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Abstract

We consider the problem of smoothing a sequence of noisy observations using a fixed class of models. Via a deterministic
analysis, we obtain necessary and sufficient conditions on the noise sequence and model class that ensure that a class of natural
estimators gives near-optimal smoothing. In the case of i.i.d. random noise, we show that the accuracy of these estimators
depends on a measure of complexity of the model class involving covering numbers. Our formulation and results are quite
general and are related to a number of problems in learning, prediction, and estimation. As a special case, we consider an
application to output smoothing for certain classes of linear and nonlinear systems. The performance of output smoothing
is given in terms of natural complexity parameters of the model class, such as bounds on the order of linear systems, the
/1-norm of the impulse response of stable linear systems, or the memory of a Lipschitz nonlinear system satisfying a fading
memory condition. (© 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we study the problem of smoothing
a set of noisy observations by using a fixed class of
models. Specifically, suppose we observe y; = f; + ¢;
for i=1,...,n. Our goal is to obtain an estimate f=
(fl,...,f;,) for f =(f1,...,fn), that is close to f in
some sense (made precise in the next section). We
consider two related formulations. In the first, the true
f is assumed to belong to some known class F. In the
second, we make no assumptions on f, but restrict
attention to estimators f that belong to a known class
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F. In this setting, of course we should be content only
in producing an estimate for f that is close to the
optimal g € F.

We first consider a deterministic/worst-case set-
ting in which the e; is a fixed but arbitrary sequence.
We obtain deterministic conditions on the noise se-
quence ¢; in terms of the class of models F that are
necessary and sufficient to allow smoothing. These
conditions have a natural interpretation: the corre-
lation between the noise and certain “model differ-
ence” sequences should not be significantly larger
than the power of those sequences. This result can
be used for stochastic noise models by verifying
the deterministic conditions on the sample paths of
the noise process. In particular, we treat the case
of i.i.d. noise ¢;, and show that smoothing is pos-
sible if appropriate covering numbers of the model
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class grow slowly in terms of n — i.e., if a “rich-
ness” constraint is imposed on the class of models.
Finally, we consider an application of these results
to output prediction of linear and nonlinear systems.
In these problems, it is assumed that the underlying
system is unknown. An input sequence is applied
and noisy outputs are observed. Using knowledge of
the inputs we wish to estimate the outputs almost as
accurately as the best model in a fixed class. As a
special case, this gives near-optimal estimation when
the system is known to belong to the model class. For
kth-order linear systems, for linear systems of arbi-
trary order but satisfying a constraint on the /| norm
of the impulse response, and for nonlinear Lipschitz
fading memory systems we obtain explicit bounds on
how well we can smooth in terms of the “complexity”
parameters of the model classes.

Our formulation is quite general and is related to
a number of problems considered in papers on learn-
ing, prediction, and estimation. In particular, if the
Ji = f(x;) for some function f and the points xi,...,x,
are assumed to be known, then the problem considered
here i1s related to work in statistics and computational
learning theory (see, e.g., [7] and references therein).
Most of the work in these areas that deals with gen-
eral model classes considers the problem of estimat-
ing a target function from noise-corrupted values at a
number of randomly and independently chosen points,
where the measure of accuracy depends on the prob-
ability distribution generating the points. In contrast,
we make no assumptions about the process generating
the examples, but the conditions we obtain on the tar-
get class that are sufficient for the smoothing problem
with i.i.d. random noise are similar to corresponding
conditions for more standard learning problems. There
has been some work that has considered arbitrary x; for
specific estimators for regression or output prediction
in a systems context (e.g., see [9, 10] and references
therein). However, in addition to arbitrary x; (or ar-
bitrary inputs), our work also considers deterministic
noise, deals with characterizing properties of general
model classes that allow smoothing, and considers a
different success criterion. In contrast with previous
work, we obtain both necessary and sufficient condi-
tions on the noise sequence for general model classes.
Our results are also similar in flavor to some work
in system identification that uses notions of covering
numbers and metric dimension to measure the com-
plexity of identification (e.g., see [13] and references
therein), but the specific formulations and results are
quite different.

2. Smoothing problems

Suppose we observe y;=f + ¢ for i=1,...,n
where f*=(f],....f;) is an underlying real se-
quence we wish to estimate and e; represents measure-
ment noise. For convenience, it is useful to assume
we see a sequence of input points x,...,x, chosen
from a set X, and f* = f*(x;) for some unknown tar-
get function f*(-). The aim is to estimate the target
function at the points, in the sense that

l n
=D G )
i=1

is small, where f* is the target function and p is
the estimate. We also write this error as || — /2.
That is, we identify the function f* with the sequence
Sf*(x1), f*(x2),... , and we consider the family of
norms over initial segments of real sequences,

l n
Iyl = (; > vt
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An estimator can be viewed as a mapping from
X" x R" to R".

We will fix a class F of functions defined on the
input set X, and consider two smoothing problems.
In the first of the two smoothing problems, we want
an estimator for which, for all target functions f*
chosen from F, the error of the estimate goes to zero
as n— oc.

172

Definition 1. Let x =(xy,...,x,) € X" be an input se-
quence and ¢ = (ey,...,¢,) € R" be a noise sequence.
We say that an estimator ¢-smooths F with respect to
x and e if it satisfies the following condition. For all
f* € F, when the estimator sees the sequences x and
y, where y; = f*(x;) + e;, it produces an estimate f,
satisfying || f, — /*||2 <e.

For an input sequence x =(x,x3,...) X and a
noise sequence e =(ey,ez,...) € R, we say that an
estimator smooth £ with respect to x and e if, for all
[ € F, the estimate satisfies

limsup || f;, — f™[|» = 0.
n—oC
In the second problem, we allow modelling error.
In this case, for any target function from X to R the
estimate must have error that approaches that of the
best approximation in F to the target function. In fact,
we restrict the target functions to those for which the
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approximation error is bounded (otherwise aiming for
a near-optimal approximation seems pointless).

Definition 2. Let x = (x3,....x,) € X" be an input se-
quence and e = (e),...,e,) € R" be a noise sequence.
We say that an estimator g-optimizes over F with re-
spect to x and e if it satisfies the following condition.
For all target functions m: X — R, when the estima-
tor sees the sequences x and y with y; =m(x;) + e, it
produces an estimate f, satisfying

/s = ml3 < inf llg — ml7 +&.
geF

For an input sequence x = (xy,X2,...) EX™ and a
noise sequence e =(ej,ez,...) € R, we say that an
estimator optimizes over F' with respect to x and e if,
for all m : X — R satisfying

li i — <
im sup inf lg — m|, <oo,

n—oc ¢

the estimates { f,} satisfy

[ud®.®]

lim sup (Hf,, —ml|, —inf |lg — m||,,> =0.
geF
We will concentrate on empirical estimators.

Definition 3. For a class F of real-valued functions
defined on a set X, an empirical estimator for F is a
mapping from X" x R” to R”. It returns a sequence f,
in F|, the closure (with respect to || - ||») of

=AU, ) fEFY
that satisfies || f, — |l = infrer || f — Vlin-

F . =F,

3. Deterministic conditions

Our first theorem gives conditions on noise se-
quences and sequences of function differences that are
sufficient for the success of empirical estimators. The
conditions can be thought of as a requirement that the
correlation between the noise and any sequence of
non-negligible function differences should not exceed
the power of that sequence.

Theorem 4. Suppose that F is a class of real-valued

functions defined on a set X, and x and e are input

and noise sequences.

(1) If some empirical estimator for F fails to smooth
F with respect to x and e, then there is an £>0,

and an f* € F such that, for infinitely many val-
ues of n€ N, there is an [ in F| satisfying

1 n
e< =Y (Sl = [T
i=1

2 ¢ .
<Y ) = ST ("
i=1

Furthermore, the reverse implication is also true
if limsup,_, . |lellx is finite and F satisfies the
following property: there is a p >0 such that, for
all i, f, €F, thereare f|, fy € Fandt€(p,1—
p) such that f{ — fy =1/ — /2).

(2) If some empirical estimator for F fails to opti-
mize over F with respect to x and e, then there
is an >0 and an m in RY (with m satisfying
limsup,_, . infycr ||lg — ml|, <o0) such that, for
infinitely many n there is an f in F such that for
f* inF, satisfying | f* =mll = inf,cr |g—mn,

f <Y - )Y

i=1

1 n
- > 7= mxa))
i=1

2 -, ,
<ED )= fen (2)
i=1

Notice that the condition on F that suffices for the
converse result in part 1 is trivially satisfied if F is
convex and contains the zero function.

Proof. (1) If an empirical estimator fails to smooth
with no modelling error, then there is an ¢>0 and
an f* in F such that, for infinitely many values of
n, there is an f in |, (the closure is with respect to
|-l with £ = (/" + )2 = infyer lg— (/* + o)l
and || f — f*||? = ¢. The inequality is equivalent to the
first inequality in Eq. (1), and the equality implies
Ilf = (f* + e)|2<]lell2, which is equivalent to the
second inequality in Eq. (1).

To see that the converse is true under the condi-
tions on e and F, notice that, for any t > 0 the second
inequality in Eq. (1) is equivalent to

STafi- W HE=D)Y (S-S

i=1 i=1

<2Y i e

i=1
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For p <7< 1—p, this inequality and the first inequality
in Eq. (1) imply

n

23" i S = S Ui P + (=7 e
i=1

=1
n

>3 ((fi— 7)) +nple.
i=1
It follows that

n

SN @fi- ) —er<y & —npe
i=1 i=1

Notice also that Y., (t(f; — f;7))* =nt*e =np*e. So
the condition of the theorem implies (with appropriate
relabeling) that there is an >0, an £¢>0, and an f*
in F such that, for infinitely many values of #, there
is an f in F with

If =+l =+ el — =
and || f — f*||2 >&. This implies that
imsup (117"~ + )2~ inf g = 13 ) =0

Consider an infinite subsequence for which
1f* = yliz = inf lg — Iz + B/2.
yeF

For each n, choose a sequence g* from F |, with [lg* —
V|ln= infyer |lg — y|ln. Then the triangle inequality
implies

lg™ = f*lln = 1117 = ylla = inf llg = v]lx

I = I~ infyer llg — 2
17 = ¥l + tyer g — yla
B2

" 2lell’

So some empirical estimator fails.

(2) If an empirical estimator fails to optimize
over F, then there is an ¢>0 and a function m
such that, for infinitely many n, if f* € F |, satisfies
/" = mlls= infyer |lg — m||, there is an f in F
with ||/ — (m +e)[l; = mingep |lg—(m+e)|;, and
| f —m||2=]|f* — m|? + &. These inequalities imply

Dfimm = (S —m V<2 (i = fer,
i=1 i=1

i=l

and

Z(fi—mi)z—Z(fi*—mi)ZBna. O
i1 =1

4. Smoothing with random noise

In this section we consider the case of random noise
sequences e that are realizations of a bounded i.i.d.
stochastic process. We show that in this case empir-
ical estimators can smooth and optimize a uniformly
bounded function class F if F" has a slowly growing
covering number. If (Y,d) is a metric space, SCY,
and ¢ >0, the ¢-covering number of Y is the size of
the smallest subset T of Y for which every point in S
is within ¢ of some point in 7. For a function class F
and >0, let .4"(F, n,«) denote the maximum over x
in X" of the a-covering number of F| C R" with re-
spect to the metric d(a,b) = ||a — b]|,.

Theorem 5. Suppose that ey, ..., e, are independent
zero-mean random variables satisfying |e;| <M. Sup-
pose that F is a class of real-valued functions de-
fined on X satisfying | f(x)|<B for all x € X and all
f €F. Then for any input sequence x € X", and any
m: X — R satisfying |m(x;)| < B, the probability of a
noise sequence e for which some empirical estimator
fails to e-optimize over F with respect to x and e is
no more than

2
A (Fon,5/(4M) exp (‘%) '

Clearly, since the second factor in the probabil-
ity bound is exponentially small in », a sufficient
condition to force the probability of failure to go
to zero is that the growth of the covering number
be slower than exponential in n. For i.i.d. noise, it
is possible to show that a slowly growing cover-
ing number is also necessary for vanishing failure
probability.

Proof. From Theorem 4, if some empirical estimator
fails for a given ¢ and m, some f in F has

1
p Z(f(xi) = fei=e/2,



P.L. Bartlett, S.R. Kulkarnil Systems & Control Letters 34 (1998) 133-140 137

where f* minimizes || /* — m||,. In that case, choose
the f in an &/(4M )-cover of F)| _that satisfies ||/ —

fll»<¢/(4M). This f satisfies

1 . 1 .

S Ui fe= Y (= e
S S

&/2=|If = flallella
g/4.

AR\

The probability that the estimator fails is no more than
the size of the cover times the probability that some
fixed f will satisfy

%Z(f: — f)ei = ¢/4.

Hoeffding’s inequality (see for example [12]) shows
that this latter probability is no more than exp(—2¢n/
(B*M?)), which gives the desired result. [

In fact, for convex function classes F' we can im-
prove the rate of convergence in this result.

Theorem 6. Suppose that F is a convex class of real-
valued functions defined on X satisfying | f(x)|<B
JorallxeX and all f € F. Let e € R" be a realization
of an i.i.d. stochastic process satisfying |e;| <M and
Ee; =0. Then for any input sequence x € X", and any
m: X — R satisfying |m(x;)| <B, the probability of a
noise sequence e for which some empirical estimator
fails to e-optimize over F with respect to x € X" and
e is no more than

—&n
N(F,n,e/(28B + 12M — .

(F.n,/(28B + ))exP(54(B+M)2)

The proof is based on that of the main estimation
result in [11]. It uses the following consequence of
Bernstein’s inequality ([11], (Lemma 8)), instead of
Hoeffding’s inequality.

Lemma 7 (Lee et al. [11]). For iid random vari-
ables Wi,...,V, satisfying |Vi|<K, EV;=0, and
EV;2 <KrEV;fori=1,...,n with Ky =1, we have

Pr (E(l/nZ?-1 Vi) - }'/" Z?:l Vi 20‘)
v+E(/nY V)

< ex —3a%vn
SR \AK + K )

Proof of Theorem 6 . If some f in F minimizes ||/ —
Ylln and || f — m|?=||f* — m||? + e, then that f also
satisfies

E(If = ylz=Nf* = ylD=e

and minimizes || / — v||2 — ||/~ — ¥||2. Since this latter
quantity is zero for /= f*, it follows that, for any
2>0, this f has

E(If = yII2= 1=yl
Se+a(lf —yIE— 1= vIb.

Set o =2 and choose an f in an g-cover of Fj, such

that || /" — f||n <& (g will be chosen later). Then for
any y it is easy to show that

I/ = yliz = 2Q2B + M)z
<|If = YIE<IS = pIF + (4B + 2M + g0)éo.

If we set g9 =¢&/(28B + 12M) then, provided £ < B2,
we have that

E(If = yI2 =1L/ = ¥
>e/242(|f = V2 = I/ = vl

So the probability that an empirical estimator does not
g-optimize over F is no more than the size of an &-
cover of Fj, times the probability that some fixed f
satisfies this inequality.

Now, consider Lemma 7 with ¥, =(f, — »)* —
(f* = yi)*. Clearly, Ky = (2B + M) and it is easy to
show that we can choose K> = 16(B + M )? if the clo-
sure of Fj, is convex (see [11], (Lemma 14)). Sub-
stituting o = % and v=1¢/2 into Lemma 7 shows that
the probability that an empirical estimator does not
g-optimize over F is no more than

€
N Fny————
( ’n’28B+12M>
1 « 2 w
xPr{ E —E Vi >—§K+6/2
n n
i=1 i=1

& —&n
S oY p— — ——__ ).
( " 28B+12M>exP(54(B+M)2)
0

Clearly, corresponding results for smoothing (with
no modeling errors) follow as special cases of
Theorems 5 and 6. In fact, we can always obtain
the improved rate of convergence (approximately
1/n rather than 1/4/n) in this case, even if F is not
convex. The proof is essentially identical to that of
Theorem 6 (except we use the fact that m is in F to
provide the bound on K3).






