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Abstract— The minimum energy required to transmit a bit of
information through a network characterizes the most economical
way to communicate in a network. In this paper, we show that
under a layered model of wireless networks, the minimum energy-
per-bit for multicasting in a mobile ad hoc network can be found
by a linear program; the minimum energy-per-bit can be attained
by performing network coding. Compared with conventional
routing solutions, network coding not only promises a potentially
lower energy-per-bit, but also enables the optimal solution to
be found in polynomial time, in sharp contrast with the NP-
hardness of constructing the minimum-energy multicast tree as
the optimal routing solution. We further show that the minimum
energy multicast formulation is equivalent to a cost minimization
with linear edge-based pricing, where the edge prices are the
energy-per-bits of the corresponding physical broadcast links.

This paper also investigates minimum energy multicasting
with routing. Due to the linearity of the pricing scheme, the
minimum energy-per-bit for routing is achievable by using a
single distribution tree. A characterization of the admissible
rate region for routing with a single tree is presented. The
minimum energy-per-bit for multicasting with routing is found
by an integer linear program. We show that the relaxation
of this integer linear program, studied earlier in the Steiner
tree literature, can now be interpreted as the optimization for
minimum energy multicasting with network coding.

In short, this paper presents a unifying study of minimum
energy multicasting with network coding and routing.

Index Terms— Network coding, routing, multicast, Steiner tree,
wireless ad hoc networks, energy efficiency, mobility.

I. INTRODUCTION

In this paper, we consider the problem of minimum-energy
information multicast, namely transmitting common informa-
tion from a source node s to a set of destination nodes
T with the minimum amount of total consumed energy per
information bit, in a mobile ad hoc network (MANET).

Several previous works, e.g., [1]–[3], aim at finding the
minimum-energy multicast tree. Suppose a sender s wants to
transmit a message to destinations T . Assuming nodes in the
network can only route, i.e., replicate and forward, received
messages, the multicasting will take place in a sequence of
steps. In each step, a node, having received the message so
far, forwards the message to some neighbors at a certain power
level. Note that due to the broadcast nature of radio trans-
missions, a single transmission by a certain transmitter may
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Fig. 1. (a): An example wireless ad hoc network. The locations of the nodes
have been marked with dots. Assume each node is equipped with a transmitter
operating at a fixed transmission range, which is just sufficient to reach its
lateral neighbors, but not the diagonal ones. Under this setting, each physical-
layer transmission consumes a unit amount of energy. It is easy to see that the
minimum amount of energy required to deliver 1 message from s to {t1, t2} is
5 (transmissions) using the conventional routing approach. One such solution
is as follows: first, s broadcasts the message to {a, b}, using one transmission;
next, a forwards it to c, c forwards to t1, b forwards to d, and d forwards
to t2. (b): Minimum-energy multicast with network coding on this example
network. Suppose s has two messages, x1 and x2. First, x1 is delivered to
t1 with 3 transmissions and x2 is delivered to t2 with 3 transmissions. Next,
t1 transmits x1 to e and t2 transmits x2 to e. The critical step occurs at e,
which broadcasts the XOR-ed result of two messages, x1 ⊕x2, to t1 and t2,
consuming only one transmission. Each of the two destinations can recover
both x1 and x2 by solving a simple linear system of equations.

successfully reach multiple (neighboring) nodes; this physical-
layer broadcast property was called the wireless multicast
advantage in [1]. Then, the problem is to find a set of relaying
nodes and their respective power levels such that all nodes in
T receive the message, whereby the total energy expenditure
for the task is minimized. Under this formulation, it can be
easily concluded that the optimal forwarding scheme should be
based on a tree structure. However, the problem of constructing
a minimum-energy multicast tree in a wireless ad hoc network
is NP-hard; see, e.g., [1]–[3].

We now use a simple example to illustrate that there is room
to improve upon the conventional formulation to achieve a po-
tentially lower energy-per-bit. In Fig. 1, the minimum amount
of energy required to deliver 1 message from s to {t1, t2}
is 5 (transmissions) using the conventional routing approach,
whereas 2 messages can be delivered with 9 transmissions
using network coding. For details, please refer to the caption
of Fig. 1.

The lesson drawn from this example is that it is in general
suboptimal to require the nodes in the network to only repli-
cate and forward, i.e., route, information received. In other
words, network coding could bring in unique advantages over
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routing. Network coding generalizes the traditional routing
paradigm by allowing nodes to perform arbitrary operations on
the information received to generate the output. Historically,
throughput gain has been the primary motivation for network
coding. In their pioneering work [5], Ahlswede et al. gave
a simple example network to show that network coding can
potentially achieve a higher throughput than routing solutions.
More generally, they showed that network coding can achieve
the maximum multicast rate.

Network coding is highly applicable to real packet networks.
For example, Chou, Wu, and Jain [6] presented a prototype
system for practical network coding in packet networks, using
distributed random linear network coding with buffering. The
system achieves throughput close to capacity with low delay,
and is robust to random packet loss and delay as well as to
changes to network topology or capacity. Distributed random
network coding were also investigated by Ho et al. [7]–[9].
Empirical comparisons of the throughput achievable by routing
and network coding have been reported in [10] for static graphs
and in [11] for dynamically varying graphs.

An increasingly important application domain of network
coding is mobile ad hoc networks. By having random mixture
packets self-orchestrate multiple paths, network coding offers
built-in error protection and adaptivity to topology changes
due to joins, leaves, node or link failures, congestion, etc; by
employing a flooding-type delivery, network coding can be im-
plemented in a distributed fashion easily, whereas the creation
and maintenance of distribution trees incurs notable signalling
overhead, given the dynamic environment. These properties
render network coding potentially useful for unicasting and
multicasting in mobile ad hoc networks.

In this work, we explore the advantage of network coding in
economically using network resources, more specifically the
energy consumption in a MANET. The example in Fig. 1
demonstrates that network coding can lead to solutions that
are more economic in using network resources than routing
solutions. More generally, we show that under a layered
model of wireless networks, the minimum energy-per-bit for
multicasting can be found in polynomial time via a linear
program. The linear program outputs an optimal allocation
of bit-rate resources on the links; using the allocated link
bit-rates, the minimum energy-per-bit can be attained by
performing network coding, but not routing in general.

The discussions in this paper are based on a popular layered
model of wireless networks (see, e.g., [12]), which is a
mathematical abstraction of the well-known layered network
architecture. The basic assumptions of the layered model can
be explained as follows. The lower and upper layers are re-
spectively abstracted as supply and demand of communication
resources. The interface between the supply and demand is a
network of noiseless channels with rate limits, which can be
described as G = (V,E, c) where V and E are sets of vertices
and edges respectively and c is a length-|E| vector assigning
to each edge e ∈ E a bit-rate limit c(e). Via communication
mechanisms such as scheduling and power control, the lower
layers can supply a set G of realizable graphs. Using a
realizable graph G ∈ G as the available communication
resources, the network layer coordinates the information flow

from the sources to the destinations such that certain end-
to-end throughput is achieved. From an information theoretic
perspective, such a decoupling of supply and demand is
essentially the separation between channel coding and network
coding. Although it may lead to sub-optimality, its simplicity
facilitates the analysis and invites further engineering insights.

Each realizable graph (V,E, c) provides certain end-to-end
throughput and has an associated power consumption that
represents the cost in supplying the bit-rate resources. Thus
finding the minimum energy-per-bit boils down to identifying
a realizable graph such that the ratio of the power consumption
achieved to the multicast throughput achieved is minimized.
We shall show this can be carried out via a linear program
that jointly optimizes the supply side and the demand side.

II. REALIZABLE GRAPHS FOR MOBILE AD HOC
NETWORKS

In this section, we discuss the structure of realizable graphs
for mobile ad hoc networks. It is non-trivial to identify the
realizable graphs for a wireless network, due to the unique
lower layer characteristics of wireless communications. The
topology of a wireless ad hoc network, as a composition of
individual transmission links, is dynamic. Dynamism arises
as a result of control actions such as arranging different
transmitters at different times and adjusting the transmission
power, as well as random variations in the channel strengths
of the wireless links due to fading and node mobility.

We shall start by discussing a fixed wireless ad hoc network
where the channel conditions stay the same during a commu-
nication session, and then move on to discuss a mobile ad hoc
network where the channel conditions evolve over time. This
set of realizable graphs represents all possible supplies of bit-
rate resources arising from power control and scheduling in the
physical and medium access layers (under certain simplifying
assumptions about the physical layer). We show that for the
problem of minimum energy multicast, only a small subset of
realizable graphs needs to be considered.

A. Fixed Wireless Ad hoc Network

A wireless ad hoc network can operate in many different
physical states, where each physical state represents a “snap-
shot” of all nodes in the physical layer, such as which nodes
are transmitting, what transmitting powers are being used, and
what the channel conditions are. A physical state may support
a collection of concurrent links, which are assumed to be point-
to-multipoint in general. Let V0 denote the set of nodes in the
network. A link can be described as u

c→ Yu where u ∈ V0

is the transmitter, Yu ⊆ V0 is its receiver set, and c is the
associated bit rate in a reliable communication.

Each collection of links supported by a certain physical
state corresponds to an elementary (realizable) graph. Loosely
speaking, an elementary graph refers to a graph that can be
directly realized in the physical layer. For example, Fig. 2
shows two physical states and the corresponding elementary
graphs. Fig. 2 corresponds to the special case of omnidirec-
tional transmissions. In a first state shown in Fig. 2, only node
s is transmitting, and the transmission power is just enough
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Fig. 2. Two example elementary graphs G1 and G2. G1 corresponds to the
physical state where s is transmitting at a power just enough to reach a and
b. G2 corresponds to the physical state where s is transmitting at a power
just enough to a, b, c, d.

to reach a and b. This supports the link s
1.0→ {a, b}. The

corresponding elementary graph is shown as G1. In a second
state, only node s is transmitting, and the transmission power
is just enough to reach a, b, c, and d. This supports the link
s

1.0→ {a, b, c, d}. The corresponding elementary graph is shown
as G2.

By timesharing among different physical states, it is possible
to achieve any convex combination of the elementary graphs.
That is, if λk is the relative share of time for the elementary
graph Gk = (Vk, Ek, ck), then it is possible to achieve on
average the graph G = (∪kVk,∪kEk,

∑

k λkc′k). Here the
edge capacities ck are each extended to a length-|∪kEk| vector
c′k in the obvious way. Denote such combinations by G =
∑

k λkGk.
Let the set of all elementary graphs be B0. The number of

elementary graphs, |B0|, generally grows exponentially with
the number of network nodes. Fortunately, for the minimum-
energy multicast problem, the number of pertinent elementary
graphs, or corresponding physical states, is polynomial in the
number of nodes, assuming that the achievable bit-rate on a
link is determined by the signal to interference and noise ratio
(SINR) at the receiver. This is because separating interfering
transmissions into different time slots improves the energy
efficiency. Since we are focusing on the minimum energy-
per-bit, we can restrict our attention to those physical states
involving only a single transmitter. It is this fact that results
in the polynomial solvability of the minimum-energy multicast
problem for a mobile ad hoc network.

With a finite set of elementary graphs B ⊆ B0, the set of
realizable graphs is

G(B) =

{

G

∣

∣

∣

∣

∣

G =
∑

k

λkGk,
∑

k

λk ≤ 1, λk ≥ 0 ∀k,Gk ∈ B
}

,

where the dependence on B is explicitly shown. The power
consumption of a composite graph G =

∑

k λkGk is
P (
∑

k λkGk) =
∑

k λkp(Gk), where p(Gk) is the power
consumption of elementary graph Gk. The power consumption
reflects one possible metric that measures the cost of providing
the bit-rate resources at the physical and medium access layers.

1) Elementary graphs: The modeling with elementary
graphs is very general; for example, it could potentially rep-
resent directional transmissions using multiple antennas. For

concreteness, we now present a specific model of elementary
graphs, assuming a single antenna wireless communication
system. As discussed above, we only need to consider the
physical states with a single transmitter. Since wireless net-
works operate in an inherent broadcast medium, we consider
the modeling of physical layer broadcast links with elementary
graphs. For simplicity, we consider broadcasting of common
information from the transmitter to a set of receivers.

Let the transmitter be u and pu be its transmitting power.
Let the path gain from node i ∈ V0 to node j ∈ V0 be aij .
Assume all receivers have the same noise level σ2. The SNR
(single-to-noise ratio) at a node j receiving information from
u ∈ V0 admits the following expression:

SNRuj =
aujpu

σ2
. (1)

We adopt a simplistic physical layer model: as long as the re-
ceived SNR of a node exceeds a threshold γ, the transmission
rate is set to be a common “unit” capacity. Since the associated
rate c is always 1, we drop it from the notation u

c→ Yu

and write u → Yu instead. There may be more than one
node j whose receiving SNR level exceeds the threshold. Thus
each broadcast link is capable of providing common informa-
tion to all these qualifying receivers, while consuming some
power. To reflect the broadcasting of common information,
we propose the following graph model for broadcast links.
For each link u → Yu, we add to the associated elementary
graph a distinct1 virtual vertex (e.g., u′), and unit capacity
edges uu′, u′v, v ∈ Yu. Two examples are given in Fig. 2
as G1 and G2, in which s′ and s′′ are the virtual vertices
introduced. The virtual vertex plays the role of an artificial
bottleneck that constrains the rate of new information going
out of the transmitter. Since these virtual vertices do not
physically exist, they can only perform routing, instead of
arbitrary network coding. In other words, for a virtual vertex
u′, information flowing on its outgoing edges are not allowed
to be general functions of information flowing on the incoming
edges. Fortunately, such restriction does not compromise the
throughput at all.2

In short, an SNR-based approach is used to model ele-
mentary graphs. We consider elementary graphs comprising
a single broadcast link each. Let u → Yu = {v1, . . . , vn} be
the broadcast link in an elementary graph Gk. This broadcast
link is represented by a tree like structure with a virtual vertex
u′. In Gk,

ck(uu′) = ck(u′v1) = . . . = ck(u′vn) = 1, (2)

and other edges have zero capacity.

1To see why it can be problematic to treat the virtual vertices associated
with a same transmitter as the same in different elementary graphs, please
refer to [13].

2To see this, consider an arbitrary network coding solution S. Modify this
solution S by letting each virtual vertex u′ forward whatever information
flowing on uu′ to its outgoing edges. Then, the receiver nodes in Yu can
produce the information flowing on its outgoing edges as prescribed in S.
This yields another valid coding solution with the same throughput. For a
stronger version of this statement, please see Appendix B.
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2) Pertinent elementary graphs: By adjusting the transmit-
ting power, the “reach” of a transmitter, i.e., the set of receivers
that fall in the transmission range {j ∈ V0|SNRuj ≥ γ}, can
be accordingly adjusted. Thus for the problem of minimum-
energy multicast, the pertinent elementary graphs will be those
with a single transmitter operating at different reaches. The
set of reaches of a node will depend on whether the node can
select its power from a finite collection or from an interval. We
call the former discrete power control and the latter continuous
power control. With the discrete power control model, the total
number of pertinent elementary graphs is less than or equal to
Q|V0|, where |V0| is the number of nodes and Q is the number
of available transmission power levels at each node. With the
continuous power control model, the total number of pertinent
elementary graphs is less than or equal to |V0|·(|V0|−1), since
the pertinent transmitting power just needs to assume values
in a set comprising the minimum power to reach every other
node.

B. Mobile Ad hoc Network

A mobile ad hoc network may experience variations in
the channel strength of individual wireless links during a
communication session. On a short time scale, e.g., on the
order of milliseconds or less, the communication links undergo
fading, due to the constructive and destructive superpositions
of multiple signal paths. On a long time scale, e.g., on the
order of seconds or more, user mobility introduces dramatic
changes to channel characteristics, by varying the relative
geographic distances of the communication devices. In this
subsection, we specifically consider node mobility as one type
of such physically induced dynamism, for the convenience of
illustration.

With mobility, the locations of the nodes evolve over time.
Suppose the locations of nodes evolve over time as L discrete
maps, Ml, l = 1, . . . , L, where each map Ml refers to a
configuration of node locations, lasting for a duration of tl

(seconds). In other words, we assume that the nodes stay at
the locations Ml for tl seconds, then instantaneously jump
to new locations Ml+1 at the beginning of next interval. In
the following, we assume an exact knowledge (or reasonable
prediction) of future locations of the nodes. Consequently, a
good “motion estimator” is needed to realize the potential
advantage offered by the time diversity.

We model mobility by introducing an additional dimension,
time, into the graph. The graph for a mobile network is
then comprised of several sequentially concatenated layers,
each layer corresponding to a graph for one map. We call
such a graph a time-lined graph. Each node v ∈ V0 is now
“expanded” into L vertices, v1, . . . , vL, one in each layer. The
edges in a time-lined graph consist of two type of edges: intra-
layer edges and inter-layer edges. The intra-layer edges are
edges which originally belong to the graph for each layer. Each
of the inter-layer edges go from vl to vl+1 and has infinite
capacity, modeling information buffering at node v ∈ V0.
These edges are uni-directional because of causality. Hence,

we represent a (realizable) time-lined graph as

G = G1 ∞⇒ G2 . . .
∞⇒ GL, (3)

Gl =
∑

k

λl
kGl

k, Gl
k ∈ Bl (4)

∑

k

λl
k ≤ tl

∑L
l=1 tl

, l = 1, . . . , L, (5)

λl
k ≥ 0, ∀l, k. (6)

where Gl represents a graph in the l-th layer, the notation
Gl ∞⇒ Gl+1 characterizes the inter-layer edges introduced, and
λl

k characterizes the time-sharing proportion for Gl
k, the k-th

elementary graph out of a collection Bl for the l-th layer. The
power consumption of a time-lined graph is

P
(

G1 ∞⇒ G2 . . .
∞⇒ GL

)

=
L
∑

l=1

∑

k

λl
kp(Gl

k). (7)

III. MINIMUM-ENERGY MULTICAST

In this section, let us focus on a fixed network for clarity
of presentation. The extension to the case of a mobile ad
hoc network is conceptually the same. Let us denote the
set of pertinent elementary graphs by B. Each elementary
graph Gk ∈ B contains only a single broadcast link from
the discussions in Section II. We use V to denote the enlarged
vertex set and E to denote the union of the edges for G(B).

Each realizable graph G ∈ G(B0) represents a feasible
supply of bit-rate resources on the links. It has an associated
power consumption P (G) (Watts). Using the bit-rate resources
G, certain multicast throughput from s to T can be achieved.
Let C(G) denote the multicast capacity (from s to T ) in G,
which is defined as the maximum achievable multicast rate
(bits/second). Then the minimum energy-per-bit for multicas-
ting from s to T based on a given graph G is

P (G)

C(G)
(Joules/bit). (8)

Therefore, the minimum energy-per-bit under the layered
model is equal to

E∗ ≡ min
G∈G(B0)

P (G)

C(G)
= min

G∈G(B)

P (G)

C(G)
(9)

The last equality in (9) follows from the discussions in
Section II.

This optimization can be done by a linear program, because
of two key observations. On the supply side, the set of c such
that (V,E, c) ∈ G(B) can be characterized by a set of linear
inequalities. On the demand side, the set of c that can provide
a given multicast rate r can be characterized by a set of linear
inequalities.

A. Flow

Given (V,E), a source node s ∈ V , and a destination node
t ∈ V , an s-t-flow is a length-|E| vector f satisfying the
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following constraints:

f(vw) ≥ 0, ∀vw ∈ E,
∑

w∈V : vw∈E

f(vw) −
∑

u∈V : uv∈E

f(uv) = 0, ∀v ∈ V \{s, t},
∑

w∈V : sw∈E

f(sw) −
∑

u∈V : us∈E

f(us) ≥ 0.

Here f(vw) denotes the flow on edge vw. Let Fs,t denote the
set of s-t-flows f satisfying the above constraints. The value
of the flow is:

|f | ≡
∑

w∈V : sw∈E

f(sw) −
∑

u∈V : us∈E

f(us). (10)

A flow from a source to a destination can be decomposed
into a sum of several path-flows and cycle-flows. It turns
out that the cycle-flows can be eliminated without affecting
the value of the flow. Each path-flow corresponds to a path
from the source with the destination with an associated rate.
The value of the flow is the sum of the rates carried by
the individual path-flows. Thus, a flow prescribes a way for
information to be routed from the source to the destination
along parallel paths; the communication rate achieved by such
a routing scheme is the value of the flow. Fig. 4(a) shows an
s-t1-flow.

In order for a flow to correspond to a feasible routing
arrangement, we often need to enforce that the assigned flow
on an edge fits in the available bit-rate resource

f(vw) ≤ c(vw), ∀vw ∈ E. (11)

The Max-Flow-Min-Cut Theorem, a fundamental result in
graph theory, states that in a graph (V,E) with edge capacities
c, the maximum value of an s-t-flow equals the minimum
capacity of an s-t-cut

ρs,t(c) ≡ min
U : s∈U, t∈U

∑

vw∈E: v∈U, w∈U

cvw. (12)

An s-t-cut (U,U) refers to a partition of the nodes V = U +U
with s ∈ U , t ∈ U . The capacity of the cut (U,U) refers to
the sum of the edge capacities for edges going from U to
U . By an information theoretic argument, the capacity of any
s-t-cut is an upper bound on the maximum achievable rate
from s to t. The Max-Flow-Min-Cut Theorem says that the
maximum communication rate from s to t is ρs,t(c) since it
can be achieved by routing along a maximum s-t-flow.

B. MAX of Flows

In a graph (V,E) with edge capacities c, since the capacity
of any s-t-cut is an upper bound on the achievable transmission
rate from s to t, the quantity

min
t∈T

ρs,t(c), (13)

is an upper bound on the multicast capacity. Ahlswede et al.
[5] established that the multicast capacity is (13) by showing
that it can be achieved via network coding. This result admits
an alternative interpretation in terms of required resources to

provide a certain multicast rate. Specifically, consider the end-
to-end communication demand of multicasting information
from s to T at a rate r in a given (V,E). The admissible rate
region for multicasting (from s to T at a rate r) is defined as
the set of edge capacity vectors c such that the rate r can be
fulfilled in (V,E, c); denote this by A(r).

Lemma 1 (Admissible Rate Region of Multicasting):
Given (V,E), a source s, destinations T , the admissible rate

region for multicasting from s to T at a rate r, A(r), is given
in Fig. 3(a). Furthermore, c ∈ A(r) if and only if ∃f t for each
t ∈ T , satisfying the system of linear inequalities in Fig. 3(b).

In addition,

A(r) = rA(1) ≡ {rc |c ∈ A(1)} . (14)
Proof: This result follows from [5] readily.

c ∈ A(r) (15)
⇔ min

t∈T
ρs,t(c) ≥ r (16)

⇔ ρs,t(c) ≥ r, ∀t ∈ T (17)
⇔ ∃f t ∈ Fs,t, |f t| = r, c ≥ f t. (18)

We use the name MAX of flows to refer to an edge-
wise maximum of s-t-flows providing rate r, i.e., maxt∈T f t

as in Fig. 3. Just as a flow is the critical structure for
communicating from a source to a destination, a MAX of
flows plays a fundamental role for multicasting using network
coding. Fig. 4 illustrates the structure of a MAX of flows.
This example comes from the classical example for network
coding introduced in [5]. Fig. 4(a) shows an s-t1-flow, which
prescribes two parallel paths from s to t1; similarly, Fig. 4(b)
shows an s-t2-flow. Fig. 4(c) shows the edge-wise maximum
of these two flows, which is sufficient to provide a multicast
rate of 2.

C. Minimum-Energy Multicast with Network Coding
The demand side of the system is characterized by the

condition c ∈ A(r), which can be expressed as a system of
linear inequalities given in Fig. 3(b). Regarding the supply
side, recall from Section II that a pertinent realizable graph
G = (V,E, c) ∈ G(B) admits the following structure

G =
∑

k: Gk∈B

λkGk,
∑

k

λk ≤ 1, λk ≥ 0,∀k. (19)

Thus the supply side of the network system, G = (V,E, c) ∈
G(B), can also be expressed as a system of linear inequalities.

Integrating the supply side and the demand side, the
minimum-energy multicast problem can be formulated as the
following optimization, where r, c′, λ′

k, are treated as variables

E∗ = min

∑

k:Gk∈B λ′
kp(Gk)

r
subject to: c′ ∈ A(r) = rA(1),

c′ =
∑

k

λ′
kck,

∑

k

λ′
k ≤ 1, λ′

k ≥ 0,∀k,

r > 0. (20)
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A(r) =

{

c ∈ R
|E|

∣

∣

∣

∣

∃f t ∈ Fs,t, |f t| = r, for each t ∈ T, such that c ≥ max
t∈T

f t

}

(a)

c ∈ A(r) ⇐⇒ min
t∈T

ρs,t(c) ≥ r ⇐⇒ ∃f t, for each t ∈ T satisfying

0 ≤ ft(vw) ≤ c(vw), ∀vw ∈ E,∀t ∈ T
∑

w∈V : vw∈E

ft(vw) −
∑

u∈V : uv∈E

ft(uv) = 0, ∀v ∈ V \{s, t}, ∀t ∈ T

∑

w∈V : sw∈E

ft(sw) −
∑

u∈V : us∈E

ft(us) = r, ∀t ∈ T.

(b)

Fig. 3. (a) The admissible rate region for multicasting from s to T at a rate r. The notations “≥” and “max” are in the element-wise sense. (b) A system
of linear inequalities, which is feasible if and only if c ∈ A(r).
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Fig. 4. (a) An s-t1-flow f1 on graph (V, E). (b) An s-t2-flow f2 on graph (V, E). (c) The MAX of flows max{f1, f2}, which can provide a multicast
rate of 2 from s to {t1, t2}.

Here Gk is represented as (V,E, ck), where ck is a length-|E|
vector.

At first glance, the objective function of the above opti-
mization is nonlinear in the variables. However, we can re-
normalize the above optimization to arrive at a linear program.
Specifically, by a variable change λk = λ′

k/r, c = c′/r, we
have the following.

Theorem 1 (Minimum-Energy Multicast):
In a fixed wireless ad hoc network, let B = {Gk} denote the
set of pertinent elementary graphs for the problem of minimum
energy multicast, according to a (discrete or continuous) power
control model. The minimum energy-per-bit for multicasting
from s to T , E∗, is given by the following optimization

E∗ = min
∑

k: Gk∈B

λkp(Gk)

subject to: c ∈ A(1),

c =
∑

k

λkck

λk ≥ 0, ∀k. (21)

This optimization becomes an explicit linear program upon
expanding c ∈ A(1) as in Fig. 3(b). The minimum energy-
per-bit can be attained by performing network coding on a

realizable graph

G∗ ≡
(

V,E,
c∗

∑

k λ∗
k

)

, (22)

where {λ∗
k, c∗} is an optimal solution of (21). The realizable

graph G∗ provides a multicast rate 1/
∑

k λ∗
k.

Remark: The main difference between (20) and (21) is the
absence of the constraint on

∑

k λk. This is due to the
observation that the constraint

∑

k λk ≤ 1/r can be satisfied
by letting r be sufficiently small.

Note that there might be more than one solution achieving
E∗, but with different rates 1/

∑

k λ∗
k. Theorem 2 examines

the rate that can be supported at the minimum energy-per-bit.

Theorem 2 (Max Rate at Min Energy-per-Bit):

(a) Let r∗ denote the reciprocal of the minimum
∑

k λk value
of an optimal solution of (21). More explicitly, 1/r∗ can
be found by the following linear program, whose feasible
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solutions are the optimal solutions of (21).

1/r∗ = min
∑

k

λk

subject to: c ∈ A(1),

c =
∑

k

λkck,

λk ≥ 0,∀k,
∑

k: Gk∈B

λkp(Gk) = E∗. (23)

The quantity r∗ bears the following interpretation

r∗ = max
G∈G(B)

C(G), subject to:
P (G)

C(G)
= E∗. (24)

(b) Note that in general (24) may not always be equal to the
maximum multicast rate at the minimum energy-per-bit
E∗

max
G∈G(B0)

C(G), subject to:
P (G)

C(G)
= E∗. (25)

However, assuming positive path gains and continuous
power control model, r∗ is (25), the maximum multicast
rate at the minimum energy-per-bit E∗.

Remark: The reason that (24) may be less than (25) is because
it may be possible to “pack” multiple links in one elementary
graph without incurring extra power consumption, e.g., when
the discrete power control model is used. Then to find the
maximum rate at the minimum energy-per-bit, we need to also
consider elementary graphs comprising more than one link.
However, under the assumptions of part (b), any such packing
will result in an increase in the energy-per-bit.

Proof: (a) Using (20), the right hand side of (24) is equal
to

max r

subject to: c′ ∈ A(r) = rA(1),

c′ =
∑

k

λ′
kck,

∑

k

λ′
k ≤ 1, λ′

k ≥ 0,∀k,

∑

k

λ′
kp(Gk) = rE∗. (26)

Then (24) follows after a variable change λk = λ′
k/r, c =

c′/r.
(b) The proof hinges upon the establishment of the follow-

ing result

G ∈ G(B0),
P (G)

C(G)
= E∗ ⇒ G ∈ G(B), (27)

which is proven below by contradiction. Consider any G =
∑

k λkGk, P (G)
C(G) = E∗. Assume λk > 0,∀k. Suppose the

elementary graph G1 comprises more than one link. Then we
can separate G1 into different elementary graphs {G1i}, each
comprising only a single link. Since by assumption the path
gains are all positive and the continuous power control model
is used, this leads to a power reduction, i.e.,

∑

i p(G1i) <

p(G1), which further leads to a reduction in the achievable
energy-per-bit. This contradicts the minimality of E∗.

D. Equivalence with Linear Edge-based Pricing

In the minimum energy multicasting formulation (21),
the system cost is determined from the lower layers as
∑

k λkp(Gk). In constrast, in graph theory, cost minimization
formulations on a graph are typically based on a more abstract
and simpler linear edge-based pricing model. In such a model,
the optimization objective assumes the form

min εT c, (28)

where ε is a length-|E| nonnegative vector specifying the per
unit cost of the edges, and c is another length-|E| nonnegative
vector specifying the usage on the edges. We now how it is in
fact possible to cast (21) into a cost minimization with linear
edge-based pricing.

Let V1 denote the set of virtual vertices introduced to
model broadcast links. Thus V = V0 + V1. Accordingly, the
edge set E can be partitioned into two subsets, comprising
respectively the edges originating from V0 (uu′-type) and the
edges originating from V1 (u′vj-type).

Theorem 3 (Linear Edge-based Pricing Formulation):
The characterization of minimum energy multicasting in

Theorem 1 is equivalent to a cost minimization with linear
edge-based pricing. More exactly, (21) can be simplified into

E∗ = E∗
coding(V,E, ε, s, T ) ≡ min εT c,

subject to: c ∈ A(1). (29)

Here the nonzero entries of the price vector ε are

ε(uu′) ≡ p(Gk), for uu′ ∈ E with u′ ∈ V1, (30)

where Gk ∈ B is the elementary graph whose associated
broadcast link is represented by a tree structure with u′ being
the virtual node.
Remark: The edge price ε(uu′) can be interpreted as the
energy-per-bit for the corresponding broadcast link, since the
rate is 1 under the physical-layer model. Thus the theorem is
saying that the minimum energy-per-bit for the multicasting
session is obtained by optimizing over all relaying arrangments
with the link energy-per-bits being the edge prices. For some
insights, consider the case where there is only a single desti-
nation t. Then the minimum energy-per-bit for the session is
simply the total energy-per-bit along the most energy efficient
s-t-path. The multicasting formulation in (29) generalizes that
with a MAX of flows in lieu of an s-t-path.

Proof: See Appendix A.

Section II-A described an SNR-based model of the elemen-
tary graphs in the physical layer. Therein, the capacity of each
edge is either 1 or 0; the power of a broadcast link is such that
the received SNR exceeds a threshold. We now re-examine the
broadcast links with an information theoretic model. Indeed,
for such a model, the minimum energy multicast formulation
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…

…

Fig. 5. Elementary graph for the AWGN broadcast channel.

can again be reduced into a linear edge-based pricing formu-
lation where the edge prices are the energy-per-bits of the
corresponding physical broadcast links.

Let the transmitter be u. Sort the remaining nodes in the
network according to the decreasing order of the path gain;
suppose they are labelled as 1, . . . , N and au1 > au2 > . . . >
auN . Assume a discrete time real-valued AWGN reception
model at each node k, Yi =

√
auiX + Wi, where Wi is an

additive white Gaussian noise with variance σ2, N (0, σ2). The
input X is constrained to satisfy E[|X|2] ≤ pu. Then, from
previous results on broadcast channels [14]–[17], we observe
that the associated elementary graphs can be characterized by
Fig. 5 with edge capacities

cu(uu′
i) = cu(u′

i1) = . . . = cu(u′
ii)

=
1

2
log2

(

1 +
πuipu

∑

j<i πujpu + σ2/aui

)

, i = 1, . . . , N

(31)

where πui ≥ 0,
∑N

i=1 πui = 1.
Letting B be the family of elementary graphs parameterized

by variables {πuk} and pu, the minimum (infimum) energy-
per-bit E∗ admits a nonlinear optimization formulation that
extends (20). It can be shown that

E∗ = E∗
coding(V,E, ε, s, T ), (32)

where the nonzero entries of the price vector ε are

ε(uu′
i) ≡ 2σ2 ln 2/aui, ∀u′

i ∈ V1, (33)

where V1 denote the set of virtual vertices u′
i, as illustrated

in Fig. 5. Note that the edge price ε(uu′
i) again bears the

interpretation as the link energy-per-bit; it is the minimum
energy-per-bit for the broadcast channel where u is broadcast-
ing common information to nodes 1, . . . , i, i.e.,

ε(uu′
i) = inf

p>0

p

1
2 log2

(

1 + p
σ2/aui

) . (34)

The derivations are based on the first order Taylor expansion
of (31). Due to space limitation, the details are deferred to a
future publication; see also [13].

IV. MINIMUM-ENERGY MULTICAST WITH ROUTING

In order to fully understand the advantage of network coding
over traditional routing, we now examine minimum energy
multicasting via routing based approaches.

Define the admissible rate region with routing (for multi-
casting from s to T at a rate r) as the set of c such that a
multicast rate r can be achieved on (V,E, c) using routing.
Denote this region by Arouting(r). Clearly, Arouting(r) ⊆ A(r).
Previous work [5] gave an example showing that in general
Arouting(r) 6= A(r).

A general routing solution makes use of multiple distribu-
tion trees, each connecting s to T ; such a distribution tree
is also called a Steiner tree in graph theory. As a result,
Arouting(r) can be characterized as in Fig. 6; this “tree-packing”
characterization follows from [18]. However, this formulation
involves the set of all Steiner trees, whose size can grow
exponentially with the network size. In the following we first
discuss an inner-bound of Arouting(r), AΣ(r), which can be
characterized as a system of linear inequalities. Then we show
that for the minimum energy multicast problem, we only
need to optimize over a subset, Asingletree(r), which can be
characterized by a system of linear inequalities plus some
integer constraints. This enables the minimum energy-per-bit
for routing to be found by an integer linear program.

A. The SUM of |T | Flows Inner-bound

Replacing the maximum operation in the expression of A(r)
by the sum operation, we get an inner bound of Arouting(r),
AΣ(r) in Fig. 6. The region AΣ(r) can be characterized by
a system of linear inequalities. However, AΣ(r) is only a
subset of Arouting(r). The reason is as follows. The SUM
of flows formulation AΣ(r) allows dedicated resources f t

to be allocated to the destinations, which can be used to
stream distinct data to the destinations. In other words, the
SUM of flows solution, also called multicommodity flow in
the literature (see, e.g., [19]), treats the multicast session as
multiple separate unicast sessions. This treatment could be
unnecessarily wasteful as it has not taken into account the
possibility of sharing resources among different destinations.

B. Admissible Rate Region with a Single Tree and Minimum
Energy-per-Bit with Routing

Given a directed graph (V,E) with nonnegative edge prices
ε, a source s, and destinations T , the minimum cost to provide
a unit multicast rate by routing is

E∗
routing(V,E, ε, s, T ) = min εT c,

subject to: c ∈ Arouting(1). (35)

Theorem 4 (Minimum Cost Multicasting with Routing):

(a) Let Asingletree(r) be the set of c such that in (V,E, c) rate
r is achievable by routing with a single Steiner tree. Then

E∗
routing(V,E, ε, s, T ) = min εT c,

subject to: c ∈ Asingletree(1). (36)
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Arouting(r) =







c ∈ R
|E|

∣

∣

∣

∣

∣

∣

c ≥
∑

j

µjgj ,
∑

j

µj = r, µj ≥ 0,∀j, where gj ∈ {0, 1}|E| corresponds to a Steiner tree







AΣ(r) =

{

c ∈ R
|E|

∣

∣

∣

∣

∣

∃f t ∈ Fs,t, |f t| = r, for each t ∈ T, such that c ≥
∑

t∈T

f t

}

Asingletree(r) =
{

c ∈ R
|E|
∣

∣

∣
c ≥ rg, for some g ∈ A(1) ∩ {0, 1}|E|

}

Fig. 6. The admissible rate region for multicasting with routing Arouting(r), and its two inner-bounds AΣ(r), Asingletree(r).

(b) The region Asingletree(r) can be characterized below
{

c ∈ R
|E|
∣

∣

∣
c ≥ rg, for some g ∈ A(1) ∩ {0, 1}|E|

}

.

(37)

(c) The minimum cost-per-bit for multicasting with routing
is given by the following integer linear program.

E∗
routing(V,E, ε, s, T ) = min εT g

subject to: g ∈ A(1) ∩ {0, 1}|E|.
(38)

A minimum cost Steiner tree can be constructed from an
optimal solution of this integer linear program.

Remark: Note that (36) does not generally hold for nonlinear
costs. Part (a) says that for the minimum cost problem with
linear nonnegative prices, it suffices to restrict attention to
routing schemes that use a single Steiner tree – a minimum
cost Steiner tree. The minimum (cost) Steiner tree problem
has been studied extensively in the literature; a survey can be
found in the book [20]. This result essentially comes from the
Steiner tree literature; see, e.g., [21]–[23].

Proof: (a) Let Ω denote the set of all length-|E| binary
vectors that correspond to a Steiner tree. Index these vectors
as g1, . . ., g|Ω|. Using the expression of Arouting(r) in Fig. 6,
we see that (35) becomes

min

|Ω|
∑

j=1

µjε
T gj

subject to:
|Ω|
∑

j=1

µj = 1, µj ≥ 0,∀j, (39)

Since each Steiner tree has a nonnegative cost, the optimum
value in the above optimization is attained by using only a
single tree.

(b) A Steiner tree from s to T is a union of paths from
s to each t ∈ T . On the one hand, suppose in (V,E, c) rate
r can be achieved by routing with a single Steiner tree. By
assigning 1 to edges in the tree and 0 to others, we obtain a
vector g ∈ A(1) ∩ {0, 1}|E|. It follows that c ∈ (37).

On the other hand, for g ∈ A(1)∩{0, 1}|E|, since (V,E, g)
provides a multicast rate of 1 from s to T , the set of edges with
nonzero g(vw) must contain a path from s to each t ∈ T and
hence a Steiner tree from s to T . Thus in (V,E, c), ∀c ∈ (37),
rate r can be achieved by routing with a single Steiner tree.

(c) As a result of (a) and (b), the minimum Steiner tree
problem can be written as the integer linear program in (38),

which was introduced in [21]–[23]. A vector g ∈ A(1) ∩
{0, 1}|E| corresponds to a Steiner tree plus possibly some
extra edges. Given g ∈ A(1)∩{0, 1}|E|, a Steiner tree can be
explicitly reconstructed by backtracking from the destinations
to s.

As one might expect, it was observed in the Steiner
tree literature that a lower bound of the minimum cost
E∗

routing(V,E, ε, s, T ) can be obtained by relaxing (discarding)
the constraint g ∈ {0, 1}|E|. The relaxed linear program
coincides with (29). Whereas this linear program was used as a
relaxation of the minimum Steiner tree problem, it now admits
a more explicit interpretation – it outputs E∗

coding(V,E, ε, s, T ),
the minimum cost achievable with network coding for a graph
(V,E) with edge prices ε.

From the characterization of Asingletree(r), the minimum
energy-per-bit with routing can be obtained by using c ∈
Asingletree(1) to replace the constraint c ∈ A(1) in (21).
Alternatively, it can be obtained as (38) with ε defined in
Theorem 3.

C. Integrality Gap

Whereas the minimum energy-per-bit achievable with net-
work coding is given by the linear program in (29), the
minimum energy-per-bit achievable with routing is given by
the same linear program with additional integrality constraints

g ∈ {0, 1}|E|. (40)

Let

β(V,E, ε, s, T ) ≡
E∗

routing(V,E, ε, s, T )

E∗
coding(V,E, ε, s, T )

(41)

denote the gain in economically using resources, offered
by network coding over routing. The Steiner tree literature
interpreted this quantity as the integrality gap, since it is the
ratio of the minimum cost of a Steiner tree (38) and that of
its linear program relaxation (29).

A useful metric is the average gain (or its asymptotic
growth rate with |V |), under appropriate probabilistic measures
defined for the problem space {(V,E, p, s, T )}. Characterizing
the average gain is in our opinion an interesting future topic.

V. SIMULATIONS

We conduct simulations on an example community wireless
network consisting of 58 houses spaced roughly in 3 rows,
shown in Fig. 7(a). The locations of the houses are marked
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Fig. 7. (a): An example community wireless network. (b): The connectivity graph for the traffic assignment given by the minimum-energy routing solution.
(c): The connectivity graph for the traffic assignment given by the minimum-energy multicast solution.

with dots in Fig. 7(a). We consider the multicast session
from node 28 to the set of destination nodes {1, 6, 52, 53},
as illustrated in Fig. 7(a) by four lines.

Some simulation parameters are set up as follows. The path
gain coefficients are set as aij = d(i, j)−3 where d(i, j) is
the distance between node i and j. The SNR threshold γ
is set to be 4dB. The noise level is chosen to be 1, as a
normalization without essential loss of generality. We adopt
the continuous power control model and assume each node can
set its transmission power at any value less than or equal to
pmax. In the simulations, we set pmax at a value corresponding
to a maximum transmission range of 300m.

The minimum-energy routing solution and network coding
solution are respectively shown in Fig. 7(b) and Fig. 7(c),
which are the connectivity graphs for the optimal traffic as-
signment. The minimum energy-per-bit with network coding is
98.08% the minimum energy-per-bit with routing; computing
the optimal network coding solution (linear program) takes
less than 1/30 the time for computing the optimal routing
solution (integer linear program).

It happens that the minimum-energy network coding solu-
tion of this problem admits an easy interpretation. Suppose
the source stream is partitioned into two distinct substreams,
x1(n) and x2(n), n = 1, 2, . . ., which we can think of as
odd subsequence and even subsequence, for example. Then,
substream x1(n) is delivered from source node 28 to node
1 and node 6 through a sequence of transmissions: 28 → 19,
19 → 8, 8 → {4, 5}, 5 → 6, 4 → 3, 3 → 2, 2 → 1. Substream
x2 is delivered to node 32, node 47, and node 53, through
a sequence of transmissions: 28 → {31, 36}, 31 → 32,
36 → 43, 43 → 49, 49 → 56, 56 → 55, 55 → 54,
54 → {47, 53}. Now node 6 has substream x1(n) and node 32
has substream x2(n) and thus node 6 and node 32 need
to exchange information. The information exchange between
node 6 and node 32 can be done efficiently by exploiting
network coding together with physical layer broadcast. This

is illustrated by the graph representation in Fig. 8. All edges
in Fig. 8 have the same capacity. There is a path from node 6
to node 32:

6 → 6′ → 13 → 13′ → 14 → 14′

→ 22 → 22′ → 26 → 26′ → 32 → 32′

and a path from node 32 to node 6:

32 → 32′ → 26 → 26′ → 22 → 22′

→ 14 → 14′ → 13 → 13′ → 6 → 6.

A critical observation is that with network coding, the union
of the two paths is sufficient to provide the required routing
capability, i.e., unit rate from node 6 to node 32 and unit rate
from node 32 to node 6. The structure in Fig. 8 coincides
with the simple example in Fig. 1. Similar mutual exchange
phenomenon also occurs at the bottom of Fig. 7(b) between
node 1 and node 47. For a detailed discussion of information
exchange in a wireless network using network coding, please
refer to [24], which also proposes a simple distributed com-
munication scheme using only XOR for network coding.

6

6’

13

13’

14

14’

22

22’

26

26’

32

32’

Fig. 8. Efficient information exchange between node 6 and node 32. Node 6
has learned substream x1(n) and node 32 has learned substream x2(n). The
information exchange between node 6 and node 32 can be done efficiently
by exploiting network coding together with physical layer broadcast. There
is a path from node 6 to node 32 and a path from node 32 to node 6. A
critical observation is that with network coding, the union of the two paths is
sufficient to provide the required routing capability, i.e., unit rate from node 6
to node 32 and unit rate from node 32 to node 6.
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VI. CONCLUSION

This paper unifies the study of network coding and routing
for the problem of minimum energy multicasting in a wireless
ad hoc network. We model a wireless ad hoc network as
a graph composed of tree structures representing physical
broadcast links. Each edge of the graph has a price, which
is the energy-per-bit for the corresponding broadcast link.
The minimum energy multicasting formulation amounts to
minimizing the total cost of the consumed bit-rates on the
edges, while providing a unit multicast rate.

For a system that is allowed to use network coding, the
admissible rate region, viz. the bit-rate demand on the edges, is
characterized by a MAX of flows, the edge-wise maximum of
flows from the source to each destination. Since the region can
be characterized by linear inequalities, the minimum energy-
per-bit is found by a linear program.

For a more traditional routing-based system, the admissible
rate region is characterized by a sum of trees. Due to linearity
of the cost criterion, we only need to use a single tree, the most
economic tree. The admissible rate region with a single tree
is characterized by a MAX of flows with integer constraints.
Thus the minimum energy-per-bit is found by an integer linear
program, whose relaxation becomes the minimum energy
multicast formulation with network coding.

In short, we observe that network coding offers advantages
over routing in terms of both energy and computation effi-
ciencies. More precisely, the energy advantage is characterized
by the integrality gap. The difference in computation is more
significant: While optimal routing solution is NP-hard, optimal
coding solution is polynomial.
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APPENDIX

A. Proof of Theorem 3

The proof consists of two steps. 1) We show the cost
function of (21) is equivalent to εT c. 2) We then reduce the
constraints of (21) to c ∈ A(1).

1) Consider an elementary graph Gk ∈ B. Let u →
{v1, . . . , vn} be the broadcast link in Gk. This broadcast link
is represented by a tree like structure with a virtual vertex
u′ ∈ V1. In Gk,

ck(uu′) = ck(u′v1) = . . . = ck(u′vn) = 1,

and other edges have zero capacity. Furthermore, the edges
{uu′, u′v1, . . . , u

′vn} have zero capacity in all other elemen-
tary graphs. This implies that the constraints c =

∑

k λkck

amount to |B| sets of constraints in the following form

c(uu′) = c(u′v1) = . . . = c(u′vn) = λk. (42)

Thus (21) is equivalent to

E∗ = min εT c,

subject to: c ∈ A(1),

c(uu′) = c(u′v1) = . . . = c(u′vn) = λk,∀u′ ∈ V1,

λk ≥ 0,∀k.

It follows that the variables λk can be eliminated, resulting in

E∗ = min εT c,

subject to: c ∈ A(1),

c(uu′) = c(u′v1) = . . . = c(u′vn),∀u′ ∈ V1.
(43)

2) The flow conservation constraints imply

ft(u
′vi) ≤ ft(uu′), i = 1, . . . , n, ∀t ∈ T,

and hence

max
t∈T

ft(u
′vi) ≤ max

t∈T
ft(uu′), i = 1, . . . , n. (44)

This shows that the demand on u′vi is always less than or
equal to the demand on uu′.

The relations (42) and (44) together imply that in (43),
among the |E| component constraints of

c ≥ max
t∈T

f t,

the |E| − |B| constraints corresponding to the u′vj-type (u′ ∈
V1) edges are redundant. Note further that the u′vj-type edges
do not contribute to the objective function εT c. Thus relaxing
the constraints

c(uu′) = c(u′v1) = . . . = c(u′vn),

does not affect the optimal value. As a result, the optimal value
of (21) is equivalent to that of (29)

E∗ = E∗
coding(V,E, ε, s, T ). (45)

Furthermore, any optimal solution of (29), say c∗, can be
converted into an optimal solution of (21) ĉ

∗ by setting

ĉ∗(uu′) = ĉ∗(u′v1) = . . . = ĉ∗(u′vn) = c∗(uu′). (46)

B. A Hybrid Coding/Routing Result

Lemma 2:
Suppose in a graph G = (V,E, c), the vertex set V is
composed of two disjoint sets, V0 and V1, with s ∈ V0,
T ⊆ V0. Suppose also that each vertex u′ ∈ V1 has only
one incoming edge uu′ ∈ E and multiple outgoing edges
u′vj , j = 1, . . . , n, with c(uu′) = c(u′vj), j = 1, . . . , n. The
maximum rate for multicasting from sender s to destinations
T can still be achieved even if each vertex u′ ∈ V1 can only
perform routing instead of arbitrary network coding.



12

Proof: Let G′ denote the subgraph of G containing the
edges {uu′ ∈ E|u′ ∈ V1}. Since in G′, each vertex has in-
degree 0 or 1, G′ can be decomposed into several edge-disjoint
components, where each component is either a tree or a tree
plus a “back” edge pointing from a leaf node to the root.
For the latter case, none of the vertex in the component can
be reached by s. Thus these vertices can be deleted without
affecting the multicast capacity, i.e., the maximum achievable
multicast rate.

Hence without loss of generality, we can assume G′ is com-
posed of several edge-disjoint trees. Each tree has a root edge
through which information can flow in. In G, each such tree is
connected to several egress edges through which information
can flow out to nodes in V0. Note that the information flowing
on any egress edge u′v, u′ ∈ V1, v ∈ V0 has to be derived
from the information flowing on its corresponding root edge.
Consider an arbitrary network coding solution S. Modify this
solution S by letting each vertex u′ ∈ V1 forward whatever
information flowing on uu′ to its outgoing edges. Then the
information flowing on an egress edge u′v, u′ ∈ V1, v ∈ V0 is
the same as the information flowing on its corresponding root
edge; hence, the corresponding node v ∈ V0 is indeed capable
of producing the information flowing on its outgoing edges
as prescribed in S. This yields another valid coding solution
satisfying the required restrictions, while achieving the same
throughput as S does.

u

u’

2

v1 v2 v3

t1t1 t2t2 t3t3

11 1

11 11 1 1

Fig. 9. The condition c(uu′) = c(u′vj), j = 1, . . . , n is critical for
Lemma 2. If u′ can perform network coding, then a rate of 2 is achievable
for multicasting from u to {t1, t2, t3}; if u′ can only perform routing, the
multicast rate of 2 cannot be achieved.

Note that the condition c(uu′) = c(u′vj), j = 1, . . . , n is
critical for Lemma 2, as illustrated in Fig. 9 [5]. If u′ can
perform network coding, then a rate of 2 is achievable for
multicasting from u to {t1, t2, t3}; if u′ can only perform
routing, the multicast rate of 2 cannot be achieved.

C. Multiple multicast sessions

Earlier we have considered finding the minimum energy-
per-bit for a single multicast session, under the layered model.
A more general problem is to find the minimum energy
required to achieve traffic demands formulated as multiple
multicast sessions.

Suppose the end-to-end communication demands are com-
prised of multiple multicast sessions, which we denote by
〈sm, Tm, rm〉, m = 1, . . . ,M . In the m-th multicast session,

a source node sm wants to transmit information to destination
nodes Tm at rate rm. Assume the messages in different
sessions are independent. Given (V,E), let A(r1, . . . , rm)
denote the associated admissible rate region. Characterizing
A(r1, . . . , rm) remains an open problem in information the-
ory; see [26]. We now briefly discuss an inner bound and
an outer bound of A(r1, . . . , rm), both of which can be
characterized by a system of linear inequalities.

An inner bound can be established by partitioning the
available resources into M shares as c = c1 + . . . + cM , and
use cm to provide the communication rate for session m. The
corresponding rate region A(r1, . . . , rM ) is given in Fig. 10.
The characterization of A(r1, . . . , rM ) hinges upon the vector
∑M

m=1 maxt∈T m fm
t , which was called a SUM of MAX of

flows in [12]. The set A(r1, . . . , rM ) can be characterized
by a system of linear inequalities [12]. This inner bound is
in general loose. To see this, consider Fig. 8. There are two
unicast sessions with independent messages. A unit rate for
both sessions can be achieved by performing inter-session
network coding, while it cannot be achieved by separately
process the two sessions.

A well-known technique for establishing an outer bound is
to consider the cuts; see, e.g., Cover and Thomas [27], Yeung
[26]. For any cut (U,U) of G, define

S(U) ≡
{

sm|sm ∈ U,∃t ∈ Tm, t ∈ U
}

, (47)

which is the set of sources for sessions that need to commu-
nicate across the cut. The sum rate of all sessions that need
to communicate across the cut has to be less than or equal to
the total capacity of the cut, viz.,

∑

m: sm∈S(U)

rm ≤
∑

vw∈E: v∈U,w∈U

c(vw). (48)

An inequality of the form (48) is said to be a cut condition.
The number of cut conditions grows exponentially with |V |.
We now show how to use a set of flow constraints to efficiently
represent the cut conditions.

Given a cut (U,U), construct a set T (U) that includes one
(arbitrarily selected) destination t ∈ Tm for each m with sm ∈
S(U). Then all cuts with S(U) 6= ∅ can be classified into (at
most) ∆ types according to the value of (S, T ), where ∆ is
defined as follows

∆ ≡
∑

{m1,...,mk}⊆{1,...,M}

|Tm1
| · |Tm2

| · · · |Tmk
|,

= (|T1| + 1)(|T2| + 1) · · · (|TM | + 1) − 1. (49)

We call a cut of type (S, T ) an S-T -cut. Then the cut con-
ditions for S-T -cuts amount to requiring that the capacity of
any S-T -cut is not less than

∑

m: sm∈S rm. These conditions
can be translated into an equivalent flow constraint, due to the
Max-Flow-Min-Cut Theorem. Contract the vertices S into one
super-node ŝ and contract the vertices T into one super-node
t̂. Contracting a vertex set A into a vertex a means replacing A
by a new node a, whose incoming edges are the edges going
from V − A to A and whose outgoing edges are the edges
going from A to V −A. Then there exists an ŝ-t̂-flow of rate
r if and only if the capacity of any S-T -cut is greater than or
equal to r.
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A(r1, . . . , rM ) ≡
{

c ∈ R
|E|

∣

∣

∣

∣

∣

∃fm
t ∈ Fsm,t, |fm

t | = rm,∀t ∈ Tm,∀m ∈ {1, . . . ,M}, such that c ≥
M
∑

m=1

max
t∈T

f t

}

A(r1, . . . , rM ) ≡







c ∈ R
|E|

∣

∣

∣

∣

∣

∣

∃f j ∈ FSj ,Tj
, |f j | =

∑

m: sm∈Sj

rm, for each cut type (Sj , Tj), such that c ≥ max
j=1,...,∆

f j







Fig. 10. An inner bound and an outer bound of the admissible rate region for multi-source multicasting. Both can be characterized by linear system of
inequalities.

From the above discussions, we obtain an outer bound of
A(r1, . . . , rM ) in Fig. 10. In Fig. 10, FSj ,Tj

stands for the
linear system of inequalities characterizing an Sj-Tj-flow (the
ŝ-t̂-flow after contracting Sj and Tj into ŝ and t̂, respectively).
The characterization of A(r1, . . . , rM ) hinges upon the vector
∑

j f j , which is the SUM of ∆ flows. Consequently, this outer
bound can also be characterized by a set of linear inequalities.
Since an s-t-flow can be characterized by about |V |+|E| linear
inequalities, A(r1, . . . , rM ) can be characterized by around
(|V | + |E|)∆ linear inequalities.

Combining the linear inequalities for A(r1, . . . , rM ) (resp.
A(r1, . . . , rM )) with the linear inequalities representing G ∈
G(B) leads to upper (and resp. lower) bounds of the minimum
energy-per-bit.
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