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A Highly Concurrent Algorithm and Pipelined
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Abstract—The design of VLSI panailel processors requires a funda-
mental understanding of the parallel computing algorithm and an appre-
ciation of the implementational constraint on communications. Based
on such consideration, this paper develops 2 highly concurrent Toeplitz
system solver, featuring maximum parallelism and localized communi-
cation. More precisely, a highly parallel algorithm is proposed which
achieves (V) computing time with a linear acray of O(V) processors.
This compares very favorably to the O(N log; V) computing time at-
tainable with the traditional Levinson algorithm implemented in paral-
lel. Furthermore, to comply with the communication constraint, a
pipelined processor architecture is proposed which uses only localized

- interconnections and yet retains the maximum paralielism attainabie.

[. INTRODUCTION

ITH rapidly growing microelectronics technology lead-
ing the way, modem signal processor architectures are
undergoing a major revolution. The availability of low cost,

. fast VLSI (very. large scale integration) devices promises the

practice of cost-effective, high-speed parallel processing of
large volumes of data. This will make possible an ultra-high
throughput rate and, therefore, indicates 2 major technological
breakthrough for real-time signal processing applications. On
the other hand, it has become more critical than ever to have a
fundamental understanding of the algorithm structure, archi-
tecture, and implementation constraints in order to realize the
full potential of VLSI computing power [1]. In this paper,
the two most critical issues—the parallel computing algorithm
and the VLSI architectural constraint—will be considered.

Traditionally, computational complexity is measured in
terms of number of the arithmetic operations required in an
algorithm. With the emergence of inexpensive (VLSI) parallel
computing capability, this criterion will soon become obsolete
since the most efficient algorithms for sequential machines are
not necessarily the most efficient for parallel machines. Tak-
ing into account the parallelism, an up to date and more prac-
tical criterion appears to be the processing throughput rate
attainable in parallel computation [2], [3]. Therefore, in for-
mulating a parallel algorithm, the first important question
should be: How can we structure the algorithm to achieve the
maximum parallelism and, therefore, the maximum through-
put rate?

Commumication constraint represents another fundamental
impact of VLSI device technology on the architecture design
and implementation consideration. In VLSI systems, com-
munication tends to be very restrictive as it accounts for most
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time, area, and ¢nergy consumption. Therefore, architectures
which require only localized communication, such as a systolic
array [4] and a wavefront array processor [5]-[7], become
very attractive for VLSI implementation. Thus, the second
important question should be: How can we cope with the
communication constraint so as to compromise least in pro-
cessing throughput rate?

Obviously, the above two questions are mutually dependent,
and their answers often affect each other iteratively through-

~out the design process. - Therefore, they deserve an integrated

-solution which should provide general gnidelines for designing
VLSI parallel processing architectures. The motivation of this
paper, therefore, is to demonstrate a design methodology fol-
lowing these general guidelines. Nevertheless, we shall limit
ourselves to the specific task of solving Tocplitz systems [8]
which, we consider, is one of the most important signal pro-
cessing problems.
A Toeplitz system is a set of linear system equations

(Tx=y) (1.1
with T being a Toeplitz matrix, i.e., the (i, j)th clement r,; =
tij=lg, -~N<k<N. (Throughout this paper, we assume
that T is an (¥ + 1) X (¥ + 1) real matrix.) This system arises
in numerous widespread applications ranging from speech,
image, and neurophysics to radar, sonar, geophysics, and
astronomical signal processing [9]-[11]. The contribution
of this paper lies in the development of a highly concurrent
algorithm and pipelined architecture which is able to solve a
Toeplitz system-in O(N) processing time in an array processor
as opposed to OV )-for the general (sequential} Gauss elimi-
nation procedure or O(V?) for the (sequential) Levinson algo-
rithm (cf. Section II). In addition, the design methodology
demonstrated in this paper should also help answer some fun-
damental problems faced in designing VLSI parallel processor
architectures.

The organization of this paper is as follows. In Section I, a
conventional (Levinson) algorithm for solving a Toeplitz sys-
tem and its inherent limitation for parallel processing are ex-
amined. [n Section tIl, a highly concurtent algorithm is de-
veloped. In Section IV, to naturally map this algorithm onto
a parallel computing syster, a lattice-connected processors
array is proposed. The complete Toeplitz system solver is dis-
cussed in Section V, and lastly, some system applications, im-
plementations, and multichannel extensions are included in
Section VI.

II. PRELIMINARY REVIEW

It is known that the conventional approach (e.g, Gauss
climination procedure) for solving a linear system takes O(¥?)
arithmetic operations with each operaticn containing one mui-
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tiplication and one addition. By making use of the Toeplitz
structure, several fast algorithms are now available to solve a
Toeplitz system in O(N?) operations or even Jess f12]1-n7y.
Among them, the most popular is the Levinson algorithm [12}.

The Levinson algorithm was originally proposed by Norman
Levinson in 1947, and since then, a number of variants have
been proposed [18]-[23]. Basically, the Levinson algorithm
recursively solves for the (kth-order) solution {ay, by} in the
equation depicted below:

I b Ex O
- 0 - Ey O
ol BRI I D B @1
S I 0, £
akkl 0 Ek‘
ax by

where Ty denotes the (k+ 1) X (k + 1) leading principal mi-
nor' of T and E} is some nonzero number. The recursive pro-
cedure efficiently -utilizes - {ay, by} to derive. the solution for
the (k+ Dth-order equation.- Then, by induction, the Nth-
order equatjon can be solved. This recursive procedure can he
explained in three steps.

Step I Let

Ey Sk
ay 0 -
Thar =] 0 -0 {2.2)
0 b
Oy Ey
where Oy and Sy are obtained via inner product operation:
O = [tker> s hrl ok (2.33)
S’C:{t—k—lih-"t—llbkh (2.3[))
Step 2: {ay 4y, bi +,} are derived as
a 0]f1 Kk
LT e P | P et B
where?
krk+0 = s /B, and Ke®**V=-O/E,. (25)
Step 3: Consequently, we have
Ek +1 ok
Tiar[2xay brar] =Tian - (2:6)
0 Eian
where .
Eroy = Ex + Ke&S, =E + k%200,
= Er(1 - KKk + ) 2.7)

and we are ready for the next recursion.

The computation should stop at the end of the Nth recur-
sion. A simple calculation shows that the total number of
operations required is approximately 2N 2

I-Throughout this paper, we shall assume that each leading principle
minor of the matrix T is nonsingular.
Z1n the literature, {Ke, K7} are called “reflection coefficients™; see,

eg. [13].

In the case of a S{mmetric Toeplitz system, by symmetry,
we have Ke( = K7 and that a; = by fef. (2.1)], and there-
fore the number of operations can be reduced to one half, that
is, N'2.

To explicitly solve the Toeplitz system, we note that the
{ay, by} vectors produced in the Levinson algorithm consti-
tute 2 UDL decomposition of the T~ matrix, namely,

1 by ban | -1
01
T1 = -, E,
1 by I
0 E

0 o1 Jb y
1 0o— 0]

an

(2.8)
L ayy 7 v 1
2 UuDily.

Therefore, the solution of the Toeplitz system can be com-
puted asx = UpDg Ly p.

In order to meet the extremely high throughput rate require-
ment in many real-time signal processing applications, the po-
tential of parallel computing has to be utilized. However, for
parallel execution of the Levinson algorithm on a linear pro-
cessor array with N processing clements, the parallelism will be
severcly hampered by the presence of the inner product opera-
tions (2.3). More precisely, in each recursion step, the inner
product operation will be the bottleneck of the computation,
since it requires a minimum execution time of log; k units
[3]. Consequently, to compute all the N recursions, the total
parallel computing time amounts to O(N log, N) on a linear
processor array. This not only unnecessarily slows down the

. parallel, processing speed, but a also accounts for considerable

waste of processors. In the next section, we shall develop an
algorithm which avoids the inncr product operations, and
therefore achieves much higher paralielism. More precisely,
this algorithm will attain a processing time of O(N ) time units
[as opposed to OV log, N)] on a vector array of O(N) pro-
cessing elements.

. A HicHLY CONCURRENT ALGORITHM

In this section, we shall present a highly concurrent algo-
rithm. Mathematically, this algorithm can find its roots back
10 the now classical Schur’s algorithm [24] as first pointed out
by Dewilde er al [25]. The matrix formulation used in the
algorithm bears a strong similarity with an earlier work by
Bareiss [26] and later, in a different fashion, by Rissanen [27]

and Morf [16]. However, our derivation is independent of

the previous works. Moreover, in our formulation, 1) the par-
allelism and the (focalized) date dependency inherent in the
algorithm are explicitly exposed, and 2) there surfaces a natu-
ral topological mapping from ihe mathematical algorithm to
the computing structure to be discussed in the next section.
Therefore, our formulation is included below for the purpose
of a clearer and easier presentation.
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A. Main Algorithm

The function of the proposed algorithm is to perform a tri-
angular decomposition on matrix T, that is,’

T=LDU=LUWU =Dl (3.1)

where 1) is a diagonal matrix. Then the solution x of (1.1) can
be solved explicitly with back substitution:

x= T"yiU_'l:"'y, 3.2)

To set up for a new recursive procedure, we consider an aug-
mented Tocplitz matrix of T, say T, which is a natural exten-
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are obtained:
L={1z 1 0 0] =[ke® | ¢ g
U =10 uy2 t2y wza] = [0 oD 5D u®).

To compute the third rows of the £ and U matrices, the
same strategy can be used. For this purpose, we first right-
shift [Ke( 1 0 0] such that [Ke® 1 0 0} +50 Ke®) 4
0]. By the Toeplitz structure of the T matrix, &2 in (3.6)

will also be right-shifted accordingly. Thus, we have the fol-
lowing equation:

ston of T as illustrated by the (4 X 4) example below: 1 @ 9o

Iy Hy Lty 1 L4 t.y [0 ke(® 0]T
WD oD WD o D
0 4P WD o u® )]~

4
-2

SO VR 2 PRI TR T S .
T= ! )
0 0 i, £ 5 1t =
1
00 0it3 8 1,
" L ’ -

(3.8)

T ... Note that thropgh this shift operation, the two 075 created-
e - weh in the previous recursion on the RHS-are realigned into the
~-Substituting T'by T in €3.3), we have same column so as to remain uneffected by the row operations

u.;.,,a-m-u-».-m«m ae e e

[/

10 0 0 XXX E Uy Uy Uyy Uy in the next recursion. With this precaution, a similar proce-
, ! o ol |xx XE 0 sy g3 lina dure as in the previous recursion can be repeated:
; Ly L 10 = X X XEU 0 u3y 1y, [l V Kr“)] [l kr® o O]f'
‘B far laz laa 1 XX X0 0 0 gy | K 0 ke®@ | o
% ; —

b

(34)
where . 2 L™ and the X’s denote DON'T CARE entries. Our
strategy is then to construct the matrices /. and U by creating

all the “zeros” below the diagonal in the U matrix. Let us
. consider the following equation:

X kA® o7
T (3.92)

1
_[Ke(” X1 0.

B 4 O —

B o) B A QO :'053) 00 oY
“(3)‘ ug” ug” u?)fﬂ 0 u(_;;) ug)

[l 00 0] f:-[t3 1ty :.to ty t, ty 65) .
0100 0 ty 14y to ty t, (3.90)
) ' where
ti both sides of (3.5) such that - .
Now perform row operations on. bath sides of (3.5) su a Ke("'):—ugz)/uff) and K ="0£?/u£21). (3.10)

1 KrD3Ir1 00 oJw [1 KA o o]f
T:
[Ke(’) 1 .Ho 100 Ke®) 00
_[U(z)]_[vgz} oD DD g ug;)]
e u® D WD u® 4D 40

(3.6)

By comparing #® to the third row on the RHS of (3.4),
clearly, the third rows of the £ and I/ matrices are obtained:

Ly=lh by 1 0] = [Ke® &eWkrD g,y | g
Uy =10 0 u3y ul=[0 0 P fi(_:;)]-

, .
m B pee i P P R Lror M, iy S 4 ol v i b

This completes the second recursion. By induction, future
recursions can be carried out in the same manner until a!l the
tows of the £ and U matrices are computed. Summarizing the
above procedure, several observations can be made.

1) The shift operation in each recursion is natural due to the
Toeplitz structure of the T matrix since it retains the zeros
produced in the previous recursion. The purpose of the shift is
to realign these zeros with those of the auxiliary vector o [cf.
(3.8) such that these zeros will remain unaffected by the up-
coming row operations. This also explains the purpose and the
necessity of computing for the auxiliary vectors v in each
recuesion. L

2) Note that /, is nothing but the £ 4 matrix in (2.8) since
from (2.8) we have

R

where®

Kef2) = -ty ftg; KD = [t 3.7

Compare the second row of the RHS (right-hand side) of
(3.4) to that of (3.6), i.e.,a®); it is clear that a zero is created
by the row operation and the desired second rows of L and U

e A TR ST T

¥The overbar *™** of the triangular matrix L (or (/) indicates that f.
l {or U/) has I’s along its diagonat.

T *These {Ke, Kr? play=the samo role as those in the Levinson algo-
l rithm, and therefore will also be called reflection coefficients in the fol-
| lowing discussion.

I
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T=L}Dg Uz .

Comparing the above equation to (3.1}, and noting that the
1DU factorization of a given matrix is unique,® we have
[=13,0=Ug", and D= Dg' = diag [Eo," -~ ,En]. In this
sense, the algorithm proposed can be regarded as a generaliza-
tion of the conventional Levinson algorithm. More precisely,
the {a,. by} vectors are actually embedded in the 2 X N ma-
trix on the LHS in the kth recursion. For example, in the first
recorsion fcf. (3.6)], we have a,, =Ke® p,, =KD, o
the second recursion [cf. (3.9a)], we have

1 kA3 [1 2y 0 0] [1  an ax 0]
[Kef” i ] 0 by 1 0] ) [bn b 1 01
(3.11)
3) This new formula completely avoids the need of inner
product operations; therefore, the bottleneck incurred in par-

allel execution of the Levinson algorithm no longer exists.
Furthermore, the reflection coefficient computation and row

operations in the formulation are very suitable for parallel

execution; hence, this ncw algorithm is inherently highly
concurrent. As a consequence, it has the following parallel
formulation.

Main Algorithm
INITIAL CONDITIONS:
oV =uV=t, (N<Kk<N) (3.12a)
FOR i = 1 UNTIL N DO BEGIN
IN PARALLEL DO BEGIN®
Kel* 1) = (D (0] (3.12b)
K0 = QRO (3.12¢)

END IN PARALLEL DO;
IN PARALLEL FOR -N < K < N DO BEGIN

(3.12d)
(3.12¢)

o) = (0 ¢ Kr(“’)ufll
w0 =)+ Kol D
END IN PARALLEL DO;

OUTPUT;

END FOR LOOY;

4) Based on the above formulation, it is clear that with
O(N) processing clements connected in a lincar array, the par-
allel computing time for each recursion can take as little as
two time units (one for reflection coefficient computation, the
other for row operation). For N recursions, this amounts to @
total parallel processing time of (N} time units as opposed fo
O(N log, N)in the Levinson algorithm.

B Dudlity of the Main Algorithm

1) Duality: In order to execute the back substitution step
(3.2) to solve a Toeplitz system, both the L and U matriccs
have to be computed. However, the equation for computing
the L (= L™') matrix is purposely left out in the above main

5This is true provided that all the leading principal minors of the
given matrix are nonsingular.

41N PARALLEL DO indicates that the operations within this block can
be exccuted in parallel

algorithm. This is because cach column of'the L (= LD) ma-
trix is also provided by the vector v while each row of the U
matrix is provided by the vector u. More precisely, it is proved

in Appendix A that
11

o 0 0} Eo 0

_vf;,'). v’.!!«-‘:vs,‘v”) 0i}lo .EN
O O PR (Y
A T{ "9"?’ (3.13a)
o—0 u‘."x,”)
=D (3.13b)

Cansequently, {3.12) alone is sufficient for LD factorization
of T matrix and the computation of the.L matrix can be saved
(sce also [28]).

2) Symmetric Toeplitz Systems: Additional computational
savings arc possible in solving a symmetric Toeplitz system. In
this case, L =U, and hence {from (3.12})] KD = KD for
each i. Consequently, the computations of ufﬁ and up for
k > 0 become redundant and may be omitted. This leads to a
savings of one half of the computations as compared to the
nonsymmetrical case.

In practice, symmetric Toeplitz systems arise much more
often than nonsymmetric ones, and are therefore of much
greater importance from an applicational point of view. In the
next section, a pipelined computing structure for concurrent
processing of symmetric Toeplitz systems solutions will be
discussed.

IV. PrrELINED LATTICE PROCESSOR
A. Parallel Lattice Computing Structure

In_this section, we consider the implementation of the par-
allel algorithm on a VLSI chip. The major computation in the
algorithm lies in the linear combinations of two vectors in each
recursion. Therefore, a parallel computing structure with a lin-

ear processor array as depicted in Fig. 1 is proposed.

The configuration consists of a series of modular processing
cells, termed lattice cells, to perform row operations. Each
cell is composed of an upper and a lower processing element
(PE) with lattice connections. The only exception is the upper
PE in the {0} cell which is a divider cell for the computation of
reflection cocfficients.

Durting each recursion, the reflection coefficient is first com-
puted in the divider cell and then broadcast to all the lattice
cells through the global (horizontal) interconnections. Then
the row operations arc performed simultaneously in all the lat-
tice cells. Upon completion, the result in each upper PE is
left-shifted to its immediate left neighbor, preparing for the
next recursion.” Meanwhile, the contents of the lower PE’s,

7This corresponds to the shift operation discussed in Section 1IL
Note that since only the relative position between the data in the upper
and lower PE’s is of importance, the left-shift for the upper PE’s (v vec-
tor) is equivalent to the right-shift for the tower PE's (u vector), as de-
scribed carlier
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K; K, Ki
-
CELL<O> CELL<1> CELL<N-1> | CELL<N>
=~ piv — . el
. | ]
Ki
e — — i
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L ] - - ~
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Usn
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T~
o Uy Uiz »ss U U1

Fig. 1. Paralie] lattice computing strcture.

which correspond to a row of the U matrix, can be ontput,

and the recursion is thus completed.
The operation is completed after M such recursions. Let 1,
denote the time interval needed for division, and let r, denote

.. the time interval for each lattice operation {multiplication and

addition); then the total computing time will be N(r; +7;).

B. Pipelined Lattice Computing Structure

To accomplish maximal parallelism, the parallel lattice com-
puting structure just proposed relies heavily on global commu-
nication. As mentioned earlier, this may cause certain difficul-
ties on, for example, synchronization, longer delay, larger
power, and chip area consumption in a VLSI system. There-
fore, in the following, we shall propose a modified version of
the lattice computing structure which eliminates the need for
global communication without compromising the parallelism.

The general configuration {Fig. 2) of the modified lattice
computing structure remains largely resembling the one in Fig.

-1, except that the global communication links are replaced by

nearest neighbor interconnections. To achieve maximal par-
allelism in this locally connected computing network, we must
resort to a pipelined operation which renders efficient and
smooth data flow. This leads to a useful notion of computa-
tional wavefront 5], [6], [29]-[31].

C.. Computational Wavefront

Roughly speaking, a computational wavefront in a comput-
ing structure corresponds to the computational activity in-
curred in one recursion step in a recursive (parallel) algorithm.
As an example, the computational wavefront of the first recur-
sion is examined below.

Suppose that the data are initially placed in the registers of
the PE’s such that Bygy =ty and Ay -y = By = 1,y form =
1,2,---, N where the A, register i3 in the mth upper PE
and By, in the mth lower PE (cf. Fig. 2). The process starts
with the {0} cell (divider cell) where the reflection coefficient
is computed and stored in register Cto):

Croy = Ao/ By 4.1)

o g o am ey e abhia AN vl it

CELL<0>  CELL<}>  CELL<N-1> CELL<N>
' t T
K K
[ 4 t2 L7 N2 N1
. |
K[;} B<O> B<i> B<N-1> B<N>
AcO> A<]> A<NAT> /N AeN>

t i} t LN i} t
o |¢ 1 I YR N

b=N UNH,Nﬂ

Un, N+
- " -
- » -~
L ] - il -

s FYY

t=1 U22 - -

U2
1=0 ty ”

Fig:2. Pipelined laticn computiag strctue

propagating Ciay to Cyyy) where the following computations
are executed simultaneously in upper and lower PE’s:®

Ay = Agy - Cay X By

.. (inthe upper PE of the {1} cell) -(4.2a).
Byy = Biry - Ciay X Agry
(in the lower PE of the (1) cell). (4.2b)

Upon completion of the execution, the {1} cell propagates its
new content in the upper PE, A(,,, to its left neighbor, A¢q,,
to prepare for the next recursion. Meanwhile, it also sends the
content of Cpyy to Cyzy so that the computation activity con-
tinues propagating to the (2) ceil. The next front of activity
will be at the (3} cell, then the {4} cell, and so on. As a conse-
quence, a computational wavefront is created traveling across
the linear processor array. (It may be noted that the wave
propagation implies localized data flow.) Once the wavefront
sweeps through all the cells, the first recursion is completed.
The content in By, (k=0,1,---, N - 1} is output downward
as soon as it is available.

As the first computational wavefront propagates, the sacond
recursion can be executed concurrently by pipelining a second
wavefront as soon as the content in Ay, is sent to the Aygy
register in the {0} cell. Therefore, the time interval between
the first and second wavefronts is estimated to be 7, +7,.
(Note that it takes a 7, + 7, time interval before Ay, is made
available if data transfer time is considered negligible.) The
second wavefront strongly resembles that of the first one. For
example, the {0} cell first computes the second reflection coe-
ficient according to (4.1), then forward Cy to the (1} cell
where (4.2) will be performed. After this, the second wave-
front will propagate to ceils (2}, (3}, and so on. Once the
wavefront arrives and executes at the (¥ - 1}th cell, the sec-
ond recursion is compieted. Again, the content in By, which
is nothing but uﬁ)_1(k =0, 1,---,N-12), is output down-
ward as soon as it is available.

fhe lower PE of the {0 cell should also perform the operation
By = Broy — CioyXA(oy 2t this moment. This accounts for the compu-
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The same pipelining scheme can be repeated for the third,
and eventually all the recursions. When all the N wavefronts
are generated and operations are executed, the parallel algo-
rithm is completed. Since the wavefronts are generated con-
secutively at a rate of one wavefront per 7, + 73 time interval,
the total computing time will be N(r; t+ 12).> Thercfore, the
pipelined operation takes the processing time N(r, +712),
which is the same as that of the parallel operation with global
communication. From now on, the proposed pipelined com-
puting structure will be called the pipelined lattice processor
(PLP). We note that the PLP has accomplished the design goal
of using only local interconnections and yet not sacrificing any
degree of parallelism attainable.

D Programming Aspects
In the above, we have successfully exploited the notion of

the computational wavefront to portray the pipelined opera-
tions on the lattice array. However, in general, it is even more

preferable to have an appropriate language to program pipe-
-- lined algorithms. - i

In-a recent paper [5], {6}, it is noted that the wavefront
notion has indeed much more widespread applications.
Namely, it is applicable to a large class of parallel matrix
algorithms, especially to those with the so-called locality and
recursivity nature. Therefore, this same notion has been
further extended to a wavefront-oriented language suitable

for. programming pipelined atgorithms on programmable

(pipelined) array processors [S}, [61, {29]-[31]. Although
further elaboration on the structure of the Janguage is beyond
the scope of this paper, for illustration purpose, we have in-
cluded in Appendix B one such programming example for the
above pipelined algorithm.

The wavefront language does not only facilitate program-
ming most pipelined algorithms, but also offers a convenient
tool for the subsequent simulation and verification tasks.
The simulation results of the PLP yicld a series of snapshots
of the computation wavefronts in the PLP which match with
the result theoretically predicted [31].

V. CoMPLEIE TOEPLITZ SYSTEM SOLVERS

-So far, we have used the PLP to decompose a Toeplitz sys-
tem into lower and upper triangutar matrices, ie., T=U Dy
in O(N) time units (assume that 7" is symmetric). To com-
pletely solve the Toeplitz system, however, an explicit solution
x has to be derived.” Therefore, subsequent operations are
needed and should also be performed in O(V) time units.
Based on different inversion formulas for the Toeplitz matrix
T, we shall present three different arganizations—corresponding
to three different methods for the subsequent computations—
of a complete Toeplitz system solver. All of these utilize
linear processor array and achicve O{N) units of processing
time.

A. Back-Substitution Method
This method involves computing x via (3.2) (for the sym-

metric case):

x=Tly=U"'DWU "'y (5.1)

¥Note that the Mth recursion will be initiated at the time (V- 1)(r +
74), and by that time there will be only one computation [ie., (4.1)]
to be pertormed in the last recursion (cf. Section 1.

which can be separated in two back-substitqtion steps:

£=DWUH'y (5.2a)
and
x=U"g. {5.2b)

Back substitution is a standard matrix operation for solving
linear systems, which also enjoys a pipelined operation. There-
fore, it can be implemented with a locally connected lineas
processor array. As it is a rather well-known procedure [4],
[7], the detail is omitied here.

A complete Toeplitz system solver depicted in Fig. 3 is
constituted by a PLP and a (pipelined) back-substitution
processor. The processor in the upper part is the PLP where
the ountputs are fed into the lower part—the back-substitution
processor.  Upon receiving the data, the back-substitution
processor (initially stores the y vector) will perform the first
back substitution (i.e., g = D{U)y). The elements of the
U* matrix (output from PLP) are stored in the LIFO (fast-in-
first-out) memory stack which serves as a matrix transposer.
The scaling operator D = diag[uqge, " - -, unn} will operate
on (U*)"'y to obtain the g vector which then is stored in the
G-LIFO stack. After the first back substitution, the second
step (5.2b) starts immediately with the U matrix and g vector
fetched from the memory stacks. Finally, the output x is
obtained from the left end of the back-substitution processor.

"Note that the first back substitution can be executed concur-

rently with the LU decomposition in order to save processing

Stime.

B A Method Based on LU Decomposition of T™

Recall that in Section II, the {ay, by} vectors computed
from the Levinson algorithm constitute a UDL decomposition
of the T~! matrix, and thus facilitate an explicit solution for
the Toeplitz system {2.8). Now, this formula can be utilized
to provide a different organization of the Toeplitz system
solver. In doing so, we have to compute the {ay, by} vectors.

-Howevér, in Section I1I-A, we note that the Levinson pro-

cedure is inherently imbedded in the new algorithm, and that
the computation of {ax, bx} requires virtually the same kind
of tow operations [see, eg., (3.11)]. Therefore, the PLP
processor can also be utilized to produce these vectors. For
this, a duplicate PLP (without a divider cell) can be attached
to the original one. The new PLP will have different initial
conditions: all of its PE’s are stored with “0,” except the
(1) cell where <1 is stored. During execution, the new PLP
is triggered by the reflection coefficients sending from the
original PLP for performing latticc operations. Then the
results, a; vectors [cf. (3.11)] in the lower PE’s, will be
output to a linear processor array for matrix-vector multi-
plication: x =L4DL,y. This is obtained from (2.8) with
Ug =LY% (ie., the symmetric case). Details of this multi-
plication operation are omitted here since they arc again
accessible in the literature [1}, [4], [7].

Cybenko [32] has shown that the Levinson algorithm (in the
sequential computation scheme) is numerically comparable to
the Cholesky factorization method which is known to be
numerically stable. Since (2.8) is a formula based on the
Levinson algorithm, the numerical stability of the above
method in the pipelined computation scheme is expected.
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C. A Different Organization Based on Gohberg’s Formula

In addition to the UDL decomposition, another Toeplitz
inversion formula proposed by Gohberg [33] can also be
applied for an alternative organization. This formula is based
only on the knowledge of {ay, by} and Ey:

1 FI By ban
T—l 1 QN 1 0110 1 o
En bin
ayy miy 130 -
0 0 byy by
_l_ ?NN" 0‘ 0 : 0 ) (5(43)
Evi- " - ) - bun
ayy ,Ggm._QJ, a. - 0
=LaUa +LbUb“ (5‘4'))

Hence, x can be solved explicitly from

x=T 'y =Ly +LyUpp=LowtLyz (5.5)

where w=U,p, z=U,y. Note that due to thé particular tri-
angular Toeplitz structure, (5.5) can be essentially regarded as
linear convolution operations.

The appended PLP in Section V-B is again applicable to pro-
duce the needed {ay, by}. On completion of the lattice
operation, these vectors will be ready in the upper and lower
PE’s for the convolution operation according to Gohberg’s
formula. For this convolution operation, two finear array
processors can be utilized or, when the length of the vector
is large, than the FET (fast Fourier transform) processor may
be used for fast processing.

As a brief comparison of the three different organizations
proposed, note that the first organization utilizes only one set
of PLP; hence, it needs fewer PE’s. On the other hand, in the
third organization, no memory modules (LIFO} are needed.
As for the processing speed, it depends very much on the size

of the processor array and the applications. Generally speak-
ing, the first method is perhaps the fastest for moderate matrix
size. When ¥ is large and the FFT is worth utilizing, the third
method will become more favorabie.

VL. APPLICATIONS, IMPLEMENTATIONS, AND EXTENSIONS
A. Applications to Array Signal Processing

From a practical point of view, the proposed Foeplitz sys-
tem solver has many immediate signal processing applications.
For example, it can be applied to maximum likelihood (ML)
and maximum entropy (ME) adaptive array signal processing'®
problems [9]. In the ML method, the wave-vector spectrum
is computed as

ok = [E'(f, S NE(S, v)]

where $,(f)is an N X N cross-covariance matrix and Ef, v)
is an N X 1 vector denoting the array phasing vector corre-
sponding to the wave direction [9]. Suppaose that the input

-Sensor. array is uniformly. spaced, and that the statistical
“—-environment is stationary, then the S.(f)matrix to be inverted

in the above equation will be a Toeplitz matrix. Then the PLP
can be applied to efficiently compute the spectrum o%.

For a better illustration, we use the following sample system
specifications. Suppose that the number of the sensors ¥ =32
and that the temporal frequency bandwidth is F = 50 Hz and

the frequency resolution desired is £ =0.1 Hz. Then for one

set of input data, the total computation time required is
(FI6F)X 2Nty = 32000 ¢,.

Now, we must have 32000 ¢, <T where T = 1/6F =103 is
the processing time allowed for one set of data, provided a
real-time processing rate is required. Hence, each arithmetic
operation must take no more than 10 s/32000= 3125 us
(that is, 9 <<312.5 ps). This time frame can be easily com-
plied by a commercially available ALU, and therefore, a real-
time signal processing rate is trivially attainable.

Obviously, the specifications quoted above are oversimplified.
In practical situations, one will probably face a larger sensor
array with higher bandwidih; hence, many more operations
will probably be needed. On the other hand, in terms of VLSI
technology, the size of the PLP can be made imuch larger, and
the multiplication speed can be 10*-10* times faster than that
given above. Therefore, for most cases, the real-time pro-
cessing raté can still be achievable, and with VLSI implementa-
tion of PLP, it is also rather affordable.

B Implementation

In a joint effort between the Hughes Research Laboratory
(at Malibu, CA) and the University of Southern California,
Los Angeles, a VLSI Toeplitz system solver chip is imple-
mented [34], [35].

This design contains 16 stages of processors with 28 bit
fixed-point arithmetic units working on 8 bit (input dynamic
range} input data. Suppose that the system clock is operating
on a 4 MHz rate; it is estimated that a 16 X 16 Toeplitz sys-
tem equation can be solved in about 6.6 ms (minisecond). The
design is based on NMOS depletion load technology. In the

1%The term “array processing”™ in signai Processing commonly refers
to the processing of signals from a multiple sensor arry
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search Laboratory, Malibu, CA.)

chip design, 6 pm feature size (A = 6 pm) is used, and a single

stage of processor will occupy a whole chip (230 X 300 mil*). '

The chip layout is shown in Fig. 4. It is estimated that with
the feature size reduced to 1 mm, 32 stages can be imple-

mented on a single chip in a later implementation phase. A

full report on the final implementation will appear in a future
publication.

C. Extension to Multichannel Signal Processing
_ Quite often, one has to deal with multichannel signal process-

“ing which involves a number of input signals simultaneously.

In this situation and under the stationary statistic assumption,
the main computation involved is usually to solve a block
Toeplitz system:

B, B, By
1By By
By By

where each block element By is by itself a g X g matrix.
The extension of the scalar case (nonsymmetric} main algo-
rithm to the matrix case can be carried out easily. However,

_the dual relations established in the scalar case fail to extend

to the matrix case due to the noncommutability nature of
matrix multiplication. Consequently, we need a total of 2N
block-matrix processors (as opposed to N) to implement the
corresponding lattice computing structure for a syminetrical
block Toeplitz system. To strive towards a saving of half
the required processors, we propose the following further
modification.

D. Normalized Levinson Algorithm

Recently, a2 normalized version of the Levinson algorithm
was proposed by Vieara et al. [36]. This algorithm employs 2
matrix square root procedure to accomplish normalization of
the reflection coefficient.!* It turns out that the very same
version may be applied to the pazallel algorithm to retain the
duality relations and whercby save half of the hardware.
Roughly speaking, during the execution of each recursion,
each entry of the u and v vector is modified by'*

O = v
oo = o, 1 uP.

By substituting the above relation into the new algorithm
(in multichannel formulation), a similar analysis as in Section
Ii-A can be carried out and a normalized version of the new
algorithm can be derived. For completeness, this normalized
(high paraltelism) algorithm is present in Appendix C.

Vil. CONCLUSION

Two fundamental issues should be kept in mind in designing
modern VLSI signal processors. The first is to formulate the
signal processing algorithm to allow the maxima! extent of
parallel processing. The secondisto make sure that the parallel
architecture meets the (localized) communication constraint
imposed by the device technology.

fn this paper, we have demonstrated an integrated approach
to the above issues by tackling a specific (but practically

1 Fhat is, for each reflection coefficient matrix K@ its L norm is
less than or equal to unity provided that the B matrix is nonnegative
definite.

1210y 2 symmetric nonnegative definite matrix M, MU? is defined as
M:MIIZIMI[III
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important) problem—solving Toeplitz systems. We have pro-
posed a highly concurrent algorithm which enjoys O(N) com-
puting time by a vector processor array with (V) processors.
This is to be compared to the O(N?) processing time of the
Levinson algorithms when implemented sequentially or
O(N log; N) when implemented in paraltel. Furthermore,
we have developed a pipelined lattice processor (PLP) to
implement the new algorithm. The PLP architecture employs
a localized communication scheme without sacrificing the
overal! parallel processing speed.

APPENDIX A
Proor oF (3.13)

The duality in (3.13) originates from the symietric row
operation in the algorithm (3.12). Suppose that a matrix
Ta T is introduced. Due to Toeplitz structure, we know
that T is also a Toeplitz matrix with £, = £_; for “NSk<N
Obviously, the algorithm (3.12) can be applied on T as well.

- Thus,?

Feibo. T T TR
Taking the transpose on both sides of (A.1) and using the
uniqueness property of trianguiar factorization, it is casy to
show that

L=u, ﬁ=D, and U=L". (A.2)
On the other hand, by carrying out the algorithm (3.12),
we find that

1) Ke¥ = I?rw, Kr® = £e® {(A.3)
2) Gl(c') =u52—i+:, a)(;i) = v(-'l-m . (A4)

Equations (A.3) and (A4) are proved by induction as

follows,
For i=1, (A4) is true from (3.12a). Then, from (3.12b)

and (3.120),
Ke@ = -u{l)/vg’ =t ilte= K@ (A.53)
Kr® =l = -1, frg = KD, (A.5b)
Suppose that for i =7, (A.3) and (A.4) are valid; leti=T+1:

Ke®* = -5{540 = -o YD, | = kr*? (A.62)
KrD =g PPy = o = ke"*0. - ca)

Moreover,
i’\l(:1+ N_ '/]\l(:f) + Er(fi- 1) al&?]

=+ ke VR, =Y L (AT
G0 =® & RV 5B

a+n 0

I+
Uk [e1= Ek—(l}n)n- (A.7b)

= u(_?_; + Kr

By mathematical induction, (A.3) and (A.4) are proved.
From (A.1) and (A.4), it is clear that

di=10.---.0,49,--- o)) (A3)
Using (A.8)and the relation U = L" in (A.2), (3.13) follows.

-

YIn Appendix A, all the symbols with  “™ will be regarded as those
associated with the T matrix.

APPENDIX B
PROGRAM FOR PIPELINED LATTICE ALGORITHM

(Jn the program presented below, the program constructs
are close to those of Pascal language, while the arithmetic
operations are similar to those of Assembly language. Note
that the statement after the “!* sign is considered as a
comment. ) :

Array Size: 2 X N processing elements.

Computation: Pipelined lattice algorithm.

Initial: First row of the Toeplitz matrix T in the 4 register
of the first row PE's, and the B register of the second row
PE’s. )

Output: Rows of the U matrix (T=8'D'U) are output
from the second row PE’s,

BEGIN
SET COUNT 1
REPEAT
WHILE WAVEFRONT.IN ARRAY DO
BEGIN )
CASE KIND =
(1.,*): FLow 4, LEFT;
2,1).(2.,%) : FLow B, up;
ENDCASE;
END;
DECREMENT COUNT;
UNTIL TERMINATED;
SET COUNT N;

REPEAT
WHHLE WAVEFRONT IN ARRAY DO
BEGIN
CASE KIND =
(1,1),(1,*) : BEGIN
FETCH A, RIGHT;
FLOW A, DOWN;
FETCH B, DOWN;
END;
(1,1): BEGIN
Div A, R C, ' C=4/8;
F1.ow (, DOWN;
. END;
(1,*): BEGIN
"FETCH C, LEFT ;
'A<=A-BXC;
MULT B .C.R;
suB AR A;
FLOW A, LEFT;
END;
{2,1) : FETCH C, yp;
(2,*) : FETCH C, LEFT;
{2,11,(2,*) : BEGIN
FETCH A, up;
'B=B-4XC;
MULT A,C,R;
Sus B.R.B;
FLOW B, up:
FLOW B, DOWN; ! QuTPuT:
_ END;
ENDCASE;

FLOW (. RIGHT




Y
y
:

e wae

A SR S RN R S R

IEEE TRANSACTIONS

END;
DECREMENT COUNT;
UNTIL TERMINATED;

ENDPROGRAM.

ArrENDIX C
NORMALIZED ALGORITHM

INITIAL CONDITIONS

ﬁl) - ﬁ‘(:l) = Balth

FOR i =1 UNTIL N DO
BEGIN

LY Pr
K€Y= ‘Ul(')[Vb(')] i

IN PARALLEL DO
BEGIN

Pivy=1- K(Hi)[K(ifl)]r
Opur=1- (K KD

END IN PARALLEL DO

IN PARALLEL FOR -V <K < -1 DO BEGIN

* e & i+ * g
Ve =2 P k4P U
x R e . *
720l S ARY SaRd AN

£ND IN PARALLEL DO;
OQUTPUT;
END FOR LOOP;
END NORMALEZED PARALLEL LEVINSON ALGORITHM.
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