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Abstract: The problem of deciding whether the mean of an unknown distribution is in a set A4 or in its complement based on a
sequence of independent random variables drawn according to this distribution is considered. We propose an algorithm which leads
to an a.s. correct decision for any A4 in a class of sets satisfying certain structural assumptions. This class includes not only all
countable sets, but many uncountable sets as well. A refined decision procedure is also presented which, given a countable
decomposition of A, can determine a.s. to which set of the decomposition the mean belongs. This extends and simplifies a

construction by Cover.
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1. Introduction

Consider the following hypothesis testing prob-
lem: Let x,, x,, ... denote a sequence of i.i.d.
random variables with unknown marginal law pr,
with support [0, 1]. The mean of ur, denoted pr,
belongs either to a (known) set A4 which has
measure 0 or to its complement 4°. We want to
decide, based on the observation sequence
X, X,..., whether i € 4 or not.

This problem was considered by Cover (1973),
who treated the case of 4 =2,,, the set of ra-
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tionals in [0, 1], and more generally the case of
countable 4. He proposed there a test which, for
any measure with g € 4, will make (a.s.) only a
finite number of mistakes whereas, for measures
with fi € A\ N, the test makes (a.s.) only a finite
number of mistakes, where N is a set of Lebesgue
measure 0. Koplowitz (1977) refined Cover’s result
in the case that A is countable. Specifically, he
showed that if 4 (the closure of A) is countable
then N is empty, while if 4 is uncountable then N
is uncountable.

In this note, we extend the result of Cover
(1973) by allowing the set 4 to be uncountable,
not necessarily of measure 0, such that it satisfies
the following structural assumption:

Assumption. There exists a monotone sequence of
sets A, increasing to 4 and an appropriate posi-
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tive sequence &(m) —,, _, . 0 such that, for each m
the open blowup

Cp =A™ 2 {x: d(x, A4,,) <2/2e(m) )

is such that the Lebesgue measure of C,\4,, is
smaller than 1/m?.

We note that this assumption implies that if A4
has Lebesgue measure zero, it is of the first cate-
gory (i.e., a countable union of nowhere dense
sets). The assumption is satisfied by a class of
interesting uncountable sets A4, e.g., the Cantor
set. Obviously, for countable sets, the assumption
1s satisfied. For more along these lines, cf. Lemma
2 and the remarks which follow Theorem 1.

In Section 2, we describe a decision algorithm
which changes its decision after increasingly longer
and longer intervals. Those intervals are chosen
using entropy bounds. We prove that this al-
gorithm shares the properties of Cover’s decision
rule, i.e., it makes a finite number of mistakes a.s.
on the set A and on A°\ N for an appropriate set
N of Lebesgue measure 0. (A characterization of
N follows from our proof and is related to the one
given in Koplowitz (1977).) In Section 3, the re-
sults are extended to allow a (countable) decision
inside the set A, i.e., we allow for multiple hy-
pothesis tests inside A.

2. The decision rule and proof of the main theorem

We begin by first describing the proposed decision
rule. Let B, =4 ,\,(25(_”” . We will use in the sequel
the fact that the open blowup B, satisfies
(d(A,,, BS)* > 2e(m)>0, and that (d(B,,
CS))? = 2e(m). Let B(m) be a given sequence, to
be defined below. For any input sequence
Xy, X,,..., form the subsequences

X" & (Xgm—1ys-- > Xpmy—1)-

The endpoints of these subsequences X™ form a
parsing of the original sequence x;, x,,.... Let
i ym denote the empirical mean of the sequence
X™. At the end of each parsing, make a decision
whether i € A according to whether u ,» € B,, or
not. Between parsings, don’t change the decision.
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For the sequence 8(m) defined below in equation
(2.7), we claim:

Theorem 1. (a) For any measure pr with pr € A,
the decision rule will make (a.s.) only a finite
number of mistakes, i.e., for a.e. w there exists an
n(w) such that the decision is A for all n > n(w).

(b) For any measure p with pp € A°\ N, where
N is a set of Lebesgue measure 0, the decision rule
will make (a.s.) only a finite number of mistakes,
i.e., for a.e. w there exists an n(w) such that the
decision is A° for all n > n(w).

Before proving the theorem, we introduce some
notation and define the sequence B(m). For a set
E 0, 1], E€ denotes the complement of E and
E denotes the closure of E, whereas E ° denotes
the interior of E. Let p be a probability measure
with support in [0, 1]. The mean of u is denoted .
Let

M,(X) = E,(exp(Ax))

denote the moment generating function of p and
let

A(X) =log(M(N)).
Let
1,(x) = sgp(Ax —A(N))

be the Legendre transform of A(A), and let
H(v|p) denote the relative entropy of » with
respect to u, i.e.,

Hr 1) =[5 (x) tog g )

if dv/dp exists and oo otherwise. It is known that
both I(x) and H(v|p) are convex, lower semi-
continuous functions in the Euclidean and weak
topologies, respectively (e.g., see Deuschel and
Stroock, 1989). Further, it is well known that for
any open (closed) set C in [0, 1],

xigfclp(x)= {”:iﬁI}EfC)H(Vm). (2.1)
Next, let p,=n"'E7_,8, denote the empirical
measure of the sequence x;, x,,..., x,, and let the
empirical mean n~'Y}_,x; be denoted j,. By the
classical Cramer theorem, one has, for any closed
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set C, and any probability measure p with support
in [0, 1] (cf. Deuschel and Stroock, 1989, Proof of
Lemma 1.2.5),

P#(ﬁ"EC)sZexp(—nxixElfCI#(x)). (2.2)

We next define the sequence B(m): for any m,
let B, be the open cover of the set A4, described
above. For any m, compute
I,& inf

m

inf 1,(x). (2.3)

{u:pE€A4,) x€B,
Note that by (2.1), one also has that

I,= inf inf H(v|p). (2.4)
(miREA,) (v:7EBS)

Since d(A,,, BS)?> 2e&(m), one has that I, >
¢(m). Indeed, by Deuschel and Stroock (1989,
Exercise 3.2.24),

c )2
2H(v|p) = v — pll& > (d(A,.. B;)),

where the last inequality holds for {»: ¥ € B}
and {pu: R € A4,,}. Next, let

. log2+2logm
a(m)=—g——lm—g—. (25)

Note that, by (2.2), for any p such that g€ 4,

P(Buwm € BS) < % (2.6)
Finally, let
B(m)= 3 a(i),  B(0)=0. (2.7)
i=1

Proof of Theorem 1. (a) Assume jiy € A4. Then
there exists an m such that i€ A4,,. Note that
the event of making an error infinitely often is
equivalent to the event of making an error at the
parsing intervals infinitely often. However,

?Ms

o0
. . 1
Prob{error in mth parsing} < ), —5 <
1 m=1M

where we have used (2.6) above. Therefore, part
(a) of the theorem follows by the Borel-Cantelli
lemma.
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(b) Let

N=[ U G\4.

n=1m=n

Note that

o0 o0
. : 1
IN|< lim Y |CGA\A4,|< lim Y — =0
n-—»co n—oo m

m=n =n

where |- | denotes the Lebesgue measure. There-
fore, the Lebesgue measure of N is zero. Now we
may repeat the arguments of part (a) in the follow-
ing way: let i € A\ N. For an m, large enough,
gy € CS for all m>m, On the other hand,
d(jir, B,)*> 2e(m) by our construction. Noting
that the rate function inf, c 5 1, (x) > &(m), the
proof follows identically as in part (a). O

Remarks. (1) The theorem could have been proved
by obtaining (2.6) using more traditional bounds
but with a slower decision procedure (i.e., larger
a(m)).

(2) It is interesting to note that the Cantor set
satisfies the assumption. Indeed, the covering sets
B, are just the intervals associated with the Can-
tor partition.

(3) By modifying the structure of the decision
rule, one may also make a hypothesis test inside
A. This is pursued in Section 3.

We conclude this section by a (partial) char-
acterization of the sets 4 of measure 0 which
satisfy the assumption:

Lemma 1. A set A which is of measure 0 and which
satisfies the assumption is of the first category (i.e.,
A is a countable union of nowhere dense sets). In
the other direction, a closed set A of Lebesgue
measure zero satisfies the assumption. (Note that
such a set is automatically nowhere dense and there-
fore of the first category.)

Proof. (=) From the assumption, 4 =U,4,,. We
need only show that each A4,, is nowhere dense.
But this follows immediately from the existence of
a sequence of open blowups of A,, with arbitrarily
small Lebesgue measure (namely, C, for k> m).
Indeed, if that were not the case, any blowup of
A, would have included a common nonempty
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open set, and therefore its Lebesgue measure
couldn’t possibly converge to zero with the blowup
size.

(=) If A is closed and of measure zero, take
A,,=A. One can cover 4,, by open balls with
with total measure smaller than 1,/2m?. Since 4 is
closed, it is compact and therefore one may ex-
tract a finite cover, with the smallest ball of radius
r,, > 0. Choosing now &(m) < ir2, it follows that
C,, is covered by the r,-blowup of those balls,

m
whose total measure is smaller than 1/m?. O

We note that an example in Halmos (1974,
Exercise 4, p. 66) suggests that it is unlikely that
one could in general dispense with the require-
ment that 4 be closed in the converse of Lemma
1. Indeed, in Halmos (1974) a set F of nonzero
Lebesgue measure is constructed which is nowhere
dense. Naively, by taking A,, to be a dense subset
of F (maybe uncountable), and 4 =Ui_,4,,, the
blowup of A,, doesn’t satisfy the assumption (for
it is of measure larger than | F |). However, there
may exist another choice of sequence A,, which
does satisfy the assumption.

3. Countable hypothesis testing

In this section, we refine the decision rule to allow
for deciding among a countable set of hypotheses.
In addition to deciding whether or not p; € 4, we
also make a hypothesis test inside 4. Suppose that
A is written as 4 =U2,S; where the S, are dis-
joint. We are interested not only in whether pr €
A, but if so, to which of the S; does p belong.
Specifically, we wish to decide among the follow-
ing countable set of hypotheses:

H;: pres;, i=1,2,...,

Hy: pr€A.

For the theorem below, restrictions must be placed
on the decomposition of 4. Namely, we assume
that the S, are pairwise positively separated mean-
ing that d(S;, S;)> 0 for every i # . (Note that,
as before, A is required to satisfy the structural
assumption of the introduction.)

We modify our previous decision rule as fol-
lows. At the end of each parsing (defined by the
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sequence B(m)), find the least index k (if one
exists) such that iy~ is contained in the y2e(m)
open blowup of S, N A4,,. If such a k exists, then
decide that pr € S,. Otherwise (if gy~ €& (S;N
A,)V?*™) for all i) decide that iy & A. Alterna-
tively, we can think of this decision procedure as
first deciding whether or not g€ A as before.
Then, if the decision is that g € 4, make a refine-
ment by deciding that g1 € S, where k is the least
index i such that i y» € (S, N 4,,) V25",

Theorem 2. If A =UL,S; satisfies the assumption
and the S; are pairwise positively separated then: (a)
For any measure p with pr € S; for some i, the
decision rule will make (a.s.) only a finite number
of mistakes, i.e., for a.e. w there exists an n(w)
such that the decision is S; for all n > n(w).

(b) For any measure p with i € A\ N, where
N is a set of Lebesgue measure 0, the decision rule
will make (a.s.) only a finite number of mistakes,
i.e. for a.e. w there exists an n(w) such that the
decision is A® for all n > n(w).

Proof. (a) Suppose that pr €S, By the same
considerations that led to (2.6), for any p such
that g€ S, N 4,, we have

By (B (5,04,) V) < # (3.1)
Since py € S, € A4, for sufficiently large m, pr €
A,,. Also, since the S; are pairwise positively sep-
arated and i is finite, for large enough m the sets
(S;NA,) V™) and (§;NA4,) V™) are dis-
joint for all j <i. That is, for sufficiently large m,
denoted m (i), as long as ji y» € (S, N A,,) V2
we have fiyn&(S,NA,) V™) for all j<i.
Hence, for all m > my(i), i is the least index
satisfying the requirements of the decision proce-
dure (so that a correct decision is made) iff g ym €
(S, N A,,)V2*™)_ Therefore

e
3" Prob{error in mth parsing)
m=1
e o)
<mg(i) + >

m=mg(i)+1

P(fxm & (SN 4,,) V™))

o 1
<smo(i) + Z 7 <™
m=1M



Volume 12, Number 4

so that part (a) follows by the Borel-Cantelli
Lemma.

(b) This part is identical to part (b) of Theorem
1. O

Remarks. (1) Cover’s result on countable hypothe-
sis testing is a special case of this result since every
countable set A4 clearly satisfies the assumption
and can be written as the union of pairwise posi-
tively separated sets.

(2) If one is willing to allow the test to fail for
some points in A4, then the requirement that the S;
be pairwise positively separated can be dropped.
The sets N; C A° and N, C A on which the test
fails in the general case can be characterized, and
conditions on the S; for which N, UN, is a null
set can be obtained. These results can be obtained
using the techniques presented here, or via a den-
sity argument using the Lebesgue density theorem
(cf. Kulkarni, 1991).
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