COMMIUNICATTONS TROINFORMATTON AND SY5 L EMS (@) 2005 ibernational Pross
Vol 5. No 20 pp 164 1T, 200056 04z

A RECURSIVE QR APPROACTH TO ADADPTIVE EQUALIZATION
OF TIME-VARYING MIMQO CITANNELSY

S Y KUNGE, XINVING %IIANCGH AND CHAD [, MYBERST

Abstract. This paper presents o novel adaptive equalizatlon a2lgorithin for time-varying MIMO
syalems with IS1 chaninel conditions "The alporithm avolds channel estimation belore egualization
and leads 1o a dircet, QR-based procedure for updagsing the equalizer coedlicients to rack the time
varying channel characteristics  Our approach does not require precise channel estimation and necds
relatively [ew pilot symbols for satisfactory cqualization  The theoretical foundations of the pro-
posed alporithm are rooted in signal recovery results devived from the goneralized Bezont identity
and the finite alphabel property inherent in digital communication schemes  Concorning the con-
vergence bebavior of the alporithm, we address the following three issues: existence of [ixed points,
exelusiveness of fived points, and robusiness nnder noise disturbance and paranmeier selection "The

cgualizer demonstrates promising capability in achioving low symbol error rates for o very broad

range of SNIs  Simulation resalts are presented conlirming thal this approach outperforms the

tmore Lraditional recursive least squares {IRL3) adaptive equalizer [or this application and rivals the

perlormance of MMSE equalizers requiring channel knowledge

1. Introduction. The major challengo in sipnal recovery for mobile communica.
tion systems is mitigating the IST {Tnter- Symbol-Intet [exence), due Lo multi-path prop-
agation and channel fading and distortion, as woll as ICE (Inter-Channel- Interference),
a result of multiple transtitters sharing the communication medium, When signals
are Liansmitied over mnliiple independent fading channels, a variely of diversitics
is often available For non-dispersive channels, static diversity-combining technigues
are effective becanse simullancous deep fades in all sub-channels are highly improh-
able. For example, the signal from each of the g diversity branches is weighted (in
proportion o SNIR) Lo produce the optimal combiner ontpil in Maximum Ratio Com-
hining (MRC). When channels are dispersive, however, it is necessary o resol to a
more Aexible FIR (fintte-impulse response) filtering, which is the appiroach used here
In general, equalizalion schemes can be classified as one of two types: equalizers that.
abtempt to estimate the channel impulse response belore equalization, o those which
directly equalize the recetved signad with no aftention to channel estimation [2]. The
first of those cateporics has recetved a greal deal of attention and several snccess-
ful schemes have been developed (e [3, 4, 5]} However, we locus on an equalizex
of the secomd type because channel estimalion is never perfeet due to tme-varying
characteristics and voise, and this imprecision often leads to sipgnificant performance
degradation in estimalion and recovery Thig agsumption of an imprecise or nakmnown
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channel is the motivation for our equalizer Such an approach bears some roscinblance
to the well known class of blind equalizars lor MIMO systews {[6, 7, 8, 9, 10, 11, 12])
However, [or the proposed equalizer, tralning is required but only when the alporithm
fails to frack a satisfactury equalizer. Fhe required ftequency and size of pilot symbol
blocks is significantly less than that of traditional non-blind cqualizers, implying a
drastic reduction in bandwidth used lor training,

The organization of this paper is as follows. Tn Section 11, a model for MIMO 151
channels is Introduced. Scctions 1.2 and 1.3 biiclly reviews the basis of wero-forcing
Bezout cqualizer Scction 2 proposes our iterative equalization algorithm  Concerning
the convergence ol Lthe iterative algorithm, woe address three issues exdstence, ewclu-
stwencss, and rebustness in Sections 3.1, 3.2, and 3.3 respectively. Specifically, we find
that existence ol a fixed point is ivherently tied to the well-known perfect recover-
ability condition for MIMO svystems wilh additional dependence on equalizer order
and system delay. We also show that exclusiveness is guarantecd by the key "finite
alphabet exclusiveness” (TAE)} property. In Scction 4, we develop a computationally
cfficient recursive QR scheme for adaptive equalization in time-varying MIMO systems

and in Seclion 5, preseut supporting simulation results

1.1. MIMO Channcl Maodel. We consider a frequency -selective fading MIMO
model with £ inputs and » outputs. Let s;(k) denote the sigual sequence from input §
and fu;;{k) the channel response frore input § to output i Accordingly, the observation

SCYUeTICC :'1:,:(.&') at i-Lh outpul can be expressed as o convolution:

t L
(n (k) = ZZ[J.,;J(Z).‘;J(!.: =) k),

J oL =0
whore L s the maximal degree among all the channels (the TST length is T4 1) and
7e; () is the noise sequence at output + Each of the transmit channels can be modelled
as an FIR Alter of order Loor less. We denote L chanmel coefficient matrices of size
vt JI() = [y (D
We also introduce D-transfonn notation for the [S1 MIMO model, where 1D de
notes a unit time delay. In -trapstonn domain, the channel in (1) can be equivalently

expressed as:

() x(1) = I(D)s(D) 1 n(D),

where s(4) and x(22) are t 21, v > 1 respectively The v 6 polvuomial matiix H(47)
is referved to as the fransfer function ol the MIMO systemn

1.2. Zero-Forcing Equalizer for Flat MITMO Channels. For Hat-tading
MIMO channels with L — O, il the transfer luaction H has [all column rank, then a

left inverse matrix 6 exisls such that:

(3) CIT = T,
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An identity system [, means thal after equalization, the tolal system hecomes inter for-
cnce-free That s, there i3 a (virtnal) divect communication path lrom cach input
stream fo ils estimate, with neither IS8T nor GCI In shotl, only the effect of thermal
noise remains. The eriterion in (3) is well-known as the zero-loteing constiaint [13)
[14] becanse, in the absence of nolse, parfect symbol recovery can be accomplished by

extra

tinp one desited Input stream while eliminating all the others thiough a linear
combination of the receiver obsorvation data.

There are infinitely many solutions that can satisly the above zero-foreing (4F)
condlition. A more intriguing question is how to design a noisc-resilient, Z1 equal-
izer in the presence ol Lhe inevitable channel noise. For roisy channels, we have
s(ky — GHs(k) + Gn(k) = s(k) 1 Go(k) A commonly accepted solution is one
which yields the minimum postprocessing noise power £[[|Gn{k)||?], o cquivalently,
maximum postprocessing SNE. For example, it is woll known that sneh an optimal
cqualizer lor SEIMO channels is the maxinum ratio combining (MRC) equalizer This
notion may be generalized for MIMO channels as ¢ = T, whick vields a maximum
postprocessing SNR among all the possible Z1 equalizers  Tere the notation ()7 de-
notes the Moore-1’enrose inverse of a matrix. Unlortunately, such a simple lormula
works only for flat MIMO channels and is nol naturally extendible o IST MIMO

channels, a subject to be freated in the subsequent discussion

1.3. FIR Zero-Forcing Equalizer for ISI MIMO Channcels. For ISE MIMO
Channels, as illustrated in Figure |, an cqualizer can be viewed as a bank of space-
time fOlters al the receiver side, all with FIR (finite impulse response) and linear
characteristics. Tu other words, the r roceived signals pass through an FIR array
and the filteted outpuis ace lincarly combined to ablain an estimate of an individual
source signal. Let the maivix GO} denote the FTR cocllicient mairix of the equalizer,
where each Tow g,_‘_),(!_)) tepresents the FTR array for Lhe estimate of a particular inpui

Then the zero-foreing constraing requires that

(1) V(L — GURE(Dy — T,

where V(D) is the combined channel-equalizer Iransfer function For simplicity, we
locus on the recoverv of one input stream, say, souree 2. Then ik requires

(5) V(D) g (H(D) = e,

where ¢; is o & % | vector with all eniries wero except 1 at posiiion & Ior noise free
channels, the ¢ th souree (&) can be 1ecovered as

(&) $,(D) = g_i(i))H(D}g;_(D) =5, (D).

On the other hand. for noisy chammels, we have

§.(D) == g (DYL(D)s(D) + g, (Dn(D)

i

0 | —s.(D) 4 g (D)n(D),
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Channel

Fie 1 An PIR zero-forcing cygonobizes for 1S MIMO channels

An optimally robust FIR ZF filter should vield & maximum postprocessing SNR Its
design is much more complex than its ot MIMO counter part, and il involves two
additional design parameters atising from the 151 channels: (1) the equalizer orvder;
and (2} the optimal chosen systom deiay, which will be discussed in greater detail in

Section 3

2. Tterative Signal Recovery Algorithm. When channel state inlormation
(CSI) s available at the recciver, signal recovery can be accoinplished in o straight-
forward manner by finding the polynomial inverse of TI(D)  However, 1n practice,
precise OS5I may not be readily or reliably avallable at the receiver for the following
reagsons: fust, pilot symbols used to estimate the channel could be too expensive,
especially when the chomnel is changing very last; sceondly, even if sufficient pilot,
syibols are available, the channel estimate could still be very imprecise, making the
channel appear totally or partially blind Lo the reccivers. The lack of €81 makes it
impossible 1o lind a closed form expression for the equalizer cocflicionts.

Thete are in general two plausible approaches to handling the problem cansed by
the mprecise o1 blind channels: {1} methods based on an eptimization formulation
{c.g CMA [15]) and (2) iterative updating (e.g KM type) schemes. Inan iterative
scheine, a joul esfunale s derived by iterating between the two spaces {equalizer taps
and source symbols) until it reaches a fixed point.  We focus on the latter and outline
the kev sleps of our iterative approach below  Without loss ol pencrality, assume the
objective g the recovery of the first stream s {&):

1. Predeline cqualizer order and system deloy from the {easible region (e Sce-



ADAPTIVE EQUALIZATION OF TIME-VARYING MIMO CIIANNELS 1

=i

tion 3.3);
2. Obtain a proper initial estimate on the signal sequence .€'i())(l.:) wilh a block
of symbols drawn from the digital constellation;
3. Aftor the initial setting, iterate on the lollowing two b steps until the con-
verpence is reached:
(2) Fix the estimate of L‘(I” (F) (as il 7t is correet) and find the equalizal

coellicients fi(/) that minimive the defection error’:
(5) g )~ argin 50 - gtk 2 (R

(b) To drive & (&) towards a valid finite alphabet sequence, the new estimaie
A o s . .
Gt ) kY s undated to the nearest symbols in the consiellation:
] H
sl o, e 1 N SCED) Ly el ]
0 sy o min {4 (k) — 4 kY m(k
O W) o i 160~ 070 s 20,
where F.A 1s the set of all finite alphabel, sequences
The idea of iteraling between (8) and (8) was proposed carlier by [16, 17] The two
cquations in (8) and (9) can be represeuted in a matrix-vector form, which plays an
instrumental role for the robustuess analysis in Seclion 33 For any lwo positive

intepers p and N, we introduce a v (p+ 1) % N block Toeplitz malrix DMV |z] of ouiprt

sisnals:
#{N - 1) a(N — 2} (D)
, (V) WN 1) "0
(10) ] = | | s
#N tp—1) w(N+p--2) x{p}
, o
where »(k) — } wy{k) ma(k) .0 @ (k) w The equalizer filters (k) with orde
p {or, g(D) in D-transform domain) can also he represented in an extended vecton
form:
(1) gl [ ato) e D g0) |

Similarly, we stack the N consecntive symbols of the signal estimate into a data, vector:

(12) PO 4| = { G Ep=1) B(NGp D) ap) |

Note thal the convolution of the equalizer cocfficients with Lhe data sequences 2(k)
in equivalent to the multiplication of the corresponding Tocplilz-stiuctured matrices.

More precigely, if the channel is noise-free, (6} can be writlen as

(1) LN 0] — Yo ]

"Here the notation || || denotes the standard 2 norm over two sequences, indexed by (B), 10 Lwo

infinife-dimensional vectors
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IFor noisy channels, (8} and (9) are rowiitten in the following matiix-vector forms
respectively:
(11) TG g min VNI — relg e |
- Yefg] =

1!; l\(‘J‘f\r g(f}l) —are min 1‘(|J\’ & Y i\(i 1) l‘!ﬁ,l\’ 21
(15) S i ] T Y e

Fortunately, the matrix formulation admits o simple least sgquare solution to {11) and
non-linear mapping selution to (15):
(16) T = AN )
) WoN el L .rl e b LY, NV
(17) e e A
where 7'(-) denotes the mapping to the nearest valid symbol in the digital constellation.

Irurthermore, the two patts in cach loop can be combined to vield an update lormula

for the estimate of the signal {eg. s,(k) )

(1) PN RN O VT ],

by replacing: 'I‘f’[g(’: f ”] with its equivalent expression from (16) in (17).

: . . e
I other words, each update from the previous estimage TV [s(, : | to the current

I-*f_].N

. i1 . . .
estimate 51 )[ involves the tollowing operations:

1 Teast-Squarc Approximation (lincar subspace projection):

The multiplication of 1‘”‘N1?:V(li)] with a weiphting inalrix

W= (0 []) 17 ]

into the subspace spanned

WN E giJJ

implies a linear projection of the vector 1
by the row vectors in T [a].

2. Nonlincar Decision Making (finite alphaboet mapping):
The projected veclor is mapped into the finite alphabet constellation Lo obtain
the new estimate vector 'Y fégi')]

A geometric lustration of the iterations for symbol cqualizer joint estimation is given

in Tigure 2.

3. Theoretical Foundation. For an iterative algorithm, the most critical con-
cern lies in ity conwvergence behavior . For this, the following three issues must be
considered:

I Faistence: Will thare exist correct fixed points for the signal recovery iter-
ations using an FIR combiner? If so, what minimal 112 order and system
delay are necessary”

2. Baclusiveness: In the nolse free case, how do we assure Lhat the system will

not comverge to o wiong solution”
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e X
recciver dara

¥ (x)

“» nitial cstimate

iterations

- Tt converpence

—  [incar projection onro W - plane
Resymbolizaton: nonlinear mapping

Iy 20 Geomelric dlustrabion of the dlerative sigpoal recovery alqorithm With o nowse, o
symdbol veclor end some of its delayed verstons lie on Ihe row subspace spanncd by UiV el (They
corvespond to fived points of the dervalive algorithm ) The inilind condilions for the iterations are
sel by (1) presclecting velid poramcicrs for the equelizer ovder and sysbem delay; (2) forming Lhe
mitinl estimaete vector on s1(k) from the digitel constellelion with the deswred system deloy; (3]

with. the equolizer order sclocted, forming the recewer dala malrie TAN lwl; (4} pre-deterinining the

riahle solulion

sweighting meak W from TFN[x] Given an initial signel estimate veclor, o de
for the cquatizer TGO 45 chosen such thot Tf-’[g("' R [a(l()| Lies on the 1Ny -plane ond
is the closest veclor (relative to i'“]‘\’|§(l”|) Geomelrically, such a weclor T-"[jj(’-'i'l)]l"""w[f:(,"')} i85
none offier than the projeclion of J.'“‘N].‘ig';')[ oo the I.'f"NI_;g':]—fJ.f,rz?Lfi {shown by solid arrow). In the
TS CRSE, ]‘”'N|.§(I_?j| is Ihely Lo be anly an opproximaole syinbol sequence. Therefore, we enoact o
nonlinesr FA mapping process Lo veplace an approzinole symbol by 2ls corresponding nearest valid
symbol (shown as doashod arrow)  If necessary, the projeclion and FA mapping dlerelions are repeatod

wnlil convergenee 18 reached  In preckice, however, il appears one ierolion suff

s Lo perform an

adoguote updaling

3 Robusiness: How do we make the algorithm’s convergence behavior robust
against noise disturbanee? Iow do we exercise an effeclive control of the
search space (linearly proportional to the equalizer order)?

We elshorate on theose three issues in the following sections

3.1. Existence of Fixed Points for Convergence in Noise-free Channels.
For simplicily, let ns femporarily ignore the effeet of noise. Then the necessary and
suflicient condition for the existence of fixed points [or the proposed lerative signal

recovery algorithm is identical to the “perfect recoverability” condition of A MIMO
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svalemn, which is described below:

DpriNiTionN 1 (Perfect Recoverability (PR)). Given a MIMO sysfem wilh transfes
functeon (D), the o-th enput s seed 1o be porfectly recoverable (PR) of order p of and
only if there cxists o nonnegalive wnleger © and o polynomial (row) vector g(1) wilh

degree no larger than p such thal
(19) s H{D) — 7

The filter array denoted by g(1) is said to be a (i, p,7) ecqualizes of the system. In
generel, a MIMQO system is said to be PR if and only of oll the t inpuls are PR of o
finate order |

The condition for perfect recoverability is inherently tied to three properties of &
MIMO system: channel characteristics, system delay, and equalizer order We discuss

cach of these in detail below.

3.1.1. Condition on the Channel. The elicel of channel characteristics on
the existence of fixed points is established through the (Generalized) Bezout Identity
When applied to the nteger ting, the Bézout ldentity [18] gives the famous result
that, for any two coprime integers o and b, there alwavs exist another two integers
¢ and d such that the identity cquation ec—+ bd - 1 holds This is also valid on the
polynomial ring, when a, b, ¢, d are 1eplaced by the finite-order polynonals a{1),
b(12), ¢(12) and d{D}, respectively. [t can also be expressed in an equivalent vectar
torm as [ oy d{D) H(D} —1

b(13)

The Bésoul Identity and the test of coprimeness were further extended to the
polynomial matrix case, cf. [19]{20], which arc instrumental to MIMO equalization
applications  Mote precisely, given an ' MIMO channel H{)), there exists a

polynormial matrix G(D) satistving
(20} GIDYH(D) =1,

it and only i H(2) is right coprime This satisfies the PR cviterion in (19) with zero
delay. 2

Note that the notion of perfect recoverahbility in Definition 1 relaxes the condition
on the channel transfer function to allow for the possibility ol a delayed recovery. For
this, a notion of delav-permissive coprimeness is introduced. A polynomnial matrix

(ol D) is said Lo be delav-permissive {right) coprime il and only if the determinant

“A polynomizl matiix C() is said 1o be a tght common divisor (red) of the rows in H() il »
finite-order polynomial matrizx {0 can be found to supporl the factotisation H(D) — H (12)C(1)
A matrix BR{D) is the pred of F{D) if and only if any red R(D) of I1{D) is also an red of R(D)
I'he matrix 112} s called riglt coprime if any ouly if its right common divisors are all unimodalar
matrices (A polynomial matrix is unimodular iF and only it its determinant is » constaut, rather

than o polynomial )
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of any its gred (greatest right common divisor) has the form of a pure delay D7 A
MIMO channel is PTX if and only il the transfer function FL{1) is delay-permissive
right comprime. A more claborate theorem summarizing these observations s stated
helow:

THEOREM 1 (Derlect Recoverability Condition of MIMO Systems). A L-inr-oul
MIMO channel tronsfer function BL{DY) is perfecl recoverable if and only if any of the
following {equivalenti) rondilions are trie:

I There exists a1 x t polynomial matriz G(D) with finite order salisfying
(21) G D) = diag{D™ ) |5

20 1D is delay-pormissive right coprime;
G H{A) has full colwmn ronk for eny complex value X 70
These thiee conditions are equivalent to coch other

Proof Omitted here. See [19, 27, 22). &

3.1.2. Condition on the System Delay. H a MIMO channel satisfies the PR
requirement, there is in pencral a necessary minimum delay clapsed hefore an input,
signal can be reconstiucted by an FIR cqualiner. This notion of minimmn syséem
delay can be illustrated by the following example.

Exanpeie 1 (System Delay of Perfect Signal Recovery). We consider  2-in-3-ouf
MIMO system wnih the transfer function

Dl Pt

MDy=| H12 2074 D2
D=1 =D+ D=1

I D .
A gred of BH{DY 45 R(D) - Lt Therefore L1(13) is delay-permissive
right coprime and the MIMO system s PR, More specificatly, we have GUDIID) —
Dé o , ~DP D1 DYl DTl
o pr | Peetme s =T o g |

i 5 H

can be further verified thoal the system drm?y.s of the bwo inpuls wpon rocovery are both,
3 and cannot be redueced any furiher. M

The minimuam systen delays for different input signals can be different. These
delays e denoted by {71, cotresponding o each input. 1t can be shown that it
TI{ D) is delay-permissive right coprime, then maxy{ b <0 deg [R(D)], where R(D) is
the gred of H{D)

3.1.3. Condition on the Equalizer Order. In addition to the condition on
the MIMO channel and recovery delay, the exislence of fixed points is also telated
to the equalizer order. In other words, there is a minimal degree requircment on Lhe

mairix G(72) in (20). Tn peneral, different degrees are required for the recoverv of



178 5 Y KUNG, XINYING ZHANG, AND CITAD L. MYBERS

different input signals. As to the sullicient degrees of Bézout cqualizers given I1(D),
a very comprehensive treatment on the degree bound is derived in [22]

TuororeM 2 (Sullicient Order of Béout Fgualizer for General MIMO) . Suppose
thal the MIMO transfer function (D) <s delay-permissive vight coprime (Lo, it is
PR) and thet v > v, where 7 as the mumamam systemn deloy for the corresponding

source. There cxists o (i, p,7) 1’ Bézoul equalizer of
{22) prmaxiy - Lr+L—1},

where 1 dv the degree of the null-space mimimamm basis for H{D).

Proof Tor the prool and the definition ot null-space minimum bases, see [22] and

Lhe Appendix LJ
Two useful coroflaries foltow the theorem above immediately:

CoroLLary 1 (Suflicient Equalizer Ovders)  Guen a f-ina-out MIMO system,

with a coprime lransfer function T, o sufficient degree Lo reconstruct any signal
i85
(23) p e amari{y — 1, L1},

where Loas the moggnwm IST length of (he channel and v s the degree of null-space
mananumm basis of the transfer functoon YD) n
CorOLLARY 2 (Sufficient Lqualizer Order for Column-Reduced Systems). Note
that f IL{L) is already colurmn veduced, then tighler degree bounds can boe derived:
Lo A sufficient degree Lo reconstruct (1) s p > v b and

2. A suflicient degree to reconstruct s,(INVDT {asswming thet T > 1) is [22]
(24) oo maxiy 1,v)

|
Examrrny 2 (An Bxamuple on the Kgualiser Ouder). We consuder a 2-an-3-out

MIMO systemn with the lrunsfer function

D2 1
H(D) — 1 15
0 [

Foi this MIMO channel, a nall basis (with minwvmal degree) s N{(D) — |[D? =1 — 12+

2 - DE— DL Thus, the méndmal null basis has a degree v = 2, and conscyuently,

ary equalizer with order p = wmax{v—1,1, 1} =1 should suffice. Indeed, an equalizer
1 1

1
with the transfer function Q1) = e perfectly recover botlh
fer 1 ( ) BV P R D Y F R L v

wput stgnals. The first aupud s recoverable with o zevoth-order equalizer, while the
second input requires a fosi-order equelizer. Moreover, as the MIMO systom abouve

Lappens to be columun-reduced, the tighicr degree bounds in Covollary 2 also apply. For
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crample, a sufficient degree to reconstruct a onc-unib delayed source signal (101D,

is p omax{e — 1,1 — 1 Thas can be wverified by noting thet G'(IYH{(D) — DI,

where G/'(D) = po=D o L
—1 2 1

Tn practice, we generally do not have direct knowledge of 1, while we do have a

reasonable estimale of the channel order L. Thus, the ollowing statistical average

ralue for v may prove nselul:
(25) .

3.2, Exclusivencss of Fixed Points. In order Lo establish the exclusiveness
of convergent, points, we st exploit the pivotal finde alphabet properiy inherent. i
digital communicalion systems, where eacl: valid symbol in an information stream
is an clement drawn from a Onite sct. A sequence is called a (valid} findite alphabet
sequence il and only if caclu of its symbols i one of the M wvalid points in a digital
constellation. Ifor examples, BPSK signaling has M — 2 symbols, while the QPSK
constellation has A = 4 symbols symmelrically located in the complex plane. For
digital transmission, it is critical to mwake use of anlAE (Vinite Alphabel ISxelusive
ness) property, originally proposed in |18], as stated below: Given ¢ finite alphabet

sequences s (&), .., s (k) and ¢ weighting factors v, ., v, il is then necessary thas
v MUy R 37} -l = ce;

. N - i - . v .

g0 the lincar combination 7 u5,(k) Is a valid linite alphabet sequence stven any

fai=] VR k=) !
finite alphabel input pattoins s(8), .. ., 9.(F) Hele ¢ is a constant, e ¢ — 11 in

i ] s TLUR ? )
ks + o “Foge . . . - - -

the case of BPSK constellation (or ¢ — edr 2 any inkeger win case of QPSK). Fox
the ariginal prool ol {he binary alphabet case, the reader is reforred to [16].

M

Here we outline a proof for the general case with M distinet syinbols {0, +Y .

Assume that w(k) — Xt L (k) s & ovalid finite alphabel sequence for any patlern
in the inpud finite alphabet sequences 2,(k), ., s (A). WLOG, let us assime o £ 0

and consider the [ollowing patterns in the Inpul. sequences:

Losi(B)—si(M+E)y—op, for k=1, ,M;

2. For cach inpul sequence s;(£) (2 — 2, -, 13, all the 2M symbols {5,(E)12Y

TEo 1
have Lhe same value;

Bos1) — s(2) s (M) £ s (M1 L) = s (M E 2~ — s (2M)
It is then straightforward to show that for k21 C {1, M}, w(k) — u(l) = v (o —

o) £ 0, therefore {u(k)} | are all distinet By the sarve token, {u(k)}2M,, [y are all
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distinet Thus, we have

M 20
Eu(i.:) — Z (k)
ko1 ke ML
M 20
— oy X s(k) — vy X sylk)
koL k=M1
(26) =y = O

Thus we conclude that v = 0. Similar procedures can be adopted to show 2, = 0 {7 —
2, .1 M

The TALE property can be extended straightlforwardly to the FIR filter case which
is vital for FIR equalization of TST MIMO channel.

TurorEM 3 (FAE Property for FIR Filters).  Lel s{L}) denote t finde alpliabet
soquences and suppose that the 1 > ¢ polynomial vector v(1)) represenis o bnear FIR
systene For the output v(INs(D) to elways be o valid symbol scquence groen any
wriput symibol sequence s(I3), &t ds necessary thal v{) = D7 e, In ofher words, given
L {sufficiently lony and random) finile alphabet sequences, i is impossible lo produce
by lncar IR fillers a FA output sequence other than one of the 1 origenal sequences
or its scaled and/or delayed version

Proof “To exiond the FAE to FIR fliiters, we nole that any FIR convolation
v{D)s(D) can be expressed as a matrix operation: [o{L 4+ p) . p(0)] TF 1],
Hence, the TAE property for [lat MIMO channels can be extended to 151 MIMO
chanuels if such channels and equalizers can be modelled as banks of FIR filters.

Failure Rate of the FAE Properly.
the FAE Theorem relies on the assumption that the input finite alphabet sequence is
sufficiently long  Thus, it is possible Lo construct examples violating the FAT property,
but we argue that such conditions rarcly occur in most practical applications. In fact,
the failure yate tor binary-svmbol ease was quautificd in [16]. In short, the AR
property is a practical assumption as long as N is reasonably large.

Duality Between Channel Tdentifiabilily and Bgualization Brclusivencss
Without invoking the FAE property, it is well- known that a MIMO channel is iden-
tiliable only up to a transformation ol a unimodular matrix  In olher words, the
distinction betweoen EL{2) and ()Y U(D) is unresolvable [or any unimodular matrix
V(L) This iz illustrated below. Note that

x(D) = 1I(I)s( D) — H{DU(DYU' (1)s(12) = H'(D)s"(L),
where U/{(I3) = U YD) is itsell a polynomial matrix  Morcover, s'(D) = U (1)
s(1) and Iy — NI Sinee (L) is also 2 polynonidal veetor, it would
cualify as a permissible input vector i no finite alphabet constraint is imposed. Con-
scquently, either 1T (£3) or TI{D) could represent the original MIMO system, i e they

are not. distinguishable.
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Erom an ecmalization perspective, 3 G(D)H(L) — 4y, then G/(D) = U/ (DYG{D)
would be a Bézout equalizer for H'(£), sinee G'(D)TU(D) — U/ {(DYG{INIL{INU(L))
— I Note that G/(D)x(D) — GDIY(INS(D) — (D) Thus, G{D) would
gualify as a fixed-poinl ol the ilerative algorithin if (D) s recognized as a valid
symbol vecior

Fortunately, such amhiguity can be larpely resolved once the T'A constraint ig
imposed. Under the FA constraing, possible values of 8'(D) are much more limited.
In [act, ;m(::('n'(:ling bo T}.u_‘,f_nmn 4, in order for 8(0) o be 2 valid FA inpul, vecton, its
cloment must be a scaled and for delayed version of the source signal  This implies

that. the matrix U/(72) ust be restricted Lo the following form:
WD) = P diagfe;: D7V,

where [’ 18 a permutation matiriz. In other words, with the imposition of the FATR
property, the system becomes basically identifiable excepl for a scaling factor, a system
delay, and/or a permutation on the sources
Surninary of Fnstence and Feclusivencss Resulls
In the previous two sections, we have addressed two of £he three concerns about our
iterative signal recovery algorithin: the existence of fixed points, and the exclusivity
of fixed points Lo correct solutions. For emphasis, we snmmarize these key resnlbts in
the following wo theorems
Turorkm 4 (Tixistence and Exclusiveness of Pixed Points of MIMO Equalization
Alporithm |22])
1. Existence of Fixed Points for MIMO Eqgualization Algorithin:  Ghoen
a MIMCQ system, the proposed ileralive algorithin - preseribed by fhe equations
(8) and (9} - has o fired point af s;(k — 7) if
(1) LX{13) is perfeclly recoverable.
(2) the cstrmated swnal has incorporaied an adequate system delay: for frack-

ing of the i-lh source sequence, ©= 1, [ {:
(27} T,

whore ;s the nanimal systermn deloy the 1-th source signal

{3) adopts an adequate cqualizer order:
(28) pemax{r—1,L4 7 14

2. Exclusiveness of Fixed Points for MIMO Equalization Algorithm:
Exl

According to Theorem 3, any ficed poini must be « vector corresponding o

one of the origmal souree signals with system delay 7, where

(29) O=<r<L+p—1|
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Therefore, for noise-free channels, o sufficiont equalizer order {os preserbed by The-
orem 1) guaraniees thal, {1) af least one ficed point always evists; and (2) every fived

point mast correspond correctly to one of the souwrce FA sequences. I

3.3. Nobustuess of Convergence. So far, we have only cousidered the algo
rithun’s behavior under the idealistic assumptions that the system s nolse-Irec and
that existing fixed points will eventually be reached. 1 practice, thermal noise present
at the receivers and the size of the search space, wlhich is lnearly proportional to equal-
izer order, can significantly allect the stability of the converpence. In light of these
concerns, we pose and answer the following guestions:

e How do we make the algotithn’s convergence behavior robust against notse
disturbance?

o TTow do we prevent an unnceessatily large search space?

3.3.1. Postprocessing SNR Gain and Min-Norm Solution. We first in-
vestigate the notion of posiprocessing SNR gagn. Assune that the thermal noise al
receiving antennas is Lid, white Gaussian with covariance N. Note that, with more
receivers than transmitters, the choice of G(P) satisfving the Genaalized Bézout
Identity in (20) is Lighty nonunique. From an SNIU perspective, different choices of
Gi{12) will lead to different noise amplification,

According to (7}, after the appiication ol an equalizer g{k), the noise will be
annplificd {(or attenuated) and the following noise power al the filter output will be
produced: E[|g(k) n(k)|*] — 2| T7g]l|4, where Y7|g] denotes the expanded colunn
vector as defined i (11). The postprocessing SNIL gain is defined as the 1atio of the
SNIT alter equalization tu the SNR hefore equalivation. Because the original signal
power Is prescrved in vero-forcing equalivers, it {ollows that the postprocessing SNR
sain is m’ Tt is desirable W0 adopt an cqualizer which vicelds the highest possible
postprocessing SN gain in order to obtain o mole robust convergence in a noisy
environment . 1t is obvious that 2 minimum-norm selution of the inverse system is the
most desirable choice,

When the order and delay are fixed, the equalizer in (19) can be rewrition in a

matrix lorm:
(30) TPGITP[TT] = € (ot —r o

where 7 is the system delay and TP[IT] is the vp < ({4 + p) block Toeplitz resullond
meatrir of the MIMO clinnel:
R H{L 1) O 0 0
0 iteh) F(1) (0} 0
(31) e | | _

0 0 (L) H(L)  H{0)
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Reeall that in the existence analysis, we establishod the condition on the order; p, and
delay, 7, Lo gnataniee the PR of the signal, and therelore, the existence of solulions
to the above equation. The optimal SNR gain ol a zero-forcing cqualizer can now he

guantified and the optimal SNR (o1 minimum 2-norm solution) to {30) is
{32) IP[Q] - "]'_7'4—(,;—:—11.7P@t(rf'””)t

The cotresponding posbprocessing SNR, gain is denoted by

1
- ”E.'H (pli 1 —r']i‘(l.‘piflj)l

(83) (0. 7)

19

3.3.2. Seclection of Bqualizer Order and Elapsed Delay. The postprocess
ing SNIX gain can be improved by (1) adopting optimal recovering TR order and
{(2) purposcfully imposing some system delay. lmproper parameters may adverscly
aflect the bil-ervor-rale in signal recovery, so the order and delay should be carefully

pre-seleetied

A. Optimal Eqaalizer Order
TFhe optimal equalizer order depends on Lhe following trade-ofls;
[ Given a precisely known channel, the 2-notm of Lhe optimal cqualizer vector
g(£2) is a monotonically decreaging function with respect to the FIR order p
[23]. Therefove, theoretically, the SNR gain will improve with inceasing FIR
order
2. When the channel is unknown, a higher p implies (a) a grealer faiiure pos-
sibility of the TAT property, which could result in convergence 1o incorrect
solution, and (h) an unnecessary expansion of scarch space, which could ham-
per the convergence process
Thus, the equalizer order must he chosen in such a way that a desirable postprocessing

SNR can be achieved while still maintaining a manageable scarch space.

B. Optimal System Delay

Tor SNR optimization, the system delay can be more or less lreated as a free
paramcter. The latency due to a system delay corresponding to fow symbol infer
rals should not be a serions problem (o1 most practical applications Lot example, a
systom delay of 10 symbols would amonnt only to a [0ps delay for a symbol rate of
1M I, which is quile negligible. Given the FIR oider p, the possible range of the
Frefglll,

displays a | J-shape, when plolled as a function of systow delay 7, 1 oo they have lower
} s Y T,

system delay {cf. (29 s 7 C (0,1, - .74+ p— 1| Furthermore, the 2-norm,

values in the middle portion of the possible delay range [0,1,2, 0, L4 p— 1] Tlence

— oL

the optimal system delay can be empirically chosen as 7 =
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C. Empirical Choice of Order and Delay

I the receiver diversity is at least twice as large as the transmitber diversity, say
oz 24, then i is likely that » < L Empirically, this dmonnts to the cholee of an
caualizer ovder of L It follows that the system delay can be set to 7 — I Note that
the order may need to be tuned slightly higher when the receiver diversity is less than
twice the transimitter diversity  According to (25): » == Li/(v - t), asswning that
the MIMO transfer fuuction is columu-reduced, then for a robust Bérout cqualizer,
the order can be cropitically chosen as p = max{L, L{/(r  1}} based on (24) and the

delay is £ LI .

4. Time-varying Channel Model and Adaptive Equalization Algori
-thms. In this scetion, we exctend the iterative stgnal recovery algorithim in Section 2
Lo Lime-varying MIMO channels by developing recursive equalization schemes capable
of fast computation with mipor hardware overhead . First, we introduce the model

uscd to simulate a time-varying MIMO IST channel

4.1. Time-Varying MIMQO Channel Model. A time-vavying MIMO systemn
under the influence of IS is modelled as before, referring to (1), but the channel
coefficients {hy, (1)} o are now 1eplaced by the time varving cocticients {h_d(—;"') (iF
where & is the Lime index. As proposed by Komninakis in 3], cach cocllicient is the
sum of a constant ancd time varving pa.}.t':

ks

where f

(k)
iy (
time-autocorvelation s related to the Dopplor rate #77 (Doppler frequency multiplied

1) is a zero-mean, wide-sense-stationary, complex Gaussian process whose

by the symbol period). More specifically,
(1) BT Oh iy - It 1),

where Jo{-) is the sero-order Bessel funetion of the first kind  The Doppler frequencies,
Tij, are computed using shmulated relaiive velocitios between the appropriate trans
mitters and 1eceivers. Then the time-varving components ol the channel coeflicients,

ﬁff) (D), are given hy:

. 7k ¢ e (D

(35) RN — Jo(2a f TS D) 4 gr. (),

wlere wik) is a zero-mean, iid. complex Gaussian process with auto corrclation
B,y — Blwlk)w (k1 1)} = 6(y), and the constant g, ; Is specilied by (he quantity

Ky ;5 given by

q o

(Z)I?,

(2 £, T)7]

36 ' ‘ K — 10log —r—
( ) N » (}"/dj/“ - --[O

Ky 18 a physical charactenistic of the chanuel representing the power of ¢ {f) to the

. ; . Sik
mean sauared power of the random time varyving part hi_l-)([).



ADAPTIVE BQUALIZATION OF TIMIE-VARYING MiMO CITANNELS 185

4.2. Adaptive Equalization Algorithims. Tn order to apply the iterative sig-
nal recovery alporithm to a time-varying MIMO channel, some recusive tracking
variants axe proposed . We present two diflerent, approaches to adaptive equalizaiion,
cach tequiring a short block of pilol symbols at the starl of cach frame [or initialization
{semd-Dlind scenario)  The first approach involves a maedified recursive QR scheme
which allows for cflicient equalizer updates while enloreing finite alphabel constraints
for improved signal recovery. For the purpose of comparison, we also considered a
more traditional recursive least squares filter whicl:, given training data, tracks the

optimunm equalizer coefficients in the least-square sense

4.2.1. Recursive QR (RQR) Adaptive Equalizer. We now present, our
novel adeptive equalization algorithm— o QR-based vecursive procedine incorporating
the gignal recovery results discussed earlier. The main goal of this scheme is to trans-
form the obscrvation space In such o way that updaging the equaliver can be done
efliciently while still forcing adaptation to changing chammel characteristics. Lo this
end, we introduce a modified recirsive QR lactorization of the data matrix introduced
in (10), '~V
fongetting factor (OV — deag(N)N | where A & [0, t])

. which now takes the form P2V [2]®Y o allow wmultiplication by =

e we have mattix 2 oal time N osuch that £ U2V ]2]dY = Q where R s
lower-diagonal and €} is unitary. With the arrival of A additional symbols (or columns

of "Nz}, we wish to find 1 satisfying:
(37) RUPNTALDNY A
To expedite the computation of 12, we compute an updating watrix € such that:
(38) Ro IR
Nate that
(30 Q=RTONIAEON IS R TANTA RN A | o0 A2 |,
where (24 denotes the sub-mattix tormed by the A newly added columms Lo the data
mibtix, pre-multiplied by B Then, by definttion (@2 is unitay):
A SYats ( * 2 v

(40) Q" — ClOAQN 1+ N s |[C =1y
Thus, the updating matrix € can be computed via a Cholesky [actorivation.

With this modilied recursive QR formulation, we ouiline the main components
ol our adaplive equalizer.  As can be scen in Figne 3, each time a new block of
data is received, the three procedures are performed: whitcning, sipnal and equalizer
bracking, and interference cancellation

1. Whitening:

Ifrom a signal estimation perspective, the goal of the maodified QR lactor

izalion deseribed above is to “whilen” the data malaix, T9V A [2]@N+S)
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ie find 2 =uch that the rows of RION A8 0N 185 — () are orthonormal
ISqualizer tracking on this whitened space has empirically detnonstrated more
numerical stability and is quite practical given the recursive QR factorization.
The whitening transformation can be recursively updated by the matrix ¢
According to (40), the updating matirix (' can be computed via the following
Cliolesky lactorization:

(11) Qaldy + N2,y — ¢ e T

Signal and equalizer fracking:

Letting 'Y"""[QEI‘:)] = Tf’[ggk)!fi’ b denote the transformed Bézout equaliver op-
crating on the whitened data space al time &, we obtain an estimate of the

block of the ¢-th user’s newly arrived symbols, §;(k), as follows:

1N +A—1) . 5N =T

TN Q|

where T7 [_(}EN Y | is the equalizer updated during the previous block and T7 ]
s a transfornation taking each estimate to the nearest valid symbol (finite
alphabet constraint). For clarity, let 377 = [ (N 1 A 1) (N
and 3% [ SN =1) . §(0) | Alter obtaining the signal estimate, we

then update the equalizer using:

(42) T -

At first glance, (42) seemns to suggest that we must keep track of both &;_'['i

and € for cqualizet updating. However, ncither is necessary, and in fact all
we need to update T"{QEN) | are TP@EN DI, R, and the newly received data.
Note that:
{43)

Q== RTONMIALSN A e OR[ TP [} | TPV 2] | PV - [ CQA| CQ |

whiere v = A2 Substituting (43) into (42), we have:

Z

(1 [l) ’rf:» IQEI\" )] . {E‘T_LC‘MJ ((JA + Ojﬁ‘:;ld(}o }(n - _{'é‘}u—:w("‘)é + l..'ﬁnf‘ﬂ [.(«;EN— 1) I } (-1!1

Thus, our equalizer update procedure takes on a relatively simple and efficient
form

Inlerference cancellalion.:

If we assume the source signals are white and uncorrelated, then the channel
parametors cotresponding Lo the extracted source signal (ith user) can be

estimated as follows:
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where L is the ISl length, &

;18 a2 N o 1 vector of users 2's most recently

recovered symbols, and N s sulliciently long to justifly the whiteness and
correlation assumplions. Once the channel is estimaled, then the interference

causcd by that user can be accordingly cancelled as illustrated in Pigire 3

4.2.2,  Decision-Directed  Recursive Leasl.  Squares (RES)  Adap-
tive Equalizer. For the purpose of comparison, we now inivodiuce a tiaditional
least squares cqualiver which is largely based on work progented in [24]. The strie-
bute of Lhe equalizer is idenlical to that shown in Figire [, with a bank of FIR filters
whose ontputs are snmmed Lo obtain a signal estimate  Lel, ﬂ?(,i") denote the vector
of equalizer cooflicients for recovering the ith user at kime index & arranged in space

major order. We deline the slate space model as
Lyl —1/2 (& . i .
qf AR W _q,f. Voa(k) — {_;_E YX (1),

where 3;(k) is the estimate of the ith user’s signal at time & and
X{E) « e (B) . amk), | ek o] o omn|k - pl !T, which is simply an appro-
priately chosen columm of 1'% |x]  The least squares solution can be formulated

recursively and results in the following update equations [24]:

ggm o I-’{EM | K, (._4:.,—(;1;:) _. EEL:)_.Y(L«'))
(15) K, - (R R)X () P — J)) /e, R(E) = (X () PINX (1)) [ Mg o |
Plk--1) — (P(k) - PRYX(R)K,) /A

where the initial states P{0) and g‘g‘"') can be arbitrarily chosen. After the indiial
block of pilot syrmbols, the decision-directed RTS equalizer coeflicients are adjusted by
mapping the filter output to the neasrest valid symbols in the sigual constellation and
assmning the resulting difference is the estimation error. We make two modifications
to the tradifional RIS algorithi to improve ils performance for time-varying chan-
nels The first is to limit how ofien the cqualizer is updated The updates following
the training symbol phage are only performed after the accumnlated ervor (summed
norm of the diflerence between outputs and valid symbols) exeeeds a threshold, which
ig exapirically chosen through several simulations. Furthermore, when updates are
petlormed, Ay s tuned oplimally such that the eqgualization error is an uncorielated

noise sequence, as is deseribed in 25|

1.2.3. Comparison of RO and RS algorithms. ‘[he formulation and
computation needs for the RQR (Recisive QRY) approach can be divectly compared
Lo those ol the RLS alsorithm. Note that the RQR eqmaliver updating effors is pro-
portional to A (block size of newly arriving dala)  OF particular interest is when
A — 1, the case when the equalizer is updated upon arrival ol cach new observation

Ior the BOQR algorithm, the cqualizer update equation (a simplification of (14))
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(1) Whitening:
i RX=V

- (’5) Interference
Cancellation

(2) Tracking

Fie 3 Throe subsysioms of Becursive QR tracking system: (1) Prewhitening, (2) cgunlizer

tracking and signol deteclion; and () deciston Jeedbinck for dnterfercence concellotion. I'or simplicily

and writhout loss of generabily, the flot MIMQ case s illustrated here

i
(46) 7= a7 VIO SR AT

In comparison, when the RLS equalizer is operating in the post pilot symbol phase
{estimation error is the difference between output and nearest the valid symbuol), a

minor rearrangement of the equalizer update equation in (45) yields:
(47) g, =M BT XK 1 AR,

The similarity in the two update equations suggests an interesting paraliel between the
two algorithims. We clai, and provide supporting simutations in the lollowing section,
that the RQR algorithin provides belter equalizer-tracking capahility and increased
robustness apgainst noise while incurring little extra computation. We should also noto
that throughout the development of our algorithm we assume that carlier deteched
svinbols are correct,. This sugeests o possible susceptibility to error propagation,

which we will address in a future paper.
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5. Simnulation. We present several simulation resulis comparing the proposad
ROR scheme and the more traditional RLS adaptive equalizer s well as demonsirate
the performance of our method [or a varicty of system paramelers  Pigure 4 shows
symbol crrar rale results for the BLS and RQR adaptive cqualizers for three dif
ferent degrees of channel stationarity. Similar plots comparing the RQR approach
to an MMSIE equalizer with channel knowledge are given in Figuze 5. In hoth, we
apecily channel stationarity by the Doppler rate, {4 (Doppler [requency multiplied
by the symbol pt_sriod)"" For comparison, we plot the performance ol an MMST:
equalizer for each of the channels with varying amounts ol chanoel knowledge impre-
cision. We introducee channel imprecision by adding a Ganssian random variable to
each channel coellicien!. whose standard deviation is the specified percentage of the

) () + v where

corresponding cocflicient’s inslantancous amplitude, i.e h.’fif}(l) -
v e N1, ||hfl;)(.’)|[ ¥ (B eclsion raiio)). Kach ol the three plots cortesponds (o a
(2,51 MIMO gystem wilth an IST length of 4, and an ecqualizer order of 5 Tach point
represents an average over 600 simmlations of 1150 symbols, cach with randomly gen-
eraled nitial channels Both the RLS and RQR alsorithms are given the fizst 150 ol

these symbols for training purposes and perform msupervised equalizer-tracking on

Lhe remaining 1000 symbaols,

The proposed RQR scheme clearly outperforms the traditional RLS melhod for
all degrees of channel stationarity, particularly in the low SN regime Farthermore,
for the most stationary channel (/0 - 005) the ROR equalizer performs betler than
the MMSE equalizer given channel knowledge with (somewhat high) impreeision af
20% . For less stationary channels, both the RLS and ROR methods are decisively
inferior o Lthe MMSE cqualizer with exact channel knowledpe, bnt the RQR schome
secing to offer comparable performance to that of the MMSE eqmalizer with slightly
maore imprecision (220 - 309%). Also, note the performance improvement, oflered by
interference cancellation. Ior all deprees of stationarily, nter lerence cancellation in
these two-user cases leads to improvements of approximately 1-2 dB. For the two most
stationary channels (plots a.) and b)), this interforence cancellation approach tivals
the MMST cqualizer with exacl channel knowledpe

Figure 6 illnstzales the performance of the RQLR equalizer for various choices of
cgualizer order and system delay parameters. Tn both simulations, the TST length,
SN, and channel stationarity were held constant. 1igure 6a. shows the SER. pexloi-
mance of the ROQR equalizer lov different equalizer orders. The theory presented in
Seclion 3.3 .1 predicts thal postprocessing SNR. can only increase with the [ilter order,
These results appear Lo support this claim as the SER improves oxponentialky with

an increase in egnaliver order. We also predicd that finding the optimal recovery Gller

“For reforence, a system with o 2 4 GHz carrier frequency, 20 ksps rale, and a mobile station

traveling at 60 mph corresponds Lo a Doppler rafe of approximately 01
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becomes more dilficult with larger cqualizer order due to the increased search space
size. Althouph we canmot see this trend here, caution must be exercised in selecting
cquatizer order . In Fact, a blind version of the algorithm was presented in |22], where

it was reported thal excessive cqualizer order can indecd yield poor performance
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Aside from this conceru, it mmst be noted that the complexity of the ROQR. algorithm
depends eritically on the chosen filter order, and thus, we sugpest. £his also be a majon

consideration in order selection

Fignre 6 shows the simlation results for o fixed equalizer order (5) and varying:
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systemn delays. The theory presented in Seetion 3.3 1 also sugpests that a minimuom
svsten delay must be allowed [or correct signal recovery. These results support this
claim as we only see acceptable STIR’s for delays of 3,4,0 with a minimum occurring aft
4 Not surprisingly, too large of a delay also hinders signal recovery. Through several
simulations, we empirically {hnd that the optimum delay is approximately | (L] p)/2].
Finally, Figure 7 demonstiates the capability of the proposed RQIG algorithm [or
dilferent, transmitier and reeeiver scenarios. The plotted data reflects an average over
100 simulations for which the TSI length, equalizer order, delay, SNIG, and channel
stationarity were held constant, while the number of transmitters and receivers was
adjusted. As expected, for cach Lransmitber scenario, the added diversity offered by
cxtbra receivers improves the equalizer’s performance [t iy also not surprising that as
the manmber of inputs to be recovered inercases, the SI0R performance suffers
An nmportant question 1o be addressed is the computational procticality of the
cqualization approach presented. Clearly, the compounent of the algorithm incurring
the most complexity iz the Cholesky [actorization required for equalizer updating
Traditional Cholesky factorization is an O(n*) algorithin, bul we can save compuia-
tion by noting the special structure of the matiix we wish to factor. Consider the case
when A == | {equalizer is updated upon arrival of cach new observation). Then, (Ja
of (413 is siinply a column veelor (€240 has rank 1) and the Cholesky lactorization
of [QARn 1| MDA (1] can be obtained by a simple update of the trivial factoriza-

tion of A#AT, (1) This simpler updating has a complexity of only O(n?), which is
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comparable to the computational complexity of the RLS adaptive cqualizer

6. Conclusion. This papor presents a recmsive QR approach Lo semi-blind
cquablization of Lime-varying TST MIMO channels. The theovetical [oundations of Lhe
proposcd approach are rooted in gignal recovery resuils derived from the goneralized
Tiézout identity and the finite alphabel property inherent in digital communieation
schemes. Concerning the behavior of the algorithin, three issues of main concern are
addressed: existence and czcliesiveness of fixed points, and robusiness Tt is recognized
that it is necessary Lo Impose a proper equalizer ovder and system delay ot correct and
robuat resulls Theoretical and praciical bounds for snch parameters are providecd
Undez the theorelical fiamework established in the paper, we develop a computation-
ally eflicient, recursive QR scheme [or adaptive cqualization of time veryine MIMO

systems and present simulation results confirming its performuance.
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