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Abstraet—During 1ecent years, lincar system theory has intensively
Leen applied in estimation and control. At the same thme, imape
processing: has attracted increasing interest and atiempts have heen
made to extend the teclmiques of systems theory to multidimengional
probiems, among others, by Bose, Attasi, Givone and Roesser, and
Mitra.

Part T of our resulis is centered around polynomizl descriptions of
systems.  The notion of minimality in connection with state space re-
quires the concept of coprimeness of 2.0 polynomial matrices. For
this purpose, we have extended the existing 1-D results on greafest
commaoa right divisor (GCRD) extraction, Sylvester resulfants, matrix
fraction descriptions (MED) to the 2-1 case. In addition we have re-
sults that zppeac to be unique for multidimensianat problems sueh as

existence nnd uniquencss of so-called “primitive factosizations™ and
existence of general factorizations.
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Part IT will appear in 2 companion paper presenting results on a com-
pavison between the different stafe space models that have heen pro-
posed, using what we consider to be proper definitions of state, con-
trollzhility awd observability and their rejation o musmaklity of 2-1}
systems. We also preseni new implementztions of 2-ID transfer func-
tions using a minimal nember of dynamic elements.

1. INTRODUCTION

¥ HE THEORY of 2-D systems has received increasing

atfention during recent years, the reason most probebly

- being the wide range of applicalions in digital filtering,
digital picture processing, seismic data processimg and many
other arcas. These systems can be repicsenied with two types
of dynamical elements (say z % and 1) and consequently
there i3 a very close connection between the theory of 2-D
systems and the theory of polynomials of 2 variables,

Asan the 1-D case these systems can either be studied in the
transform domain (for constant parameler models) or in the
state space form. in the first case the polynomial aspect is
moaost important and many significant resulis have already heen
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obtained particularly in the case of scalar (i.e, single input,
sinele output}) systems.

Indecd, the theory of polynomials of several vapables goes
back to Gauss and Hilbert and some accounts of this theory
can be found in Bocher [1] or in Van Der Waerden [2]. And
various applications to scalar 2-13 systems are fiven by Bose
131, {4], or Bosc and Jury [51.

In the state space approach, the notions of controllability,
observability, minimality play an impartant part and some im-
portant results in this direction have been provided by Attasi
161, Fornasini-Marchesini [7], Givone-Roesser [8].

In the present paper, we have extended some of the results of
scalar 2-D polynomials to the mulfivariable (ie, 213 poly-
nomial matrix) case. Such an extension is known in the 1-D
- case (see MacDuffee [9]) and there is a very close relajion be-
tween 1-D polynomial matrices and 1-1) state space theory, a
fact that has been studied in detail by Rosenbrock [10] or
Wolovich {11].

In a subsequent pzper, Part 11, we shall study along similar
lines the connections between 2-D polynomial matrices and
2-D state space notions.

The tools involved in the study of 2-13 polynomial matrices
peneralize either some notions appearing in the theory of 2-D
scalar polynomials or some tools atready existing for 1-D poly-
nomial matrices. The matrix primitive faclorization presented
in Section 11 or the rational ficld arpument studied at the be-
ginning of Section 1l belong clearly to the first category.
Similarly the Hermite form and the Smith form of Section H1
or the peneral factorization algorithm of Section 1V are no-
tions obviousty borrowed from 1-D theory.

As applications of these tesults we present in Section V the
Bezout Identity and a study of the propertiss of MED {matrix
fraction description) of 2-D transfer functions. In Section VI
an algorithm is given for the greatest common rnight divisor
{GCRD) extraction of two polynomial matrices and in Section
VIl Rosenbrock’s criterion of relative primeness of two poly-
nomial matrces is extended to the 2-D case.

The logical dependence of the proofs and accordingly of the
sections of this paper is presented in Fig. 1.
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IL. PraMiTIVE FACTORIZATION

Many significant results have long been obtained for scalar
(i.c., single input, sinale ouiput) 2-I systems. For matrix
(multi-input, multi-output) 2-0 problems, fewer results are
known (see {15]). One possible reason is that there still exist
many open problems in the scalar case that may have aitracted
(almost) all the attention of researchers in the field of 2-D
systems Another possibility is that 2-D mairix problems
appear to be poteniially much more difficult. Also, the “non-
commultativity™ of 2-1) matrices causes no less trouble than its
11> counterpart. Another (even more unexpected) aspect we
wish Lo discuss now is the difficulties of the factorization prob-
lems associated with 2-D matrices.

In the following, we shall denote Flz, w] the ring of poly-
nomials in z and o with coefficients in the field £, We shall
also assume {except in part a} of Section VI and in Section VII}
that the field F is algebraically closed.

Since any polynomial

afz, w)= zn: a; (W) zL

=0

(rcspﬂctively,}:}’!o ai{7) wh), we identify Flz, wl with F fenllz]
(respectively, Fizllw]) the ring of polynomtals in z with co-
efiicients in £l {respectively, the 1ing of polynomials in ¢
with coefficients in F[z1). Thesc are subangs of F(e[z] and
of F(z)fw] which will also play an important part in our
analysis '

fn the theory of scalar 2-D polynomials, the notion of
primitive factonzation {see [11) was of particnlar importance

To be more precise, af{z, w) =alwya®(z, w) 5 a primitive
factorization of

n )
ofz, Ly = Z aj(e) 2’
=0
in Fleo)z] if a(w) is the preatest divisor of a{z, ) belonging
to Flw]. ale) is just the GCD of [a;(e), i=1,2," -xrl.
Symmetrically, we could define the primitive factorization

afz, w) = a(z) &*(z, w)
in F{z]fw} In the remaindes of this section, we shall con-
sider only primitive factorizations in Flewllzl.

Now, if we are interested in the primitive factorization in
Flw1[z] of a polynomial matnx, say

Alz, W) = Z Ao =

=0

il seems ihat as in the scalar case we need only to find Alea)
the left GCD of {4, (), A2(w), -, Ao Then

Az, )= f A(w) A (w) 2 = Aw) 4%(z, ).

o

Alternalively, we can also obtain a right factor by calculating
the right GCD of

Ay(w)
Aq{ey)

A, fw)
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However, it is not that simple. As a counterexample, consider
the following matrix

¥z w2t iz 11
Alz, w}=| = =2
-7z z2'-1 11

[ 0 l] [m co]
-+ z+ . (2.1)
-1 0 0 -1

We can eesily check that there exists no nontrivial right and for
left GCD of the 4 (w)'s, therefore, 1here does not seem to exist
such a factorization. However, it can be verified that
l4{z, &)=z~ 1), and this suggests strongly that there
should exist a factor whose determinant is equal to w.l There-
fore, the following questions arise:

Do such factorizations always exist or not?

If yes, how can they be obtained?

If yes, 15 the factorization unique? Or unique in a Certain
sense?

Does there exist a more general factorization?

In fact, there are many more such questions and they all
have motivated the present rescarch. In this seclion, we pro-
vide answers to all the questions raiscd above. These results
will turn out 1o be of fundamental importance in finding solu-
tions Lo many of the problems raised in the later sectious,

First, we need 1o define the term Hprimitive.”

Definition: Let A(z, ) be a m X n polynomial matrix,
(m <) then A(z, w) is said to be primitive in Flw]]z]) ol
Alz, ) is of full tank Tor all fixed g,

By full rank, we mean that there is an m X o1 submatiix
whose determinant is not the zero element of F(z).

It is clear that in the scalar case afz, w) is primitive if and
only if a(w), ay 25y, - - » @, {e3) have no nontrivial common
factor. However, in tlie matrix case, this simple relation does
ot hold. Note that 1his definition of “primitive™ in the scalar
case is In fact the definition used by Bocher [ 1] and Bose [4],
while our definition provides a natural pgeneralization to the
matnx case.

Our first observation is the following lemma.

Lenimna 2.1 Let R{z, ) be a given m X n full rank 2-D
rolynomial matrix with

R=AB=CD
forsome mXmA, mXn B.mXpC,pXnD, wherep << s,
Also assume that | A€ Flw] and that £ is primitive. Then
B=ATCh=ED

where K is a polyromicl matrix.

FProof: Suppose thal F is a rational {ronpolynomial)
matrix, then there is at least one row, say the first one, which
is nonpolynomial, But since F has been asstmed algebraically
clased, this means that there exists some Gy and g(w) such
that

. [ eyq(z, w) C’lz(~ w) ’?lp(sz) ]
o - T

26~ )" 2o w9)* 5e)er~ wn)

With ey, i=1,---_ p not all identically zero. Hence there
exists a p X p unimodular matrix in z, say V{z), such that

1AL the end of this section we shail move The existence of o matrix
primitive fuctotizution and apply it ta the example above, i

863

Ey(z, ) V(z) = Ey(z, w)
_[ e“(z (4))

() - wo)

€1z, w)
Tglw)w - wu)]
with

€11z, )£ 0
and

6z, wp)=0, i=2--, p.
Now we have that

= EF.

n

B=EV VD

T

“ace V! ois unimodular, F= V™' D is also primitive. Let

Bz, w) be the first row of B(z, w) and Li{Z, w) be the ith
row of I{z, w), then

e1i(z, w)

Btz )= E‘g(LU)(co )

Fiz, w)

or

r
(- we)g(w) B, {z, w) = Z €yilz, Y Filz, w). (2.2)
1

Now letl wr = wy, Equation (2.1) becomes
0 =510z, o) F iz, )
ie,
Filz,wy)=0
which implies that Fy(z, ) contains the factor {w - wy ),
thercfore, contradicting the “primitive™ assumption on F(z, w)

and therefore on D{z, w). Thus we can conclude that £{z, w)
is 1n fact a polynomial. ’ L

This lemma will be very useful in later sections as well as in
our following major theorem.

Theorem 2 2—Primitive Fuctorization Theorem  Let Rz, w)
be a given m X n {full rank 2-D polynomial matrix, where
m < n, then there exist a unique R(z, ) (modulo a right uni-
modular matrix) and a unique R™z, w) {(modulo a left uni-
niodular matrix) with

{R(z, w} =T (w)

where r{c} is some polynomial in ¢ end R¥(z, w) is primitive
in Flw]z]) such that

Rz, )= K(z, w) R*(z, wl

Proof:

i) Existence--we prove it by the following constiuctive

algorithm {(Primitive Factorization Algorithm). _
I. Find all the roots y, which make {2, &) not full rank.
Il Since R{z, %) bas not full rank, the (upper trianpulan)
Hermite form of R(z, w;) has its last row identically
equal lo zeto [11].
iat is to say we can find a unimodular matrix V,(z) such
that .

X
ViGY R(z, 0oy = |-
1) Rz, o) = [0 000 000]

oy




B64

ie., "1 -
V;(2YR(z, w) = 1 [F]
i
L ((AJ— (.01)
for some R{z, t2), or

& —

Riz,w)= Vi () 1 E=A,R.
i
| (- 001)“
1 ) I

Continuing the same procedure on B, we will eventually

obtain a final result of the form
R(z, )= 4, 4, A R*=RR*
|
with B
IRT=14; WA 1 1A 1= F] (- wp=7(w)
i1

and R*(z, ) is apparently primitive (otherwise the procedure
could be still continued) Q.ED.

i} Unigueness: assume
R=R,RY=RE,R}
by Lemma 2.1, taking p = m < n, we have
E=RUTR,
is a polynomial, conversely, £7% = R3' Ry is also a polynomial
hence R, and K, are related by a unimodular matyix. Q ED. »

Remark I: In the first step of the above primitive factor-
ization algorithm, we need to {ind the roots «;. This can be
done by first taking a nonsingular minor and calculating its
determinant, say af(z, @) Then we can easily factor ez, w) =

@) &F(z, ), and obtain our candidate roots from the set of

roots of @(w) = 0. By checking each candidate root we can
pick out those making R(z, w)} not full rank and obtain the
complete set of w;'s. _

Remark 27 This theorem tells us that we can always ob-
tain a primitive factorization but it will not be as casy asin the
scalar case. Also this theorem is a very powerfal {ool in 2-DD
matrix system theory as appears in the logical dependence
chart in Section L.

Repiark 3: We may note that this alponthm mighi not be
ultimately the best methed of finding the primitive factoriza-
tion, since it requires finding roots of polynomials. By using
GCRD and GCLD and the ideas above, a more efficient
zlgorithm may be developed.

Example: Let us reconsider the matrix in (2.1),1.e.,

w 2 +z]

2 -1

w +zt
R{z, )=
-z
First, we shall find a left factorization. Since w = 0 is a root,
the corresponding unimodular matrix is

-1 1
V](Z):
z=1 -z
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ie.,
Wz

“w-z-
wiz-1 w(z—-1) ]

1 0f-w-2 -w-z-7Y
:_0 w][Z“l z-1 }
Thus we have the result
0 f-w-z ~w-z-1
o) [z~l z=1 ]

-z —wlif-w-z ~w-z-1
= [ ] { ] ={(z, W) D{(z, w).

—z+l -]z 1 z=-1

Vi(z) Rz, w) "[

1
Riz,w)=¥1{z) [
0

It is easy to verify that {C| =, and hence we have obtained
the desired factorization. Similarly the right factorization is

given by
-z 1fi{-z -z-1
R(zy w): - ]
-z+1 0] |lw w

II{. NorioNn oF RarioNaL FIELD

Oune powerful approach to tackle 2-I problems is to view a
2-D polynomial

a(z, )= Zn: a; () z

i1

of Fiar]fz] as being an element of F(w)z), that 15 to say as a
1-D polynomial in z with coeflicients in the field F(w). lhe
field F(co) is chosen because it contains aH g, (w)'s.

With this approach, similar resulfs to the ones of 1-I) sysiem
theoty can be obtained by natural extensions,

Algorithm 3.1-2-D Euclidean Algorithm in I[w])iz] (Scalar
Cuse)” let us denote @(z) =a(z, w), B(z) =b(z, w2} with the
w) part implicitly represented by the coefficients of the powers
of z. Then there exist Z(z), 61(z) such that

R(z) = Hz) Bz + §i(z) 3.H)
where 6i(z) has 6,6(z) < 6.5(z) = m, denoting by 6, p(z) the
depree in z of the polynomial p(z). In addition, let

3
Q()( _) L

oy Qmm (@)
po{w)

pn —hr ({"J)

(=)=

In order to renormalize (3.1} back to 2-D polynomial repre-
sentation we must muliiply (3.1) by a polynomial pl), where

P} =LCM(po, """, P " s Pnem)

the jeast common muttiple of 211 the p;. Tt is clear that

1 n-m . H
1) R A .
=) plw) %‘ 9T ) @ )

and {(3.1), after translating back to the 2-D polynomial
languapge, becomes

pleyalz, w) = k(z, w) bz, ) +r{z, w)

where r(z, w)=plw)  K(z) is certainly a 2-D polynomial.
Also note that 3_r{z, ) <m and that p(w) and &(z, @) are
coprime.

Symmetrically, a 2-D Euclidean division algorithm can also
be defined in Fzl{ew]. Thus we can find piz), #(z, w), and

L omb
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£z, &2} such that
p(z)alz, W)=z, w) b{z, w) +3(z, W),
3,50, W) < 8,002, W)

p£(2) and I{z, ) being coprime.

Algorithm 3.2--Hermite form w.r.l, Flw][z]: We are now
interested in finding the Hermite form for a 2-D full rank
polynomial matix, say m X n M(z, «2). Just as we work in the
1-I» case (see [16]) over the real field, we can work here over
F(w), and find U, 2 unimodular polynomial matrix in
FileoHzlsuchthatif m = n

X X
UM = O =t [g—g] - (3 2a)
orifm=n
x x
o=t T fx ] = el (3.20)

O
where JC, 3¢ are unique, and 8,3C; > §.Hy,, for k#i. The
rencrmalization to 2-1) polynomial matrix is straightforward,
Lel py(w) = LOM (denominators of [U 4y 4, i=1,7 -, mr)and

premultiply (3.2) by diay (p;(w)), then we have the relation
thatifm = n

UM - O = [H} (3 3a)
z = |= V= oA
O]
orifm<n
X X "
U, M= T ix| = HIH) (3.3b)

O «x

where U, H, [T are 2-1) polynemial matricés. This completes
the derivation of the Hermite fonm w.r.t. Flasliz].

Algorithm 3.3-Smith Form wor.t, Flwllzl: Asin the 1-D
case, we can use unimodular transformations in z on both sides
to reduce any matrix, say Af{z, w), to & 1-D Smith form over
Flu3) and then renormalize both unimodular matrices by two
diagonal polynonsal matrices in Flw]. Henee, the following
result: Given any polynomial matrix Mz, w), there exist two
polynomial matrices Ufz, @), ¥z, w) with (Ul=a(w),
| V= Blw), where wfw), {f(u)j & Flw), such ihiur we can ob-
tein the 2-1) Smith forer, 1fm 20

wd

bll

‘(3 4a)

.13

orifm«<n

UMV = (3.4b)

o

Smm

O

with ;1 Scr if § < k, (where alb denotes “a divides &7).

Remark: H and §, the Hermite and Smith forms of M over
Flw]|z]) are quite different from the Hermite and Smith forms
of M over Flz][ew]. :

Indeed, in one case, we consider first 3 and & the Hermite
and Smith forms of M over F(w){z] and then we renormalize
with some polynomials in <2 to make H and 5 equivalent to M
over Iz, 2], in the other case we use F{z)[w] as the inter-
mediate 1ing of polynomials and renonmalize with some poly-

~nomizlsin z.

These examples have illustrated e great convenience of
using the 2-D language of Flz, wl and the 1-D language of
Fleo}z) or £(z)} ew]interchangeably (this idea can be extended
1o N-D systems).  Now et us discuss the question of ir-
reducibility of a 2-D repiesentation and see how il can be
translated to the 12D lanpuage. Consider a 2-D rational poly-
nomial matrix {z, ), it can be written as

G=BA"1, (3.5)

If A4 and B are (right) coprime, that is A, B has no nontrivial
right comman factor, then (3.5) is a irreducible re presentation.
We may note that an irreducible representation has potential
applications in network realization, dynamic sysiem analysis,
cte. In order to relate 2-D coprimeness to 1-D coprimeness we
will make use of Thecrem 3.5. However, before this theorem,
we have to prove the following lemma.

Lemmia 34 Let
A R
ul==i=

where U, A, B, Rare 2-D polyvpomial matrices, and [ U1€ Flw].
If R has a primitive (lef1) factorization K = KR™ in Flw]l{z]
then RY is a ripht common factor of 4 and B,

Proaf.
[A:I N [R} } . [R}
- = —] e =
B 0 a(w) it

where @(w)= | U] and I = adj (I/). 1'his canalso be written as

fo{e)] -’?-FUﬁ: G101 {5 = iRk
.C'CU-B—.Ofllzo‘w

with {/; and ¥/, defined in an obvious way  Now we can ap-

ply Lemma 2.1 where we assume ;7 = n. ihen, we have

A T Sy 36
[}é}*la(w)ll U RR™ = [K1RT (3.6)

with £ a polynomial matrix. Now (3 6) imples that RYisa
right comnion factor of A and 5. QED =

Theorem 350 Az, ), B(z, w) ate 2-D right coprime wr t.
Flz, w}iff

A, I are 1-D ripht coprime w r 1. fiw)lz]
and

A, B are 1-I) ripght coprime w 7.4 F{zilwl.
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_ Remark: By A and B 2-D right coprime w.r.t. £z, w}, we
mean that there is no right common factor, say R, such that:

A=AR B=RER

A, B, R have zll their entries in Ffz, w] and 5 iR1>0 or
S,IR|>0.

Proof: Necessity: Assume 4, B, 2-D coprime.
A, B are not -} coprime w.r.t., say F(w)|z].

exists U,
J- ]
B 0

where 1, 61 are 1-D polynomial matrices with coefficients in
F(w), U E F(w) and 6,1 84z)1 > 0. Renormalizing (3.7} we
have 2-D polynomial matrices U/ and R such that U} & Flw)

N

1et R=KR* be a promitive factorization of R in Flwl[z}].
Then by lemma 3.4, R* is a nontrivial (ie, &, |R¥|> 0)
right common factor of A4, B~ a contradiction. Ience the
“necessity” part is proven.

Sufficiency: Assume A4, B 1-D coprime wrt. F(e2)[z] and
1-D coprime w.rt. F(z)[w]. Suppose A, B are not 2-D co-
prime, ic., 4, I have a nontrivial cemmon factor, say £(z, ),
then there are two cases.

Suppose
Then there

.7

1} VE(z, wH contains z, then A(z, w), B{z, w) are not 1-D
coprime in F(w)[z] since £{z, 03} is a nontrivial 1-D com-
mon {actor. '

i) | E(z, )] does not contain z, hence it must contain ¢,
then A(z, w), B(z, w) are not 1-D coprime w.r.t. F(z)[w].

Hence both cases teach contradictions and the proof is
completed. '

Some applications of this theorem will be discussed in
Section V. Next we turn to the general factorization problem.

IV. THE GENERAL FACTORIZATION THEOREM

In Scction I, we proved that an arbitrary square matrix
R{z, ) of size m has a primitive factorization w.r.t. F{w]fz],
ie.,if

| R (2,00 = F () r*¥{z, w)

where r*(z, ) is a primitive polynomial w.rt. Flw]lz], then
by the primitive factorization alporithm, we can factor R(z, )
as
Rz, w)=R(z, ) R¥(z, w)
with
|Ri=Fr {R*|=r*

In this section we shall extend this result to the case of an
arbitrary factorization, ie., if [R|= H‘:‘ri, then we can factor
R =TI¥R; with | R;| =r; The first step is the following lemma.

Lemma 4.1 ¥

IR{=ry ra
we can factor R as

R:RII{Q with 1R5|=r,-, I.:I,z..
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Proof: Let
rifz, W) =r(w)ri(z, w)

where rff(z, &) is a primitive polynomial for i = 1, 2, then by
the primitive (left) factorization algorithm R can be factored
as
R=R,R 4.1)
with |R,I=7,. Now we can apply the Smith form algorithm
to R(z, w)
Uz, o) R{(z, &) V(z, e} = S(z, ) 4.2)
where 8 is diagonal, U and V are unimodular in z, then
S=58575% (4.3
with
IS¥l=rf, fori=1,2

and § is unimodnlar in z.
Since URV =58878%, where U/ is unimodular in z and $¥§7 is
primitive, by Lemma 2.1 we have

RV =ASTSy (4.4)

where A is a polynomial matrix. But AST is a left primitive
factorization of A} = ASY. There also exisls a right primitive
factorization

My =R{A, {4.5)

with {R{1=15Fi=rF, A, being vnimodular in z.
4

M= A SE

lar in z, hence

Similarly
RIA, with [R31=183|=+}, A, being unimodu-

RV = RIRIA,. (4.6)

Recalt that ¥ is unimodular in z and RTR3 is primitive, then
by Lemma 2.1
R =RIRE, (4.7

\\_r_llere R, is a polynomial matrix. But (his implies that
|Ro | =74, therefore, we get the desired result that
R=RIRYRIR, =R\R, (R, =R,R}R,=RIEK,)) (48)
with
- bR l=r;, i=1,2
QED =

The general factorzation theorem is an immediate conse-
quence of the lemma.
Theorem 4.2 H

k
1R (z, w)|= [ ritz, w)
1

where the r;’s are arbitrary polynomials, then R(z, 2} can be
factored such that

k
R(Z, (.d) = ]—I Ri(z, C!J)
]

with
IRfl =T

Remark 1: This factorization is in general not unigque
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{even up to unimodular matrices in 2 and ), since in the 1-D
case
+1) 0 ] [+1 0]fz+1 o
[ 0 (z+l)]_[0 1][0 z+]]
i o ]+1) o
_[0 z~+1] [ 0 1]
z+1 0
[0 z+1]
z+1P 0o
[0 t]" )

Remark 27 Lemma 4.1 enables us to give a short proof to
Theorem 4.2, however, if one is really interested to carry out a
general factorization, mstead of going & - 1 times through the
steps of Lemma 4.1, which would mvolve using k- 1 Smith
form decompositions, it is possible {o tse only one Smith form
as it is shown in the alporithm presented in Appendix 1.

and

is not equivalent to

V. MATRIX FrRACTION DESCRIPTION THEOREM
In this scction, we discuss how to exploit Hicorem 3.4 to
prove the 2-1 Bezout identity and then obtain a 2-D matiix
fraction description (MFD) theorem.
Theorem §.1-—-Bezout Ideniity: Let Nplr, ), Dgp(z, o)
(N (z, ), PpAz, )} be two polynomial malrices being ight
(left) coprime, then there exis(s a polynomial matrix in o, say,

Fplw) (s, and two 2-D polynomial miatrices Xg,
Yp(Xg, Yz ), such that
XpDg + YpNg = Eg (5.1a)
(NLYp —Dp Xy =Ep) (5.1b)

Froof: By theorem 3.4, we know that Ny, Dy -arc also
right 1-D coprime w.r.t. F{w){z], lience there exists Ak (z, w),
¥ (z, ) being polynomial in z while having coefficients in
F(eo) and ‘

SIRDR 1 ?‘JRATR =T (52)

by renormalizing {5.2), we can have, for some 2-1) potynomial
matrices Xp, Yo

XDy + YpNg =FEg.

In a sitmilar manner we can prove {5.1b). -

Using the Berout identity, we can further prove the follow-
ing theorem which is a peneralized version of the MFEFD
theorentin 1-D system (see [121).

Theorem 5 2—MED Theorem: Given a 2-1¥ transfer func-
ton {f(z, w), and if

G =Np D =Dy Ny
with N , D right copsime, and Ny , Dy leit coprime, then
1D 1= EDL. 1
Froof: From (5. 1a, b) and noting that Ny D - Dy N =0
we have

X Yelloe vo Ep ' W
R ¢ R4y UV - “"‘EL""‘“
A"L "‘l);_ NR XL 0 A
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where [, ¥V are defined in an obvious way and W =X ¥ +
Yp X} , therefore,

U VI=1ER IIEL | = eg(w) " ep(w)
hence
U] = a(w)
and

V1= pw) i

for some polynomial a(w) and B{w). Now we have

Ng T 0 -Dp1 ?

taking determinants of both sides,

Uil Dx 1=~ 1 Eg ()] 1D, 1 !

or

e P = ~eplw} D] (5.32)
By symmetry we can also obfain the relation

()| Pp = -2}, | (5.3b)

It is obvious that (5 3a, b)imply | Dg | = 1D |.

Coreflary. From the above theorem, by {5.3a) and the fact
that |2, 1= Dp |, we conclude that | Ul =¢p, and similarly
|¥V|=e;. The followinyg lepuna is a pencralization of a t-D
result {see [14]). :

fenuna 5.3 Given 2-1D polynomial matrices ¥, T, F and let
P=VT'E Now, if ¥V and [ aie tight coprime then P is a
polynomial matrix if and only if 77V F is a polynomial matrix.

Proof. The “if7 part is trivial “Only if 7 part: Since V and
T are coprime, then by Iheorem 51, there exists X, ¥ such
that

s

XT+ YV = £(w)
Postmulliplying by TV F, we obtain

XF4YP=FITF {(54)

And since P is a polynomial matrix, 71 F = F U w) (XE+YP)
is 2 polynomial matrix in # with coefficients in Flw)

By symmetry belween z and wT 1 F is also a polynomial
matrix in o3 with coefficients in £(z).

Hence 7' # is a polynomial matrix in 7 and w.

With this lemma, we are now ready to prove the following
poteniially very useful theorem.

Thearenmt 5.4 Let

N Di' = Df' Ny
both being ireducible, as well as Dg' B. Then
Dy, Ny 8]

are {left) coprime.
Proof Assame p, Np#B arc not coprime, therefore,
Dy Np B can be reduced:

DY N BY=NDT

and

NeDR BD =N

hence by Lenna 5.3

DR BD =K
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where K is a polynomuial matrix, then
DR B=KD™! (5.5)

However, P has a determinantal degree less than the one of

D, hence {5.5) contradicts the assumption that DI?B is
jrreducible. QED. =

Theorem 3.5 Let
VIt u=nD?

with 7, U being left coprime and (7, V), (D, N) both being
right coprime then

[7i=1DI

Proofs Let Ti'Vy be an irreducible left MFD of Vi,
then by Theorem 5.2,

fTpt=17
Also
VI'U=T vV U=ND"

and, by Theorem 5.4, Ty, and V7 I/ are left coprime, therefore,
again by Theorem 5.2,

17,1=1D1
This completes the proof. -

One application of the above theorem is to the problem of
determining minimality of a state-space model implementation
[10}. As in the P-D case, a system is called minima? iff the
transfer function is in an irreducible form, i e, the order (n, m)
of 1he system is equal to {p, ) where p and q are the dimen-
sions of horizontal and vertical states, respectively. More de-
tails can be found in Part II of this paper.

V1. THE GCRD EXTRACTION ALGORITHM

Given two scalar 2-D polynomials or two 2-D matrix poly-
nomials, here we are only interested in two Lypes of questions
as far as their relative primeness is concerned:

i) Are they left or right coprime?
ii} What is their (left-right} GCD?

In the scalar case Bose [3] has proposed a fest to check if
2-D polynomials are relatively prime. We shall present an ex-
tension of the Sylvester test on the first part of this section
that is closely connected with Bose’s test.

In Sectjion VII Rosenbrock’s criterion for relative primeness
of polynomial matrices is extended to the 2-1) case.

in the problem of GCD extraction Bocher [1] or Bose {4]
provide some ways of extracting the GCD of two scalar poly-
nomials. In the second part of this section an algorithm will
be presented for the extraction of the GCRD of two poly-
nomial matrices. These results will be needed to properly
answer questions i) and i)} presented zbove,

A. Sylvester’s Test of Relative Primeness of
Two 2-I Polynomials

Let afz, cw) and b(z, @) be two scalar 2-D polynomials with

S,a=w,8,a=n* 8.b=m,d,b=m"

a(z, w) =7 a;(w) 2" p(z, ) = }’E b,—(w)z;ﬁ"ih {6.1)
o 0

Since

— * .o —
S,a=n" S ya; < n*, fori=1l,-"-,n
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(with strict equality for at least one of themn). Hence

.
a; () :i @ S (6.2)
0
Similarly
Subi<m®,  fori=l, --,m
with *

m* .
b!(w) = Z b,‘j(}.}m 1
o
Theorem 6.1; alz, ) and b(z, ) are relatively prime iff
R%a, bY and R {z, b) are fuli rank
R%(a, »)

e a —‘

= C) h(ff) (f’; udz

L{ﬁé ‘%u: ................. ‘ﬁ’% O_l
{6.3)

with

a; = T - m¥ 1

and R“{(a, b) =

(133.6(;) [, (i-:"). —}

O m

@ @Y e a,’
R BT eannnnaienns e B
. . O TR
: “a.....,..........a-._.., LAJ.
8y B Bim

e
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with
Tin dij 70 e O
w T - ",
a; = O . - . m
L a0 LT AR din*
| S
v
n* -!-m*
-
b;o b'f R bim‘
wo_ L L .
B = . - R O n*
bio bff T b
w v
Y
a¥ +mt '

R¥{a, bY and R (a, b} have a block Toeplitz of Toeplily matiix
structure, they are obtained from (he same matiix Re, )
either by deleting the top and bottom bleck or by deleting the
top (or bottom) line of cach block. The block sizes and the
number of blocks of these matrices are of particular importance,

Proof: I @ and b are not relatively prime they have a com-
mon factor ¢(z, w) such that either S, = Lor §,4 = 1. In
the first case

a(z, wy=qlz,w)a(z, ), &.d<n-1
bz, )= qlz, ) bz, ), 5.5 < w1 (6.9)
where
Fi1 ~
alr, )= 3 Gi(w)
0
and
~ -1 . )
blz, )= > bw)""1
o
with
Sl <n* B,b; <m*.
But, then
f}v(z, W alz, wy- oz, ) bz, ) =0
or '
[30((_0), R 1;',,,;1 (e, "Eﬁﬂ (), -, gt}
“‘10(&_3) ae) ()
m " ) . .
X ;o(w) a~1 (L)oo "u,-,'(m)
- b_o(C-J) ey v '”ubm'((’))
w4 L ) )
| bole) biled)- e b o) : ‘
\ﬁ__;_____v_____m____ .
n M

=[0,---,0) (66)
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Hence

[5'0, Tt :gfﬁ-‘l’—a‘ﬁ-lah v, ~dol R¥(a, b) = {G,---,01 (6.7)

where

_f'.“
Il
e

=]
lub')
$

L ]
S

and

Ei: EENI" e ’af()]

so that R*(¢, b) is not full rank  Similarly if 8,4 3 1 then
R%(a, b} is not full rank. Reciprocally, if R%(a, #) is not fut
rank, equation (6.7} has a solution and it is casy to check thai
a and b have a common factorg with §_,5 3 1

B, GCD Extraction of Polynowmial Matrices

The following theorem provides a constructive GCD alvo-
rithm and a complete proof of the extraction of GCDs of 2-D
polynomial matrices,

Theorem 6.2~-GCD Extraction Theorcm: Given two 21
polynomial matrices A{z, w) and B(z, c2), we can obtain their
GOD by 1he following thiee steps.

i) Use the primitive factorizetion alpoiithm wort
Ilw]lz] on the right side, ie, find A7, #% and R,

such that
A AT
= IRy
B b5 _
{A*}
n*

being primifive in Flaw =]
ii) Apply Algorithm 3.2 (2-13 Hermite Torm),

with

A R '
gl 1= (6.8)
Bt 1]

where | | = u(w) for some polvnomial in o and R is
in Hervmite form wr it Flwilz]:
iii) Use the primitive factorizeiion alvoriths (on the lefy)
of R,
Ro= RRY (6 9)
now D= R¥Ryis the GCRD of 4 and B
FProaof: The step i) 15 quite straichiforward, hence zll we
need to show is that % isa GCRD of A7 and 2% By [emma
3.4, we have already shown that R is 2 CRD of A%, 5. Now
we necd only o prove R s divisibic by zny CRD of 17 and
BF Assunie D7 s any ORI of A* cnd 8%, our 2oal s 1o prove
that R™ and D¥ are related by some poh nomial matrix
Since D* is a CRI) we have that

AlAs

Let

and wsing (6.8), we pet

R A* A cH¥
=yl \=wul |p¥-
0 B* B 0

(6.10)
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where
C=U,4+U,R.
Now by (6.9} and (6.10), we have
R=RR*=(D*

and since the left factorization is a primitive factorization, by
Lemma 2.1 we can conclude that

R*=R7Ch* =ED*
where £ is a polynomial, thus complefing the proof. L]

VII. A CRITERION OF RELATIVE PRIMENESS OF
2-DPoLyNOMIAL MATRICES

In the [-D case, a theorem of Rosenbrock’s (see [10, pp.
T1-72]) provides a criterion of relative primeness, we repeat it
here for convenience. .

Theorem 7.1—(Rosenbrock): A{z) and B{z) which arc, re-
spectively, (n X u) and (m X u) polynomial matrices are right
coprime iff

[A(z)

} =n, forallz&Q, L]
B(z)

Or cquivalently for alt z, ©C such that Y A{z)] = 0, where the
Zp can be viewed as generic points as wa shall see.

We shall derive a similar theorem in the 2-I3 case., However,
the terminology is a ltile bit more involved and familiarity is
assumed with some algebraic geometry notions, as presented
for cxample in Hodge and Pedoe {131, and with the theory of
polynomials of several variahles (see Van Der Waerden iz,
vol. 2, ch. 16]) '

We assume that A(z, ) and B(z, ) are polyoomial matrices
of size {n X n) and (m X n). Lhe coefficients are taken over
the field F (& or € ) and we assume that FA{z, e 2 0 in
£z, wl.

Then, let ¥ be a universa! extension field of # {universal: all
the cxtension fields that we shall consider will be contained in
% (see [13])). '

So that | A{z, w)| =0 defines an algcbraic curve V{ie., an
alpebraic variety of dimension 1) in %2,

Now if

k
1Az, ) =[] a;(z, )
i1

with the gs being ireducible polynomials over F, the a;’s
. . . . a2
generate the irreducible alaebraic enrves ¥ in %7 and

V:UVI'
£

(7.1)

this decomposition being unigue. Then we can extend Rosen-
brock’s theorem as follows.
Theorem 7.2 A(z, w)and £(z, ¢} are right coprime iff

I:A(El ) Ez)]

Iy =n
B(El 2 EE )

for any generic point (¥1,%;) of any irreducilic algebraic
curve W of T (or equivalently for any generic point (¥, £,)
of V;, V; being one of the irreducible algebralc curves appear-
ing in the decomposition 7.1).

Remark 1 This test applies to algebraic curves, t.e., alpebraic
varicties of dimension 1, but not to points, i.e., alpebraic vani-

(7.2)
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etics of dimension 0. A mnatural extension for polynomial
matrices A(zy, 2y, -, z,) and B{zy,z,, -
ables is that they are ripht coprime iff

[,‘1{'51,52,"'“,53")]
=n
. ,‘gn)

*,Z,) of n vari-

By &,

for any gencric point (&, %,, -, £,) of any irreducible
algebraic variety. of dimension n~ 1 in X" (or equivalently for
any geaeric point (£, £,, © -+, £,) of ¥;). So that in this case
we do not consider the algebraic varieties of dimension lower
thann-1.

Remark 2 When n =1 we obtain Rosenbrock’s theorem.
Indeed vartieties of dimension 0 are finite sets of points. In
this case:

I #=C the irrcducible varieties are the isolated points
zy CC.

It F =6 the irreducible varietics are either isolated points
2y € & or conjugatic points {zg,Zp)of C.

In both cases it is enough {0 take the universal field 2 as being
€ and any point of an irreducible variety is generic. So that
we pet back Rosenbrock™ test.

Remark 30 The introduction of the universal field ¥ i
motivated by the following reasons: First it cnsures that
algebraic curves are really curves) ie , in eﬂ", Ve {{z, )27 +
e =0) is only the point {0, 0) while in €2 we obtain the two
lines z 470y, 2z - s Also since a gencric point (£, ) of an
irreducible alpebraic curve is a point of Fi where F_ {5 an ex-
tension field of F and sinee F, CY (Y i unmiversal), all the
generic points that we shall consider are points in £2,

Proof of the Theorem: Suppose that

[ A(z, )
| (2, w)]
are not right coprime. Then
Alz, w) ] Az, w)
{1}(2, 1) | [E(z, )

(7.3)

]1)(2, w)

where §/2(z, w)[ has at least one irreducible nontrivial factor
do(z, &) {nonconstant).  However, since | A} = (41D, dy is
also onc of the irreducible factors appearing in the decomposi-
tion of [ A1, say g, and its associated irreducible alpebraic
curve V,-D . .

Now, let (&1, ;) be a generic point of Vi {we know that we
can find one since v, isirteducible), with € £, Then

IDGE L ) =010 I,

AlEr, £2)
J4] [ : ] <n
B(El > EZ)
(1the notion of rank is defined in the extension field £ ).

Conversely, assume that there is an irreducible algebraic
curve Wand (£,, £, } a peneric point of this curve such that

A(Ey, )
p [ <n
J!i(‘gl > 52)
We assume also that the curve W is not a parallel to the z axis

(i.e, of the type W= {m =y fixed, z arbifrary}). Indeed if
it was, it would not be a parallet to the  axis and the follow-

but this inplies that
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ing argument could be carried out by interchanging the roles of
¢ and z.

Now, using the Hermite form algorithm (A.lgorithm 3.2)

w.r.t. F{wl{z]
[A(z, w} [D(z, )
Uz, w) =
Bz, w)] 0 ]

and | U(z, )] =u(w). Now, let u(w)=lu;(w) where the
u;'s are irreducible polynomials and U the variety associated to
u(eo): U= U, is a union of parallels to the z axis.

Now, U(%y, £2) has full rank in F,, otherwise since (£4,§2)
is a geacrdc point of W, [U{E,,E;){=0 implies that
FUC2, o} =0 over W, This would imply that W C U, an im-
possibility since W is not a paialle] to the z axis. Hence,

(7.4)

p[/l(ﬁx,fz_)] [D(i;,éz)]_ . ~(I 5)
= mn F 1.
B(gl 1.1‘52) p 0 *
but if
A(E » 52 .
[ LE )} < n this implics that }D(F, £,31= 0.
B(EI,EQ)

However, (£,,%,) s a generic point of W or equivalently
1Piz, )l =0 over W. ‘Pherefore, since ¥ 'is an irreducible
aleebraic cuive, the ideal of the polyncmials of £z, «r] vanish-
ing on W is a principal ideal. Indeed (see Van Der Waerden
21} any n -1 dimensional prime ideal of £z, - o T
principal

Tet gz, w) be its generator, g is an irreducible primitive
polynomial and is nonconstant. Then giz, w) divides 1Dz, w),
but this implies that if we coasider the primitive factorizafion
D=DD* in Flwllz] Ge., iD(z, w)l=d{e) and D* is primi-
tive) £ must divide | 2% |, Hence the GCRD of A4 and B is non-
unimodular and A and # are not right coprine. QED =

In order to get a better understanding of tlie previous ideas,
et us consider an example that will provide some insight into
the notion of generic points and illusirate Rosenbrock’s test.

A. Example of Generic Points

Let ¥ obe the algebraic curve defined by 2+t - 1=0,
then &= (z(0), x(6))={cos B, sin 8) is a generic point.  Ms
coordinates belong to the extension field

[P teos 6_0>}
* {a (cos 8, sin0)

(the field of ratios of trigomometric polynomials). Now if
plz, ) is a 22D polynomial such that p (cos §,sin ) = 0in F,
then

plz, w) = (2% + w* - 1) plz, ).

Another generic point would be 1= (z, /1 - z%) and its ex-
tension field is

qolz) + \/1
where po, pis do, g & F2].

;o {i?o_(_z_) V17 () }

B. Example of Rosenbrock’s Test
Now, if

z+1 5 .
A(z,m)“"[ ], Bz, w}= [z- w? 41 w2l

—w z-1

871

let us prove that A and B are not right coprime. The determi-
nant of A(z, w) is given by [A4]= z¥ +? - 1,50 that Vis the
only algebraic curve appearing in the decomposition of 141
Therefore, we can write

cos@ +1 sin £

={ -sin @ cos -1

[A (cos 8, sin a)]

B (cos #,sin 8)
. cos @ {cos @ +1}) sin@ cos@

but

0
sin 8

[A (cos 8, sin 9)]{ ]
B (cos B, sin ) fL-(cos 0 +1)

A (cos @, sin ())]
S,
R {(cos 8, sin 0}

so that

and from Theotem 7.2 we conclude that A and £ are not
coprime.

ApPENDIX |
In the primitive factorization algorithm w.r.t Flellz], we
extracted the roots of F{w) one by one, there{ore we can ex-
tend the 1esult of Scction H to the following trivial statement
Tenma A 1: Af | RG, o)) = 5F (w) r¥z, @) whewe r¥ s a
primitive polynomial wr.t. Flw]lz], then Rz, ) can be

- factored as follows

K
Rz, )= n Rz, w)y R¥(z, w)
1

with

[Rjl=r  IRM|=r*%

Proaf: We extract the rools of 7 {irst, then the roots of
¥, (one by one) and so on. The corresponding matrices ae
®,,Ra, -, Ky, the 1esidusl matrix being R®

This Tesult is just a special case of the general factorization

theorem given earlier. We restafe it here and give a different

proof (more efficient alporithmically) uwsing the approach of
femma AL
Theorem A2 1
LRI=T] 7 (A 1)
i
where the #,’s are arbitrary polynomials then R ocun be factored
such that

k

R = 1—[ [{i’

1

| Ril=r; . (A )

Proaf: 1) We assume first that R is @ primitive poly nopial
matix wort Flwllz] so that r ={ R is primitive and alt the
ri’s are primitive.  Then URV =5 the Smith Form of & with
| ) = u(w), | Vi=uw), S being diagonal, And 5 = TS is the
primitive factorization of § and since S* is promitive | $%§=
1R1= llgfr,'.. 5% being diaponal, it can be factored as

isf=r.

ok
5T =]

H



872
Sd that
_ k
URV =S 1_] Sl'-"
1

and by Lemma 2.1

k
RV=AJ}S!
1

where A is a polynomial matrix. Now, if we set Ag = A, and if
A;_y is unimodular in z, then
M;=A;, SE=RA;

=1,k (A3)

are, respectively, the left and right primitive factorization of
A, s0 that

|1 =18F 1=
and A; s unimodular in z. Hence :
K
RV = IIR,— Ax
1

and by Lemma 2.1

k
—(l ! 1\"-) W (A 4)
1
¥ being a unimodular matrix in z and <o
proof in the case where R is prirmitive.
1) If R is not primitive wrt Flal[z], Tet

This completes the

riz, W) =r (W) riiz, w)
r¥ being primitive, then

e r(e) ri(z, o)

with
k ko
F:ll;"} r*ﬂ"llr;‘m
1 1
With Lemma A.1, we can factor R as
LI e
:IIIC"R*, IRI'I:]"-
1

R* being primitive. Now, using the first part of the proof R*
can he factored as *

[R;klﬁrfn

11w
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So that

(T ; )(ﬂ R} ) (A.5)
By interchanging left and right primitive factorization like in
(A 3) we can interleave the R; and R} so that

K
k=[] R
1

with | R;1=r;
thus completing the altemate proof of the general factoriza-
tion theorem  Algorithmically this proof uses only one Smith

form factorization and provides an alternative approach to the
one given in Section 1V,
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