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Abstract-—We present new methods for computing the preatest common
vight divisor of polynomial matrices. These methods involve the recently
studied  peneralized  Sylbvester g veneralized  Bezoutian  resuliant
nmutrices, which require no polynomiat operations. They can provide a vow
proper preatest common right divisor, test for coprimeness and calcolate
dual dymaraical indices,

The pencralized resnltant matrices are developments of the scalar
Sylvester and Bezoutian resultants and mary of the familiar propertics of
these fafter iatrices are demonstrated {0 have analogs with (ke properties
of the generalized resultant matrices for matrix polynomials,

I INFRODUCHION

Greatest common divisors {ped’s) of polynomial matrices play an
imporiant part in the theory and application of general differential
systems as stndied extensively by Rosenbrock [13. {2]. Wolovich [3}, and
others. For example, they are nseful in [} obtaining irredweible matrix-
fraction descriptions (and hence minimal state-spuce realizations) of
transfer-function mateices, 2) studying decoupling zeros and vnconirolla-
ble and uwnobservable modes of given systems, and 3) obtaining the
pole-zera stincture of piven multivariable Systems.

Most of the system-theory literatuze in this area has focused on the
somewhat more restricted problem of devising tests for the coprimeness
of matrix polynomials---sce, ey, [41-[1H, or i obtaining irreducible
MFI¥s by more direct methods—-see, ¢ £, [12]-[14} These methods can
in principle often also lead (o 2 ged, as we explain now. First note that
[15] a greatest common right divicor! (zerd) of two polynomial matrices
C(s) and D(s), having the same number of columas, s any polynomial
matrix R(s) such that 1} R(s)is a right divisor of (), Do)}, e,

Clsy=r CLS)R(s), D(s) == D{SIR(5)
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for some polynomial matrices {£(s),£(s)}; and 2) it is diviaible by any
other right divisor, say R,(s), of {C{s).P()} e, R(s)=: M(5}R (s), for
some polynormial matrix Af{s).

gerd’s are clearly not wnique, since they can differ by unimedular
factors, i.e., polynomial matrices with constant {(nonzerc) determinants.
For nondegeneracy, we shall also require that the matrix  F(s)=
D (s)C () has full rank (for almost all 5) because otherwise we could
have gerd’s of arbitrarily high degree. In system theory, this condition is
often assured by having onc of the matrices, say C(s), be square and
nonsingular. For example, the pair {C(s), P(s)} often arises as a so-
called right MFD (matrix-fraction description) of 2 matrix tansfer
function (s},

H{s)=IX)C (5

A pair [ C(s), D(s}} is said to be right coprime if it has only unimoduo-
lar sight divisors, If C{s) is nonsingnlar, D(s)C "'{(s) s said to be an
irreducible right MED.

Suppose now that we have an MED D{)}C 1(s) for which by one of
the methods of [12]-[14] we have found an frreducible, descrption
D(HCYs). Then a gerd of {C(s), ()} can be Tound as TS Cs)
However, this method is not only indirect, it wil generally requite direct
symbolic manipulation of polynonial matrices, whick may not be very
convenient for computer evaluation. The same cuiticism applics to the
standard method of MacDuifee {15}, {16], which finds a red as a
polynomial combination

R{5)== P(5)C{5) - Q) P(5).

In special cases, ¢ g, when F{x) is colomn reduced, the Euclidean
alporithm could be used to find a suitable pair { P(s) O( 53}, In this paper
we shall first describe how 2 gerd can be determmed from clemeniary
operations on a constant real matrix -a so-called generalized Sylvester
resultant matriz (Section 1T} We shiall show that certain ranks associated
with this matrix yield information on the so-called dual dpnarmical indices
[37]-[19] of the matrix {C (s 25} and thereby also yield a new test for
coprimeness {191, [20]. This rank information can be determined by vsing
numerically stable orthogonal transformations {cf. [14], {187, but doing
this will destroy seme information about the gerd’s; to preserve the
gerd™s we have o use unimodular rather than orthogonal transforma-
lions, We shall show how o do this while also exploiting the special
shilt-invariant Toeplitz structure of the generatized Sylvester 1esultant to
reduce the number of computations {19] (Section TH).

In the latter part of the paper we show how geed’s and minimal mdices
can also be oblained from the closely related peneralized Bezout re-
sultant of {20].

1L THE GRNERALEZED SYLVESTER RESULTANT

Two scalat polynomials «(s) and ¢(s) arc coprime if and only if there
exist no nontmvial polynomials a(s) and b{s) with degree less than the
degree of ofs) and d(s) such that a{s)d(s)+ d(s)e(s) 0. Equating cocf-
ficicnts leads ta a speeial maurix, known as the Sylvester resaitant Atz
of ¢(s) and d(+), whose nonsingularity hmphics the coprimeness of c(s)
and d(s). As noted in [§9], this approach also exiends nicely (o the
matrix case. First, we can show that two matrix polynomials? (s} and
B(s) wil be right coprime if and only i there exists an irredocible pair of
row-reduced frow-proper)? polynomial matrices {4{s) A(s)] such that
A(s) has the same deternumantal degree as €(v) and

AP B(HC(sy=0. 0

Suppose now that A{s} =3h AT while £B(2), C(5), D(s}) have
similar expressions and are of degrecs {1, mand m, respectively  Then
by equating the enefficients of the various powers of s m {2 1), we shall
obtzin the equations

[Aq By A4, By,

sy B 150, k1D 22

We sssuime 1that { €60 P(sY) have the same number of colunms aud that [0 () 02 Y
has full column cank N

Iy this we moean that the matnix, whase ith tow is composed of the coctlicients of the
Lighest power of 5 i the ith 1ow of the polyromial metix. s full rank Othe characteri-
srtions also exist sec o . [N
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where
i T
b, D, D, 0 0
Co G C, 0 0
0 D, D, D, 0
8= 0 C,o1 Cu 0 o
0 0 Dy D, D,
0 0 G C e Gy
i o G ]

2k block rows  (2.3)

is called the generalized Sylvester reswltunt of € and D of order k [19]
An inconsequentially different form was obtained in [20] by 2 different
argument based on genecralized Bezout resultants {other somewhat more
restricted forms of matrix Sylvester resultants have been given by
Rosenhrock [4], Rowe [6] and Waolsvich {3, p. 234]).

Equation (2 2) supgests then, that in dealing with questions of copri-
meness, it will be nseful to cxamine the Teft muil space of Sy, for
mercasing k.

In doing this, it will be useful to note that clementary row operations
on the matrix S, correspond in an obvious way 1o elementary operalions
on the rows of the polynomial matrix

F(s)=-[D'(s) C(sH

If we define E(s}=[A(5)  B()], with {A(s), B(s)} caprime and E(s)
row-redieed then the relation (2 1) can be rewritlen as

E(s)F(s)—0.
Forney has shown [17] that the constraints on E(s) imply the following.

1} Any polynomial row vector p(s) that is orthogonat (o F{s) has the
form

q

P)= X DB R ()EE)

for some polyriomial row vector wis) (The £ are tows of E)
2 I p(sy= wis)E(s), then

degp-:  max

[

[ges s+ 1]

where v, =the degree of the ith row of E{s).

The indices {#) charactenze the left null space of F(s) [21] When
{C(s), {s)} forn a right MILY of a matrix transier function H{s)=
DisYC 7 (s), then the {,} have been called the dual dynamical indices of
H(s) by Forney [17]: when H(s) is proper they coincide with the
observability indices of any minimal sizte-space realization of A(s).
Moreaver, the order of any such minimal reahization oheys Mo 7= 2 ¥
The following result relutes the {v,} 1o the generalized Sylvester resulant
and has immediate application to the deteimvivition of the dusl dynami-
cal indices.

Thearem 1 [19): Given the g3 transfei funcion manx i/ = pct
with duul dypamical indices », we have

(k)

L}

renk 8, = (r t Dk— 2 (2.4)
{ezw
wlhere S, 13 the generabized Sylvester resultant matnix of order k of € and
D.
Consequently, denoting 1ank S by r, and the dimension of the row
muli space of 5, by ng, the number «, of dual dynamical indices of value
k is piven by the formula

a,—={r; —r ) et ) k1,2, CR)

= m) (e — e th

tnitialized by rgeeng=0, eg=—r-bg- ry= o
FPraof: Define
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My e {w: w8, =0, where wisa k{g+r) row vector}
Uy o {o(sk: w(5) F(s) = 0 and deg v{s) <k}

_ {e(s): e{s)= x(s}E(s) where x(s) is any
Vo= ' e
polynomial row vector with deg x, <k -} .

By pioperties 1) and 2y of F(s), we can assert that V5 = U/, and it is
clear that 9, is isomorphic to U,. Since dim V, is clearly equal to
Ziimecry(k =) this is also the dimension of N, . Then, noting that dim
N+ rank S, = (r g)k establishes (2 4) The other resulis follow simply.

: il

The spanning property of the rows of I(s) then shows that the
dimension of the mull space of §, increases uniformly with & once & has
surpassed the miaximum dual dynamical index Since F(s) yiclds an
irreducible left MFTY of the transfer function matriy, Theorem T and the
facts that n, ., equals the sum of the dual dynamical indices, and that the
pair fC, D] is right eoprime for proper J1 if and only i deg det © equals
i yield the following result.

Corgllary 1.177], [20): With the same hypothesis as Theorem 1, lof
be the least inteper for which

rank 8, —rank 8, <r

(actually it must equal /). Then there exists a telt MED of H{s) of degree
», but none of depree less than ». Furthermore,

rank 8 coor(r+p)tn

snin

for all intepers 1. 0. And if 1 is proper, then for 12w, {C, D} are right
coprime if and only if

rank S, =m-4-deg det C.

The rank information needed for the ahove caleulations can be
obtained by numencally stable orthogonal transformations {of. [14],
[18]). However, to calculate a perd from the {5} we have 10 use
elementary (or unimodular) transformations and we now describe an
efficient way of doing this,

I gerd’s via ¥HE SYLVESTER RESUITANT

The efliciency arlses from exploiting the shift-invariant strocture of
the block-Taeplitz matrices {Se.A=1,2, - ). We can find the rank of
any matrix by reducing the matrix to row echelon form using clementary
row operations. The rank of the matsix is then the number of nonzero
rows n its row echelon form and the rows of the cehelon form span the
Tow space of the original matrix,

So consider the matrix S,. 1f the first block row has been reduced to
echelon forin, the shift invariance allows us to replace cvery lower black
Tow by the echelon form of the first hlock 1ow (shifted 10 the right) as an
interniediate step to the echelon reduction of S this follows from the
spanning property of the echelon form topether with the shift invariance.

Now, reduce the sccond hlock sull further using the first block row,
allowing enly those clementary operations that add rows from the fist
block row into the second block row or that add ondy within the second
block When this is completed the fiust two Block rows, taken topether,
are in row echelon form (with some row orders permuted) as s the Tirst
hlock row itself. We replace all block rows lower 1than the second by the
second block row of the echclan forns, suitably shifted, and procead with
the reduction of the third block row using the first two, #ud $6 on. We
note that zero rows may be removed as they occur, since all information
is available from the noszero rows.

This procudnre produces a “shifted row echelon form,” Fy, that has
the same block structure a3 S, We note that r, cquals the number of
nonzeso rows in fp, and ry - equals the nomber of nonzera rows in
the final Block of K, . We daim (see Theoran | below) that the finat
block tow of .., For & preater than the masimum Joal dypamical
index, defines the coefficients of a perd

An example will elanify the procedure.

Example: As ainillostration of the above alporithm we consider the
trausfer fupclion

1045

H{s)= D(s)€ ~'(5)

S 250t 2 25243545 SPaaser ]! a1
s 2541 .':24-23‘ 2451 52+:~]_. T
We form
08 6 1 2 0 1 1
-_loo 11 2 2 1 0 ‘
517l 1 2 0 3 4 5 2 (3.2)
00 1 1 1 1 —1 -1]

and reduce it to row echelon form K, before extending it by £, shifted
{note that rank §;=1ank I, =4). We have

i

o ! 2 0 3 4 5 2 090 0

. -1 1 1 1 -1 -1 1 9 1]

-1 2 0 I 1 1 0 4]
SR S S S B N i (33)

| I 2 0 3 4 5 2

I -1 1 1 1 -1 —1

g - St 2 0 1

(- L T

Now reduce this matriz to “shifted row echelon™ form, £,, by sub-
tracting muitiples of the first four rows from the last four rows and
working within the last four rows. Onc row becomes zero, and as a result
is deleted, Teaving three rows m the last block row of £, Then extend £,
by the nonzero rows left fromy the last block shifted two places to the
right. (Note that rank $,—=7)

gt 2 0 3 4 3 2! -
| I S R R S .
1 20 [ 14
o 1 1 2 | -
R T T
- : 11 oot (34)
| - 1 2 0 1 11 .
g E 23 2
i -1 10
[ 2 0 1 1]
and reduce this to shifted row cehiclon form
- .
o1 2 0 3 4 ) 2
CEE N B S A e DR |
-1 2 0 i
<1 i
Ey= 2 3 2 (3.5)
- I 1 G
i p [
P L 23 s 2
N G

Sinee rank 83 rank S,-=2=dim C(s), we stop here 2od die final two
rows, as we shall prove, give & gord R{s) of C(3) 216 D75) as

R(s)- [ 2s : 9 3,\';!- 2 J (3.6)

We may obiain a minimal right MED { €(5), ()} as Tollows:

D(sy=DEYR (5} = [(?sf} s }

)= 0551 ‘ 52 55
05¢--05 05415

The sequence of ranks {r} of the generatized Sylvester matrices for
the example is {4,7,9} wiich, in view of Theorem 1, immediately allows
us to state that ay—{, o, = ay v b, a0 =00 Thas, the dual
dynamical indices are {1,2).
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We may note that the row operations 1o find null vectors of 53 were -

0 6°0 071
0 2-0 =21

—1°0 1°0 3--1 -2,
. . o $;=0,
~5.0 3-2 3--1 0

Accordingly, the mairx on the Jeft above represents the coefficients
matrix of E(s). from which [A(s), B(s}} and an irreducible Teft MFD
-- 4 ~Y(5)R(5) can be constructed.

The jusification of the gerd caleulation is provided by the fellowing
result.

Theorem 2 [19); Let € and B he two polynonual matrices (with the
came number of columns) and et S, be the corresponding generalized
Sibvester matsx of order &, with E, the shifted row cchelon form of 5,
w5 derived via the zlgorithm. Then, provided & is greater than the
madimuin ow deeree » of any dual basis, the nonzero rows of the last
vlock row of E, are the coelficients of a gerd Gy of € and D,

Proof- The Yey step is to show that the polynomial matrix whose
coelficients make up the final block row of F is a unmimodular mmltiple
of F(5) Then Fheorem | will show that for k>w, we will. have a
collection of m monzero rows that spans the tow space of F. This is
clearly a gerd . The proof of the first statement above is svolved and the
reader is referred to [18] and {19] (which does have some typographical
CITOTS). |

We remark that our method for gerd evalnation is a maodified form of
Caussian climination, with enly partiaf pivoling, Becanse of this restric-
tion, complete pumerical stability of the algorithm cannot be assured
However, this scems 1o be a fundamental limitalion, and we are nol
aware of any better method of finding a gerd. We way note that 4 Smith
form equivalent of the gert can be found i a more stable way—-using
orthogonal transformations—by the methods of [14]; these methods can
zlso be nsed 1o find the deal dynamical 1ndices.

It should be pointed out that our method 15 not restricted o polynomi-
als with real coefficients but can be applied to coefficients from any
field In particalar for finite fields, the present slgorithm will probably be
quite well-behaved from a rumerical point of view.

To continue with our results here, we remark that having found 2
gerd, a test for coprimeness of the given potynomials is to check that the
serd is unimedular This check can be performed in several ways, e g,
by computing its determinant. Perhaps a stmpler method is to reduce the
ecrd 1o row-reduced form (by clementary row operations)—then unim-
odularity will be cqnivalent to all the row degrees being zero, 1t turas out
that one way of oblaining a tow-reduced gerd is just to continue the
echelon-form reduction.

Theorem 3 Let €,D,8,, E,, G, and » be as in Theorem 2. then for
some constant ky = v the gerd 6, derived from the final hiock row of the
shifted row cchelon form of S is the same for all kxk; and is 4 row
proper gerd of € and D

This constant, k,, has been reached when all » nonzero rows of the last
block row of E, have pivot indices (column numbers of the leading
nonzero elements) in different residue classes mod .

Proof. We note the following properiies.

13 The rows of 4 row proper gerd 7 have minimal degree tn the class
of all matrices which generate the left ideal generated by C and 1 (This
15 seen by considering degree det ()

7) There exists a mumber & such that 6= MO+ ND where M and N
are: polynomial matiices of degree ky or tess.

3) The row dégrees of the perd Gy are nonincreasing with k. (This 15 2
conseguence of the algorithm.)

4y If there is a row degree reduction between the mimmal row depree
cenerator derivable from § and that denvable from 5,4, then it will
ooenr as a row degree reduction from Gy 10 G, - {This follows because
the rows of the echelon form £, as a whole, represent a sct with
maximal erdered pivot indices of all possible linear combinations of
rows of S, and should any change occur in these indices between £y and
F, .y il must oceur in £, because of the nature of the alporithm)

The ocenrrence of the row proper perd for k=K, is established by
properties 1), 2), and 4). The constancy for & 2-ky 15 proven by 3), and
the final property of the ptvoi indices is seen to be implicit in 3) and 4) -

i't
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1V,  Tue GENERAIIZED BEZOUTTAN RESUL TANT Matrix
A Resultant and gerd Calcilation

In this section we establish 2 connection between the row echelon
forms of the generalized Sylvester and the generalired Bezoutizn matrix
of [20}, which will show that the generalized Bezoutian matrix mirtors
many of the properties of the generalized Sylvester matrix.

Consider a quadruple of polynormial matrices {A(s), B(s}, C(5), D(s))},
related by AD— BC—0, where 4 and B have g rows, € and D Lave r
columns )

The pencralized Bezontian form associated with {A,B5,C, D) 13

i i
[y = 5

AGIDG) B = 3 2 L i

where a is the highest power of s in {4 B} and m that of € D] We then
define the generalized Bezoutian matrix A as (U,)).

A sitnation where such a quadruple of matrices might often arise is as
ohvious left and dght MFD's of a given transler function matiix fi{s}
(see, e 1, [22], [23D) Yor example, 1f 71(s) is given as a matrix of scalar
1ational functions then we conld take the denominator polynomial to be
a5}, where a(s) is the least common multiple of alf denominators.

The following resuits are drawn from [20

Femma 1. Let A be a pencralized Bezoutian matrix associated with
the quadruple {4, 7, €, P2}, then rank A= p [4 Bl= nmjn} B C Conses

quently, either pair of matrices is coprime if and only 1f the highest
degree minor has degree rank A,

Temma 2. Lot {A{s), B{)YY and {C(5). D(5Y} be matox pairs such that
AD - BC =0 Tet S, be the peneralized Sylvester resultant matix of order
& associated with {C(s), D(s)} and lel A be the generalized Bezontian
matrix associated with {A,5,C, 0} Then for all k> on, the degree of
[A B, S¢ 15 row cquivalent o

in

| < - c, 0 -+ 0}
0 Cy - Coy G, - 0
k . R
hlock " :
rows { o 0 Cy L Oy S O
U e
Lonqur 1 A
| L

(1.1)

where A is A with its block columns in reverse order
From Lemma 2 and Theorem 2, we may expect that the cocfficients of
a gerd are contained in the echelon form of the matrix m (4.1) But there
is a difficulty in explotling the idea, however; we still need a scheme to
choose the required rows of the echelon form, a shift no longer being
availablz to pinde the choice. We shall look fust at the regular case 1o see
how the difficulty is overcome
The regular case corresponds to the highest degree coefiicient matrix
of 1€ D] having full rank, and in the remainder of this section we
asstime, without loss of generality, that if [€7/37 s regular, then € s
regular and there is an associated transfer function A(s)= D{s}C (5}
Theorera 4 [23] With the same hypothests as Lemma 2, and O(s)
regular, suppose the row echelon form of the following maltrix 15 con-
structed:
Ca Cy ) <, 42
0 A

ngXr

Then the cocficients of the rows of a row proper perd of [C.D} are
given by those rows of the echelon form whose pivot tndices are the
maximum in each residue class mod r.

Proof  The row equivalence of Temma 2 together wath the regular-
ity of C{s} imply that the echelon form of {4 2) contains the r+ g, 10ws
of greatest pivol index from the echelon form of 8, and that the {isst 7
rows of the echelon form have pivot indices in differing residue classes
mod r Theorem 3 establishes the tesult a
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Next we consider nonregular €(s). We cheose some number o such
that C(a) is nonsingular—since (s} 1 a nonsingutar polynomixl matrix
elmost every ¢ will do-—and constrieet the polynomial matrix ¢ (5)—C(s
+ o) Cgs™ + (, N (‘,,l These cocfficients ave simply 1elated.
Similarly we construct D(s)\ = D(s+a), A(s‘) B(r) for the same o.

Now we notice that, since {0} is nonsingular so is (
quently the matrix

. and conse-

C(s)=s"C(s V)= (""ms’"i" (3,",, AL X (.,:0 (43)
is a regular polynomial matrix. Also, construct A{s)—=s A(v N, By
"B(s'“') 1)(s)t—5"’])(c“) Thus, we have a quadruple of polynomial
matrices {A B,C, 1} —associated with the rational matrix His+o0)y™ Y]
——with C regular. By Theorem 4, we may find a row-proper gord of
{C,D} by using the peneralized Bezoutian matrix associated with
{A.8,CD).
Qur next problem is: Given a row proper perd of the polynomial
matrices € and 17, how do we pet a gerd of C and D? We answer this
simply in the following theorem.

Theoremn 5: Suppose we have four polynomial matrices €D, € 1)

related as foilows:

(‘:(5)E smC(s™h 13( $) =" (s 1Y)

whcrc degrec {(” DY=m and C{(l) is nnmimmlar.
'''' dearees
74,0, 3 thux

f'\;(x) =diag{s™ s MR (s 7Y

1s a pord (not necessarily vow proper) of {(:,}5 }. Henee, {(F, 1)} are nyht
coprime if and emly if {€, D) are also,

Proof: Sice is a row proper gerd of [(,‘ M}y wehave C= KR, D
= H K {or 7ight eoprime polynomial matrices K, /. Forney's predictable
degree properiy may then be used to show that Ris a right divisor of
both € and £, and that the coprimeness of the associated matrices K1
then follows, asing the fact that C(0) Tas Ioll rank. Thus 72 is indeed a
perd of [( D} 1]

Given o perd R(s‘) of {( D} we may easily revert o oa j'LTd R oof
{C.D3 by shilting the origin back to s=-0 from s—=o.

We temark here that ihere is a ~;1mp]c velutionshup  between the
Bezowvtian matrnix, A, associated with {A R (,,D} and thal, A, associated
with {A.58,€, ). It may be seen easily by examining the peneralized
Bezoutian forms that A equals -~ A with block rows and block columns
reversed. Since row operations do not affect the ultimate ww echelon
form, we really need only worry about the colnmn reordering,

B, Dual Dynamical Indices Calculation

As with the generalized Sylvester resultant, the dusl dynamical indices
can also be obtained fram the peneralized Bezontinn matiix

Thearem 6 Let A be the pencralized Bezontian matiix associated with
a left pair £A(s), F(s)), with preatest comnion Jeft divisor nonsingular at
s=07 and with any right pair. Then denoting by p; the rank of the
submatrix of A formed from the first § block rows,

a4
5)

R Y B LY

where oy s the number of dual dynamical mdices (obsenvability indie
of vatue &, [Note the paralict with (2.5)]

a4 - - -
As before, we may ensure this by raoving the arigin o s o
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Proof. The proof of Theorem 6 is involved and will only be outliped
here. Ry considering the zero vows and the ranks A; of the pencratized
Bezoutian maltrix associated with a left MFID which is left coprime and
row proper, the result is easily established as A then has only (.
nonzeso rows. The extension to norprow propes Jeft MED is achieved by
cxamination of the refationship between this generalized Bezounan
matrix and that of the yow proper case. Provided the peld is nonsingula

at =1, rank A, does not change f_]

V., CONCLUDING REMARKS

We have shown how a gerd of two matrix polynomials can be
computed by elementary operations on two 1cal constant (i e, nonpaely-
nonualy matrices—the peneralized Sylvester and Bezout matnces No
comparable methods seem to be available in the Lterature, tho
nay note that our method for the Sylvester resultant goncralized a
litde-known method of Laidacker [24] (also aited 1n {7} and [25]) for
finding the perd of two scalar polvnomials Another method sernenncs

used inthe sealar case is Frudvs method [26), which however reguer
evaluation of polynomial determinants and dees not om0 hne 2

useful generalization to e matrix case.
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