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Abstract—In this work, the relationship between the incremental version
of sparse Bayesian learning (SBL) with automatic relevance determination
(ARD)—a fast marginal likelihood maximization (FMLM) algorithm—and
a recently proposed reformulated ARD scheme is established. The FMLM
algorithm is an incremental approach to SBL with ARD, where the corresponding objective function—the marginal likelihood—is optimized with
respect to the parameters of a single component provided that the other
parameters are fixed; the corresponding maximizer is computed in closed
form, which enables a very efficient SBL realization. Wipf and Nagarajan
have recently proposed a reformulated ARD (R-ARD) approach, which
optimizes the marginal likelihood using auxiliary upper bounding functions. The resulting algorithm is then shown to correspond to a series of
reweighted -constrained convex optimization problems. This correspondence establishes and analyzes the relationship between the FMLM and
R-ARD schemes. Specifically, it is demonstrated that the FMLM algorithm
realizes an incremental approach to the optimization of the R-ARD objective function. This relationship allows deriving the R-ARD pruning conditions similar to those used in the FMLM scheme to analytically detect
components that are to be removed from the model, thus regulating the estimated signal sparsity and accelerating the algorithm convergence.
Index Terms—Automatic relevance determination, fast marginal likelihood maximization, sparse Bayesian learning.

I. INTRODUCTION
During the last decade research on sparse signal representations has
received considerable attention [1]–[5]. With a few minor variations,
the general goal of sparse reconstruction is to optimally estimate the
parameters of the following canonical model:
t

= 8w + 

(1)

where t 2 N is a vector of targets, 8 = [1 ; . . . ; L ] is a dictionary
matrix with L columns corresponding to component vectors l 2 N ,
T
l = 1; . . . ; L, and w = [w1 ; . . . ; wL ] is a vector of unknown weights
with only K nonzero entries, i.e., w is assumed to be K -sparse. The
additive perturbation  is typically assumed to be a white Gaussian
random vector with zero mean and covariance matrix  01I , where 
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is a noise precision parameter. Imposing constraints on the model parameters w is a key to sparse signal modeling (see, e.g., [4]).
Sparse Bayesian learning (SBL) [5]–[9] is a family of empirical Bayes techniques that find a sparse estimate of w by
modeling the weights using a hierarchical prior p(w j )p( ) =
L p(wl j l )p( l ),1 where p(wl j l ) is a Gaussian probability denl=1
sity function (pdf) with zero mean and precision parameter l —also
called the sparsity parameter— that regulates the width of this pdf.
Different approaches to SBL vary mainly in the way the hyperprior
p( l ) is specified (see, e.g., [6] and [9]).
Automatic relevance determination (ARD) represents a class of
SBL algorithms in which the hyperprior p( l ) is assumed to be flat or
noninformative. The weights w are estimated using the posterior pdf
p(w jt ; ;  ), which can be computed analytically; the sparsity parameters and the noise precision  are typically found by maximizing
the marginal likelihood function2 p(tj ;  ) = p(tjw ;  )p(wj )dw .
In the original relevance vector machine (RVM) algorithm the latter
optimization is realized iteratively using the expectation-maximization (EM) algorithm [6]. Unfortunately, the EM algorithm is known
to converge rather slowly and a number of improvements have been
proposed in [11] and [12] to address the slow convergence of the RVM
algorithm.
In [11], an efficient incremental scheme has been proposed to maximize the marginal likelihood. The authors demonstrate that the maximizer of the marginal likelihood function with respect to the sparsity
parameter l of a single component can be computed analytically provided the sparsity parameters for the components and the parameter
 are fixed; moreover, this maximizer is shown to take either finite
or infinite values. This observation has lead to two important practical consequences. First, it allows constructing an efficient algorithm,
termed fast marginal likelihood maximization (FMLM), that incrementally maximizes the marginal likelihood and prunes components3 by cycling through them in a round-robin fashion. It is important to note that
the same mechanism can be used to incrementally build up the model
complexity by incorporating new components in the model. Second,
the analytical analysis of the conditions that detect the divergence of
sparsity parameters—pruning conditions—reveals the dependency of
the estimated signal sparsity on the amount of additive noise [13]; this
allows for an empirical adjustment of these conditions, which has been
shown to significantly accelerates the convergence rate of the sparse
inference.
Another approach to maximize the marginal likelihood has been proposed in [12]. In contrast to the incremental FMLM approach, in [12]
the marginal likelihood is optimized jointly over the sparsity parameters of all components via minimization of auxiliary upper bounding
convex functions [14]. This approach, which the authors in [12] termed
a reformulated ARD (R-ARD), exhibits a number of useful features.
Specifically, the objective function of the R-ARD scheme is convex;
moreover, the R-ARD solution can be computed jointly for all elements
of w via a series of weighted `1 -constrained least-squares optimization
problems. The latter property is important from a theoretical standpoint as it effectively relates the SBL with ARD to more traditional
“non-Bayesian” sparse learning methods, e.g., basis pursuit denoising
and minimum `1 -norm methods [3]. The downside of the scheme is
a relatively high computational cost as it requires solving a series of
`1 -constrained optimization problems. The latter fact has motivated us
1It is also possible to extend the SBL prior formulation to priors involving
three layers of hierarchy (see, e.g., [9] or [10]).
2This is equivalent to assuming a flat hyperpriors p( ) and p( ); 8l .
3An infinite value of the hyperparameter forces the posterior value of the component weight to zero.

1053-587X/$31.00 © 2012 IEEE

4978

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 9, SEPTEMBER 2012

to seek for a more efficient realization of the R-ARD scheme. Inspired
by the efficiency and analytical tractability of incremental ARD solutions, we investigate if R-ARD scheme can be implemented in an incremental setting.
In this work, we report the results of these investigations. Specifically, we demonstrate that the R-ARD and FMLM algorithms are related; in fact, the FMLM algorithm realizes an incremental optimization of the R-ARD objective function. In other words, FMLM algorithm represents an alternative optimization strategy for the R-ARD
objective cost function. It is not unreasonable to assume the existence
of the relationship between the two schemes since both R-ARD and
FMLM share a similar ARD-motivated effective cost function, yet no
study has been performed to formally establish this connection. This relationship allows, on the one hand, for a better understanding of the performance of classical sparse learning schemes in the presence of noise
due to the analytical tractability of the FMLM pruning conditions and
their dependency on the component’s signal-to-noise ratio (SNR) [13],
and, on the other hand, for empirical adjustment of R-ARD scheme
based on a predefined SNR level that accelerates the convergence rate
of the algorithm.
The rest of the correspondence is organized as follows. In Section II,
we give an outline of the SBL signal model and the standard RVM
algorithm, followed a brief summary of the FMLM scheme. Its relationship to the R-ARD algorithm is outlined in Section III. Finally, in
Section IV, we present a small simulation example that illustrates the
distinction between the incremental FMLM and R-ARD schemes.
Throughout this correspondence, we shall make use of the following
notation. Vectors are represented as boldface lowercase letters, e.g., x ,
and matrices as boldface uppercase letters, e.g., X . For vectors and
matrices, (1)T denotes the transpose. Finally, for a random vector x ,
N(x ja ; B ) denotes a multivariate Gaussian pdf with mean a and covariance matrix B .

where wl is the lth element of the vector w , and Sll is the lth element
on the main diagonal of the matrix S . The update expressions (2) and
(4)–(5) are then repeatedly evaluated until convergence [6].
In cases when t allows for a sparse representation in terms of 8, the
sparsity parameters of some of the components will diverge, forcing
the posterior value of the corresponding weights to converge towards
zero and, thus, encouraging a sparse solution. Unfortunately, due to the
EM-based maximization of the marginal likelihood the rate at which
sparsity parameters diverge is low. Many iterations are needed for the
hyperparameters to reach a threshold at which they can be treated as
“numerically” infinite.4 This has motivated to use of alternative, more
efficient schemes to maximize (3) with respect to .

A. Fast Marginal Likelihood Maximization
One possible strategy to optimize (3) more efficiently consists of computing its optimum with respect to a single sparsity parameter l assuming that the other sparsity parameters
^ l = [ 1 ; . . . ; l01 ; l+1 ; . . . ; L ]T and the noise precision parameter ^ are fixed. Specifically, the logarithm of p(tj l ; ^ l ;  ) in (3) can
be decomposed as
log p(tj l ; ^ l ; ^) =

L(

+

1
2

l ; ^ l ;  ) = L(^ l ; ^)
log( l ) 0 log( l

A standard solution to SBL with ARD is a two step procedure that
alternates between i) estimating the weight vector w and ii) estimating
the corresponding sparsity parameters and noise precision  . Given
an estimate of the noise precision parameter ^ and sparsity parameters
^ , an estimate of the weight vector w is obtained as a mode of the
posterior pdf p(w jt; ^ ; ^) = p(tjw ; ^)p(w j ^ ), which can be shown to
be a Gaussian pdf p(w jt; ^ ; ^) = N(w jw ; S ) with the mean w and
covariance matrix S given by

S = ^8T 8 + A

01

and w = ^S 8T t

(2)

where A = diag( ) a diagonal matrix with the elements of on the
main diagonal. The estimates of and  are computed by maximizing
the marginal likelihood function [6]

p(tj ;  ) =

p(tjw ;  )p(wj

)dw = N(t j0; 

01I + 8A018T ): (3)

The maximizers ^ and ^ of (3) can be obtained using the EM algorithm where the weights w are used as complete data (see [6] for more
details). The corresponding estimation expressions are then given as
2
01
l = (jwl j + Sll )

and

^ =

N

T
2
kt 0 8w k + tr(S 8 8)

(4)
(5)

sl ) +

ql2

l + sl

(6)

where

01

sl = lT C l l ;
C l = ^01I +

k6=l

II. SPARSE BAYESIAN LEARNING

0

01

lT C l t;
T
k  k k ;

ql

=
01

(7)
(8)

and L(^ l ; ^) is a part of the marginal log-likelihood log p(tj l ; ^ l ;  )
that is independent of l . Then, the maximum of (6) with respect to l
is obtained at [11]
l=

sl2 (ql2 0 sl )01 ; ql2 > sl
1;
ql2  sl :

(9)

Using (9), the marginal likelihood p(tj l ; ^ l ;  ) can be maximized incrementally with respect to the sparsity parameter of one component
at a time. Observe that the result (9) not only allows for determining if
a particular element in w is zero, but also dramatically accelerates the
rate of SBL convergence since the optimum of the marginal likelihood
can be computed analytically.
Another important consequence of (9) is that the ratio wl2 = ql2 =sl2
can be shown to be equal to the squared posterior estimate of the lth
weight wl computed when l = 0; furthermore, Sll corresponds to the
posterior variance of this weight (see [13] for more details). It follows
then that the ratio wl2 =Sll = ql2 =sl is an estimate of the component’s
SNR. The condition ql2 > sl in (9) is then equivalent to the condition
wl2 =Sll > 1, which has a very intuitive interpretation: components
with the estimated SNR below 1 (or equivalently below 0 dB) are removed from the model since according to (9) the corresponding sparsity parameter l that maximizes the marginal likelihood p(tj l ; ^ l ;  )
is infinite. Obviously, this interpretation can be extended by requiring
that wl2 =Sll exceeds some other predefined SNR level l  1, which
has been shown to improve sparse signal estimation when the actual
signal-to-noise ratio is known [13].
4For

instance, this threshold can be set to 10

or 10 .
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III. REFORMULATED ARD AND INCREMENTAL ARD SCHEMES
Let us now analyze the relationship between the R-ARD approach
to SBL proposed in [12] and the FMLM scheme. To be consistent with
the notation adopted in [12], we define = [ 1 ; . . . ; L ]T as a prior
1
variance vector with elements l = 0
l , l = 1; . . . ; L. The marginal
likelihood function can then be represented as (see [6], [7], and [12])

log p(t ; ^) = log C tT C 01t + const
(10)
= ^01I + Ll=1 l llT and the const term collectively
j

0

j

j0

where C
represents terms that are independent of . In [12], the authors propose
to optimize (10) using auxiliary upper bounding functions. Specifically,
they show that the objective function L( ) = 0 log p(tj ;  ) can be
upper-bounded as

( ; z ) = z T g3 (z ) + tT C 01t ( )
(11)
where z = [z1 ; . . . ; zL ]T and g 3 (z ) is the concave conjugate of log C
log C [14].
defined by the duality relationship g 3 (z ) = min z T
Then, for fixed at some estimate , the tightest upper bound on ( )
is obtained by minimizing ( ; z ) = = (z ; ) over z . The correL

0

 L

j

0

j

j

j

L

L

L

j

sponding minimizer can be found in closed form:

^
z^ = arg min L(z ; ^) = diagf8T C

01

z

8

(12)

g

where diagf8T C 8g is a vector of diagonal entries of 8T C 8
T
and C = ^01I + L
l=1 l ll . Now, by fixing z at z , the bound
L( ; z )j
z =z = L( ; z ) is minimized with respect to by solving
01

01

= arg min ( ; z ) = arg min z T + tT C 01t:

The R-ARD algorithm then alternates between (12) and (13) until convergence. Note that the objective function (13) is convex; in [12], it
has been shown that it can be efficiently optimized using a series of
weighted `1 -constrained least squares optimizations. Obviously, a variety of alternative optimization strategies can be derived to optimize
L( ) more conveniently. In what follows, we demonstrate that the incremental FMLM approach discussed in Section II-A can also be used
to optimize the upper bound L( ; z ) in (11).
Let us consider the optimization of the bound L( ; z ) in (11)
in an ”incremental” setting. First, consider the optimization of
L( ; z ) with respect to a single parameter
l assuming that k ,
k 6= l, are known and fixed at their estimated values. By defining
T
that the matrix C can
l = [ 1 ; . . . ; l01 ; l+1 ;0.1. . ; L ] and noting
be decomposed as C = ^ I + k6=l k  k kT + l  l lT , we rewrite
(13) in the following form:

( l;

l; z) =

k6=l

= z^l

01
q2
z^k k + tT C l t + z^l l 0 01 l
+s

l0

l

2

ql

01

l

+ sl + const

l
(14)

where the parameters ql and sl are defined in (7), C l is defined in (8),
and const is a part of L( l ; l ; z ) that is independent of l . We now
compute the value of l that minimizes (14) by computing

d ( l ; l ; z ) = z^
ql2
l
dl
(1 + l sl )2
L

0

and equating the result to zero. Solving for l gives two stationary
points of L( l ; l ; z ) at

l;1

=

ql j 0 z^l
p
and
sl z^l
p

0j

l;2

=

ql j 0 z^l
p
:
sl z^l
p

j

Notice that the first solution l;1 is always negative p
and, thus, infeasible5; the second solution is positive provided jql j > z^l . Let us study
these stationary points in more detail.
It is known that a stationary point l3 is a local minimum of
L( l ;
l ; z ) if, and only if,

d2 ( l ; l ; z )
d l2

(15)

= (1 +2ql sl sl l )3
2

L

=

=

> 0:

(16)

By evaluating (16) at l3 = l;1 , it is easy to see that the sign of the
second derivative at this point is negative, i.e., l;1 is not a local minminimum. However, it
imum of (14). In contrast, l;2 in (15) is a local
p
is only a feasible optimum provided jql j > z^l . Thus,
p

l = arg min ( l ;

l; z ) =

L

jq j0 z^
p
s z^

j

no feasible sol.

j

ql j >
ql j 

p
p

z^l ;
z^l :

(17)

Notice a similarity between the structure of the solution
(17) and that
p
in (9). As we will see later, the condition jql j > z^l is in fact related
to the pruning conditions of the FMLM algorithm.
Once the optimum of (14) with respect to l is found, we return to
(12) and re-estimate z using an updated vector , in which the lth element has been computed using (17). What will happen if the updates
(12) and (17) are repeated ad infinitum for some fixed component  l ?
To answer this question we note that the value of l in (17) depends
explicitly only on the lth element of z . Applying the Woodbury matrix
T
identity [15] to the inverse of C = ^01I + L
l=1 l ll and combining the result with (12) we can rewrite the lth element of z as

z^l

(13)

L

L
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= ^lT l ^2lT 8S 8T l :
0

(18)

The result (18) allows us to establish a relationship between the value
of z^l and the parameter sl in (7). Specifically, it can be shown (see
[11, eq. (23) and (24)]) that these parameters are related through the
following transformation:

z^l

=

01
01
01
l sl ( l + sl ) :

(19)

Now, if (19) and (17) are repeatedly evaluated ad infinitum, then6

z^l

!

sl2
ql2

and

l

!

sl02 (ql2 0 sl ):

(20)

It can be seen that the value of l in (20) coincides with thepvalue of
01
l in (9). Notice that this result is valid provided jql j > z^l , i.e.,
when l in (17) ispa feasible optimum. However, for z^l = sl2 =ql2 , the
condition jql j > z^l is equivalent to the condition ql2 > sl , which
in turn guarantees the positivity of l in (20) and coincides with the
pruning condition in (9).
Thus, the FMLM algorithm realizes an incremental optimization of
the R-ARD objective function. Moreover, due to the convexity of the
(13) such incremental optimization is guarantied to converge to a local
optimum of the R-ARD objective function. Furthermore, the pruning
condition in (9) also determines if the minimum of (13) is achieved at
a feasible solution.
Let us point out that the connection between the R-ARD and the
FMLM scheme can be exploited to develop SNR-based adjustments of
the R-ARD similar to those used for FMLM algorithm. Specifically,
by combining (19) and l = sl02 (ql2 0 sl ) from (20) with the adjusted
5Recall that
models the prior variance of the weight w and must be nonnegative.
6We leave this result without proof. It can be easily verified by substituting
from (17) into (19) and solving for z^ , which gives
a feasible solution for
z^ = s =q . Inserting the latter result in (17) gives (20).
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Fig. 1. (a) Estimated NMSE and (b) number of estimated components versus SNR. (c) Nonzero elements of a sparse estimate of a weight vector for 30 dB SNR.
The plotted values in (c) correspond to a single realization of the learning algorithms.

pruning condition ql2 =sl > l , where l  1 is the pruning SNR
level, it can be shown that the FMLM pruning condition ql2 =sl > l is
equivalent to
l

>

l

0 1 z01 :

l

l

(21)

Condition (21) can be used as a pruning condition for the R-ARD
scheme. In other words, the sparsity level of the R-ARD algorithm can
be adjusted based on (21) and some preselected sensitivity l  1
expressed in the units of SNR. In the next experimental section, we
demonstrate the usefulness of such an adjustment.
IV. A SIMPLE ILLUSTRATIVE EXAMPLE
In this section, we contrast the performance of the incremental ARD
scheme, i.e., of the FMLM algorithm, to that of the R-ARD algorithm.
Note that while the latter finds a solution via a series of weighted
`1 -constrained7 least-squares optimizations as suggested in [12], the
FMLM algorithm optimizes the same R-ARD objective function incrementally, with the optimum at each step computed analytically.
We will also compare the performance of FMLM and R-ARD to
the standard RVM algorithm with noninformative hyperpriors that
uses EM algorithm to estimate model parameters [6], as well as to the
FMLM and R-ARD algorithms that use SNR-adjusted pruning rules
ql2 =sl > l in (9) and (21), respectively; we will refer to the latter two
schemes as FMLM-adj and R-ARD-adj schemes, respectively. For
both FMLM-adj and R-ARD-adj schemes, the adjustment threshold
is set to l = 3:16, l = 1; . . . ; L, which corresponds to 5 dB SNR.
This adjustment has been used in all simulations. Our goal here is
to construct a simple scenario where the distinctions between the
R-ARD approach to SBL and the incremental FMLM, as well as the
impact of SNR-based adjustment can be easily demonstrated. We
acknowledge, however, that the performed experiments do not by any
means represent a comprehensive comparison of the methods, which
cannot be included due to the correspondence length constraints.
As performance measures, we compute the normalized mean-square
error (NMSE) and the estimated number of components versus SNR;
additionally, we demonstrate the rate at which components are removed
from the model and the convergence rate of the estimated weight vector
w as a function of the algorithm iteration index. The estimated quantities are averaged over 100 independent algorithm runs. Note that in
order to estimate the number of components with the RVM and R-ARD
algorithms, it is necessary to specify a pruning threshold for the sparsity parameters l , l = 1; . . . ; L, which is essentially a numerical way
of detecting their divergence. Specifically, when for some component
7The ` -constrained optimization is implemented using a simple Matlab
solver for ` -regularized least squares problems, which uses a log-barrier
method [14] to optimize the corresponding objective function. The duality gap
for the log-barrier solver is set to 10
. The software is available online at
http://www.stanford.edu/ boyd/l1\_ls/.

 l an estimate of

l exceeds the pruning threshold, the corresponding
component is removed from the model. Let us stress that, in the case of
the incremental approach, such a pruning threshold is not needed: the
pruning conditions in (9) essentially “detect” the divergence of sparsity parameters; the same also holds for the R-ARD-adj algorithm. In
our implementation of the RVM and R-ARD algorithms, we set this
threshold to 108 . We note that, in the case of the R-ARD algorithm,
this is also needed since in the presence of noise the solution obtained
by `1 -constrained solver might not be exactly sparse; in fact, some elements in w might become very small, but nonetheless numerically still
larger than 0. To further simplify the analysis of the simulation results,
we will assume the noise precision parameter ^ to be known and fixed
in all simulations.
A simple compressive sampling toy problem is considered. We assume that the components  l 2 N , l = 1; . . . ; L, are generated by
samples from a Gaussian distribution with zero mean and
drawing N p
variance 1= N . A sparse vector w is constructed by setting K elements of w to 61 at random locations. The target vector t is then generated according to (1). In this experiment, we set N = 100, K = 10,
and L = 200.
In Fig. 1, we plot the estimated NMSE and the estimated number of
components versus SNR. Notice that the best performance is achieved
for R-ARD-adj algorithm, followed closely by the FMLM-adj scheme;
the normalized mean square-error (NMSE) performance of the other
algorithms is indistinguishable. The reason for such a good performance of the R-ARD-adj is the adjusted pruning condition that leads
to the improved estimated signal sparsity, as can be seen in Fig. 1(b):
the R-ARD-adj algorithm estimates the correct number of components
almost over the whole tested SNR range; in contrast, other schemes
underestimate the true signal sparsity. In the case of the FMLM-adj
scheme, this adjustment is less effective. This can be explained by
the “gain” of the R-ARD scheme due to the joint estimation of the
weight vector w . Let us point out that the underestimation of the signal
sparsity is due to the fact that when noise is present some of the estimated weights take very small, yet nonzero values, as demonstrated
in Fig. 1(c). Clearly, with an appropriate thresholding it is possible to
remove these weak “noisy” components to recover the true sparsity.
Yet in practical situations the discrepancy between zero and nonzero
estimated weights might not be so distinct as in Fig. 1(c) and finding
an optimal threshold might be quite challenging. The proposed adjustments of the pruning conditions, originally used in [13] for FMLM and
extended here in (21) to the R-ARD scheme, readily provide a way to
optimally select this threshold based on the analytical analysis of the inference expressions; surprisingly, these adjustments give quite accurate
results. Unfortunately, the space constraints prohibit us from a more detailed study of the adjusted pruning conditions.
Now, in Fig. 2, we demonstrate the performance of the compared algorithms versus the number of update iterations; specifically, we compute the `2 -norm of the difference between the estimated vectors w at
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Fig. 2. Convergence of the weight vector w and estimated signal sparsity versus the number of algorithm iterations for (a),(b) 0 dB SNR and (c),(d) 30 dB SNR.

two consecutive iterations as well as the number of estimated components versus the algorithm iteration index for 0 dB and 30 dB SNR.
Here, each iteration includes a complete update of all L components
present in the model. Note that, for the R-ARD algorithm, a single
update iteration includes a single `1 -constrained optimization, which
is also an iterative scheme. The reported number of iterations for the
R-ARD algorithm is obtained assuming that an `1 -constrained optimization is solved instantaneously.
Again we observe that the adjusted schemes outperform the other
tested methods: due to the used adjustment, the irrelevant components
are removed already during the early iterations and roughly ten updates
are needed for the remaining weights to converge. As expected, the
RVM algorithm performs the worst among the compared schemes. The
performance of R-ARD and FMLM schemes is comparable, yet the
former is computationally more demanding since it requires solving
a series of `1 -constrained optimizations; obviously, in this respect the
incremental approach is computationally much more attractive. Note
that the convergence rate of R-ARD improves as the SNR grows. In
contrast, the rate at which the incremental FMLM algorithm removes
components seems to be almost independent of the SNR.

V. CONCLUSION
In this work, a relationship between the incremental fast marginal
likelihood maximization (FMLM) algorithm and the reformulated
ARD (R-ARD) algorithm has been established.
We have demonstrated that the FMLM algorithm realizes an incremental optimization of the R-ARD objective function. The pruning
condition of the FMLM algorithm that determines whether the maximum of the marginal likelihood with respect to a single sparsity parameter is achieved at a finite optimum coincides with the condition
that guarantees the existence of a feasible minimum of the R-ARD objective function with respect to this sparsity parameter.
Based on this relationship the empirical adjustments of the pruning
conditions, previously proposed for the FMLM algorithm, can be derived for the R-ARD scheme as well. This provides an additional degree of freedom for the R-ARD scheme to control the estimated signal
sparsity based on the signal-to-noise ratio. Experimental results based
on a simple compressive sampling toy problem indicate that the use
of adjustments significantly boosts the convergence rate of the scheme
and reduces the underestimation of the true signal sparsity.
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