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1. Introduction

In recent vezrs, the concept of inverse systemns
was found to bz very useful in many areas such as
modern control tazory, coding and estimation the-
ories; hence it has received increasing atiention
from authors in various areas.

A

Historically, Braockett and MesaTovic [1} were
the first to stedy the properties ofinverse systems
{see also [2]). Massey & Sain [3] then introduced
the notion of Minvertibility™ and the so-called 'g-
delay' inverse systerm. Invertibility for various
systems was also discussed in [4, 5, 6]. Silverman
developad a "struciture akgorithm' for solving in-
verge systems problems. His algorithm can be
used to efficiently compute an inverse system and
simultaneousty test for its existence; furthermore,
it can be extended to tirns-varying cases., FPorter
[7.8, 9} had severzal interesting resulis on lnverse
systemns [ 7] discusses the firpe-varyinf cases,
which seerns to be related to Silverman's method,

9] made the first extensionto the nonlinear system

CasEe.

Most resulis were obtained using two approach-~
es: one uses state-space models, the other uses
polynomial matriz transfer functions. It seems
that the state~space approzch has the potential ad-
vantage that it is more easily extended to the prob-
lem of inverting non-relaxed systerns (systems
with nonzero initial state). However, the transfer
function approach has its own rnerits.

For a relaxed or initially reat system, repre-
sented by a rational transfer function matrix P{s),
the (left) inverse system rmust have a rationalrep-
resentation H{s) satisfying

H(s}P{a) = 1. {1
Inverting o squarve noamsingular rational matrix is
relatively trivial; however it is more challenging

to find a left inverse for a non-square transfer
matrix as ia (1) {3, 10, 11].

In recent years, the inversion problem has been
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treated as a special case of so-called minimal de-
sign problems by Wapg and Davison {12] {see also
[13]3. This is a novel idea which deals with the
problem of solving H{s} in the equation

H{a}P(s} = Q(s}
where P{a) and Q{s) are given rational matriéea.

Although this minimal design approach providaea
very important theoretical results, an efficient al-
gorithm for solving H{s) is still lackiog. Kang,
Kailath and Morf [11] propesed an efficient aljﬂ;or-
ithm to calculate a minimal order causal solution.
In the same paper,a new and simple test for the ex-
istence of the causal solution is also discusaed.

It is rather surprising that the inversion prob-
lern has not received much attention in network the-
ory literature. Nonetheless, we shallattack the
problem, adopting a circuit point of view, In some
sense this viewpoint is guite practical since the cir-
cuit representations often appear to he simpler and
more inteitive. Our circwit approach makes it pos-
sible to avoid both state-space models and transfexr
functions, Moreover, onr resualts are valid for a
very large class of systerns, in actuality, the only
constraint is the system linearity.

2. An Inversion Rule

We first consider a linear relaxed systemn. Here
retaxed" refers to systems with zero inttial state.
In other words, the inputa are identically mexo for
the entire past. This assumption will simplify the
problem considerably because we only have to con-
sider the inpnt/ontput behavior, without going into
the internal descriptions. However, in §3,w: shall
consider the extension to "nonrelaxed" systems.

[

The classof systems considered here is quite
general. They may be time-varying or time-luvar-
itant. Their mermory elernents raay be time -delays,
integrators, distributed types, or & mix of them.
Thus the function of each element will be repre-
sented by a tinear operator {rather than a tranafer
function as ta the time-invariant case).

However, for rexsons of realizability we confine
our discussion to caunsal systems. Recall thata
systemn is causal if no response may happen prior-
to the excitation. We also assume that the syatem
is causally invertible, i.e.,therte is aa iaverse
systern which is also causal.

There is a special feature on the representation
of the system coasidered in this paper,i.e., the
systern must be given in a circuit or flow graph
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form. More precisely, this special form reguires
that every pode having more than one incoming
branch is restricted to have at most oné outgoing
branch. ‘This irnplies {and is implied by) that every
notde having more than one outgoing branch is re-
stricted to have at most one incoming branch. In
fact, this representation still covers a wide range of
applications. For example, the block diagrams of
auntomatic control, signal processing systems, ete.
are very cormmonly constructed in just this forrm.
Note that the system is composed by 2 different
types of nodes, which may he termesl distinctively
{see [14}). Referring to Fig. 1, the node where a
number of branches converge but only one branch
radiates may be termed as a Heircle's and the node
where a single entering branch separates into sev-
eral outgoing maths may be termed as a dot.”

It shovld be clear now that, in this system rep-
resentation, there is no node with multiple Incoming
branches and multiple outgoing branches. It is cer-
tainly more restrictive than the general {low graph
represecniation. However, this restriction is paid
off by a nice topological property, whichis very use-
ful in the derivation of inverse systems.In fact,giv-
en a system in this representation, an inverse sys-
tem may be readily constructed by a very straight-
forward rule stated in

Theorem 1. Inversian Ruile Theorerm. Leta lineanr,
relaxed, causal and causally invertible system S be
given in its circoit form with G as its linear system
operator. Then, by the following steps, one can con-
struct a linear relaxed system 8 which has system
operator G=G~ L

{1) Find a path, say 'Y, which connects input and
output. T must contain only causally invertible
branches.

{2} Reverse the directions and invert the gains
of all the branches along the path T,and interchanye
input and output.

(3) Change the signs ofall'entering branches,"
(i. e., the branches entering the path T}. 0

This resulr indicates that the input sigeal may
be recovered by processing the outputsignal through
the inverse system in a very parallel manner (but
in a reversed direction) comparing to the original
system, This theorem was given by Masdon fi4,1960]
for the case where the branches are represented by
scalar gains. However,in the Appendix, we provide
another proof which is valid for a more general
case where the branches are linear, ime-varying
operators. This generalization turns out be he sub-
stantial in our later effort of further extending this
theorem to systems with multiple inputs and multi-
ple outputs {§5).

To illustrate the construction rule, we consider
a simple example.

Example 1. Inversion of a time-invariant system
{see Fig.2).

Obviously, if g(s) is invertible, we shall choose
path T as input — g(3) ~ output and cut inverse sys-
tem, when constructed by Theorem 1,is as shown

in Fig.3. It can be easily checked that the transfer
function of 5 is

H(s) = [1 + gl{s)(s)]"2gls)
and that of 5 ig

Fi(a) = g=Xs) +f(s)
and therefore
H(s) = H™¥(s).
3. Imversion of Non-relaxed Systems

if a system is pot initially rest, then part of the
putput is contributed from its non-zero initial con-
dition, and this part may be termed as free-re-
sponsée. For linear systemns, the free response is
additive tothe other part of x¢sponse caused by
the input. It is therefore convenient to denote the
output of a lingar system 5 by :

outpul[ S, X(to) Lu(t)] .,

i. e., the output of a system S with initial state X(E)}
at t=t_,and igput aft) for t=t .

Our new problem is to find an appropriate sys—
tern S and an appropriate initial state for 5 such
that .

outputf 5, R‘(to), vty = uft)
where

v(t) = output[S, K(t)), uft)]

In other words, we want to find a system 5 and
an initial state X{t} such that the cascaded system

of S and §, with initial conditions X{t ) and }m((to),
can reproduce the input uft) for tz=t.

for t= t, .

Theorern 2. Let S be a linear, causal and causally
invertible system with nonzero initial condition
X(t,), and Y(t) = output[S, ¥{0), ult)] then the inverse
system S is the same as that in Theorem 1 and if
the initial state of 5 is

X(to} = X(to)
then
output[5, X(t), y{t)] = ult) . {2)
A complete proof will be given in

However, the outline of the proof is presented here.
It is obvious that y(t) is the sum of two parts

ylt} = y (£} +ylt)

where y, represents the portion contributed from
the input and y, that {rom the initial state. Orin
equations

output[ s, Xt ), y(t)] = output{S, 0, vl £}
+ output] 5, X{t}, (0] =wf titoutput! 5, X(t), y;(t)}.
Hence, to prove {2) is the same as to prove

output[3, X(t ), v, ()] = 0 (3}
where

v.{8) = output]s, X(r),0] .
Or using the cascaded system, we need only prove

oatput[ S5 5, X{t)aX(t}, 0] =0 if X{t)=X(t).

The detailed proof of {4} can be found in the Appen-
dix. Here we shall only explain the idea by an il
lustrative example.

Example 3. 1. Again, we consider a simple feed-
back system {(Fig.2) and assume g is memoryless
and invertible,i.e., g i3 a nonzerg gain. Then our
cascaded original and inverse systerm are shown
in Fig. 5.
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The output affected by initial state X{t,) and i

¥{t ) is the same as the outputby the inpute (2L at

the two “circles" {see Fig. b} where

(pr(X(tD)) = the open loop response of £ with (5)
initial state X(t ) -

The overall oatput can then he calculatedas (assuone—
ing stable systems)

(T (a0 s X)) - L))

=n§0(fg)‘c,(}€(to))—n2:g LA (K-t X{E) =0
in this example, we have shown that (4) is justified.

4, Qbservability, Controllability and
Reproducibility of States

A linear, time-varying system is said to be ob-
servable at £ ,if for any stale K{t,) at time 1, in the
state space,tnere exists a finite t,> t, such that the
knowledge of the free-response {i. €., the output with
zero input) over the time interval [to, t1] suffices to
determine the state X(t)}. It is easy to see that this
definition may be rephrased ina different foxrm:

A systern S is .ohzervable at £, if and only if
there exisi no nonzero state X{t)) such that

outpuil 5, X(to),o] =0

Remarks The concept of controllability is dual ta
thot of observability,and is therefore omitted here.

forallt=t,.

.Thenrem_i. With reference to Theorem 1, the in-
verse system 5 is observable at £ if and only if the
original system 5 is observable at t. s]

Proof: L.et us sssume that S is unobse rvable at t
then there exists (L)) such that

output{ 3, X(t.), 0] =0 fortzt,

that is, by definition, g 55 notobservable. This proves
the Yif'' part of the theorem. Dy switching 5 and 5,
we can also prove the "only i€ part of the theorem.

The discussion for controllability can be car-
ried out by applying the same reasoding to the dual
systemn and the dual inverse syster.

Rerpark: It should be noted that the observability of

the finite dimensional system {continuous or dis-
crete time) can be checked by the observability ma-
trix {see e.g., [1sh. However, the present result is
valid for a much more general class of systerns.

Re}zroducibilitz of States

Note the observability (for allt® 0} of the in-
verse system has another interesting viewpoint,
pamely: it is possible to use the inverse systerm as
a state follower, a special case of the state recoa-
gstruction probiem.

Theorem 4. Let us assume the observable system 5

T3 relaxed at t=0,and its inverse system 5 is cas-
caded to the clrig'mal system S at t=90. Thennotonly
is the output y{t) of S equal to uft) but also

R(t) = X(t), tz0. o
259_9_{: Note that for any T2>t3 0, we have
output{ 3, Xt2), y{7)] = outputl3, X(1), y( 7]
+ output[5, Xy - X(1), 0],

and by Theorem 2 we know that
;(ﬂ =u{p)=ul7) Dutpuﬂg, ﬁ(t}-){{t)'(]] .
Since the system 13 observable ot t, then the fact
that o
output] 3, X(£) - X(t}, 0]=0
tmplies a
Kty = =) .

5. Multi-Input Mnlti-Output Systems .

We now note that all the results above carrzy
through to multi-input rnulit-output systems. The
only "new' difficulty for the MIMO system is the
Hhoncornrnitavity't of the system operators. How-
ever, it is sasy to check that, in our proof, the ord-
ering of the operators is carefully preserved.
Hence our previous results are valid for both SIS0
and MIMO systems. This i3 the reason that there
is no restriction specifically meuntioned tn the pre-
vious sections.

Nonetheless, for the MIMQO case we ase a stight-
ly modified fule:

Theorem 5. Assume § represents a linear, causal

and causally invertible systern with m inputs and

m outpats. Consider its circuit representation and
let G be its system operator. Then the inverse sys-
tern S with operator G=G™! can be construacted as
follows.

1) Find m transmission paths such thai each of
the m inputs is connected to one of the outputs.
These transmission paths raust not overlap and
must contain causally invertible hranches.

2} Reverse the directions and invert the gains of
all the branches on the transmission paths and in-
terchange input and cutput.

3) Chanpge the sigas of all the "entering branches.’

8
Remarlk: At this point, one may argue that our cho-
sen piaths ought to have the same nomber of branch-
es for all the paths so that the proof used for The-
orem 1 can he applied directly. llowever,this s
not a problem since some trivial branches (i.e.,
those with unit gain) can be artificially inserted so
that all the paths have the same number of branch-
es. It is easy to see that,once the inverse system
is formed as in Theorem 5, removing (or ignoring}
thos artifictally inserted branches does not change
the inverse systern.

Remark: It should also be noted that the inverti-
bility of the system puarantees that there exist m
non-overtapping, causally invertible paths. Namely
m such paths always exist if the pverall system ad-
mits a causal inverse. {This is verified by a
straightforward “information sufficiencd’ arpuraent.}
If the given circuit has o complicated structure, then
some computer-aided search techaique may beutil-
ized to find and trace the appropriate paths. {See
Fig. 5 for examplel.

6. An Application: Speech Drocessing Model

The so-called inverse filtering approach ia gon-
cerned with identifying system structures and par-
ameters. In speech processing, the problem of maod-
eling and estimation of the vocal tract shape has re=
ceived a lot of attention, It is known [16] that the vo-
cal tract may be modeled by an auto-regressive (AR)
model with a traansfer function
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H{z)} = 1/a{z),

whexe
a{z}) = 1+a,z" # =« FaguN

It can be shown that identifying the parameters (a;,
i=1, ..., N) is eguivalent to identifying the reflec-

tion coefficients {k,,i=1,..., N} which are deter-

mined by variations in the cross-sectional area of
the vocal tract. In general, the AR modelcanbe re-
alized in a latter form, using only the reflection co-
efficients as parameters (see Fig. 6).

It can be shown that an efficient way to identify
the model 1s by utilizing an optimal inverse filter
as shown in Tig.7, such that the error is as small
as possible.

In fact, it is desirable that the inverse filter be
found in a similar ladder form as in Fig. 6 so that
the vocal tract configuration can be derived,

The most direct method to write the inverse fil-
ter of Fig.7 is to apply our inversion rule and the
inverse filter can be shown as in Fig, 8.

It should be ooted that if such an inverase system
is cascaded with the original AR system then, by
Theorem 4 and the fact that the system iz observ-
able, the state at each stage,as well as the input, is
reproduced in the inverse system. This is an im-
portant observation since we in fact do not know the
reflection coeificieats (k,,1=1,..., N} a priori;
however this important information is contained in
the states of the ladder form realization. It can be
shown that if the input to the speech producing mo-
del (Fig. 6) is 2 stationary white Gaussian noise
(WGN) then the correlation betwesn the "forward
wave' X7 and "backward wave' X[ is proportional
to the reflection coefficient k,. The derivation of
this relationshipis quite ihvolvedand we shall simply
state the resucit here,

(K0 XX, XYy = <K, (6)

By {6}, our inverse system is already close to the
well-known optirnal inverse filter [16] in which the
gains {k,'s) ia Fig.8 are replaced by the so-called
partial correlation coefficients, Note that if the
true ks were used then the output of the {perfect}
inverse filter would be {perfectly) white. Conse-
quently, the optimurm inverse f{ilter gives an output
which is as "white'™ as possible.

We shall not go into  detailed discussion since
it involves the orthogonal properties of the states
using the orthogonal polycomial theory and "maxi-
murm entropy' spectral analysis [16-20]. After all,
our rmain purpose here is not to find new inverse
filtering methods but to demonstrate how the inver-
sion rule is related to the well-known inverse fil-
tering technique and its stochastic inferpretation.

It is worth mentioning that the inversion rule
still holds if the delay elerments z~! are replacedby
other elements, for example, z~?~z; % i=1, ..., N,
where z7) represent delays with differeat timedur-
ation. This situation arises when a layered system
has different thickness for each layer. Thus, this
modified representation may have some potential
applications.
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Appendix — Proofs of Theorem 1 and Theorem 2

Proof of Theorern 1. Assume a path T is chosen,
then by the Minearity" propetty, the systemn can be
reduced to the one with the form shown in Fig. 9
{assaming there are M '"dots" and M "eircles' on
the path T}, where {g;”,i:1,...,M,j:l,...,M}
are new operators after proper reduction and each
operator g,, connects the i-th "dot' and the j-th
neircte." On the path T, there are {causally) invert-
ible branches {g,1=}, ..., M-1%} and {g,1=1,...,
M} where o connects the i-th circle and i-th dot
and @, connacis i-th dot and (i+1)-th circle.

In the sarme manner, the constructed inverse
system 5 can be reduced to 2 similar form (Fig.10).

Our next step is then to prove that 5 is indeedan
inverse system of S. Here, we shall verify this re-
lation by an induction procedure. That is, we shall
establish the inverse relation stage by stage. Let
us first work on the cireuit in Fig.9,it can be re-
duced to $% as shown in Fig. 11, where, for i=1,...,
M-1,j1, ..., M

g5, Buyt B,y lon B ) it By e 1 Bt Ben)
. 0i1#k . o
with 8, =4 2p- Thén the system 5% can be fur-

ther reduced to s# ay in Fip. 12, where for i=M-1,

g T T B,y (0 B ) (B B 1)
and for i £ M-1,
P TR L VA U A | BatEumyn] Bige
= 81,41 8a, 4 2 - B ,n)_ 1gi.n+[6H- 1,,;&‘;E Nl LT
— g (om g T (BrFumy )] - Bt By n) Yeam
ST O TN | 5.2 NN [y D

Qur next step is to reduce the systemﬁg as in
Fig.10. By glmost the same procedure, 5 can be
reduced to 8% as shown in Fig.13,where fori= M-1

- - -1
Ef_ 1,35 Ba- 1.3 Eny (13441‘ Eu ol (BatEu. 1)
for i # M-1

e -1 “1
gt#,;"ga,f{'[e’n-1.3%-1“85—1,3][}?»4+gu-1,n1 Bam -

Now it is clear that the first {rightmost} two
sections of § (F‘i#g. 13) is the inverse of the last
two sections of 87 (Fig.12). Therefore, their ef-
fects cancel each other. And also note that

gt =gl fori=1, ., M- =0 ML

Therefore, the same reduction can go on until the
complete inverse relation is established. Hence
the proof. a]

Proof of Theorem 2. Following the discussion in §3,

our goal here is to prove Eq. {4).

output[Se 5, X(r yaR(r,), 0] =0, 2f K(r)=X(t ). (5. 1)

IL.et us consider the reduced circuits in Fig. 9. For
simplicity, we shall assurme that only branch g, has
gonzero initial state. This assumption ts withoat
loss of penerality since our systern is linearand the
coatribution from the initial state of cachbranchcecan
be treated separately. Let

@ (KD = the open loop response of z., with in-
ittal state X, (t) S ’
(as defined in Fq.(5), §3). Then the output affected
by X{t )} and X(t)) is the same as theoutput produced
by the local inputs g (X, () at the two circles
shown in Fig. 14 {refer to Ex.3.1).
By a more involved reduction procedure,similar
to the one used in the proot of Theorem 1, it ispos-

sible to reduce the circuit to a simpler form and
then prove Eq.({A.1). -

However, we shall use another very simple proot.
Let us modify the circuit in Fig. 14 to the one in
Fig. 15, Now, let u’{t) be

0"t = gy (X, {20
then, using Theorem 1,
w' 1) =ait) = g (X, (8)).
However, if we let g~ 0, then Figs.14& 15 become
equivalent. Note that
u(t) = Limea’(t) = 0
. g~ 0

and since u’(t) = g=toft) = o (X, (6 ); this implies that
{assuming cgu(Xu(tn)} is bouaded), whea -+ 0,

alt) =0,
i. e., the output of the inversse syatem is zero,henze
tha proof. jd
R ; 3
circle " th -
(laed-in) wecl - outhy

Fig.1. A typical memory branck, the branch g™
may be delay, integrator, or other type of memory
clernent, i. e, , it represents a linear operatar which
is apgain denoted by “pt*

{E3] BN

input output input
zi=) -1t
P Y

Fig.2. A simple feedback Fig. 3. An inoverse systerm z.
system 3.

| PORSRURE »
inverae syatern
(R(tol * X.ttol'b

original system

Figure 4
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original system invarse aystem
(2 inputas, Z ootpots) YaHU Ux Hnl ¥

¥ig. 5. Example for constructing MIMO inverse

systems.
win) = X (0} X3, n X}o) Xob [(Xim))

1

iz} Xy (n) Xain)

-
No3
Fig. 6. A ladder form representation of a speech
producing model, Rl M
Utz) r N £}
5 nver L)) 1:1\1"}5[ng Ytzj_g} ATy Figare 11
3
Figure 7
Xo10) x}o) X5yt Xyy(m)
{tn}) SO —
c i
2 N g,
z Ko 1,M-1
T XInd R Kpp_glnd Xtmd
¥ig.B. Inverse filter of the speech producingmodel;
in the opiimal inverse filter {161k, can be found as
ko= ~E[X n X )V EIXE () P EX L () ) A
Ris2 N WY at
T
“By,M-1
Figure 13
aystem inverse
e ’?’“ e
l’ \
K - r; w'l.'lrxij(.on ci]‘ ijﬂ'—‘n
1,M .
" Figure 14
Figure 9
system i“\-'r‘e
vo, Pyl oo "{E“’:;
. ) \

Figure 15
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