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Fig. 4. Signal flow graphs of constant geometry algorithm for (a) forward and
(b) inverse 8-point DCT-11

algorithms where the namber of multiplications reaches the theoretical
lower bound, e.g., in algorithm reported by Loeffler et al. 9], the
regular structure of the proposed algorithm provides advantages in
implementations. The constant topology" interconncctions between
the processing stages can be realized with simple register-based
interconnection networks as described, e.g., in [7]. This allows the
constant geometry algorithm to be mapped onto varying number
of arithmetic resources; thus, the degree of parallelism in the final
architecture can be tailored to given throughput requirernents, as
described in [1] and [5]. The proposed algorithm lends itself not only
to parallel hardware implementations but to software implementations
on Processors containing parallel computational resources as well.
The known systematic mappings to parameterized architectures from
[1] can also be applied for deriving algorithms with similar property
for other discrete trigonometric transtorms.

ACKNOWLEDGMENT

The authors would like to thank the anonymous referees for-the con-
structive comments and suggestions.

REFERENCES

{1] J. Astola and D. Akopian, «architecture-oriented regular algorithms fos
discrete sine and cosine transforms,” [EEL Trans Signal Processing,
vol, 47, pp. 1109-1124, Apr 1999

21 S. Winograd, “On computing the DFT,” Math. Comput., vol. 32, no. 1,
pp. 175-199, Jan. 1978.

{31 P. Duhamel and M Vetterli, “Trast Fourier transforms: A tutorial and a
state of the att,” Signal Process., vol. 19, no. 4, pp. 239-299, Apr. 1990,

[4] J. Cooley and J. Tukey, “An algorithm for the machine calculation of
the complex Fourier seties,” Math Comput., vol. 19, pp. 297-301, Apr.
1965

(5] F Argiiello, J. Bruguera, R. Doallo, and E. L. Zapata, “Parallel architec-
ture for fast transforms with trigonometric kernel,” IELE Trans FPasallel
Distrib. Syst., vol. 5, pp 1091-1099, Oct. 1994

{6] M. Davio, “Kronecker products and shutfle algebra,” IERL Trans

Comput , vol 30, pp 116-125, Feb 1981

D. Akopian, J. Takala, T Astola, and J. Saarinen, “Multistage intercon-

nection networks for &/ n rate Viterbi decoders,” in Proc 1ERE Global

Telecommun. Conf ., Sydney, Australia, Nov. §-12, 1998, pp. 845--850

7

1843

[8] Z. Wang, “Pruning the fast discrete cosine transform,” JEEE Trans
Commun., vol. 39, pp 640-643, May 1991

[0] C.Loeffler, A. Iigtenberg, and G. S. Moschytz, “Practical fast 1-D DCT
algorithms with 11 multiplications,” in Proc [EEE Int. Conf Acoust.,
Speech, Signal Process., Glasgow, U K., May 23-26, 1989, pp. 988-991.

On Gradient Adaptation with Unit-Norm Constraints

Scott C. Douglas, Shun-icht Amari, and S.-Y. Kung

Abstract—In this correspondence, we describe gradient-based adaptive
algorithms within parameter spaces that are specified by [|wi] = 1,
where [|-|| is any vector norm. We provide several algorithm forms and
relate them to true gradient procedures via their geometric structures.
We also give algorithms that mitigate an inherent numerical instability
for L--norm-constrained optimization tasks. Simulations showing the
performance of the techniques for independent component analysis are
provided.

1. INTRODUCTION
Consider the following: Given a cost function J (w) for the param-
eter vector w = [wi wo w,]t

maximize

J(w) (D
such that  [jw|] = C (2)
where ||w]] is any vector norm, and C' s a positive constant. This
problem forms the basis for many useful tasks in communications, con-
trol, numerical analysis, signal processing, and statistics [ 1] 18]. Note
thal (2) imposes a geometric structure (o the parameter space. Consider

7 J/P
fwlly = | D foel” 3)

i1

to be the L, norm of w, where L < p < oc. When p = 2, the
parameter vectors safistying (2) form an n-dimensional hypersphere of
radius . When p = L, (2) defincs an n-dimensional hyperpolyhedron
with vertices C'e; = {0 0Co 0], When p = oo, (2)
defines an n-dimensional hypercube.

This correspondence cousiders gradient-based iterative algorithms
for solving (1) and (2). To our knowledge, a general compatison of
such approaches has not been provided in the signal processing litera-
tuge. Tn the case of the Lo-norm parameter constraint, we also investi-
gate the numerical issues surrounding these gradient methods and de-
scribe self-stabilized methods that implicitly maintain (2) without pe-
riodic renormalization, additional penalty terms, and costly divides or
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square roots. An application to minimum-kurtosis independent compo-
nent analysis (ICA) is provided

11. GENERAL FORMS OF GRADIENT ALGORITHMS

Gradient algorithms for (1) and (2) have different forms, depending
on how the constraint is imposed. We give general algorithm forms in
this section. Without loss of generality, set €' = 1, and let

o)

g(k) = p(h) =5
o fagewy ogw) ]! /
= (k) { —()W%v {7uv‘:/jl =w(h) N

be the scaled gradient of 7 (w) in Euclidean space evaluated at w =
wk), wherc p(k) is a positive step-size parameter. We also define

vk
hg (k) = (1 - V|(|V)(‘l/ii)|§:2 )> g(k) and

vk = Al 5)
aw ww (k)
where ||g(k)ll, < oc. Geometrically, hg (k) is tangent to the surface
at w = w(k) and is called the rangent gradient of [J(w) in
the constraint space. [n differential geometry, the set of all such vectors
is known as the tangent space of the surface ||w|| = 1 at w(k) [17].
Lagrange Multiplier Method [1]. Define the augmented cost func-
fion

T(w) = T(w) + Mwll ©

where (he Lagrange multiplier A is chosen to satisfy ||w|| = 1. Then,
onc update for w(k) is

wik b 1) = wik) +p(k) 7(0W(’*‘>)
A(K

=w(k) +g(k)

Dvik) N

where AM(k) = A
limg o Jw (k)| =
a solution exists, A(h

(k). In this case, the sequence A(k) should satisfy
1.1 [w(k)|| = 1is imposed at each k and if such
;) satisfics

[w(k) + g(k) + MEyv(k)] =1 (8)

Consider the case where [|wl|
v(k) = w(k)in (5)and (7) is

[lw]l> is the Lo norm. Then,

wik+1) = alk)w(k)+glk) 9

where oo(k) = 14+ (k) for convenience. The value of a( k) satisfying
[w(k -+ D2 = Lis

(k) = 1~ k) b (sl — w ()

(10

In this algorithm, w(k) is rotated to w(k 4+ 1) in the direction of hg (k)
by an angle 6({k), where the form of #(k) is given in the first entry of
Table L
Coefficient Normalization Method (3], [4]. The well-known gradient
update
wik+1)

=wik)+glh) Iy
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TABLE 1
ANGLES OFF ROTAIION FOR L 5-NORM CONSTRAINED ADAPTATION

Algorithm Angle of Rotation
Lagrange sin(8 \/Hg N3 — [wl(k)g(k)]?
- , _ [ lls®)E ~ (W (k)g(k))
Normalized | sin(6(k)) = T4 ZWTZ( PEOEECIE
Tangent an(0(k)) = /llg (W3 — [+ (W)g(k)
True Gradient ()(k VI3 ~ [wT (k)g(k)]?

performs unconstrained maximization of [J{w).
malization method employs

The coefficient nor-

W+ 1) = wik) + g(k) (12)
wik+1)

wk+1l)= —————— 13

ok ] .

which is a two-step update, to maintain ||w(%)|| = 1 at each iteration.

Equation (13) normalizes the length of w (A + 1) without changing the
direction of w(k-1) in n-dimensional space. To reduce computational
complexity, we can often employ (12) with W(k) = w(k) for several
iterations and invoke (13) infrequently. In addition, this method can be
employed for any s.(&) and choice of norm, although a small value of
je(k) s usually required for stochastic gradient implementations.

It [|w|] = |Jw]|2 is chosen, (12) and (13) can be written compactiy
as
k
wik+1) = Wik te ( ) . (14)
VI 2w T (Ryglk) -+ (bl

This update is also in the form of a rotation of w(k) in the direction
of hy (%), where the angle of rotation is histed in the second entry of
Table 1.

Tangent Gradient Method [2]. The constraint ||w|| = 1 restricts
the space of parameter vectors to those that lie on the surface of an
n-dimensional geometric object (€.g., a hypersphere, hyperpolyhedron,
hypercube, etc.). Can the direction of g(k) be modified so that its in-
tegratéd value lies on the constraint surface? The following theorem
yields one possible solution to this problem, the proof of which ap-
pears in [18].

Theorem 1= Let |lw]| denote any differentiable vector norm, and let

g(t) be any vector function with finite Lo

(ZW(Q — ha(t) = <I

-norm. Then

_ M‘i@i) i
oz ) &Y

with ||w{0)]] = 1 defines a vector function w(#) that satisfies
[lwit)|| = 1 forall > 0

To obtain a useful algorithm from (15), substitute time differences
for tume differentials fo obtain

dit (13)

wik+ 1) = w(k)+ hg (k)

gk} = v() Tt

= wik) + (16)
v (e
This update does not guarantee that ||w(k)|| = 1 for all &, however,
and in fact
[k + DI = fwis)]] (1"

af each iteration if (10) is used for any valid vector norm | {8]. Even 80,
updating w (k) using he (%) instead of g(4) as in (1 1) largely decreases

the rate at which [jw{ k)] deviates from [[w(E)|| = 1. To stabilize this
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TABLE 11
SUMMARY OF ALGORITHMS FOR [, -NORM CONSTRAINED ADAPTATION
Algorithm Complezity Stability Stabilization
Waoew . X | + l = | v |COS() Behavior Method
Whew = AW + 8, . Stable;
RS A G 3n+1|3n+11]0 1 0 -—
o= /1 [lglB +wigl’ - we || l[w]lz = 1
table;
W = e 28 an {om-1]1|1] 0 Sta f’l —
1+ 2wl + [ig]l3 wil= =
wlg ) Slow growth Set {|w|l. =1
Whew = {1 — ﬁ‘—N—E) w+g 3n m-111 0 0 in |wll infrequently
sin f
= - P 1 .
Wnew = CosGW + =5~ hg, sno |dn-2] 1| 1| 2 ”f’vtﬁbi’l -
hy =g —ww'g, 0 = ||hyll ?
T . Accelerated Set [[wilz =1
(1 —wT 2 I —
Wiew = (1= w'g) w + [[wiiig 4 jdn-L1 0400 growth in |lw||»] periodically
Ifwlhg <0,
Wl fiwlla = 1 set |[w]lz =1
Woew = (1~ wig)wg 2n n 010 0 if wPg >0 | when ||w|j}>C,
11<C<15
. wilz = 1
Woew = (1 - wlig)w+||wi|ig || 4n+1]3n-1]0] 0| 0 1|flw|7‘"2g <0 —

update, we still need to infrequently normalize the length of w (/) via
(13)

In the case of the L. norm, this algorithm is

wik+ 1) = wik) + k) - wik) S DB 2 18)

which is also the natural gradient algorithm on the unit hypersphere
[17]. A calculation shows that

fw(k + D5 = [w(E)5 + [[hg (k)] (19)

and since |[bg (k)]]2 is of O(p(k)), the growth of [[w(k)||3 is linear in
p? (k). If the length of w( k) is normalized at each iteration, this update
is also in the form of a rotation in the direction of hg (&), and the angle
of rotation is listed in the third entry of Table 1.

True Gradient Method [7], [16]. Fach of the previous algorithms
approximates the following true gradient adaptation procedure for (1)
and (2).

i) Calculate the tangent gradient hg (k) in (5)
i) Move a distance {lh, (k)]]> along a geodesic of the constraint
surface in the direction of hg (k)
A geodesic is a curve on the constraint surface that connects two arbi-
trary points by an arc of shortest length. Implementing this procedure
for a given norm constraint requires knowledge of the equations of mo-
tion on the constraint surface.

When |[w(k){|: = 1 is imposed, updating w{k) amounts to rotating
w{k) by an angle ¢ (k). For any unit vector u(/) that is perpendicular
o w(k), the update

wik 4 1) = cos(8(k))w(k) +sin(f(k))ulk) (20)
rotates w{ k- 1) by anangle ¢ (k) in the direction of u(k). For gradient
adaptation, we choose

he (k) 1 < r
o= 2 = ek - w(k)w (Bg(k ) 21
u(k) TR g (Fg(k) 20
where the form of (k) = th(]‘f) izg is givcn in the last entry of

Table I. Note that when je( k) is small, tan(8(k)) = sin{8(k)) ~ 6(k),
yielding similar angles of rotation for all four methods.

I IMPLEMENTAIION ISSUES FOR L+-NORM CONSTRAINED METHODS

We consider the computational complexities and numerical stabili-
ties of L»-norm constrained gradient approaches in this section, as the
I»-norm constraint is the most popular for practical applications. To
illustrate the salient issues involved in algorithm design, we will focus
on

1 .
J(W):i;E{I:U(k)V)} (22)

as an instantaneous cost function, where y{k) = WT(L')X(/.?‘), x(k) s
a discrete-time vector random process, and p is a positive integer not
equal to 2. This cost function arises in certain formulations of inde-
pendent component analysis (JICA), blind source separation, and blind
deconvolution [13}-{15]. In this case

glk) = £p )y " y(k)x(k) and
w (Rg(k) = p(hla (k) (23)
such that the sign of w! (k)g(k) does not change for all k.

The first four rows of Table TT list the complexities of each of the al-
gorithms in (9)-(10), (14), (18), (20), and (21) according to the number
and type of operations required, neglecting those operations needed for
calculating g (k). The Lagrange, coefficient normalization, and tangent
gradient methods are the simplest, whereas the true gradient method is
significantly more complicated. All of these methods require opera-
tions other than multiply/adds to implement, making them more diffi-
cult to implement on real-time signal processing devices that are op-
timized for multiply/add calculations. Note that the structure of g(k)
can often be exploited to further reduce each algorithm’s complexity,
e.g., by using (23) to compute WT(,I;‘,)g(].‘,) in the case of (22).

We now consider simplifications that yield similar-behaving algo-
rithms with reduced complexities. Since all four algorithms have equiv-
alent behavior up to ()(/1.2 (k)), we only consider modifications of one
approach—the tangent gradient method in (18). The modified versions
are as follows.

Modification #1 [L1]:

wik+1) = wik)+ [jwk)|agk)

—wikyw! (k)g(k). (24)
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Modification #2 [6]:
wik 1) = w(k) +eglk) — wik)w’ (F)g(k) (25)
Modification #3 [12], [15]:

wik 1) = wk)+ [[w(k)|ek)
—wikyw (k)glk). (26)

If ||wi(k) |3 = 1, all three modified methods have similar behaviors to
that of (18); however, the numerical properties of the algorithms in the
radial dimension associated with the length of w( k) are quite different,
as we will show. For simplicity of discussion, we define

e(k) = [fw(kB)l; — L. @7

If ¢( k) experiences unmitigated growth, the associated algorithm is nu-
merically unstable.

Numerical Stability of (24). Premultiplying both sides of (24) by
their transposes yields

llw(k+ D)5
— NI _W(/c)wT(l.;) .
= [ttt w (1= " ) w0

X [Jwk)]3- (28)

The matrix in large parentheses on the right-hand side of (28) is a pro-
jection matrix. Hence, as long as g(£) is not collinear with w(k) and
lg(E)]|= > 0,then ||[w{k+1)|lz > lJw(k)ll2 if[]w(0)]]2 = 1,ie,nu-
merical instability. Furthermore, since ||w (k) (|2 appears in the factor in
brackets on the right-hand side of (28), (24) causes accelerated growth
in {|w(%)||3 independently of the form of .7 (w).

Numerical Stability of (25): Premultiplying both sides of (25) by
their transposes, subtracting one from both sides, and rearranging
terms, we obtain

(k1) = [1 - EWT(]:,)g(k)] o(k)

2

T l!g(k) —wik)ywl (k)

. (29
If |lw(®)ll- = 1, then we have c(k) > 0 for all & if
e(k) # wi(0)w’ (0)g(k). Since the second term on the right-hand
side of (29) is non-negative, we require

wl(B)g(k) >0 (30

for the numerical stability of (25). Note that (30} can often be veri-
fied for a particular 7 (w). For example, if (22) is chosen with a pos-
itive sign, then (30) is always true, making this algorithm appropriate
for constrained maximization of p~* F{|y(k)|"}. Conversely, the algo-
rithm fails when p ~' E{|y(%){"} is being minimized for all {{w]|» = 1.
This result is what justifies {(23), (25)} for use in maximom-kurtosis
ICA and principal component analysis tasks, and it also explains why
this algorithm fails for minimum-kurtosis ICA and minor component
analysis tasks [12], {15].

Numerical Stability of (26): Performing a similar analysis of (26) as
used previously, we obtain an update for ¢(k) as

e+ 1) = [T+ 2fwim)lEw (gl e(k)
+ ik et — witw stal] 6D
In this case, it

T,

w {k)g(k)y <0 (32)
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then (26) is numerically stable. For misimum-kurtosis ICA (p = 4)
tasks, choosing g(k) = —pu(k)|y(k) PRy (EYx (k) causes this algo-

rithm to perform in a stable fashion.

Other Approaches: Of the three methods in (24)—(26), (25) is
the simplest, requiring 27 multiply/adds at each iteration. When
WT(/J)g(k:) < 0. however, this method is numerically unstable. As
an alternative to (26), we can monitor the stability behavior of (25)
and rescue the system from instability just prior to its occurcnce. It
can be shown from (29) that ||W(L:)Hj > 2 is an indicator of the
onset of sudden divergence of (25) [18]. Moreover, simulations of
(25) in several situations indicate that ||[w(k)||5 > 2 provides a
reliable divergence indicator when w (k)eg(k) < 0. We can thercfore
monitor the value of ||w(k)||3 and renormalize w(k) to unit length
when ||w(k}|l5 > ', where 1 < ' < 2. Simulations indicate that
values of 7 in the range 1.1 < ' < 1.5 often yield good performance
for typical problems and choices of (k). In addition, since hw(k)|)3
tends to grow slowly for small values of (&), the test [|[w(k)||5 > C'
need only be performed at every Lthiteration, where L >> 1, such that
the complexity associated with this rescue method can be minimized.
Further details regarding this approach, along with alternative reduced
parameterization gradient methods for (1) and (2), can be found in
[18].

IV, SIMULATIONS

We now explore the behaviors of the algorithms in (18), (25), and
(26) in a single-component ICA task via MATLAB simulations. Let

x(k) = As(k) 33

where A is an (n x n) constant mixing matrix, and s(k) =
[s1(k)... 5, (k)]7 contains unobservable independent components.
If AA7 = 1, then maximizing J(w) = —025E{|y(})|*} for
y(k) = wl (k)x(k) and {|w(k)|l. = 1 results in a negative-kurtosis
signal in y( k&) [14], [15]. In practice, we can guaraniee AAT =1 by
prewhitening the signal measurements using simple adaptive proce-
dures [9], [19]. We can then choose g (k) = —u(E)y() | y(k)x(k)
for any of the previously discussed algorithms to obtain a candidate
algorithm for this task.

For our simulations, we gencrate s{k) = [si(k) s2(k) .s;)-(k,)]l R
where s.(k) is an iid. binary-{£1}-distributed signal, and
s2(k) and s3(k) are Lid. Laplacian-distributed signals with p.d.f.
psls) = (3’ﬂ|3|/\/2‘. The mixing matrix A is chosen to be the
cigenvector matrix of

0.9 04 0.7
Ryx = |04 0.3 05 (34
0.7 0.5 1.0

such that measurement prewhitening is not needed. For each algorithm,
100 simulations have been run, and the average valucs of the perfor-
mance factors

plk)y = e (W2 /fle2 (k)]s and
(k) = (w1 (35)

have been computed, where ¢; (k) = E,,,] wi(k)and E; and E9 contain
the 2-D and 1-D subspaces corresponding to the signal directions of
the Laplacian and binary sources.

Fig. 1(a) shows the evolution of p(k) for the tangent gradient method
in (18), the simplificd method in (25) with stabilization, and the self-
normalized method in (26) for this task, where (&) = 0.001, [ = 20,
and C' = 1.1. All three algorithms are successful at extracting the bi-
nary source from the linear mixture. Fig. 1(b) shows the average evo-
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Fig. 1. Average performances of the various algorithms in the mini-

mum-kurtosis ICA task. (a) Evolutions of p(k). (b) Evolutions of 1(k)

lution of (k) for the three methods, where the unmitigated growth in
flw (&)}l for the tangent gradient method is clearly evident. In contrast,
the stabilization procedure used for (25) maintains this algorithm’s
stable behavior, and (26) performs in a stable, self-normalizing manner
without such intervention.

V. CONCLUSION

In this correspondence, we have presented an overview of algorithms
that adjust a parameter vector to minimize or maximize a chosen cost
function under a unit-norm parameter vector constraint. Particular at-
tention has been paid both to methods that guarantee the unif-norm
constraint at each iteration and to methods that maintain ||[w(k)[l2 = 1
over time. Simulations verify the useful behavior of the schemes for
independent component analysis. Some extensions of these results to
multiple dimensions can be found in [12}.
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