energy constraints
on the symbols
gives us (102), where
denotes
the transmission vector at all the nodes at time ; (103) and
(104) hold since we expand the set of joint distributions
over which the supremum is considered, from
and
,
to
; (105) is by
considering the “time-sharing” random variable taking values
over
uniformly, such that
,
, and
are the corresponding uniform mixtures of set of variables
,
, and
,
respectively; (106) is by noting that, conditioned on
and
, we have the Markov chain
since
is completely determined by
and noise [according to (2)]
independent of time ; and, finally, (107) is by dropping the
index everywhere and noting that the new variables still satisfy the relationship given in (2). Observe that if the supremum
of the mutual information in the right-hand side of (107) is
zero, then the mutual information term in the right-hand side of
(93) is also zero which means that no reliable communication
(i.e.,
) is possible for large message sets
.
Since inequality (107) is valid for all cuts
, we can
write

(103)
(108)
Therefore, the energy per bit of the code is
(104)
(105)

(106)

(109)

(107)

where (93) is due to Fano’s inequality; inequality (94) is by
expanding the set of random variables; applying the chain
rule for mutual information to (94) gives us (95); inequality
(96) is again by expanding the set of random variables;
step (97) is obtained by noticing that
is a function
of
and hence, independent of
when
conditioned over
; steps (98) and (99) are
obtained by expanding the set of random variables and then
applying the chain rule; step (100) is obtained by noting that
if random variables
form a Markov chain then
, thus the upper bound on the first
mutual information term in (99) can be obtained by noticing

(110)

(111)
where (110) is obtained from (92); and, to get (111), we have
substituted
by in (110) and taken supremum over for
all
.
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Recall that if
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From the duality of linear programs, the value of (116)
matches that of its dual, i.e.,

is -achievable, then for all

(112)
This implies that

(118)
Next, it is easily verified that the vector
(119)
(113)

satisfies the constraints of (118) for the choice of

is an achievable energy per bit value, then
Moreover, if
we can take supremum of the left-hand side of (113) over all
to get

(120)

Since
is the maximum over all variable vectors satisfying
the constraints of (118), substituting in (118) from (119), we
get
(121)
(114)
(115)

where (115) is obtained from (114) by noting that
for any function
taking positive real values (and similarly,
for any function taking positive real values).
Therefore,
should also satisfy (115).
APPENDIX II
PROOF OF COROLLARY 2

From (117), the right-hand side of (121) is still a lower bound
on
. The conclusion in Corollary 2 is now immediate by
evaluating the right-hand side of (121) using the value of from
(120).
APPENDIX III
MINIMUM ENERGY PER BIT OF A THREE-TERMINAL NETWORK
We begin by reducing the number of variables in (29) to get
(122)
where

Proof: The proof is by modifying the linear program (8)
so that the number of constraints is reduced. Then, the dual of
the resulting program is considered and its value evaluated for
a specific variable vector.
Construct a new matrix by reducing the rows of to
rows. In particular, we choose those rows which correspond to
the cut
for all
. Thus, the
th coefficient of is
if
and is if
.
Since all the entries of
are from ,
is a valid cut, and
therefore, the rows of are a subset of the rows of . Therefore,
the value of the following linear program:

(123)
(124)
(125)
Note that
(126)
(127)
(128)

(116)
satisfies

, which implies, from Theorem 1
(117)

Next, we evaluate
for different
cases of channel gains, in the following manner. For each case
of channel gains, we first find out the set of values
for which each of the terms , , and
are minimized. Let
be the value among all the values of
for
which
and
, and for which
is maximized.
Similarly,
and
corresponding to
and
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Since
lies in the first quadrant only, the maximum value of the inner product on the right-hand side of
(132) is maximized at either , , or .
Thus, for
, the optimal operating point is
, which implies
(133)
For
, thus

and

,
(134)

For

,

, thus
(135)

Fig. 8. Solution possibilities for

when

In region

.

, respectively, are determined. Finally, for the given case of
channel gains
,
,
, and
, we have
(129)
Now, let us calculate for the different cases of channel gains
as follows.
1)
and
Note that
can only take values in the triangle
as shown in Fig. 8. Marked also in the figure are
the regions for which either , , or are the minimum
of all three terms. In particular, from (126) and (128), for
triangle
,
, . From (127) and (126), for triangle
,
, . From (127) and (128), for quadrilateral
,
, . The point

(130)
is common to all three regions.
A few remarks about points
, , and
: Point
always lies between
and
, where
and
. Similarly, point
always lies between
and
. Due to the defining conditions of this
case, point
always lies
beyond . Also, points
and
are given by
and
Next, note that in region
implies maximizing
erating at point , i.e.,

.
, maximizing
, which in turn implies op-

, we have to maximize

(136)
where
can only be one of points , , and
depending upon the channel gains. Note that vector
lies only in third and fourth quadrants.
For
,
, thus
(137)
For

,

, thus
(138)

The conditions for operating at point are never satisfied.
Before moving further, we note the following implications:

(139)
Also

(140)
Finally, for each case of channel gain, we need to maximize over the maximal values within the three regions.
Putting together our analysis, the following subcases of
channel gains emerge.
a)
. For this case

(131)
In the region

, we have to maximize
(132)

(141)

JAIN et al.: ENERGY EFFICIENCY OF DECODE-AND-FORWARD FOR WIDEBAND WIRELESS MULTICASTING

APPENDIX IV
PROOF OF LEMMA 2

From (139) and (140), (141) implies
(142)
. For this case

b)
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Proof: The first part of Lemma 2 is true since
and each of the remaining
updates in Algorithm 1 sets a
value of which has not been considered before.
The second part of Lemma 2 follows directly from Algorithm
1 since
(150)

(143)
From (140), (143) implies
(144)
c)

. For this case, maximal value
within all regions is the same. Therefore
(145)

2)

and
. The analysis of case 2) is
almost the same as that of case 1). The regions where ,
, and are minimum are the same as before. The only
difference from the solution region of the previous case is
that the point now lies to the left of the origin. For this
case, in region
, where term is the least, operating
at point
maximizes . Therefore,
is as
given in (131). In region
, if
, the optimal
operating point is at , giving (133); if
, the
optimal operating point is giving (134). Note that since
, condition
always
holds, so we never operate at point . As before, in region
, we only operate at point giving us (137). We do
not operate at point since condition
always holds.
Therefore, the following subcases of the channel gains
emerge.
a)
. For this case

for all
.
Now we go to the third part of Lemma 2. First, note that according to Algorithm 1,
is nothing but the set of nodes
which have transmitted by the end of time slot
, i.e.,
. For
,
which is the source node and
already has the message. So,
. For any
,
suppose that the nodes in
have all decoded the message.
We claim that some node [node
] has gathered enough energy
by the end of slot
for it to decode the
message reliably. Suppose otherwise, i.e., for all
, we have
(151)
This implies
(152)
, for all
However, by our update rule for
. Therefore, from (152)

,
(153)

Recall that satisfies the constraints in (8). Since
is a valid
cut, consider the row in corresponding to the cut
. The
constraint due to
dictates that
(154)

(146)
So, from (139) and (140), (146) implies
(147)
b)

. For this case

which directly contradicts (153). Therefore, there exists a node
for which the total received energy per bit from the
in
nodes in
is sufficient to decode the message reliably. By
our choice of
in Algorithm 1, we are sure to pick one such
node. Finally, by induction, the third part of Lemma 2 holds for
all
.
APPENDIX V
PROOF OF LEMMA 3

(148)

Proof (By Induction): In the first time slot, only node
transmits the message with energy per bit . Consider the cut
isolating node , i.e., the cut
. Since this cut is
valid, its corresponding constraint in (8) dictates that

(149)

(155)

So, from (140), (148) implies
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since
is zero for
. Thus, the received energy
per bit at node is enough for it to reliably decode the message
by the end of time slot .
Now, for
, suppose that nodes
decode
the message successfully by the end of time slot
. Consider
the cut which isolates node
, i.e., the cut
. This is a valid cut which appears as some row in
in (8). Therefore
(156)

Since we have the topological sort on the set of nodes,
for
. Thus, (156) is equivalent to
(157)
has already decoded the message
Since the node set
and transmitted by the end of time slot according to the energy
policy (plus an
), node
receives enough energy
per bit
to decode the message with vanishing
probability of error by the end of slot .
APPENDIX VI
PROOF OF LEMMA 4
Proof: Part 1 is directly by construction in Algorithm 2,
since if a node in cluster belongs to a subcell , then there
is no node in the eight subcells adjacent to which are not a
part of the cluster . Thus, the minimum separation between a
node belonging to and any node not belonging to is the side
length
of a subcell.
Proof of part 2 is by contradiction. Suppose that the cluster
spills over an adjacent supercell, i.e., without loss
of generality suppose that the cluster
contains a node
belonging to cell
which belongs to a different supercell
[one whose leader cell is
]. By our construction of
clusters, this implies that there is a path of adjacent (vertically,
horizontally, or diagonally) nonempty subcells that spans from
the boundary of
to the boundary of
. Such a path
would consist of at least
subcells. Since the maximum
number of nodes in the supercell with the leader cell
is
, this contradicts the statement that each subcell in the path
is nonempty. This proves part 2.
Since cluster
is confined to a single supercell, and
each supercell forms exactly one cluster, the number of clusters is exactly
, thereby proving part 3. Furthermore, the
number of nodes in
is at least the number of nodes in
the cell
and at most the number of nodes
in the corresponding supercell. This proves part 4.
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