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Capacity Analysis for Parallel and
Sequential MIMO Equalizers

Xinying Zhang and Sun-Yuan Kung, Fellow, IEEL

Abstract—Empleying multiple antennas at both the trans-
mitter and receiver ends offers a promising channel capacity.
Unfortunately, equalizers that can deliver better theoretical
capacity performance usually incur higher implementation
cost. To facilitate the trade-off design in practice, this paper
explores and compares the asymptotic capacity performance
of diffcrent multiple-input-multiple-output (MIMO) equalizers
for both deferministic and stochastic (in particular, Rayleigh
fading) channel models, in terms of two measurements: “capacity
gap” and “capacity ratio.” Based on linear algebra and matrix
operations, the capacity resulis are given in analytical form. as
functions of the coupling terms in the channel transfer function
and the signal-to-noise ratio (SNR). The closed-form solutions
enable our theoretical work serve as a reference for practical
system designers. Our theoretical finding concludes that the
interplay among the individual equalizers associated with each
input stream plays a much more important role than the detailed
filter selection, which is further verified by the Monte Carlo sim-
ulations. Although we focus on flat-fading channels in this paper,
the result is naturally extendible to the inter-symbol-interference
(IST) MIMO systems.

Index Terms—Capacity, DFE, equalizer, MIMO, Rayleigh.

I. INTRODUCTION

ULTIPLE-input—multiple-output (MIMO) techniques
are aftracting extensive attentions from both the re-

searchers and system designers in recent days and are broadly-:

recognized as having the potential to greatly increase the
(Shannon) capacity of the modern wireless systems [11-15].
Communication scheme designs for MIMO system have
demonstrated a promising petformance improvement [61-18]
Practically, equalizers and coder/decoders that serve to suppress
the interference from other antennas and channel distortion
inevitably suffer a certain capacity loss. Various MIMO diver-
sity-combining equalizers have been investigated in the past
[9]-[11], [13]. Tt has been well known that the simple linear
equalizers sacrifice a lot of performance due to the possible
severe noise enhancement. On the other hand, minimum mean
square error (MMSE) equalizers, combined with a nonlinear
successive interference cancellation procedure, can achieve the
full channel capacity [15], [16]. Modified versions of the finite
impulse response (FIR) decision-feedback equalizer (DFE)
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have been designed and reported {171, [18]. However, the
difficulty of the MMSE filter lies in its requirement of accurate
signal-to-noise ratio (SNR) estimate and a big implementation
complexity. Such additional implementation cost will become
much more serious when the ISI effect can no longer be ne-
glected with much higher data rates in next-gencration wireless
communications. Therefore, any practical system designers
should be keenly aware of the vital importance of reaching an
optimal tradeoff between the implementation complexity and
the achievable capacity. To facilitate such design tradeoff, it
will be critical to have available theoretical analysis of how
much performance is lost when employing suboptimal equal-
izer designs and, whenever possible, in simple closed-form
formulations.

To this end, this paper studies the asymptotic capacity per-
formance of different MIMO equalizers with distinet filter or
structure design. Mathematical analysis is provided first for de-
terministic channel models, and thereafter, the capacity perfor-
mance under Rayleigh fading channels are investigated based
on the deterministic results. The major findings are summa-
rized in the five theorems, three comparisons, and one con-

jecture throughout the paper. The beauty inside our theoretical

work is that most of the capacity resalts are given in simple
closed-form equations as functions of the channels parameters
and SNR, which makes it directly applicable to practical system
designs. The paper is outlined as follows. Section 1l describes
the most common equalizers used nowadays and the design con-
siderations, where the design criterion and constraint for each
equalizer and the corresponding mathematical derivations are
provided. In Section II1, the achievable capacity performance
of these equalizers under deterministic channels are addressed
and compared. The asymptotic performance when the SNR goes
to zero or infinily is given in analytical form. Finally, the per-
formance under stochastic Rayleigh fading channels is investi-
gated in Section 1V. Simulation results are provided throughout
the paper to confirm and support the theoretical findings.

The following notations are used throughout the paper: * for
conjugate transpose, + for the Moore-Penrose pseudo-inverse
of matrices, I,, for the n x n identity matrix, O,y for the
m % n zero matrix, &[] for expectation, det[-] for determinant,
tr-] for matrix trace, and = for the asymptotic equivalence. All
the matrices are writlen in boldface capital Jetters and vectors
are written in lowercase letters with upper arrows.

We consider a general MIMO communication system
adopting ¢ transmit and r receive antenna elements, as depicted
in Fig. 1:

i(k) = Ha(k) 4+ (k) (N
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Fig 1 Mathematical MIMO channel modecl

where Z(k) € C7, s{k) € C* are sample stacks of the com-
plex-valued recetver data and source sequences, and H is the
7 % t channel transfer function. In this paper, we assume that
r > t and the channel is generic, i.e., H has full column rank.
The channel realization is assumed to be tracked at the receiver
end. The total transmission power is constrained to /° and is
shared by the ¢ transmitting antennas with the distribution fac-
tors { @1, ..., ¢t Elsi(k)si (k)] = ¢, P, where j:l o; = 1.
The thermal noises (k) € C” are both spatially and temporally
white 1.i.d. Gaussian random processes with independent real
and imaginary parts and variance NT,. Assuming independent
inputs, the channel capacity of the MIMO system in (1) is well
known as

1‘)
C =log, det <IT -+ NH‘PH*)

=log, det(1; + /)<I>]/2H*H‘I>l/2)

i
= Zlogg(l +plhlh) 2)
i==i
where @ = diag{¢;}'_,, p = P/N is the nominal SNR, and
{IA:12}E_ | arc the singular values of ®/2H*H®/2.

Here, we use the term “channel capacity” with a minor abuse.
The standard Shannon capacity characterizes the maximal in-
formation rate supported in the channel with error-free trans-
mission when the channel state information (CSI) is available
at the transmitter and optimal power allocation is adopted (e.g.,
water filling; cf. [12]). In practice, the power altocation ® may
be different when the CSIis unavailable or when the optimal al-
location is not adopted due to the specific QoS and complexity
consideration in the system. The power allocation is beyond the
scope of this paper. Our channel capacity in (2) describes the
maximal supportable rate for any given power distribution ®.
Our capacity results in Section HI hold for any valid P, where
the optimal case (with water filling) and the suboptimal case (for
example, even distribution) could be viewed as special cases.

In practice, the capacity is sacrificed not only from the sub-
optimal equalizers but also from other imperfect devices in the
transceiver, such as the codec. In this paper, we only address
the capacity loss caused by different equalizers. The underlying
assumption is that the information rate allocation over different
antennas is known to the transmitter and is moderated by link
layer such that the codec will be able to support a perfect error-
correction. In other words, we have made the assumption that
there is no error propagation, which is reasonable as far as the
capacity (as opposed to BER) analysis is concerned. (Recall that
there always exists a code that will permit the error-free trans-
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mission across the channel as long as the signal is transmitted
al a rate less than the channel capacity.) Even for small SNR,
the capacity results in the paper could be approached as long as
proper codings with sufficient error-correction ability have been
adopted.

1I. DESIGN CONSIDERATIONS FOR MIMO EQUALIZERS

While MIMO channels offer an opportunity for enormous ca-
pacity by providing multiple copies of the same information
stream, the interference from different users present an addi-
tional difficulty for the correct retrieval of each stream. Strategi-
cally, the design and overall performance of a MIMO equalizer
depend on the following two factors.

1) Filter Selection:

What kind of individual filter is applied for the recovery
of each input? There arc several possible choices for the
filter selection.

2) Structure Selection:

The structural design places emphasis on the interplay
of the ¢ individual filters between each other: one for each
mput.

A. Filter Design

Different selection of filter designs can lead to very distinc-
tive performance in capacity, error resilience, BER, and com-
putational complexity. It is therefore an important factor in the
design tradeofl. An intuitive way to equalize is to apply linear
filter arrays on the receiver samples and get the input estimate
via the weighted summation of observations. The (linear) esti-
mate filter design is conducted with respect to different criteria,
among which, the two popular candidates are zero-forcing (ZF)
and MMSE filters.

1) ZF Constraint and ZI' Equalizer: For the recovery of the
ith input stream s;(%), the ZF constraint on the corresponding
diversity-combiner, which is denoted by the row vector Jzp i, 18

3)
where €; is a unit (fow) vector with all elements zero, except 1

at position 1. Specifically, the application of gzp ; in (3) yields
a virtual single-input-single-output (SISO) channel

gzrH = &

Gor i@ (k) = 5;(k) + gz i1 (k) (4)
The associated capacity after equalization is then
: D0 -
Czri = log, (1 + tﬂfﬁ> - (5)
NGze )2

The optimal ZF cqualizers satisfying the constraint in (3) and
maximizing the capacity in (5) are given by the pseudo-inverse
of the channel transfer function:

Gze; = e HT.

(6)
2) MMSE Criterion and MMSE Equalizer: The individual

MMSE filters are designed to minimize the MSE. For the re-

frieval of input %, the MMSE criterion on the equalizer is

(k) — s:(k)/"]

=argmin &[|(gH — &)%) + gn(k)[]. (7
i

G = argmin &f
g

g
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Denote ith columm in H as ;. The solution fo the equation
above can be obtained via the application of orthogonality prin-
ciple in estimation theory:

Gaas =Els (R)E (M(EFER) T ()]~
—pphi(1, + pHBH") ! (8)

The MMSE filter delivers the following signal-to-poise-and-in-
terference ratio (SNIR) after equalization:

SNIR, =- Elgahisi (WP

& Gar SR + G ari(B) - Gaaihis, (k)2
B pibilgingihal®

Gl 4 pHEE — il h) Ty
 pdili (L, + pHREY) T,

Tl pdiht(L, + pHEHH) L,

&)

The SNIR derivation above suggests the following achievable
capacity in each equalized subchannel:

Crmsts; = logs (1 4 SNIR;)

—log, [l — pd),;iif(l, + plI‘I’H*)Iilf]
“log, e (1, + p@PHIHS ) T ] (10)

li

[l

The equality in the last equation can be verified via the Sherman-
Morrison-Woodbury identity: AT+ A*A) " 'A* =T (1 +
AARY L

B Structure Design

Another important aspect of equalizer design, which will be
momentarily shown to play a more dominant role than filter
choice, is the structure selection. Two kinds of commonly used
structures are parallel design and sequential design.

1) Farallel Equalizer: The design of parallel equalizers is
simple both conceptually and in implementation. The recovery
of each input falls on the responsibility of one filter only. In the
parallel structure, a total of ¢ indcpendently processing filters
(one-for-one input) will be adopted. Simultaneous application
of these separately designed filtess leads to the parallel structure
depicted in Fig. 2.

2) Sequential Fqualizer: Like its parallel counterpart, a se-
quentially structured equalizer also comprises ¢ filters. Unlike
the parallel equalizer, the ¢ filters are no longer independently
processed. The coupling component 1S via a process often called
“decision feedback.” The detection of one input stream now
consists of 1) a feedforward session with linear space-time com-
biners and 2) a feedback session with nonlinear devices. FHach
feedback part is in turn composed of a decision device and an
interference canceller. The decision device is usually a decoder
with error correction ability. The contributions of the detected
symbols are promptly eliminated from the observation so that
the decision feedback section will produce interference-reduced
data samples ready for further extraction of other streams.

The sequential structure has also been well known as DFE
or vertical layering. In BLAST (V-BLAST) {13], {14], the se-
quential equalizer with ZF has been proposed to realize very
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Fig. 2 Block diagram of a parallel equalizer. It can be decoupled hito ¢
individual equalizers: one for each input

high data rates over the rich-scattering wireless channel. Simi-
larly, the capacity performance of sequential MMSE equalizer
has been addressed in [15].

[I1. CAPACITY ANALYSIS OF MIMO EQUALIZERS UNDER
DETERMINISTIC CHANNELS

This section studies the achievable capacities via different
MIMO equalizers under deterministic channel models.

A. Parallel Equalizers

1) Parallel ZF (PZF) Equalizers: The application of PZF
equalizers on the receiver converts the original MIMO system
into ¢ independent and interference-free channels that can be
separately decoded. The total information rate supported by the
PZF equalization is therefore the summation of the subchannel
capacities Cpzp,; over all the indices s = 1,... £

To facilitate the analysis, we introduce the following
Cholesky factorization:

VT HSY? = R'R (1)

where R = [r;;] is at x I nonsingular upper-triangular matrix.
Tt turns out that the quantitative analysis hinges on both R and
the inverse matrix R~ " For convenience, the clements of R
are denoted as 745, i.e., R™ = [y;]. In the context of capacity
analysis, of particular interests are the sets of correlation factors
defined below

Definition (Correlation Factors in R, and R1): Tor the
upper-triangular matrix R defined in (11) and its matrix inverse
R, we define three sets of so called “correlation factors” as
follows:

) I —in2 =il .
G =l laR T =1 = 25— 20
WERTIRTZ :
_ S | (12)

e R -
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These parameters represent the degree of correlation between
the channel vectors regarding different inputs. For example, 3,
and vy, are, respectively, the 2-norm ratio of the total off-diagonal
terms to the diagonal terms in the ith row of matrix R~ and
R7'R ™ In fact, {o, } and {f,} depend only on the channel
transfer function H, whereas {v,} depend on both H and ®.
If the channel vector for different transmitters are mutually or-
thogonal, all the correlation factors will vanish.

Our evaluation on the capacity performance is based on the
following two measurements.

Definition 2 (Capacity Gap and Ratio): Given a MIMO
channel and a corresponding equalizer, the capacity gap is de-
fined as the absolute difference between the capacity achieved
by this equalizer (say, C.,.) and that given by the original channel
(say, C). The capacity ratio is then detined as C, /C'. These two
terms are both functions of the SNR p. B’

The standard Landau symbols O(-) and of-) are adopted in
the rest of the paper, i.e., f{z) = O(x) means | f(z)] < Ax for
some (finite) constant A and all values of z, and f(z) = o(x)
means that im, ., f(x)/2 = 0.

Themem 1 (Capacity Gap and Ratio of PZIF Equal-
izers): The asymptotic capacity gap and ratio of the optimal
PZF equalizer in (6) arc as follows.

1) In the high SNR regime

t
C — Cpyyp = Z logo (1 ) + Op™]
=1
t .
S In(l+43)

L =l fap +of(plnp) ' (13)

2) In the low SNR regime

(/’ - (—A"VPZF P, y | LL < + oy - 1
L P

Cprr u+@)
T — +O[p]. (14)

T P+ )

=1

! ) > +O[p?]

Proof: By (5) and (6), the capacity achieved by the op-
timal PZY equalizer is

t
- Y . (/)i./)
Cpyr = Z log, <I + 4~:~-m~7§>

. gzl

t

N e i p

_Zlobg [l‘l ﬁl(@1/2}[~kH¢,1/2)71(¥}
t )

— fogy |1+ (R*Aﬁ)tqv

Ny plriil” <
= Zlogz (1 + I:LF> . (19)
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Comparing (15) with the original MIMG capacity in (2), we
have

£
C — (,Jpzp = Zl()gk + ﬂ + Llo;ﬂ , 2

=1 =1

Zl();ﬁ —

27=1

2 - .. .
As {2}, are the singular values for the Hermitian matrix

S'PHHPY? = R'R, we have the equalities
t i
1 _det{R* T= 1]l
i=1 i=1
i
— 1 N 1- i
o =t(RTR) y‘ ey (17)

‘ru

Based on the two equalities , when p — 00, the capacity gap in
(16) is simplified as

L
C = Cpzr = _logy(L+ i)+ Ofp ™7 (18)

it

by using logs (1 4 2) = 2/In 2 - O(x?) for small 2. The other
three equations in the theorem can be verified in a similar way,
and the proof is omitted here.

2) Parallel MMSE (PMMSE) Equalizers: Qualttatively,
it has been well known that MMSE can outperform its ZF
counterpart. In this section, we will investigate the quantitative
aspect of this improvement.

Theorem 2 (Improvement of PMMSE Equalizers): The ca-
pacity performance improvement of PMMSE over PZF equal-
izers is shown to be the following.

1) In the high SNR regime

t
. | %
Crumse — Crzy =—— 2l ,/ J
]H 2 1 |'I',L',,‘l"
+O[p (19)
Crvmse  Crze _ ! i v+ 5:)
C C tplap — ;i)
+ol(plnp) ', (20)

2) In the tow SNR regime

1
Cevmsk — Cpzr = 1]9y1 i (l-i A ) 8)

+()[/) ]

C
R =1 0l 1)

,/

Proof: The proof of (19) is given below, whereas the
others are omitted. Comparing (15) and (10), the gap is

B Al
Ceavase,: — Cpzp g

= log, L - (22)

&1, + pR*R)-ler (1 + ‘(Rﬁ%)i*>

e et e ————

2k

N

™)

N e A
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Note that for large p

&1, + pR'R) e =@ (pRR) T,
=alp HRIR) T
+ Olp ’:jj

=5 CpyMsn,i

+ (PR R)™| ]
—pHRR) el

— Cpypy,

(R'R) 28
=p~ { ER R>) *‘:;[‘ — H(R B)il
+0[p"?
(3 _} —9
= 1/% %” Ol Y (23)
]

Theorems 1 and 2 demonstrate a constant capacity degrada-
tion of the amount S, log, (1 + ;) for both the linear MMSE
and ZF schemes. (Thus, this gap is a function of H only.) The
channel capacity can be asymptotically achicved only when all
the channel correlation factors 3; = 0, which is rarely the case
in practice. The argument above inspires possible alteration for
improving capacity performance in bad channel scenario (i.e.,
highly aligned channel vectors with large [3;) via inserting non-
linear operations in the equalizer to artificially reduce the corre-
lation factors. The subsequent analysis will further demonstrate
that the degradation caused by such correlations can be elimi-
nated via successive deletions of the last column vector in H,
which is equivalent to a nonlinear sequential structure in the
equalizer.

B. Sequential Equalizers

1) Sequential ZF (SZF) Equalizers: In BLAST design [13],
Foschini proved that the successive ZF can asymptotically ap-
proach the capacity lower bound for Rayleigh fading MIMOs
when 7 = £. In this section, we give a comprehensive capacity
analysis of SZF equalizers in the entire SNR range for any de-
terministic channel realization and antenna settings.

For notational simplicity, we assume that the input streams
are sequentially retrieved in the order of £,0 —1,..., I. In the
SZF equalizer, the interfercnces associated with the already-de-
tected inputs are successively nulled from the observation data
before the filters for the other inputs are applied. In the sense
of capacity, a perfect codec could be assumed to provide an
error-free estimate on the information stream as long as the bit
rate is within the theoretical limit. Therefore, no error propaga-
tion could be assumed in the calculation of capacity. Under this
assumption, the interference-reduced receiver data, at the Input
of ith ZF filter, is

FO(k) = H,8 (k) + 7 (k) (24)
where H; is the first 4 columns of H, denoting the virtual
channel after the inpuis ¢ + 1,1+ 2,..., ¢ have been detected
and eliminated. The vector 5 (k) is the first 2 rows of 5(k).

The ZF constraint for the sequential equalizers is now

JegpH, = ¢, 1 <i<t (25)

I addition, we denote R;(®;) as the left-upper ¢ x & minors ot

R(®). bxploiling the upper-triangular structure of B, we get

&' P1rH® " - RIR, (26)

Theorem (Capacity Gap and Ratio for SZF Equal-
izers). The capacity achieved by the optimal SZI equalizer is

L
C'SZF == 2: ‘(ﬁ)gz('l. - ply

=1

%) 27

The cotresponding capacity gap and ratio are as follows.
1) In the high SNR region

Cyyp 1 y
- S [ |
C tplnp pr rii|? [(plup) ™
- — +Olp 28
YA pln 5 E !71, + ] (28)

23} In the low SNR region

t
' — Cgzp :ﬂ/i)_‘i Z ailrisl + Olp?]
.
Cszp 7:;1 Irul”
o T )
> rai |2 (1 + ;)

=1

Proof- Tust like the paralle] case, the optimal SZF equal-
izers gszp; satisfying the constraint (25) are

Jow i = &;H (30

with the corresponding capacity

0 ¢
, . — pPi
Cazp = %J Cszr,i = Z log {1 + '—/ﬁ:\
i=1

p— gsze il
I3
= Jlogz 1+ : P : -
o &, (@WH;L“H,@U“)> &
! p
= log, |1 + ————
B { (?,;R-'R'F'}
e | v ’
t
:}:logz(l + /)1'1',;,,\2)“ 3H
9=
The capacity gap is
' 1+ plA
¢ —C = log, ——H"
SLE ; ()( 2 l “| /)‘7.’// !
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In the large SNR region, by applying (17), we obtain the first-
order expansion

5

) o ! B,
C— Cszp = == »_ =5+ 0[p 7. (33)

The other derivations basically follow the same argument. &

2) Sequential MMSE (SMMSE) Equalizers: Itis well known
that SMMSE equalizers can achieve the full channel capacity
[L5], [16], provided an accurate SNR estimate. In [15], a deriva-
tion was given to prove Cyyuse = C at any SNR point with
any detection ordering based on a capacity region vertex anal-
ysis. The same statement can be made naturally following our
notations and evaluations.

C. Detection Order and Error Propagation in Sequential
Equalizers

The detection order is of vital importance for sequential
equalizers. In the layered structure, the signal stream detected
later benefits more from the interference cancellation step as
more cstimated signals have been subtracted from the obser-
vation data, which leads to a larger SNR gain of the current
information stream upon recovery. The optimal ordering for
V-BLAST has been addressed in [14]. 1t is, however, easy to
verify that the optimal SZF equalizer asymptotically achieves
the original channel capacity when the SNR p approaches
either infinity or zero: Csyp = C, regardless of the detection
order.

To show this, recall that the capacity-achieving claim is ob-
vious with reference to (28) and (29). When p — oo, (31) leads
to

.
Cozp = C = Zlogz(p[riip) = log, p' det[R'R].  (34)

2=1

Assume that the ¢ input streams are to be retrieved in a different
order. This can be accomplished by rearranging the columns of
H by a permutation matrix P, i.e., H = HP. Accordingly,
P’ = ®P. Denote R’ as the Cholesky factorization matrices of
(®)Y2(H)* /(D)2 Based on (34), the proof is completed
by noting that PP* = 1,, and hence
det[(R)Y*R/] = det[R'R]. (35
The argument above claims the detection-order-invariance
property of SZF with infinite SNR. However, in the practical
range with finite SNR, the capacity performance depends
on the specific detection order. In the small SNR region, the
performance variation with respect to different detection orders
might be severe. With ¢ input streams, there are altogether ¢!
different arrangements of the ordering, each associated with
its own performance. The optimal ordering may be setected
according to different criteria. One possible option i1s based
on the maximization of achievable capacity. An example is
given in this section to demonstrate the selection on detection
ordering.
For pure capacity analysis, there is no need to consider the
estimate error as perfect codec can be assumed to support the
information rate. However, error propagation inevitably occurs

[FEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 51, NO. L1, NOVEMBER 2003

in a practical system and bit-error-rate (BER) is a more rea-
sonable criterion for evaluation of a communication system.
To best prevent the potentially catastrophic error propagation,
it is heuristically optimal to first estimate and decode the j*th
mput stream, whose individual equalizer (in parallel design) de-
livers the highest post-processing SNR on recovery. The detec-
tion order in the subsequent layers can then be determined in the
same manner.

The optimal detection orders with capacity and BER criterion
could be very different. The real system should be designed ac-
cording to the specific QoS requircment. As an example, we
consider the MIMO channel with transter function

1 asind
o[l )

acos(

Any nontrivial 2 x 2 MIMO channel could be characterized by
the model above (if H is not upper-diagonal, replace it with
the Cholesky factorization on FI*H, and this does not change
the capacity results below). The parameter o characterizes the
ratio of fading on the two transmitting streams; when ¢ > 1,
the second stream gets magnified more by the channel. The ca-
pacity performance of SZF under such a channel can be exactly
evaluated via our former derivations. With equal power alloca-
tion and the detection order of (2, 1), the result is given as

(36)

2 2 2 2
a‘cos 6 ., 14 a“cos”b

CISZF = 1082 <—‘Zl“"—'"/)“ -+ Aw-———z)‘—Am»-p + [) . (37)

Note that the correlation factoris [J] = $an? @, which is a mono-
tonically increasing function of # within [0, 7 /2]. When 8 = 0,
1.e., the channel 1s an interference-frec Gaussian channel, it 1s
exactly the same as the channel capacity.

To demonstrate the role of detection order on the capacity
performance of SZF equalizers, we calculate the achievable ca-
pacity with a different ordering (1, 2), which is given below:

9 2 2 2
a“cos® 5, a®+cos”l
po+

4 2

Chyp = log, ( p+ 1> - (38)
Comparing (37) and (38), it is obvious that when ¢ = 1, the two
detection oxderings have exactly the same performance. How-
ever, when a? > 1, we have Ol > Csyp. Consequently, from
the perspective of maximizing the capacity, assuming no error
propagation, the signals should be detected in the order of (1, 2).

2~

Intuitively, when o > 1, the power of the second stream is mag-
nified by the channel while the first stream remains unchanged.
Therefore, the capacity gets boosted by a larger amount if the
second stream is detected after the cancellation of the first one.
On the other hand, from the perspective of BER and error prop-
agation, it might be argued that the ordering should actually be
switched. The reason is that the second stream delivers a better
SNR upon recovery (a SNR gain of a2 cos? § versus cos? ¢ for
the tirst stream). Therefore, the reversed order (2, 1) will min-
imize the detection error and its propagation in the sequential
structure.

D. Comparisons of Equalizers

Theorems 1-3 provide a quantitative insight concerning the
capacity performance of various MIMO equalizers with choices
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Fig 4 Capacity performance comparison for different equalizers.

in both filter and structure designs. Comparison of the threc the-
orems yields an in-depth and more unified understanding on the
tradeoffs in different MIMO equalizers.

Comparison 1 (Minor Advantage of MMSE Over ZF Filter
Design). The analysis in Sections III-A and B demonstrates
that the capacity gain of MMSE over ZF is insignificant in
modest and high SNR regions. Quantitatively speaking, their
difference in terms of absolute capacity degradation (i.e.,
capacity gap) is on the order of p~* for high SNR and p for
low SNR. In the very rare situation with extremely low SNR
(around 0), the PMMSE does deliver much superior capacity
ratio (approximately 100%). However, as the theoretical
channel capacity is very low at that range, the advantage of
MMSE over ZF is, in general, negligible. |

Fig. 3 shows a block diagram of a sequential equalizer,
whereas Fig. 4 illustrates the simulation result on a randomly
generated  six-input—six-output MIMO channel with even
power distribution. The Frobenius norin of the transfer function
is normalized to ¢ x r = 36, ic., ||H||3 = 36. Therefore, the
nominal SNR p represents the average SNR at each receiver.
The capacity performance of different equalizers is displayed.
For clarity, the capacity gaps and ratios are magnified in Fig. 5.

The shapes of these curves again agree with Theorems 1- 3.
Note also that in the small SNR region (p < 0 db), MMSE
However, the situation

delivers an impressive performance.

becomes very different when we consider a more practical
SNR region. For p > 10 dB, the difference between MMSE
receiver and its ZF counterpart can be ignored in terms of both
capacity gap and capacity ratio
Comparison 2 (Major Advantage of Sequential Over Parallel
Design) The structural selection in the equalizer design
proves to be of much greater importance than the filter choice
in the modest and high SNR regime. [n contrast to the minor
performance difference with filter selection, the sequential
structure delivers an (asymptotic) capacity improvement of
ZLL log, (1 + f3;), bridging the capacity loss of its parallel
counterpart, which could be especially large when the channels
regarding different transmitters are highly correlated.
For the very same channel, the asymptotically constant ca-
pacity degradations of PZF or PMMSE are illustrated by the
two lower curves in Fig. 4. The sequential equalizers deliver a
capacity increment of about 6 bits/s/Hz over its parallel coun-
terpart. In terms of capacity ratio, the sequential equalizers ap-
proaches 100% asymptotically at a much faster speed (in the
order of pIn p) than parallel ones (in the order of In p). For ex-
ample, at p = 20 dB, the ditference between them is as big as
20%. When the SNR p > 0 dB, the SZF significantly outper-
forms the PMMSE equalizer. Tn fact, when the SNR reaches 10
dB or higher, the SZF is very close to achicving full capacity.
Comparison 3 (Tradeoff Between Complexity and Per-

formance): The most complex operation in these equalizer

designs are those involving matrix inversions (or Cholesky
decompositions). PZF, PMMSE, and SZF equalizers all require
only one matrix inversion for the ¢ users, whereas SMMSE
requires ¢ such operations. Moreover, the MMSE receivers
require an accurate estimate on the SNR for satisfactory per-
formance. Altogether, it appears that SZF equalizers represent
an attractive solution in terms of the optimal tradeolf between
capacity performance and complexity overhead.

E. Extension to Frequency-Selective Fading Channels

Although our analysis in this section is focused on flat-fading
MIMO channels, the results can be directly extended to the
frequency-selective situation. For IST channels, the capacity is
treated in frequency domain, where the entire frequency band is
divided into infinitesimal strips, each of which could be treated
as flat-faded [ 12]. In addition, the channel capacity in (2) is re-
placed by the integration of supportable information rates over
all the sub-bands

Z log, (1

)ﬂ /0 =1

where {\;(0)}_, are the singular values of H(#), which is the
ransfer function in the frequency domain. Similarly, the ca-
pacity performance of the different equalizers in the IST case
are obtainable from the flat-fading results summarized in Theo-
rems 1-3, with exactly the same derivations integrated over the
frequency band, and all the terms that characterize the MIMO
channel (such as the correlation factors) are now defined in fre-
quency domain.

A major difficulty in the analysis for ISI channel is the FIR
constraint. The matrix inverse {(or pseado-inverse) in frequency
band, which is required in the ZF and MMSE filter derivations

|%)do

-+ plAi(6) (39)
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Fig 5. Comparison of (a) capacity gap and (b) capacity ratio for different equalizers. Asymptotically, only SZF and SMMSE approach a zero capacity gap as p

increases

in (6) and (8), in general leads to an IR solution in the temporal
domain. Therefore, the results above describe the capacity per-
formance of different equalizers with 1IR filters, which provides
an upper bound on the performance of any FIR implementation.
When only finite taps are allowed, the calculation is much more
complex. The analysis is based on the theoremn of generalized
Bezout Identity (for polynomial matrices) and other mathemat-
ical results, like the asymptotic eigenvalue distribution for block
Toeplitz matrices. In addition, the number of taps allowed in
the filter design and the system delay play an important role on
the capacity performance [20], {21]. For more details on the ca-
pacity analysis for the ISI MIMO channels, see [20].

IV. STOCHASTIC ANALYSIS: GAUSSIAN CHANNELS
WITH RAYLEIGH FADING

An important category of stochastic flat fading channels is
the stationary Rayleigh fading channel, where all the entries in
the channel transfer function H are assumed to be ii.d. com-
plex, circularly symmetric Gaussian random vasiables with in-
dependent real and imaginary parts, cach with covariance 1/2:
hi; ~ Ne(0,1). It has served as one of the most popular and
practical models of the communication environment when there
are a large number of superimposed non-line-of-sight (NLOS)
propagation paths [19]. As SZF equalizers seem to be an attrac-
tive option for complexity-performance tradeoff, in this section,
we focus on the analytical investigation of SZF equalizers under
Rayleigh fading channels, whercas the performance of other
equalizers are given via Monte Carlo simulations for compar-
ison.

For flat Rayleigh fading channels, it is well known f4] that
the optimal transmitter power allocation to maximize the av-
erage channel capacity s the equal power distribution, ie., ® —
(1/0)1,, which is assumed by default in our discussion here. The
method adopted for the deterministic channels is still applicable
to the stochastic case. Recall that the analysis in the previous
sections hinges on the Cholesky matrix R, which is defined as
R = ®2H*H®"? and is related to the QR factorization
H = QR by the following cquation:

DTyl /2 B B
R'R=®'°H'H®"? = '°R*Q"QR®"* = “R'R.
(40)

Therefore, R is equal to %R (modular a diagonal unitary ma-
trix). The distribution of matrix R (F_{) is given by the Bartlett
decomposition in the following lemuna [22], [23].

Lemma | (Distribution of R): Giventhe r x { (r > 1) ma-
trix H with i.i.d. Rayleigh fading entries, let H = QR be its
standard QR factorization, where R is an upper-diagonal ma-
trix. Then, we have the following.

1) All the nonzero elements in R are independent random

variables.

2) All the off-diagonal terms are i.i.d. complex Gaussian dis-

tributed: 7,5 ~ Nc(6,1) (i < §).

3) The 2-norm of all the diagonal elements are I distributed

with decreasing freedom

ol ~ T+ —a,1) 1 <i<b
(The pdf of X' ~ (o, f) is px(z) = (1/8°T(e))
2 Ye %6 x ~ 0. The I' function is {a)
Jy x*Ye™"dz. For a positive integer «, ') =
(a0 ~ L)L)

For the distribution of R, we have the following result.

Lenuna 2 (Stochastic Property of R™1): With the same as-
sumptions and notations as in Lemma 1 and denoting the inverse

Tir T2 < Tt

0 roo .. Ty

of RasR™ ' =

, we claim that

l . . .
o — ife =
Ellr P =¢ " . /
[[ri;17] Tf—j:)/("%ﬁl'il)’ otherwise “h
Proof: First, we consider 7
s 2 e 1
é’[ 7'11{H] =E | s
|7 ]?
/OO 1 -2 x 7
= N e Tda
Jo T(r
|
e . (42)
7 - |
Thus, (41) holds for i = ; = 1. Next, we assume that the

statement in (41) holds for any 7 < &k — 1, and then, we consider

the case j = k. Denote the ieft-upper (k — 1) x (/i — 1) minor of
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R as Ry. As R is upper triangular, R"l is also the left-upper

(k — 1) x (k- 1) minot of R~ Ttis then obvious that
~ o T
(716 T2k Pk ]
1 = . _ _ T .
e 77]}1 ! [T'J,Ic, Tk N Tl «.17/;;] (43)
kk

Due to the upper-triangular xuuctme of R, all the elements in
Rfl are independent of {7, ,] and satisfy (41). Therefore

h—
2 < e ]2
k—1 ~ _ - < l:l, 71}\ :\
Sl 2 ~ — V5T qk J=1
& [""&l.‘,‘ } =& ? A = T

, Theks 7ok
J=
= ! (44)
S (r—R)(r—k+1)
Thus, it is verified by induction.

The pdf of R investigated in Lemmas 1 and 2 then helps to de-
scribe the stochastic characteristics of R, and capacity formulas
in Rayleigh fading channels in turn, which are summarized in
Theorems 4 and 5.

Theorem 4 (SZF Performance Under Rayleigh Fading at
Low SNR): For flat Rayleigh fading channels, in the low SNR
regime, the mean value of capacity ratio and capacity gap for
SZF equalizers are

Cayp —t4+1
ST Y v r b — l 9
(5{(,/ - GSZF] = g ™ :2*) +- ()[,0)]. (46)

Proof: Equations (45) and (46) can be derived from (29)
and the stochastic result in Lemma 1. Recalling (29), we have

t
e 9 _F IR 2 Y 2
E[C — Cam] =15 (m RR] =D i > FOp?

PN
i L
S 3D S e
T =l 7=i-1
t—1
:MT ) + 0 (47)

and the mean value of capacity ratio at Jow SNR is

I [
CY*" }: IT'I"LIZ
£ {—Zﬂ =£ = 1+ Olp)
' Z '~V+T Z iy [2
L2=1 1=1 7==1-+1
- . ]
Z/ 1’”'
B 2 I o I
3 e
POREEH e aD DD DR LT
=1 1=1 y==1-F1 |
+ Olp. (48)
Note that Y20 |rul® ~ F(T r—1 4 )/ 1) are inde-
pendent of the random variables 577~ l‘y‘/ . \ff,]P o
I(H(t — 1)/2,1). We denote o = t(2r +1)/2 and

b = (¢t — 1)/2, and the formula in (48) can then be evaluated

as
{(/su} / /m T pa bl
‘ o w Ayl >T(b> Y

X e ¥ ”d’r(]q

-/ v
% e E dzd <J = *'1“>
r+y

. k Bi’iﬁ ,/(L oy b L{ -
= || T e
a0+

S T(a+b+D(a)

a 20—t + 1
= = ; 49
a-+b 27 (49)

Thus, it is proved. B
Theorem 5 (SZF Performance Under Rayleigh Fading at
High SNR). For flat Rayleigh fading channels, in the high
SNR regime, the mean value of capacity ratio and capacity gap
of SZF equalizers are the following.
1) Whenr > ¢

C/v o 1 t l 1
eyGszmy b Z R |
C plip T t e

+of(plap) ™! (50)
Y !
E[C — Cszr] =2 IZ: <7, - z>
+ O (51)
2) Whenr =t
t—-1

+o[(plnp) 1]

3 t < 1
1O — Oy = - — C 52
EC — Csyr) phlg; <1 1,> +0p 7L (52

Proof: Equation (28) shows that the evaluation of mean
cdpacity ratio and gap is determined by deriving the expectation

of y T [ T ;, which is equivalent to the 2-norm summation of all

. The statement for r > 1
in the theorem can be easily verilied by plugging the result of
Lemma 2 into (28).
The high SNR analysis in (30) and (51) meets serious nu-
merical problerns with symmetric antenna setting v = ¢, which
4

he of[ diagonal terms in matrix R~

suggests an infinite term z[l/(fr —1)—1/(r —1)]. The reason

is that our previous zmalyg{sl for deterministic channels are only
reasonable when assuming that the transfer function has full
rank. However, under Rayleigh fading channels with v = 7,
from Lemma 1, the last clement in R has the distribution 77, ~

F(171)7 Le, pf"u(:["> = e ",

which has nonzero probability at




2998

avgrage SNRp (D?Q)) 40
(a)
25 ' T —
o0l t=r= 64"/
15¢ 7 ]

bits/s/Hz

avoerage SNR pz(%b)

(c)
Fig. 6

2 = 0. The possible singularity in Rayleigh fading channels in-
validates our high SNR analysis by inserting undesired infinite
terms in the equations mentioned above. To fix this problem,
note that the singularity only happens at the last column, and
therefore, the high SNR analysis in the » = { case can be pro-
ceeded by ignoring the last column of R™*. This leads to the
result in the theorem.

It is worth noting that with extra spatial diversities, as long
as r > t, the singnlarity mentioned above diminishes. This can
be casily checked by noting that all the diagonal elements in R.
now have zero probability density at point & = 0. 2]

Conjecture | (Monotonicity of Mean Capacity Ratio): For
Rayleigh fading channels, the mean value of capacity ratio
achieved by SZF is a monotonically increasing function of the
SNR p. This has been confirmed by Monte Carlo simulations
for some typical antenna setting values. In fact, thc conjecture
can be uporadcd to be a theorem for the case ¢ =

When ¢ = 2, the claim can be analytically estdbh%hed by
making use of the following two inequalities:

F\m ZIAI ka?w”

2=21 i=1
2 2 -
and the fact that [[;_;|ri] = [, |\l In addition, we
also observe that the monotonicity of capacity ratio al-
most always holds for the generic channels (i.e., when

min(|\; 1) /max(]A;]*) is above certain  QoS-safeguard
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threshold). Under Rayleigh fading assumption, the distribution
of the elements in R has been established in closed form. This
suggests that the channel should be statistically guarded from
being singular, and the condition number will, in general, fall
into a respectable region.

Theorems 4 and 5 and Conjecture 1 together predict the
shapes of average capacity gap and ratio achieved by SZF
equalizers in Rayleigh fading channels. The monotonicity
property is clearly depicted throughout the capacity ratio plots
in the paper, especially those in Figs. 6(a) and 7(a), which will
be explained shortly. Theorem 4 serves as a simple prediction of
the lower bound on the average capacity ratio in the entire SNR
range. In contrast, Theorem 5 provides the stochastic behavior
at high SNR. Specifically, the range of average capacity ratio
runs roughly from

(for p —+ 0) to 1.0 (for p — o). Note that the range is depen-
dent only on the antenna diversities ¢ and . The theoreéms also
suggest a bell-shape curve of the average capacity gap versus p,
as will be evidenced by the simulation results in Figs. 6(c) and
7{(c).

Example (r = t Analysis): For the symmetric case with
equal number of transmitters and receivers = ¢, by Theorems
4 and 5, the average capacity ratio and gap are asymptotically
as follows.
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Fig 7. Impact of extra dimension of spatial diversity on the performance of SZF equalizers. Mean values of capacity ratio and capacity gap achicved by SZF

under Rayleigh fading channel with respect to p and 7 /t

) p — 0: E[Cszp/Cl — 1/2 + 1/(2t) is a monotonically
decreasing function of ¢, which provides a lower bound

on the average capacity ratio in the entire SNR range.
1

1
2) p — c0: E[Cszp/C] — 1 —1/(pln p)z <1 — ]>

i=1

Whent — 00, S5 (1-1/4) — {—Int, and therefore,
ElCszr/C) — L= {t—Int)/pln p. ltis also a decreasing
function of ¢.

3) p — 00 E[C — Csgr] — p(t — 1)/(21In2) is a lincaily

increasing function of p and .
4y p - 00 E[C — Cszp| — t(t—1Int)/(pIn2) (ast — 00)
is an increasing function of 7.

The analysis is further verified by Monte Carlo simulations,
displayed in Fig. 6, where 1000 tests are conducted for each
plot. The channels are drawn from C**! Rayleigh fading assem-
blies. Fig. 6(a) and (c) show the expectation of capacity ratio and
gap versus p for different numbers of transmitters 7 = £. With
r = t increasing from 2 to 64, the corrcsponding average ca-
pacity ratio curve goes [rom upper to lower ones, as expected,
and the (absolute) capacity gap also becomes larger. The av-
erage capacity ratio values at p = —20 dB in Fig. 6(2) perfectly
match our lower bound 1/2 4 1/4. The same simulation results
are displayed in another angle in Fig. 6(b) and (d), where each
curve represents the capacity performance versus the number of

antennas at one SNR point. As suggested by the analysis above,
at Tow SNRs, the average capacity ratio is almost inversely pro-
portional to £, whereas in the high SNR regime, it looks like a
slowly decreasing linear function. Tt is interesting to see that the
average capacity gap is a lincar function of ¢ almost in the entire
SNR range, as demonstrated by Fig. 6(d). As p < 10 dB [in the
left subplot of (d)], the curve goes up with increasing p, whereas
the case is reversed when p > 10 dB.

Example 2 (v > t Analysis): Nonsquare MIMO channels
with 7 > ¢+ should outperform the square MIMO due to the
expanded receiver diversity, We evaluate the asymptotic result
when 1/t = k > lisfixed and z — oo.

D p— 0:&[Csar/C] — 1 — (1/2k) is a.monotonically

increasing function of k.
ElCszr/C] — L = [I/(k — 1) + In(1 —
1/k)]/(pln p) is also an increasing function of k.
3) p— 0:E[C — Cazp] — pt/21n2 is irrelevant for k.
4) p - 00: E[C~Csyp| — [L/k—L+In(1—1/k)]t/pln2
is a decreasing function of k.

2) p -~ 00

i

Example 2 is confirmed by the Monte Carlo results shown

in Fig. 7. Here, we choose a fixed large number of transmitters

t = 30 and vary the number of receivers 1 from 30 to 60. The

performance is displayed in the same manner as in Fig. 6, except
that (¢) and (d) are plotted versus /¢ instead of ¢.
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Up to now, the average capacity performance for SZF equal-
izers has been addressed with both analytical formulas and sim-
ulation plots. Next we give some simulation results on com-
parison of PZF, PMMSE, SZF, and SMMSE equalizers under
Rayleigh fading channels. The average capacity ratio/gap of the
four equalizers with the antenna seiting r = ¢ = 8 are plotted
w.r.t. p in Fig. 8(a)-(c), respectively. At p > 20 dB, the SZF
almost coincides the curve of SMMSE, which achieves the full
channel capacity. Fig. 8(b) and (d) display the performance at
p = 10 dB w.r.t. the number of antennas 7 (r = t). The PZF
equalizer shows to be very sensitive to #, which degrades dra-
matically when the number of antennas increases. The PMMSE
equalizer delivers about twice the capacity gap of that by SZF
at large ¢. The SZF equalizer in general delivers an average ca-
pacity ratio of about 90% at p = 10 dB.

To highlight the theoretical finding that the structural selec-
tion plays a much more important role than the [ilter selection,
extensive simulation based on 10000 tests for PZF, PMMSE,
and SZF equalizers are conducted. Here, the MIMO channels
H are drawn from the C3*¢ Rayleigh fading assembly. Fig. 9(a)
and (b) display the empirical pdfs of capacity ratio achieved by
the three equalizers at p = 10 dB and p = 20 dB, respectively.
At p = 10 dB, the average capacity ratios of PZF, PMMSE,
and SZF are about 74.96, 83.34, and 97.07%, respectively. For
p = 20 dB, the three values are correspondingly 86.46, 87.27,
and 99.75%. In both cases, SZF significantly outperforms the
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others. It is worth noting that the capacity ratio of SZF, as a
random variable, has a much smaller variance than the other
choices. This means SZF not only delivers a superior average
performance over PZF and PMMSE but also has a more rcliable
guarantee on the capacity. The performance difference between
PZEF and PMMSE goes down with increasing p. At p = 20 dB,
their curves almost coincide, and the capacity ratio of SZF is
densely located around 0.99 in the shape of an impulse func-
tion.

Our theoretical finding also predicts that an increasing re-
celver diversity will further enhance the performance of SZF
equalizers. This is also confirmed by an extensive simulation
study. Fig. 10(a) and (b) display the histograms of capacity ratio
{(based on 10000 tests) for SZF equalizers at SNR p = 20 dB. It
clearly suggests that while SZF for C5%% and ¢%*6 MIMO chan-
nels both display a convincing capacity achieving propesty, the
latter is far better than the former.

V. CONCLUSION

This paper is motivated by the practical necessity for a MIMO
system designer to consider an optimal tradeoff between the im-
plementation cost and the achievable capacity. Our study pro-
vides simple (mostly m closed-form) theoretical analysis of the
achievable capacities among various equalizers. Both determin-
istic and stochastic channels were investigated. The asymptotic
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performance (when the SNR approaches either zero or infinity)
is derived in closed form. Our theoretical finding concludes
that the structural selection plays a much more important role
than the filter selection. In short, the sequential detection struc-
ture can basically approach the Shannon capacity, regardless of
whether MMSE or ZI' filter is adopted. Considering the fact that
ZF filters incur much simpler implementation than MMSE, the
SZF equalizer represents a very promising and feasible design
tradeolf between performance and cost. It is worth noting that
the tradeoff will become more important with the presence of
IST since the implementation cost will become more expensive.
Fortunately, the analysis here can be naturally extended to deal
with the ISI MIMO channels, which will be reported on in a fu-
ture publication.
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