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Abstract— Recorreot nenral networks have hecome popuiar
models {or sysitem identification and fime sevies prediction. Non-
linear anioregyessive models with exogenous mputs (NARX) neu-
ral neiwoerk models are a popular subclass of recmrrent networks
and have been wsed in many applications. Although embedded
memory can be found in all recurrent network meoedels, it is
paiticolarly prorinent im NARX maodels.

We show that asing intelligent memory order selection through
pruning and good initial heuristics significantly improves the
genetalization and predictive performance of these nonlinear
systems on problems as diverse as grammatical inference andd
time series prediction.

Index Ierms— Auntomata, aatercgressive, embedding theoxy,
gradicnt  descené training, laiching, leag-term  dependencics,

memory, NARX networks, priming, recorvent nearal neiworks,
tapped-delay lines, temporal sequences, time series.

[ INTROLUCITON

ONLINEAR anforegressive models wifh exogenons in-
Npufs (NARX) recurrent neural archilectures |61 [44],
as opposed to other recusrent neural models, have limited
feedback architectures that come only from the outpul nearon
mstead of from hidden neurons. 1t has been shown that in
theory, one can use NARX networks, rather than convenfional
rectirrent nefworks, without any computational loss and that
they are at least equmvalent to luring machines [36] Not
onfy aze NARX neural networks computationally powerful
in theory, but they bhave several advantages i practice lor
example, it has been reported that gradient-descent learning

can be more effective in NARX networks than in other
recurrent archilcetures with “hidden states™ {27]
Part of the recason can be attributed to the cmbedded

memory of NARX nefworks. This embedded memory will
appear as juinp-ahead connections that provide shoter paths
for propagating gradient information more efticiently when the
networks are uniolded in time 1o hackpropagate the error signal
and thus reduce fhe network’s sensitivity {0 the problem of
long-term dependencies | 30], [38] Recently, it has been shown
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that such embedded memory can belp gradicnt-based leamning
in other recwrrent neural network acchifectures §2.2]

Noi only can the embedded memory reduce the sensitivicy
o long-term dependencies, bul it also plays an importaut tole
in learning capability and generalization performance [37] In
particular, lorccasting performance could be sertously deficient
il a model’s memory archilecture is cither too little or oo
nmuch memory  Therelore, choosing the appropriale memory
architectores [or a gven lask &5 a critical issue in NARX
networks

The problem of memory-order selection is analopous 1o
that of choosing an oplimal subsct of regressors variables
i statistical model building. In optimal subsct sclection, it
is desired thai the model includes as many remessors as
possibic so that the mformation conlent in these regressors
will influence the predicted value of the dependent variable;
on the other hand, 1t1s alzo desired that the model includes as
fow regressors ag possible because the varance of the model’s
prediclions increases along with the increasing number of
regressors 4

According (o the embedding theorem [4A8], [34], [601, the
memory orders need o be
vide o sufficient embedding

large enough in order to pro-
The problen of choosing. the
corresponds to giving a good
representation of input data A good represeniation can make
useful information explicit and casy to extract. Two different
represeniations can be aquivalent in terms of expressive power
but may differ dramatically in the efficiency or effectivencss
of problem solving

When there 15 no prior knowledge about the model of the
underlying process, tradiional statistical tests can be used,
for example, Akaike infonmation criterion (AICY [1] and the
minimum descriprion length (MDY principle [53] Such mod-
els are qudged on their “goodness-of-ft,” which i3 a funclion
of the Tikelihood of the data given the hypoihesized model
and ils associated degees of freedom Fogel [16] applicd the
madification of AIC to select « “best” network Howcever, the
AIC method s complex and can be troubled by imprecizion
(251, 1551 Such model complexity and regudacization methods
are readily vsed for nonliear maodels such as neaval nelworks;
see, Tor example {24], [12], and [67]

Fvolutionary programming (2], 113] is another scarch mech-
anism  This algotithim operates on a population ol models
Offspring models are created by randomly mutating parenis

prroper memory il chilecture

madels. Competition between ollspring models for survival
are judeed according to the firness functiorn. Logel [17] used
evolutionary programming {or order selections of linear mod-
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els in a e serics ol ocean acoustic data, but the algorithim can
e computationadly expensive when the underlying process is
complex and nonlinear

Aliematively, m adaptive algorithm that treads the delay
operators az ordinary adjustable parameters can he a uselul
technigque This algerithm teratively determines the memory
of a model based on the madient information  Grigmally
proposed by Ftler, 1t was used as an “adaptive delay ilter.”
which included variable delays taps as well as variable gans,
for modeling several sparse systems [ 71, [15] Recently, others
4], 1131, [ [33] have also cxtended neural petworks o in-
chudle adaplable time delays Becanse the error funetion of the
adaplable time delays depends on the autocor relation function
ol input signals 7], [15], the pradient of the delay operalon
will depend on the derivarive of pul sienals However, a
closed {orm of the derivative of the Inpar signal cannot always
he determined 1 seneral  Therelore, there 15 no guarantee
that such a medified algorithm for a nonlinear model would
converge fo the optimuin solution

In this paper, we propose a pruning-based algorithm (the
delay damage afgorithm) o determine the oplimal memory -
order of NARX and iuput time delay neural networks. This
algorithm can also incorporate several useful heurigtics, such
as weight decay [311], which are used extensively 1 stalic
networks 1o optimize the nonlineas function (or a survey of
pruning methods for feedforward neurat networks, see [52])

The procedure of the algorithm staris with a NARX network
with cnough degrecs of freedom in both input and output
memory or laps and then deleting those memory orders with
small sensitivity measure afler taining  After pruning, the
neiwork is retrained . OF course, (his procedure can be iletaled
This method should be contrasted with other recurrent neural
network pruning procedures where reeuirent nodes are pruncd
based on output values | 23] and where second-order methods
are used to prune input taps and single order feedback taps for
tully recurrent neural nefworks {30 The sensitive measure of
cach memory ouder is caleulated by estimating the second-
order derjvative of the error function with respect to cach
memory otder Te Can et al [11] orieinally caleulaied the
“saliency” by estimating the second-order dervative for cach
weight The success of their algenithin had been inplemenicd
i identification of handwriten ZIP codes by pruning the
weightls of [eedlorward networks [T TR

1L NARX Nrumral NETWOREK

An importani and useful class of discrete-time nonlincar

systems 1s the NARX model [0], [34], 139], [57], [98]
(Y = flu(t—12),
y(‘[;il')_ﬂf)w

cult -1, ulh)

oy =1 (n

where w(4) and y(1) represent input and oulpuf of the model at
time £, 42, and 74, are e inpue-memory and output-memory
order, and the function f is a nonlinear function When he
function [ can be approximated by a muliiiayer perceptron
(MI P), the resuiting system is called a NARX recurrent netrol
network |61, 144] Fig | shows a NARX network wilh input
memory of order 2 and output memory of order 31t has been
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Fig & NARX neural network with two nput-memory iaps and e onl-
Pr mermory laps

demonstrated thar NARX neural networks are well suited fon
modcting several nonlinear systems such as heal exchangers
(6], waste waler treatment plants [57]. [58]. catalytic reforming
systes in a petrolein refinery 581, nonlinear oscillations
associated with multilegeed focomotion in biological systems
[611, time series [9]. and various artificial nonlinear systeins
[6]. 1441, 154]

When the oulput-memory order of NARX network s zero, a
NARX network hecomes a tine delay nearal network {THNN)
[32]. [331, [63], which is simply a tapped delay line inpitl e
a MLP. In zenerai, the TDNN wnplements a function of the
form

U(/\J = ! [‘”‘“’_'-L)u)w

Tapped defay lines can be implementations ol delay space
embedding and can form the basis of traditional statistical
autoregressive (AR) models. In time series madeling, subset
models are often desirable in the hope of capturing the global
hehavior of (he data A subscl autoregressive (SAIY time
series model is defined as

i1, u(i)] (2

T

S ot ) 1l (3)

11

e

where a,,, and oy are the dth coefficient and #th order,
respectively, and w(f) s the white noise innovation with
cero mean, SAR models have demonstrated their long-term
prediction capability m various applications [40]. [43] and can
casily be extended mto nonlinear models A nonlinear version
of & SAR is the NSAR? '

A primary problem associated with the nonlinear suhset
model is how Lo oplimaily select the subset orders Various
meihads have been suggested [or the determination of the
orders i the lincar case [451, [691 In designing the noslin-
car sparse models, we can defermine the memory order by
applying the delay damage algorithm, which is described 1
(he next scetion The delay damage approach is hased oa the
assumption that the memory order of an initial network should

T his does aof mean syndhetic aporture cadar

W nse the term NSAR and aof TDNN to dilferentiate hetween n
that sre driven by previons values apd those by extemal inpuls Howes
distinetions are nol always made nor are they

stworks

rhese
standdard Tor example, NARK
notworks have also been called nonlinear auforogressive moving average
(NARMA)Y actworks 3t would alsn be possible 1o efer 10 a NSAR a5 an
NAR madel
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he eiven enough degrees of freedom o learn the given task in
a reasonable amount of traning time

11 DEAY DAMAGE ALGORITIIM

The delay damage algovithin attempts (o select optimal
memory orders of NARX networks by caleulating the sen-
sitivity of the eror fo cach memory order after the petwork s
trained by gradicnt based learning alporithm

Several methods for sensitivity caleulations have been pro-
posed [26], [30], (431 sec the survey paper by
Reed {32] Our mdhn(l of calcalating sensiivity 3 based on
evaluating the second-order derzvanve ot the cost function wiih
respect lo cach iemory order [50]

We assiime the cost Tunciion (/) is the mean-squared error

"_IY‘L ﬂ:

L

for detals,

=o' (1)} 4

where poand 7 denote (he patiern index and time index,
respectively The MEP of 1 NARX network can be deseribed
as

(1) = Hlau(t)] (5)
() 21‘ () (6
J
whers
2,0y output of hidden node
a0 weighted-sum input;

i nonlincar [unckion,

wi;  reab-valued connection weight from node 3 to node 4

By the chain rule, the first-order dertvative of £ with sespect
ro ourput node 7 al fime £ — { 5 given as

A y ‘
( = fples(En)

By, ('fi ) e (E0) (7N

where ep(#)) s the error belween the ontpuf node and the
target output. The gradient nformation of the hidden nodes
can be obtained by backpropagating the gradient informarion
frowm the output node Vor the earfier time steps, there will
he an injection ervor from the target oulpod mto the ougput
node. Thus, not only is the gradient tnformation determined
by a backward pass through the wnrolled network, but the
injection errors are also laken inio account in reverse order
The error sional (the infection ervory ol oulpul node & at tine

fo < < t; will become

als o - ik ..
— = Fante)] len(r) + T o . &
Jag(r) el (] feulr) + ‘E?—* Wk S {r+ 1) ®)

Differentiating the first-order derivative once more yields the
sceond-ocder information. For the output node & at the fast time
step £y, the second-order formation can be described by

RN

Dai(n) Pl -

The Levenberg-Marquardt approximation was used by bLe

Cun ef al o drop the second ferm of (9) this will resolt

A ferltol @

Fig 2
order 4

A3 I2-state fimite memory maching with apat order 5 and output

in the same order of complexity as computing the Hrst-
order derivatives and nonnegasve quantifies The second-order
mlormation of the hidden nodes at tine ¥, can be calculated by
the backpropagation procedure Proceeding to the earlier time
steps, the effect of the injection error should be
aceount

taken into
Therefore, the second-order gradient of the outpul

node & at inferval time g < r oo will become

&
= sl r)? 1124_ W s (10)

The procedure is computed down (o £, | 1

In order to compute the second-order derivalive with respect
to each memory order of a NARX neural network, the [unction
Joof each memory order can he defined such thal there 13 2
virtual layer of Tinear neurons between the memory taps and
the first hidden fayer Fach memory tap connects to each linear
neuron with a lixed weight 1.0 The adjustable weights that
previouslty connect memory taps and the nonlinear neuarons
wiil connect the virtual lincar node and the nonlinear neurons
Therelore, the functionality of these two netwoiks 1s the same
Vhe ervor signal of cach memory lap is propagated through the
linear ncuron with fixed weight 10 Therelore, the sensitivity
ol input-memory order u(k -~ ») and output-memory order
y(k -- m) can be descbed, respectively, as

o
Aulk n)?
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Once the sensitivity of each node is evaluated, nodes are
pruncd based on a predescribed sensifivity threshold or ratio,
and refraining occurs. Praning stops when a certain error, soral
or otherwise, is reached

[V, BXPERIMENTAL RESUTITS

Here. we discuss cxoctimental results for a grammatical
inference problem and time series prediction problers, sun
spot data, and laser intensity data from the Sanra Fe time serics
competition  The grammatical inference problem will use a
NARYX neural netwerk, whercas the fime sertes problems will
use degenerate forms of the NARX nolwork: the NSAR's
We also give a brefl introduction fo the theory of dynamic
cmbedding before discussing the vesults of time scries predic-
ion In order to also optimize the archifectire of the MLP
of 1 NARX network or NSAR, several methods ol weight
elimination [51, [31). [47], [64]. {66] can be incarporated into
the training algorithin. In the following experiments, networks
are traped using weight decay [31] Al experiments were
teained using hack-propagation thirough time (BPTT) [OK]

A Grasmatical Tnjerence. Learning o 512-State
Finite Memory Machine

NARX networks have been shown o he able 1o simulate
and learn a class of finite stale machines {8}, 121] cailed,
respectively, definite and finite memory tachines When being
trained on stiings thal are encoded ag eporal sequences,
NARY fefworks are able o “feam” rather luge (hundreds
to thousands of states) machines, provided. that they have
cnough memory, and he logic implementation 15 1ot 100
complex. fTowever, the generalization perlermance and the
aive of extracted machines ae also foumnd 1o he very sensitive

Nunther of errors 1o the lesting set, which consists ol 250 positive s
NARY netral network trained on the data fronn the 517

inas and 230 negative shings froam fensgth 20-150. as a [imction of the lengh
“atate finite manory machine

to the memory order selections in NARX networks [37]
The purpose of this experiment i to sec how the delay
damage algorithm can improve the generalization performance
of NARX nelworks with unnecessary memory stlctures

In this experiment, the finite memory nachine has 512
stales. The machine has input osder of 5 and oulpuf order
of 4 Tts hansition [unction can be described as the sitple
logic function

w(k) = alk = Hyulk)
4ol ek —

Bk - )

and input, respectively, and o
represents the complement of =1 he BSM is shown in Fig 2
The depth d of the machine is 9. The training set was 3K
strings randomly chosen from the complete set The complete

+ulk -

Nyglk - (13

where » and < represent output

set, which consists of ail strings of length from L tod 4 1
{ten in this case) arc shown Lo be able to sufficiently identily
A finite memory machine with depth & [20]. The s(rings were
cpcoded such that input values ot 07 and s and target oufput
Jabels “negative™ and “positive” covresponded Lo floating-pomt
vaines of 00 and 10, respectively

[nitially, before pruning the NARX petworks were chosen

to have [our hidden nodes, ten input aps, and ten oulput 1aps
The number of weights was 91 The memory order of ihw
neural network was chosen o be large enough o make sure the
architeeture had enough degrees of freedom to learn the Targe
machine within a reasonable amount of time. The nelworks
were traned with the BPIT afgorithm at the leaming rate of
0 1 and weight decay of (1001 The fraining time was set o
5000 epochis For more details, see [20] and {21} For each of
50 expertments. the weights were randomty mitialized within
the range of [- G5, 03]
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The average traming tine was approximateiy 600 epochs
After fraining, the trained networks were tésted on the remain-
thg strings of the complate set. A zero crror rate showed (hat
the networks had learned the complete set. However, when
rained netwoerks were tested on the strings of length longer
than 1en, the number of errors was no longer zero and plotted
i the bag 3 as a function of the length of festing strings
Note that the performance of NARX networks can be strongly
dependent on the selection of memory order |37]. In pagticular,
the new testing set consisted of 250 positive strings and 250
negative sirings from length 20 to 150 i increments of 10

Applying the delay damage algorithm described in Section

I 1o prune the taps with small sepsitivity meastie always:

resulted in the minimal NARX architectures with five input
memory orders and four output memory oiders. lurthermore,
cut of 54 pruning uns, the minmimal NARX architeclures
always contain the proper subset of w{f), w(?~5), and 3{4 - 1)
I'he number of weights of pruned networks could be reduced to
anywhere from 20-30, depeading on the number of remaining
memory orders. The time to retrain the pruned networks took,
on average, 70 epochs. Turthermore, the generalization crror
on the remaining strings of the complete set and the stiings
tandomtby generated from lengrh 20 o 150 was reduced to zero

B The Theory of Embedding

In order to clarify the resulls of our experiments on time
series prediclion, we give a briet introduction o the theory
of embedding:; for more details, see [54] The simfe of a

deterministic dynamic system is the information necessary fo
determme the entire {uture evolution of the system. A tme
series is a set of measures of an observable guantity ol the
syslem over time An observable quantity is a function only of
the state of the underlying systemy The chservations y(n) are
a projection of the multivariate state space of the system onto
the one-dimensional (1-D) space. In order to do prediction, we
need to reconstruct as well as possible the state space of the
system using the information in y{n)

[he embedding theorem motivates the technique of using
time delay coordinale reconstruction in reproducing the phase
space of an observed dynamical system A collection of finwe
lags in a vector space of ¢ dimensions

s(B) - Ty(h), wle-- T, w8 =277, Cyll—=d -1 (1D
will provide sufficient informaiion Lo reconsiruct the stales of
the dynamical systert The purpose of time-delay embedding
15 to unfold the projection back o a mwllivarale stale space
hat is representative of rthe original system [467], [491, 160
It was shown that if the dynamical system and the observed
quantity were generic, then the delay coordinate map {rom a o
dimensional smooth compact manifold o 2d + [-dimensional
reconsfruction space was a diffeonorphism (one-to-one differ-
ential mapping). The theorem was further relined by Sauer ¢
af 154 such thal a racasured quantity led to a one-to-one delay
coordinate map as long as the reconstruciion dimension was
freater than twice the box-conniing duncosion of the altraclor
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Fig & Relative multistep prediction perlormance where results svere sormalized o the varance of the original data set Curves A and I oare (rom

previous work, and curves B oand C are {rom the pruned networks: sce Table T for tore details Both pruned network models perform better ag e
number ol lutwre predictions increase

lhe cmbedding theorem provides a sufficient condition for The predictive relationship between the curreni state s(%)
choosing the embedded dimension dy large enough so that
the projection is theoretically able to construct the omginal ) . )

state space. Onee a bwge enough o - dp has heen obtained, y(bt 1) [s(3]

any o = dg will also provide an embedding =f Ly, y(i T u{i--2T), Cyli - (d=0T U)

and the next value ol ime serics can be expressed as
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The embedding theorem provides a theoretical framework
for nonlinear liune series prediction. Once an embedding
dimension is chosen, one remaining task 1s 10 approximate
the mapping tunction f. 1t has been shown that a feediorward
neural nclwork with enough neurons is capable ol approximat
ing any nonlincar function fo an arbitrary degree of accuracy
[12], [19], [28], [29] Neural networks thug can provide a good
approximation to the function [ These arguments provide
the basic motivation for the use of NARX nelworks to the
nonlinear fime serics prediction

Tt is sl an open question as o how to optimally choose the
embedding dimension d and the delay time I" The embedding
theorem ondy euarantees that a sufficiently large embedding

dimension oz will be capable of unfolding the state space Tt

does not describe how compficated the mapping function will
he. One may be able o find 2 minimom embedding dimension
to uniold the state space, but the mapping [unction may be
oo complicated to approximate For example, fwo dilferent
embedded dimensions can be equivalent in ferms of cxpressive
power, but the nonlinear fhunction miay dramatically differ in
the efliciency of approxunation it should be noted that when T
is chosen, the embeddding representation will always be cqually
spaced This rules out ihe possibility ol any onequally spaced
representation ol the embedding dimension

In the tollowing experiments, we will use the delay damage
algorithin to prunc the taps of a newral network Afler pruning,
the networks will be retrained af least twice  Fhe final network
architecture ends up providing o wnequadly spaced emporal
represeniation of the stale space These spaise delay architee-
tures can be regarded as the nonlincar versions of SAR models
(NSAR’s), and the subsel orders of the NSAR provide the

Original 1000 Laser data

cmbedding coordinates to teconstruct the mapping function
The time lags in the initial cmbedding vector can be equally
or unequally spaced as long as the embedding dimension 18
tarpe enough to unlold the state space

O Predicion of Sumspor Data

Sunspots are dark botches on the sun and yearly averages
have been recorded gince 17000 The series 1s shown in Fig 4
and has served as a benchmark for fime scries prediction
problems Several resemchers have tested the prediction ability
ol ncural networks on this data Vor example, Weizend of af
[64] trained a NSAR (or TDNN) network with an embedded
dimension of 12 with eight hidden peurons and pruned the
weights by adding 2 complexity termn 1o the cost function
They were able o reduce a network with cight ladden nodes
(o three. The embedding dimension remamed the same Svarer
el al 39 pruned the weights using a second-order sensttivity
measure. Our approach is to prune the ordeys of networks
directly and use the weight decay technigue to optimize the
nonlinear mapping function

For comparison, we freat the data m the same way as
Weicend ef ol [&41] and partition 1t ko a training set from
1700 throush 1920 and a testing set from E921 to 1979 The
datz set was scaled to be in the range of [0, 101 We ined
varions architectures with various number of hidden nodes
and diflerent embedding ditrensions  The initial embedding
ditnension was usually close to 14 However, the largest tnitial
order depth was 33 The nelworks were frained as a one-siep
ahead .pit‘(ﬁcli')l' at the learning rate of 0.1 and weight decay
of 0001 Atfter pruning the taps, the networks were retrained
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Our cost function was the notmalized memn squated erro
delined as

-

Y eslarget, — prediction,)”
NMSE{N} — ;—“fg}:’% gely, — precu g1

}_d‘:\,;g(tzis‘g_c.th — mc:m-;-)?'

I 4 )
{mg = dp)” (16)

-

SN

Les

whete & — | N enumerates the point i the data set S,
and meane and o denote the sample average and sampic
variance of the targer value in S This measure removes the
da’s dependence on dynamic range and size of the data sef.
To make comparisons with previous work, the variance
normahized with the same valwe of 1535 [64] Tining
stopped when the normalized mean squarcd error was
than 0.1

Ouwi lwe hest resuits from the architecfures, which are
denoted as B and (7, are reported in Rable 1 (Recently,
comparable improvements from conmmiitee. machines have
been reported [70]) The final number ol dden nodes
were, respectively, 6 and 3 The final subset orders of the
two networks after proming  consisied of (we, w1, T,

WS
was
less

and  (rp, e, Zeon
Tpaa, Tpooo), 1espectively  Table 1
fists the one-step-ahead prediction performance of various
medels on the data set. Coraparing the NMSE, the single-step
prediction quadities of difierent models are quite cofparable

We also compared Tong-term prediction resulls 1o one an-
other. To o the long-term prediction, the predicted outpur is
fed back into the neural network Henee, the inputs consist of
predicled value as opposed to actual data of the origin time
sories. We used the average relative Itimes iteraied prediciion

Fio1dy Bio13, Tr-tday, T30, :-I:f:ff’..‘i)-,

o Y B s PR B

500
Lag

600 700 800 9040 1000

Normalized autocorrelation function of the 1000 daser data

variance proposed by Weigend ef al [64] as a petformance
measure of the long-term hehavior of the models The averages
relative I-times iterated prediction variance 15 defined as

1
: R R B N
arv(iterated, T) = — — fo, — Fp 1) 17
{ ) ey 12 l\ L 1) {n
where
Ty real dala poiat at time 15

M difference between the period of the prediclion and 13
@ p o precicted value for time { after T iterations

Recall that 1 is the number of time steps into the future ol the
prediction The average relative ilerated prediction variance 1s
shown in Fig 5 and went through from 1921 fo 1979 From
Yig 5, it can be seen that the networks B and C that have
sparsely connected tapped defay lines start to perfonm better
as [ is increased. Note that the arv s greater than 10 since
the variance of the original data 1920 through 1979 is fairly
large I we normalize the arv to the vatiance of the original
(lata set. the results are shown in big 6 Again, the networks
B and C pertorm betler as T is increased

D). Prediction of Laser Data

In order to explore the capahility of capturing the global
hehavior of NSAR neural nelworks, we also tested them ou
the laser data of the Santa Fe competition, The data set consists
of lager intensity collecied [rom a labotatory experument [65]
Although deferministic, its behavior 15 chaotic as seen in
Fig 7 Hg 8§ shows the normabzed autocorrelation lunction
of the ficst 1000 training data painls
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I'he networks were frained as a one-step-ahead predicior
uging the (rst F600 points. The data was scaled to zero mean
and unit variance We give the resulls of our best petforming
neural network The network was chosen o have two hidden
fayers. The fivst hidden fayer had five neurons, and the second
layer had three neurons We used the hyperbolic tangent
function as the nenlinear fupction in the two hidden layers The
output layer had only one output neuren with lincar [unction,
We chose the cmbedding dimension o be 25 However, the
depth of the tapped delay Tne was very long (up to 300) We
used the last 13 subsets: three subsels [rom the past 100 data
points (1 e, @y, Ly—tous Toto1), and ten subsets from the
past 445 data points (1 e,y a5, -, £eans) We hearistically
chose he memory order by obscrving that the aulocorrelation
[unction ol the (raining data sel was peaked in these areas
The total nomber ol wetghis was 152

In this experiment, we used the adaplive learning rate
algonithim and bateh data presentaton The algorithi works
as follows  The cost [unction 15 moenitored during training
if the increase of the cost function at thme { 1s aol larger
than the product of the cost of previous time slep and the
cost bonus w, the leaning rale is inereased by 10% until the
lawrning rate reaches the maximum feorning rate 1.0, and the
weights are updated 1 the increase of the cost [inction at the
present time siep is larger than the product of the cost bonus
and the cost of earlicr e step, the weight vector of the
previous time step is restored, and the learning tate decrenses
by half until it reaches the minimum lcarnng rate (100 %), the
weizhts are updated according to the smaller learning rate and
the sradient information of one time step ahead  OF course,
this tequites one {0 keep track of the weight vector and the

1250

1300 1350 1400 1450 1500

Safid Bne represents 500 data points predicted by the pruned network when using closed-loop teration

oradient information of previous tme steps nour experiment,
the iitial learning rate was 001, and the cost bonns s was
0001 The network was trained with the previously discussed
mean squared error cost funciion in the batch mode (i ¢, errors
were accumulated untid the end of the data) When the average
sguared error 15 fess than 0.004, training was stopped, and
prawng commenced  This procedure was performed twice.

The irained and pruned neural neiwork NSAR gave some
inferesting long-tenn predictive behavior of the time series
The nclwork was able to predict 1000 data pomts using closed-
loop iteration By closed-foop iteration, we mean the network
ran autopomously without any relerence Lo the true data Fig 9
shows the 500-step iterated prediction from time { = 1000
Lig 10 shows the [000-step #terated prediction: nole that the
network was able to predict three collapses and that there were
only two collapses in the (aining data sel. We proned five
taps of the orizinal network when trained on the frse 1600
data points The fAnal architecture had only 127 weighis I
is worth noting that our cxperiments with training the same
network without pruning quickly led (o predictions that were
either noisy o a constant value

V. CoNC1USION

Detenmaning of the proper acchiteclure of a dynamical
network s a difficult yet cricical task Not only can the
nonlinear architectures alfect the performance. but the memaory
architecture of dynamical model can have a significant impact
on i dynamical behavior

In this paper, we proposed s pruming-based algorithim to de
termine the embedded mernory order of NARX wecurtent neu-
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ral networks and degencrate forms such as NSAR networks,
This aleorithm can also incorporaie several usciid heuvistcs,
e g, weight decay, which have heen used extensively i static
networks o optimuze the nonlincar function We also show
that this algorithm can demonstrate improved performance on
hoth nontinear predictions and grammatical ference Lasks
Furthernore, optimizing the memory architecture and  the
aonlinear function thiough pruning olten results e sparsely
connceted architectures but with long time windows that are
able to model the olobal [camres of the underlying system
quite efficiently It 15 an open question as to whether our
pruning model will capture all tmportant. memory structure
Recent experiments on artificial problems imply that faiture
to capture important memory structure can lead to very poor
generalization performance

Though the embedding theorem demonstrales that the order
of embedded memoty should be large enough in order to
provide a guaranice of forming a diffeomorphism mapping,
choosing Lhe proper memory order can be a chalienge Choos-
ing different embedding memory architectures corresponds
to siving differcot represcntations ol the stale space of the
underlying system  The major issue 1s ihat such a represeil-
atjon plays an important 1ole o solving problems, A good
representation can make useful information explicit and sasy
o extract In this work, we only explored classic tapped delay
memory stractures Tt wonld be interesting to see if simila
resulis could be achieved for other memory maodels 131 [62]
However, 2 minimal represeniation does not necessarily mean
a pood representation  Two difterent represeniations can be
cauivalent i ferms of cXProssive powet but may make a great
difference in efficiency and effectivencss of problem solving

Salidd line reproscats 1000 dara pomts predicted by the pruved network when using closed Joop ieratinn
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