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Optimal Hankel-Norm Model Reductions:
Multivariable Systems

SUN-YUAN KUNG, MEMBER, IREE,

Abstract— This paper represents a first attempt to derive 2 closed-form
(Hankel-norm) optimal solution {or multivariable system reduction prob-
lems. Fhe basic idea is to extend the scalar ease approach in [5] to deal with
the multivariable systems. The major contribution lies in the development
of a minimal degrec approximation (MDA) theorem and a computation
algorithm  The main theorem describes a closed-form formulation for the
optiimal approximants, with the optimality verified by a complete error
analysis. In deriving the main theorem, some useful singwlar value /vector
properties associated with block-Hankel matrices are explored and a key
extenston theorem is also developed Imbedded in the poly nomiat-theoretic
derivation of the extension theorem is an efficient approximation algo-
rithm Fhis algorithm consists of three steps: 1) compute the minimal basis
solution of a polynomial matrix equation; ii) solve an alpebraic Riceati
equation; and i} find the partial fraction expansion of a rational matrix

[ INTRODUCTION

ODEL REDUCTIONS arnise in many unportant ap-
plications for simplifying system modeling and for
controller designs. The problem has been a major attrac-
tion n the system theory Iieratures Several performance
criteria and many algorithms have been proposed (see, e g,
[2]. [3]. and the references therein) While most of them can
be supported by simulation examples, the very desired
error analyses and algorithm complexity studies are in
gencral not avatlable. Therefore, it has been very difficult
to conduct an objective comparison between them
Very recently {1] [8], a new Tankcl-norm criterion has
received rapidly increasing attention Based on the well-
known Kronecker theorem and the singular value analysis
(uscd as a robust tool for rank characterizations), Hankel-
norm appears to be very natural and useful Moreover, as
has been pointed out in [5], the Hankel norm of a stable
single mput output system kes between the more conven-
tional £, and £ norms. As we shall see in Section I1 (after
the mmtreduction of various distance measures-— norms),
this 1s again the case for multivariable systems Hence the
Hankcl-norm criterion can be viewed as a compromise
between the popular least squares crror criterion and the
stringent maximum deviation (£_, or Chebyshev) crror
criterion
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For the scalar (single mput output) case, it was Adam-
jan et al [1] who first developed a closed-form optimal
solution for model reductions with respect to this criterion
As a matter of fact, it has been the only available closed-
form solution for any optimality criterion The relevance of
i1] to medel reductions was first mentioned by Kung [2] in
1978, while a comparison of some numerical aspects in-
volved in [1], [2] was reported in [&] 1n 3] [7] conncctions
between the minimal Hankelnorm approximations and
rational function approximations are put into light In [34,
{4] the role of balanced realizations in state-space models is
exploited to lead to an optimal approximation alzorithm,
requiring solving Lyapunov equations and singular value
decompeositions In [3] a (onc-vartable) polynonual ap-
proach is taken to clucidate the singular value /vector
propertics of Hankel matrices, which then leads to a simple
generalized eigenvalue formulation and a [ast matrix-
fraction descriptton (M) based algorithm for the so-
called munimal degree approximation (MDA) problems In
[6], 171 & two-varnable polynomial approach is used w
redertve the results of [1} and further illuminate many
significant properties of the MDA problems

Adamjan er af’s work on scalar systems [1i was he-
nefited from Nehar's work [11] related to what can be
called “zeroth-order approximations”™ The anthors of [1]
atso studied the “zeroth-order approximations”™ problem
for multivariable systems [10]. However, prior to the pre
sent work, a general theory and algorithm for optimal
multivariable mode! reductions with respect 1o this Hankel-
norm or other criterion are sall lacking  This paper aims to
help close this gap

A Organization

Scction I1 provides seme mathematical preliminarics re-
lated to block-Hankel matrices Section [T derives the
main minimal degree approximation (MDAY thecorem In
the same section, some important singuiar value /vector
properiies of Hankel matrices are also explored. Section IV
developes the key extension theorem. supplementing the
proof ot the MDA theorem and paving a way to an
ctiicient MDA algorithm outlined in Scction V- Along the
way, some polynomial-theoretic results are obtained and
some crucial congruence relations verificd  Finally, a
aumerical example is presented in Section VI

0018-9286 /81 /0800-0832$00.75 © 1981 [EET:
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B On Notations

Complex-Conpugate Iranspose: The symbol * will be used
for complex conjugate transposes. However, a difference is
made between F*(z) and [F(z)]* [ F(z)]* mcans a regular
complex-conjugate transpose of F{z), while F*(z) means a
complex-conjugate transpose on the coefficients but not on
the indeterminate = In other words, F*(z) =] F(Z)]* where
z stands for the complex conjugate of z.

Degres of = Polynomial Matrix and Degree (Order) of a
Transfer Function- The degree of a polynomial matrix, say
Pz}, Is defined to be the degree of its highest degree entry
The degree (order) of a transfer function, say H(z), is
defined to be the order of its minimal state-space realiza-
tions [12} While both of them will be symbolized by the
same shorthand “deg)” Le. deg {P(z)} and deg {H(z)},
there should be no confusion from the context they reside
in.

Subscripts to Matrix Coefficients of Polynomial Matrices
The kth power term matrix cocfficient of a polynomial
mairix P{z) will be denoted as #,, eg, if P(z2) has degree
not exceeding rz, then we have

])(3);]),13”'*'});; 15””71”’“ +7,

(11)

where 72 are constant matrices
Subscripty to Fdentity Matrices. 17 denoles an identity
matrix 'The subscript, when present, denotes its dimension

Il Basic HHANKE] PROPERTIES

We start with basic notations and some useful notions
regarding Z-transforms

A ZTransforms

The Z-transform of a square-summable! gXp maltrix
sequence {F, 0 2,--1,0,1.2,- -}, where F, arc
constanis, is defined as

(ORI
= o

and the inverse Z-transform as

Sy

[< -

i

1——, Qd(z)z" " dz,

[ —Q0, 41, 2
2mil, ’ Y

where € 1s the unit circle, if the integral exists We shall
refer to the half sequence {F; == =2, - 1.0} as the
anticausal part, and the half-sequence {F; i=21,2, -} as
the causal part

Denote by 12, the set of all square-summable infinite
sequences. and by £, 2,1 respectively, the sct of square
summable causal and anticausal sequences. We shall not
distinguish explicitly between a sequence and its Z-

"The square of a matrix I is defined to be F*F
“The space £ is conventionally termed as Hardy space, denoted as
3, and £ =E,0%,

i
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transform representation Therefore, we shall say F(z)e (),
(or £, , £, respectively) it {F}CE, (£, £, respec-
tively, and vice versa. Note that for any I'(z)<t, there
exists a unigue partition

Fz)=[F(=)] +[F(=)], (2 1)
where

[F(:)] = 3 £ et
and

0
[F(2)], = 3 £z ety

It F(z) happens to be a rational function, then [F(z)]_
will be strictly proper with all its poles inside the unit
circle, while [ F{z}] , will have all its poles outside the unit
circle. .

The following identity will be frequently used in later
derivations

Lemma 2 | -—Truncation Property

For any (multiplicable) matrices {(z)&fl, and G(z)e&
oo

()G =[[F:)] ()]

Proof [H(z)G(z)} . = |[F(2)] G(2)]) 4 (1FGz)
G(z)) But since [F(2)], €£,) and G(z)ei)],
[F(z)), G(z)ef; and henee, [[F(2)], G{z)]~ 0 Thus, the
result. 4

Again consider the sequence {F} For convenience, de-
fine the aniisequence of {F,}, denoted by {£.}, as follows:

ftlﬁ flfn'! ['_{')‘ —-i—]w—{-—z‘ (2 2“)
Then its Z-transform, denoted as F{z), is given by
. led)
Fz)= ) Kz (2 2b)

Obviously,

Flz)=z""Fz "), Fl)—z 'Fz'") (23)

Note that if F{z)cf [, then F’(z)&t‘; , and vice versa.
B Functional Represeniation of Block-Hankel Operators

A p-input g-output linear, discrete. tme-nvariant,
strictly causal, and stable system can be characterized by a
system transfer function matrix

(e8]
H(2)= Y Hz !
i
where {11, 1= 1,2, -} 15 the impulse response (malrix)
sequence. Corresponding 1o H(z), we define an infinite
block-Hankel matrix, denoted by I'{f1{z)}. as
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i, H,
) H, H,
I{iz)} = i,

H,

The matrix T{H(z)} is bounded in 2,

Let I'2T{H(z}} Supposc I'm=¢, where 9% —
[qt.om%, -] and $*=[$F. 830 1 (m. {CE 5w, are p-
veelors, { are g-vectors) Ithn a simple Tunctiosal repre-
sentation of this equation 15

[1t(zyi(2)]_ —i(z) (2 4a)
where
(z)= >z, $z)= D ¢z (24b)
i—1 i1
We may thus consider the functional representation in

(2.4a)y as a mapping which transforms an anticausal se-
guence into a causal one, i¢.,

H(z): £ -, .

. Distance Measures and Unitary Functions

Definition 21 Let

[>'al
F(zy= Y F:z 'ef,
1= =0
Define
i) the sum-squares norm
o 1/2
WFC, = ” S F*F,
i— oo 5
i 1o , ) 112
_ o /PY ][ * L o |
_1 an | Fle")]* Fe )deL . (2 3a)
it} the Flankel norm
R 2 {2 (2 5h)
and
i) the Chebyshev norm (13
| F(2), = esssap FF(e/™)I, (2.5¢)
(=il
where li- |l denotes the spectral norm of a matrix L)

Note that the Hankel norm as defined above is in fact a
seminorm. But if we restriet its domain to F(z)ef,, 1t
becomes a norm

With this definttion, we can write

RIPE LAY 2] ], 26)

SUp
H(0 (aH, = 1]
andap( 7)€

This equality will be used in the following lemma
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Lenuna 2 2— Norm-Ineguality
For any matrix F{z)&0,,
HFC =),
If, in addition, F(z)E;, then
WECM, = RFC0 = N F(2),
Proof ¥z )EP+, and ||q(), —
[[FC2)] ()] =[F(z)(e)]
by tromeation properly, Now

(a2} [, =1F)0 (M,

N b o 0 P
R [F(c’)q (’)] [ e ’)n(c’)]d()
2o
= — ess sup L F(e/)l - eI, 40
Tk, e suplE( A

1 . T
— oesssup L F(e™) 1 df
27y ( ' 'fn

= ess(sup I FCe ™), =1 F{)Il,,.
4
Thus, I[LFC2Y () L = EC2) L, and hence, [ F(2)
|| F{2)l, by (2.6)
Now let v be a normahized singular vector corresponding
lo the maximum singular valve of ¥ F*F Then, if
Fzyel, ([F(2)e] —F(z)e and

[TH(2) o) |, U F(ell, =1+,

Henee, i view of (2 6), [ F(I - =11 <, QLD O

Remark 10 15 possible now to claum a partial justifica-
tion of the adoption of Hankel-norm criterion; in that the
Hankelnorm lics between two other conventional norms:

sum squares and Chebyshev norms Il
Diefuitton: 220 A sguare matrex F{z2) is said to be waany
(3] Fr(z DF{zv=1 I

Lemma 23
H F{z) s vantary, then
FC, =t F(2)l, =1
Proof 1{ F{z) is unitary, then
. . e 1152
LI, =[P re™)|
= e T (N Vi

where the last equality comes from the above defimition
Hence,

HEC2)

= esssup || £/ — 1
Oiff dm

o

and
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172
] 2o '
ilf‘(f)!l;),:“EfU [F(e)]*F(e’)ap
| 2 1/2
=l gl =1 QED [
20 )y .

D System Order and Singular Value Analysis

A well-known result connecting the degree (order) of a
system with the rank of the corresponding block-Hankel
matrix is the following.

Kronecker's Theorem [14), {15], [12]

Let H(z) be a system transfer funciion. Then the rank of
I'{ H(z}} is equal to the degree (order) of the system H(2).
[
In-practice, to determine the rank of a block-Hankel
matrix 1s nol an easy matter. 'Lhe elemenis of the matrix
are seldom given exactly, and it is unlikely that the matrix
formed by these approximate values will have the same
rank as the “truc” one Moreover, many rank test algo-
rithms, e g., Gauss elimination, tend to turn some low rank
matrices into full rank. Therefore, a robust approach o
characterize the rank of a matrix is needed. For this
purposc, the singular value amalysis on block-Hankel
matrices appuars 10 be a powerful and convenient tool §16],
[17]
With I'{ H(z)} bounded in £, there exists a singular-value
decomposition of I'{H(z)} in the form

o

DiH(z)) = 3 o gl

1=

(2.7a)

where the numbers {o,} are nonnegative and are termed
the singular values and 99, £ are such that

ifi=j
=y
and they are called the singular vectors. In all the tollow-

ing, we assume that the singular values are ordered in such
a way that

w i P el ]‘
'q“' .q(_r)zg( i s(f):.l

k (2 7b)

O30, 320, 5 - - 28
150, =0

The very first question in an approximation problem is
perhaps that how close, say, a £ th-order approximant
H'""){(z) can approximate a higher order system #(z). One
possible closeness measure can be delined as the spectral
norm of the Ilankel matrix of the difference ff(z)=
H(z)~H%(2).ie,

||r{1}(;)}’|_v-_—.||1"{H(z)} Sr{HE() ]

For convenicnce, we shall term this measure the Hankel-
norm distance.

A well-known singular valve analysis result is the follow-
mg:

§35

inf

I{H(z)} - 4l =a,,.
A Ruank(A) =04 ” k ( )} ¥ £

(2.9)
From this, we introduce the following lower bound proper-
ties, which will be & primary guidance on how close we can
approximate H{z) by a lower order model.

Lemuma 2. 4— Mimninnon-Norm Bound

For any kth-order system H'*)(z). the Hankel-norm
distance between HY¥)( 2y and H(z) is bounded from below
by o, 1e,

[ )} =|riz)y - v {roE)) | =,

Proof By Kronccker's theorem, I{H ‘“(z)} has rank

k. Hence, from (2.9) we have this incguality. O

"This property may be stated in a slightly different ver-
5101

Lemma 2 5—Minimumn-Degree Bound

Suppose p 1s a number in the interval [0, | ,0,) Then if
1 () meets the Hankel-norm tolerance that

]—'{H(:)'* fu(z)}”):z;?_'p.

f1 (z) must be of degree greater than or equal to &, M

In fact, as we progress into later scctions, we shall show
that for any tolerance p&€(a,, , o, ), there always exists a
& th-order gualified approximant such that the minimum-
degree bound is achieved. The problem of finding such
approximants, with a preassigned tolerance p, will be
termed the minimal degree approximation (MDA) prob-
lem

1. MINIMAL-DEGREE APPROXIMATIONS

The goal of this sectton is to derive a solution to the
MDA problem. Our plan is to first explere the underlying
algebrare framework and then induce a polynomial formu-
lation for the solution construction. While this section
deals only with the square { p<p) transfer function case,
we shall further show, in Section V, that any nonsquare
system can be treated as a part of a squarc system and the
same approximation scheme can be carrted through natu-
rally

To give some background, we briefly review the scalar
system approximation result by Adamjan et @f. [1], which is
the key inspiration of the present work

Consider the singular value decomposttion on a scalar
systein Hankel matnix:

x .
I= 3 o ¢Og
i

as in (27) Let us treat the two infinite vectors 7 1 and
$ 4 " as two causal sequences and denote by 5% ' "z} and
{470z the Z-transforms of these sequences. Denote also
A5 2=z 7 g oy as we did in (2.4). Now define
E(z)=3%. e,z with
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L8

¢, 5P v(A_ i 1)( )

£ ’)W]

In short, £(2)=[{* D) AF*T(2)] . Let & be the in-
finite Hankel matrix corresponding to the scquence {e);
=1, 2}, ie, 8;1‘{[?(2)}‘ Then according to a the-
orem of Nehart (11}, [& 1, =1 Morc remarkable is that the
difference Hankel T‘“‘)—(I ~0,.,,&) has rank & This by
Kronecker's theorem represents a k th-order system And it
approximates the original one with smallest possible crror
o, ; I Hankel-norm distance sense (Lemma 2 4).

As mentioned before, 1t 15 so far the only closed-form
solution 1o the approximation problem with any optimatity
criterion  Unlike the more traditional SV approach via
O factortzation [2], [9]. this new method does not make
any usc of the first & singular vectors. Instead, it uses
simply the (k- T)h singular vector to construct an error
Hankel matrix. Note also that, despite its elegance in
theoretical development, there 18 no feasible computational
scheme available to numerically solve for the optimal ap-
proximants, cxcept for finite order sysiems casc 3], [5]

With the above backpround, let us now turn to the
multivariable case

J—ld

(¢: the unit circle)

A MDA Solution for a Special Case

Suppose that H{(z) ts the square ( p> p) system function
to be approximated, and that p 18 the tolerance for the
error in Hankel-norm measure. For the purpose of a ¢lean
mathematical derivation, we first impose a rather artificial
but heuristic assumption: Assume that T'{f(z)}
singular value of multiplicity p and p 1s exactly that singu-
lar value; ¢, for some integer &,

has a

P=0, | =0, .= =0y, (3 1a)

and

O) ZPZOL {3.1b)
Such a restrictive assumption assures us exactly p indepen-
dent pairs of singular vectors corresponding to (the singu-
lar value) p. Therefore, heuristically, the situation becomes
compatible with the scalar case discussed above More
precisely, a (would bej error Hankel corresponding 1o a
(would be) Ath-order approxumation can now be con-
structed from these p pawrs of singular vectors as follows.
Let {(q'", {); i=k+1, . k+p) be a set of linearly
independent sinpular vector pairs of ' corresponding to
the singular value p Treat %' and {’ as concatenations of
p-dimensional causal sequences and take Z-transforms as
in Scctien TI-B . Let the results be n'(z2), {2z} Denote

X(z) 2 [0y - W] (324

e e ) B e E ] B E 1)
Now designate (assurmng X(z) is nonsingular)

2% ()]

We shall show that

E2T{E(z)). (3.3)
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16,1 (3 42)

and, more stimulatingly,

rank T 119(z) | =k (3 4b)

where H)(z)2 H(z)—pE(2). In other words, H™¥)( =) so
constructed 18 indeed a kth-order optimal approximant
with error, or approximation distance, being exactly p-
o £,

Proof of the Distance Property (34a) Employing the
functional representation introduced in Section I1-A. we
can write

[H(z).f'(z)fp}’(:)]__—
I]I*(Z)Y(Z)“ pX(z)] =0

since X(z), Y(z) represent the singular vectors associated
with p. Equations (3.5) will be called the compasite singula
equations corresponding to p They are in fact equivalent to

H{z)X{z}—p¥{(2)— K(z)
H ()Y ()= pX(2)— (2}

for some K(z2), [(z)CF,
transpose of (3.6b),

(3 5a)
{3.5b)

(3 6a)
(3 6b)

Taking complex-conjugate

V() z)~ pX*{(z}=L*(2) (3.6h*)

Then ¥*(z)X(3.6a)—(3.6b*)% X( ) leads to
p[}v’*(z)}’(z)* X*(:));’(:)] ~VH{2)K(z) I*(:z)X(z)
(37)

Denote M(z)2 "piY*( YF(zy-X*¥(:z ));'(:)] Then it is
not hard to show that z 'M*(z)=M(z) However, from
the right-hand side of (3.7} 1t can be scen that M(z) ()
Fherefore, z 7 'M*(z) should belong 1o the class £, . ic,
the only situation making M(z)—z 'M*(2)is that Mz} —
0 Hence, we have

Y)Y ()= X*( )} X(2)=0
I.X* '(z)):*(z)][Y(z))? ‘(z‘)]—l (3.8)

Jhus, ¥(2)X () is 'unilary (T)Lfinition 2 2) And hence,
IEC =YX Y2l = 17X 'l =1 (Tem-
mas 2 2,23) However, we can show that 1 is mdeed a
sigular value of I'{ £(z}}. This is done by considering

[E(:)ﬁ(kwl)(z)] _“ e )] R }_

f[Y(z)X eyt ()
, .
0
B} Y(z) () :§~(A\11(2)

o]

Hence, [E{z)%'*'Y(z2)] 1-¢ D2y But since



KUNG AND LIN; BANKEL-NORM MODEL REDUCTIONS

g DM, =1 5 Y2)lL(=1), we conclude that 1 is a
singular value of I'{ E(z2)} Thus, {161, =1 QED.

Therefore, the approximant HOXz)= H(z) — pl(z)
mecets the tolerance requirement on Hankel-norm distance

Although it is possible to prove the degree property
(3 4b) directly, we have found that a polynomial language
can considerably simplify the proof, and provide a basis
for our later algorithm derivation as well The polynomial
language calls for the following lemma.

Lemmua 3.1

Suppose that H(z) is of finitc degree, ie.,

”“*ifaN“) (3.9)

for some polynomial afz) (assumed monic and of degree
henceforth) and some p X p polynomial matrix N¥(z) with
degree less than s, Then X(z) and ¥{(z) can be written as
1 1

X(z)=—+=P(2 Yz)= =0z 3.10
(=gt V@) o) G10)
for some polynomial matrices P(z) and (M=) with degrees

less than or equal to n— 1
Proof We first prove the part for ¥(z) From (3.5a)

we have

[I](E)X(Z) p}"(z)] ca{z)—0

and hence,

[[H(2)X(z)-p¥(2)] -a(z)]_~0

By truncation property,
[{H()3(2) p¥(2)}a(2)]
[N(:)X(z) pY(z)a(z)]_—

Now since [M(z)X(2)] =0, we have [Y{z)a(z)]. =0
Thus, Y(z)=(1/a(z)Q(z) for some polynomial matrix
() of degree less than or equal 1o 11, because [ ¥(2)]
0. The part for X(z) can be similarly proved through
working on the other singular equation (3.5b) [
Denote by a(z), P( ), and Q(z ). Tespectively, the re-
ciprocal polynomials of a(z), P(z), and Q(z), ie..

a(z)= 2%z ) (3.11a)

and
P(z)& 2 p(z 70, O(z)2 27 'o(z7").
Then we can write

K2)= g5 P2,

V(o)= - 0(2). (3.12)

éz

537

Hence, from (3.6a),

y N(z)P(z)—pa*(2)Q(z)
Mam=—" ey

As K(z}is in the class £, the roots of a(2) can not be its
poles and, therefore, a(:) has to be cancelled by the
numerator In other words, the entries of the matrix

N2)P(2) - pa*(2)Q(z)
()

must be polynomials Their degrees must be less than or
equal to n— 1, as a simple result from studying the degree
of each term on the right-hand side of the above expres-
S1011.

Similarly, (3.6b) will lcad us to conclude that

T(z) = (3 13a)

. N (2)0(2) palz)P(z)
z - 317
Wi:)= a"‘(h) {3 13b)
is a polynomial matrix of degree not exceeding n -1 We,

therefore, obtain an alternative for the singular equations
(3.5), in rational form

Lemma 3.2

The composite singular cquations (3 5) have a rational
form as

H(Z,“;(f)_Pa (( )) Q)= 1(z) {3 14a)
1*(2)Q(z) - ;((%P(;).—W(;) (3.14b)
where
degf{z)=n—1, degW(:)=n L (314¢)
[l

Now the degree claim (34b) can be staled in a poly:
nomial setting. Note first that (3.14a) leads to

()= H()niﬁ?guﬁ

—1(2)P =)

H(z)=pY{z)X (2)

Hence,
.H{“(z)“—[]](z)' pY(2)X 1(:)] [T(:)PI(:)] ]

Therefore, equation (3 4b) is cquivalent 1o saving that

(3.15)

Proof of the Degree Property (34b),(315) For a neater
language, we first deline several more terms

Definition 31 A unitary matrix A z) is said 1o be inner
i all its poles arc outside the unit circle [

Such an inner matrix has all s zeros inside the unit
circle and located at corresponding conjugate-reciprocal
positidfisiof its poles

deg H“‘)(z);d(‘g{[I"(g)ﬁ 1(2)']_}:/(_
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It is known [13] that for any pXp rational {unction
matrix F{z) having all its poles outside the unit circle,
there exists a left factorization

Hz)y=Ulz2)F,(2) (3 16a)
and also a right factorization
F(z)y=Fx(2)U,(z) (3 teh)

where Uy(z), F (), Fi{z), and U{z) arc pX p matrices,
and they have the following properties.
1) Up(z) and U(z) are inner. Their zeros are those of
F{z) that locate inside the unit circle
m F,(z) and F(z) arc maximal phase, ie, all their
zcros (and poles) are not inside the unit circle,
Obviously, U{z) and Uy(z) share the same zeros and
poles, and hence the same degree. So do F (z) and Fy(z)
Definition 32 Up(zy and () are called the left mner
facror and the right inner facror of F(2), respectively. The
degree of the inner factors is called the inner degree [
We are to show that deg{[T{z P ()] Y==k. Note first
that m system poles of [T(z)P '(z)]_ are these “inner
zeros™ (zeros locating inside the unit circle) of det‘P (z)
that arc not cancelled by T(z). Assume det{ P(z)} hav m
“mner zeros > Then the system [F(2) P f(z)) will have a
degree m'=mm . Note, however, since

G

P(2).
i (z)
the number of inner zeros of P(z) in fact gives the inner
degree of X(2), 1c¢, the inner degree of X(z) is equal fo m.
The following lcmma related to the inner degree of X(:),
will help in establishing an equality between a1, m’, and %

Lemma 3.3

‘,4(:)};,4(2) be a left inner {actorization of
Y(z), and let {0/} denote the decreasingly ordered singular
values of F{[I* (YU, ()]}

1y Dominance Property: a] <o, Y1

Let Y(z)=U

iy Muftiphciry Properry: If the inner degree of X(z) is
m. then
OI, 702’ o Gf:1+p —P
Proof Sce Appendix A, (i
From the multiplicity property, we have p—o,,, . From

the dominance property, we have o), v am \p- Combining
with p=

(3.1 0,, p =0 PP,
041, Henceos,, o, . This :mpi_[cs m-l kA1, or
m'=k. But m" cannot be smaller than &, for otherwise it
would wviolate the minimum dpgrcc bound lemma  as
IV H(z) - HE, =11p6], = Thus, m=m -
k, and’

Civp = Opipi

TR

deg H{n(g)_dcg{[r(z)ﬁﬂ(z)'l }k

{Note also that the above result also proves that no cancel-
lation can happen between the “inner zeros™ of T(z) and

det{P(2))) “QED. [
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Summarizing, we have the following
Lemma 3 4---The MDA Lemma

I ¢t the singular vatues of TTH(2)} be such that o, =
T = T O, 1. and et
TP{z). Q020 112, H( )} be as defined in Teminas 3 1 and
3.2 Denote

Opy2 — AL

HO() D [1(2)P ()]
I'hen
i)Y H(z)y- HR ()
1) deg H¥9(z2)—k
e, the claim (3 4) given earlier in (his section is justified
]
Remark A straxghtforward dval argument will show
that 252y can also be derived as

H{“(:)*[(_)*71(2)1’#’*(:)-[ . O

B Regular Situation

Clearly, the major difficully vel to resolve is that 1t is
very unlikely that any singular value of T will have multipl-
icity p Besides, p. the assigned tolerance on approximation
crror (Hankel-norm distance), can be other than one of the
singular values. Motivated by the scalar case results [1]. 5],
we propose a solution toward such situation by a proper
“extension” of the original system

Definition 33
{(where H(z)=2%

An extension of the matrix [=T{H(z)}
2 7). denoted as T is a block-Hankel

matrix gumaud b_y the sequence {1, H\ I1,,- }ie,
i, ", H,
H, H, H,
U'=tw w,

where M, 1s a p>Ip constant matrix i)
Denote by {o} (i=1.2,- ) the decreasingly ordered
sigular value set for I' We have the tollowing

The Extension Theorem

Given 1 with complex (real) entries, then for every
mtoher p o, o), (k=1,20 -y there exists al least
one complex (real) extension I" for 1" such that p s a
singular value of I' with multiplicity p More precisely.
when such extension exists,

Op P T 04 00— OO0 {3 17}
Proof. Provided in next section [
Preat {Hy H\ M, ) as a strictly causal sequence,
and let
o
H(z)= ¥ H_ =7 —H,: "+H{z)="
i1
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If U is a “properly extended Hankel” for pE{o,, .0, ) as
stated in the extension theorem, then we can apply the
MDA lemma to obtain a k th order approximant #%(z)
of H(z):

HO)={T(:)P~\(2)] =[0* "(2)w*(=)]

where f(z), P(z), Q(z), and W(z) are defined parallelly to
their “untilded” counterparts in Lemmas 3.1 and 3.2

Now we are ready to present the main conclusion of the
above study.

Mawn Theorem - The Muumal Degree Approximation
Theorem

Given a complex (real) cocfficient system F(z) and a
tolerance p for approximation crror (Hankel-norm dis-
tance) - Then a complex (realy minunal degree approximant
for H(z) is given by

Hrmda(z);' [ZI(Z))? "l(z)}_ = [Q*_I(Z)Pj/*(z):] -

where {1(z), P(z), Q(z), W(z))} is a solution to the rational
form singular equations (3.14) corresponding to a properly
cxtended system H(z) (ie, p s a singular value of F{H(z)}
with multiplicity p). In other words, we have

0 IH(z) - H ()l =p

wy degH  (z)=k. HpElo,, ,0,)

Proof Notice that I{H(z)—H, ,(2)} is a submatrix
of T{i(z)=H"(z)} Hence, IT{H()—H . (2)}, <
B H(z) -~ HE 2, =p, in view of Part 1) of the MDA
lemma. As to the degree of 1,,(2), note that it cannot be
greater than that of H)(z) since T{#, ,.(z)}. being a
submatrix of I'{#*)(z)}, has a rank less than or equal to
that of T{H™}z)} On the other hand, the minimum
degree bound lemma scts & as the lower bound for
deg{H . (z)} Thus, the result. O

‘Lhe above results also imply that, theoretically speaking,
we can attain a tolerance p—o,,, ¢ with a kth depree
approximant for any small £ 0. And thus the minimum
norm bound is essentialfy also achievable. However, the
numerical aspects of this issue deserves a closer attention
Preliminary studics seems to indicate that the tolerance p
can be a singular value without jeopardizing the existence
of a proper extension The mathematical analysis for this
situation is currently under our investigation

1V ProOOF oF 1HE Ex1iNsioN THEOREM

We choose to adopt a polynomial function, which will
not only facilitate the proof but also benefit the derivation
of an cffictent algorithm (detailed in next section) numeri-
cally solving for minimal degree approsimations

Note that the extended systemn H(z) can be written as

! -F-H(z):fl == l

1(z)= Hyz zal 2

j{Hoa(Z)’* N(z)}
(41)

where the denominator za(z) has degree n+ 1. Suppose
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that a pioper extension has been found (so that p is
a p-multiple singular value of T') and that
(P(z)/za*(2), Q(z)/za(z)) tepresents a set of p linearly
independent singular vector pairs [¢f. (3.10)] associated
with the singular value p Then, using an argument parallel
to that in Lemimas 3.1 and 3.2, we get

()

a

MRG0 o)1) (a2
0 e P =WE) a2

where P(z), (z), T(z), and W(z) are all polvnomial
matrices with ~

deg P(z)=n,  P(z2)Z:P(z7Y) (4 3a)
deg Qz)=in, Q(z)éz”g)(:"') {4.3b)
depT(z)=n—1, degW(z)=n—1.  (473¢)

(The trivial verification is feft to the reader) By {4 1),
equations (4.2) are equivalent to

3*(zl

H()P(2) 7, (3 Q) =212 ) = HoP(2)  R(2)

{4 4a)
HHQ() =0 R () =202 13000) 2 502)
(4 4b)

Backward tracing of the above discussion leads us 1o the
following polynomial formulation of the problem

Lenmuma 4.7

Let P(z), Q(z), R(z). and S(z) be pXp polynomial
matrices with” degrees not exceeding n that satisfy the
equations

Mz) s o artz) )
Pz)—p — - Qz)=R(z2) (4.54)
alz a(z) =
N*(z) . al z
[;*—((:;}) (=)~ Pa*((:'l){’(Z):S(z) (4.5b)

It £(z) or Q=) is nonsingular and there exists a constant
pXp matrix H, such that
R(0)+ H, P(0)=0 (4 6a)

S0) + 13 Q(0) -0 (4 6h)

then p is a singular value of the extended Hankel matrix I

(with H,, being the extending block as in Definition 3 3~)

and the columns of (P(2) /za*(z), Q(z)/za(z)) represent p
linearly independent pairs of singular vectors associated
with p.
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FProof. M (435) and (4.6) are true, then we define
[REz) v, ()],
- [5(2 + H()Q( )]

T(z)é:

W{(z)2:

And then (4.2)-(4 4) can be scen to be true. By Temma 3. 2,
it is clear that (P(z)/za*(:z )Q( )/za{z)) represents p
mdcependent pairs of singular vectors associated with a
singular value p of T QED. U]

Based on this lemma, the study on the cxistence of
a proper extension will be carried out in twe steps
First, we shall obtain a  special set of  solutions
{P{), Q( ) R(2).8(2)} 1o (4.3) Second, we ook, among
these solutions, for onc that satisfics (4.0),

For the first step, note that by delining

N(z)= 2"N(z 1), S(2)2 278(: (4.7}
{4.5) can be written as
'—p(}*(z)Ip N(z) Q(:)
Ne(z) pa(a) || Pl2)
af 0 R{z)
10 ar(z) || S(z)
(4 8)
which 15 equivalent to
R(z)
alz),  -N(z) pd*(z)1, 0 () 0
0 pa(z}\, - N*(z) a*(z)l, Q(Z) .
(49)
I'or convenicnce, denote
. u(:)lp N(z) ;‘r(?'“(.:)lp 0
Viz) - _ .
() 0 pa(z}l,  —N*(z) a*(2)1,
(4.10)

Clearly, the solution space of {4 9) is 2 p-dimensional It is
also known that {18] this space is spanncd by a nunimal
hasis, whose key properties are summarized below for later
reference See [18] for proof.

Lemma 4.2
Let Z(z) be a nmunimal basis for the solution space of
(4.9). Then Z(z)is a 4p> 2 p polvnomial matrix such that

V(2)2(z) =0 (4.11)

and

1) Z{z)is column-proper, i.e, the highest degree coeffi-
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cient vectors, one from each column’s highest degree
term, combine to yield a linearly independent set;
i) the column-degree-sum (sum of the degrees of the
columns) of Z(z) is no greater then the row-degree-
sum (sum of the degrees of the rows) of F(z) L}
Rased on the special structure of ¥(z) in (4. 10), we can
further derive several other definitive properties of Z(z).
‘They are presented in the following two lemmas

Lemma 4 3

Let p=£o0, Vi and V(z) be given as in (4 10). It Z(z)is a
minimal basis solution to (4.11), then
1) the 2p columns of Z(2) all have an identical degree
i; and
1y Z,, the highest degree term (z7 term) coefficient
matrix of Z(z), is of full rank 2p
Proof- First, we note that not any column of Z{z)ycan
have degree less than n This is proved by contradiction as
follows. If a particular column of Z(z) is of degree less
than n, we partition it as

1(z)
. pl2)
Z(z)=
(2) q(2)
Wiz )
where #(z), p(z). g(z). and w(z) are all p-vectors
and p(z) =z ip(z Ny, W)Lz ez Compared

to 314) in Lemma 32, it can bhe seen  thai
(p(2)/a*(2) q(z)/a{2)) represents a pair of singular vee-
tors of I'{H(z)} corresponding to the “singular value™ p
This contradicts the assumption that p is nor a singular
value of T'{ FI(z)}

Now since F(z) has a row-degree-sum 2 pr, the minimal
basis Z(z) has 1o have a uniform colomn-degree n; for

otherwise it would have a column-degree-sum exceeding
Zpn, violating Lemma 4 21y The rank property of Z,
Toltows trrvially from Lemma 4 2.). []

Lemma 4 4

Given F(z) as in (410), there exists a special minimal
basis sotution Z(z) Tor (4 11}, such that

(4 12)

where 7 is a p>¥p constant matrix. (In the sequel, the
polynomial matrix Z(z) of this structure will be termed as
i polvnomial echelon jform )

Proof  Consider the coefficicnt matrix of the highest
degree term of the product V(=2)Z(z)

]p 0 ... Zu
i T =
0 'OIP I Zf '
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Note that Z* is related to Z! by

; 0 !
7l — . Z .
n 0 ( 1 / 0 ) ]p "

Thus, Z! must be nonsingular, for otherwise Z, will not
have full rank and hence contradicts Lemma 4.3 ii. There-
fore, without loss of generality we can assume a normalized
form, ie., Z! = L, QLD O

It is eastly seen that, for any 2 p X p constant matrix M,
Z(zYM will be a polynomial solution to (49) (In fact, as a
result of the minimal basis properties, we can prove that
every solution 1o (4.9) can be expressed as Z(z)M.) Now,
we pariition the polyromial echelon form Z(z) as

R(z) R'(z)

e e

o1 o) (413)
S(zy  87(z)

where the submatrices are afl p X p polynomial matrices
For a reason to become clear later, we shall concentrate
on i subset of selutions 1o (4 9) in which

el o
e

where K 1s a p > p conslant matrix. Namely, we concentrate
on the solution set of (49) with the form

(4 14)

R(Z) R’(Z)_R”(Z)K*
}ﬂ(z) _ ) . f’(:) {3”(.:)1\*
0(2) /(a)[—__-k;] Q(:) ]NU)A*
S(z) §'(2)=87(2)K*

{4 15)
Our scecond step 15 to show that there exists 4 matrix K
such that {R(z). P(z),Q(z), 5(2)} as given in (4.15) will
satisly (4.6) for some £, and therefore the conditions in
T.emma 4.1 can all be fullilled
Noting that S(z)=z"5(z '} and O(z)=z"Q(z "), we
can write (4.6) as B )

Ry TH, ‘f’o =0

S HIQ, —0

where we used the convention (1.1) for subscripts of P, Q,
R.and § By (4.15) these are equivalent to )

(R, - R{K*) t HJA B

Notice that the coefficients in (4 16a) are from the upper
half of Z; [constant term in Z(z2)]

PYE*) =0 (4 16a)

—STK*)FHE(QO, — QUK =0 (416D)

L3I

"
R Q

’ 5 72
o B

and the coetficients in (4 16b) are from the lower half of Z,

KA ¢ I IV S
AV I L

where the equality comes from the polynomial echelon
form requirement (4 12). Therefore, (4.16b) is exactly”

—~K*+HE 0. (4.17)
Hence, (4.164) 15 equivalent to
Ry —RyHy + Hyb =, PYHG =0 (408)
or
R, - Ry
[1, H]| . M=o (4 18b)
! £y Py
or, with an obvious denotation,
1ol 4 o
[, i,|U e | (4. 18¢)

I'herefore, the existence of a proper extension hinges
upon the existence of a solution to the matnx quadratic
equatton (4. 18). Indeed, we can show [Appendix B 1, (B[4}
that {7 is Hermitan, ¢, U= U*; and, therelore, we shall
term {4 18) as an algebraic Riccari equation (ARE)Y [12]
More imporiantly, we have the following resull

fenumea 45

There exists a solution H, for the ARE (4.18)
Proof: See Appendixes B.2 and B3 3
Remark: Note that by the echelon form constraint (4 12}
we have

0(z)~ Q(2)=Q (2)H;

=1

i - i .
L2+ (lower power ternis)

Hence, the nonsingularity of Q(z) 1s guaranteed (1o fulfili
the condition in Lemma 4 1) Therefore, the columns of
{(P(z)/za*(2), Q) /za 2 )y represent p linearly independent
puirs of singular vectors corresponding to po That is, pis a
smgolar value of I with multplicity af lewse p Further, the
nonsingularity of Q) implics that of P(z) E

1 the upper hall of A i some matrix A other than 1, then instend of
(41 debywill lead o —K* + R -6 Henee the runk of A depends
on the rank of K7 asy K*= 13K However M has o have Jull rank w
make possible p Iincarty independent cofumns in P{2) or () [sec
(4.15)] Therefore K needs to be nonsingular, Without loss of gencrulity
we can let K77 which justifies the choiee (4 14)
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We thus have shown the existence of a proper extension
What is left to prove in the extension theorem is the
inequality (3.17), which gives the relative position of p
among the ordered singalar value set of 1. This is accom-
plished by the following lemma

Lemma 4.6

Let pc{oy |, 0,), and I be a properly cxtended Hankel
matrix as discussed above. Then pis a siagular value (of I
with multiplicity exactly p, and

Op PP =0, =007 " T, RO {4.19)
where {0} denotes the decreasingly ordered singular value
set of T

Froof W nced only to show that

R LS

for the fact that p is a singular value of multiplicity at least
p (see the previous remark of Lemma 4 1) will immediately
lead to (4.19).

Note that

DT T4+ (16 )(6°T)

where 517, 0 0 -1 It is clear that (F*E)E*T) is
Hermitian and nonnegative definite with rank not exceed-
g p. Therefore, by a perturbation analysis result [16, PP
102--103]

o, Fa, (4.20a)

and

(4.200)

Foa 1 =0 ppy -

In view that 0, =p=0, |, the two relations (4 203 trivially
lead to the incquality g, >p=>a,, . QED [

V. A MINIMAL-DEGREE-APPROXIMATION
AT GORITHM

A Square Systems Cuase

The discussion m the previous section in fact provides a
method which can derive an optimal approximant while at
the same time cxplicitly give rise 10 a proper extending
block H, (This can be seen by a look at (4.18), (4 17).
{(4.15), and the MDA theorem) The complete procedure
for (square) multivariable systems approximation can now
be summarized as follows,

Step [-—Find an Echelon-Form Minimal Basis Solution
Z(z). Trom the original system function H(z2)Yy=N(z)/af )
and the approximation tolerance p, form (4.11)
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V(z}Z(z)—0 (5 la)
where (4.10)
Vo) a(z)],  —N(:) pfl*h(.z)lp 0
0 pa(z), =Nz} @),
(5 1b)

and find the polynomial echelon form minimal basis solu-
tiom for Z(z) (sce Lemma 4.4),
Step 2 -Solve the ARE (4 18): Partition Z(2) as (4.13)

R"(z) ‘

!w(z)) (5.2)

(where all submatrices are p>p) and single out the upper
half of the constant term o form the ARE (4.18)

Ry, —Ry|lT
[rom)| ) t f’*] -0 (53)
Lo —BTLIG
Solve for 11,
Step 3—Compute the Optimal Approximant
Hmda(z)_.lR(Z){;_I(z)],,
’ ry 4 #* ¥ Sre ) w17
R rmy ) P
{5 4a)

(See (415), (417) and noting that [R(z)P " V:z)] =
WzT)HH PP )]~ [21(2)P (o)) ) O,

Hll]da(z): I’Q*il(z)'st(z):l -
(00 g s sy

(5.4h)

Tve projection operation ] ]
{raction expansion

Remark: The equation (5.1a) was originated from a
more basic form

can be done by, say, partial

F(2)D(2)=C(z) (55)
where
_,ata o M)
N B R EY y
T e Ay o
a*(z) P&*(:) ?

and
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R(z)
S'(z)

R7(z)

("(z)* S”(z) X

(57)

(Compare these to (45) and (4.8).) The 2pX2p rational
matrix F(z) is termed the adjoint spstem marrvix |5]. It 1s
seen that C{z)D ™ '(z)is a right matrix-fraction description
(MEID)[12] of F{z) 'This offers a ditferent viewpoint to the
minimal basis problem (5.1), viz. a viewpointl ol minimal
design problems 5], [19]-[21], in which a minimal degree
MED (in this case C{z)D '(z)) for a system (in this casc
Fizy) 1s the objective. On the other hand, we note the
striking similarity between the Hamiltonian sysiem [12] and
the adjoint system matrix F{z), which strongly suggests the
mathematical relevance between this optimal reduction
problem and optimal control /estimation problems. [

In the following, we briefly comment on the actual
implementation of the steps outlmed above W is not
mtended o be elaborate and the reader 1s suggested to
consult proper literatures for details

For Step 1, a brute-force approach could be a Gauss-
elimination type procedure. However, a fast projection
method has been devised to solve such problems [20], [21].
This fast method takes O(r*p? Y operations as opposed to
O(n’p’) needed for a Gauss-elimination type of method In
addition, il also saves slorage to a kirge extent if # and p
are large (O(np?) versus O(n?ply)

As to Step 2, much effort has been devoted to the study
of ARE hike (5 3) (sce, ez [22), [23]). (Note that the ARFE's
conventionally mcuuntered m least-squares opltimal con-
trol festimation problems form a subclass of (5.3), as the
former has some positive-definiteness requirement while
the latter does not. See Lemma B7) Various methods
solving this type of equations exist. Finite algorithms give
one option, the underlying principle being to block-
diagonalize the 2 p <2 p coefflicient matrix m (5.3) as dis-
cussed in Appendix B 3% However, as is well known,
iterative methods are generally a better choice for such
problems, as they are relatively [ree from the curse of
ill-condittonedness ° Laub {25] has an interesting discus-
s1ion on some ierative methods The time complexity Tor
finite and iterative algorithms are both O p*), which is the
least costly among the three steps {(and hence we can afford
an iterative procedure without painfully weighing the
tradeofls).

The partial {raction expansion in Step 3 is the most
costly in the whole algorithmm. It may require as many as
Snalph) operations mnpl\' in computing the poles of
Rz )P’ {(z} or Q* 1(2)5%(z), since {lu’l’( )b (and
dLL{Q*(h )1 has dcgt ee . It 1s possible that the projection

“Se¢ Lemma B2 and especially (B 28)- (B 31). assunning A, The
dimension of & i zero i Py is nonsingular, and A | is now a malrix not
nccessarily of eigenvalues of By TFor a survey of methods for symmetni-
cally decomposing Hermitian matnecs, sce [24]

*For example, when f’u 15 nearly stngular, and hence ill-conditioned
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operation [-] can be achieved via a spectrat factonzation
on R(z)P '(z)P* 'z HR*(z '), which may result in
some saving for computation This route is being examined.

B Nonsquare Systems Case

Suppose the given system ff(z) has p-nputs and g-
outputs with g=p. We can augment it to square by adding
extra zeros, e.g.,

H(z)

Then the Hankel matrix I{#7(z)} will be the same as
I H(z)} except for some extra zero rows. Clearly, the extra
zero rows will not affect the singular values. IHence,
[ f*(z)} and 1'{H(z)} have exactly the same singular
values; or, 0 —e, Vi,

Let p be the tolerunce of approximation-error Hankel-
norm for H{z} Coenceplually, we can first use the previous
algorithm to find a minimal degree approximant for 117( 2 ),
say Hinal2), satistying the tolerance requirement  Then
chopping off the first ( p—g) rows from Hpa(7), we have
the remaining ¢ > p matrix Hy,\(2)= [0 L ]HE A(2) 1t
will be a minimal degree approximant for H(z) This can
be casily verified by noting that

[r{fo 1 17 =]}

“ {H#( )~ Hpalz )}H_\.":‘;P

and that
deg Hypal 2 )sdeg HEpa(2) =k

whercas the minimum degree bound lermma assures that
deg Hy50(2)= k. Therctore, deg Hypa(zy =k and the
asseriion is verified

Now we have demonstrated that the method originally
for square systems approximation can be triviafly extended
to deal with general cases. We would like to {urther note
that the computation procedure can be simplified as pre-
sented below (proof omitted).

Step [ —Find an Echelon-Form Minimal Busis Solution
Z(z) to the Equation

a(z)[q —N(z)
0 pal:z

pa*(z)1, 0

PR
{5.9a)

Z(z) i1s now an nth degree (2p 1 2g)X( p-+y¢) polynomial
matrix with its 27 term coefficient matrix in the form

(5 9b)
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Step 2 --Solve the Algebraic Riceati Eguation
el : 0
p 0 I N e [T
0 [ i Hy'
A )
{5.10)

for 71, where the coefficient matrices Ry, Ry and P;, P
are defined according to the partition on Z(n)

R(z) R'(z)| }q
Piz) Py e
b
}

Z(z)— o) 0(:) (5.11)

w2

§zy 87(z) p
[RE—— —
q p
columns
Step 3 - Compuie the Optimal Approximant
Hypal 7) — [QA I(Z)S*(Z)] {5 12a)
where
O()=0'(2)~0"(=)Hy (5.12b)
S(z)=S'(2)—S" (=) H (5.12¢c)
with
H, [0 1], (5.12d)

ie, I, consists of the last ¢ rows of I

VI. A Numrricar Examei e

The sole purpose of the following simple cxampie s 10
demonstrate the procedure of computing the minimal de-
gree approximation as outlined m Section V. No attempt is
made here o discuss the numerical aspects or the practical-
ity consideration of the algestthry, For more real-data
simulations, we refer to the sealar case paper [5b]

Let

)=
Then
a(zy=z% 1z

and
. 422+ 2+ ] Lzt -
N(z)——'—' 303 1d| 41 38 2 |4 T
—z' szt sz 5 T gEt Do g

The system has Tour poles located at 1/2, 172 - 1/2 and
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= 1/2, tespectively. Its four nonzero singular values were
found to be 0, 7556, 0, =383, 0, =133, and o, — 1 04
We took p=2 According (o the theory, the algorithm
should yield a second order approximation since a, =pra

Step 1~ An Lehelon-Form Minimal Basis
(5.1} Notc that

Solution 10

and
.4 L3 L2 - 1.4 [ [
Moy | At a2 A PRI PR
L i TSR L S R P

The echelon-form solution Z(z) is shown in Table T 11 is
seen that the upper half of Z, shows certam symmetry as it
should be (B.14)

Step 2—Solve the Algebraic Riccari Equation (5 3)
Equation (5.3) now takes the forn
2718 27350 —1291 {).330
(7,0 m)| 20518 0866 o2 ||
Lo T 301 T T0R66 0330 0150 H}
—0.330 0.7021 150 0379
= ()
One solution 1s
1 )
; {0;[ L343 1062
3463 0.275
As a stde remark, note that
CL Ry By ARy | 72532 1 553}
Ro HRGET K, [ 1553 —4784 )

Ttis not hard to verify that both Py and (R}, 4 Ry P IR
have two negative eigenvalues, and hence lhw are con-
gruent, as has been theoretically proved (Lemma B.3) To
check that the extended Hankel T does have the desired
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multplicity { p—2) lor p, its (nenzero) singular valucs were
computed: 7.125, 4890, 2000, 2000, 0622, 0173, Note
that o, —a, =2, exactly as predicted.

Step I—Cualculate the Minimal Degree Approximation
(5.4) The matrices R(z) and {3(:) corresponding to this
extension are given in lable II The “inner zeros™ of
det{ £(2)} were found to be -0662 and 0768 Hence,

Hr\_ﬂm(:)—[i{(z){" '()]_ is indeed a second-order sys-
tem, as expected. We actually have
oo (ﬁ):__l 0437 —1.49‘7]
MRS 210662 [ - 0 264 (.905
. [1 697 0 896}
o 076R 0870 0459

The (nonzero) singualar values of the error Hanket ['{ H(z)

Hoyna(2)] were also computed They are 2 00, 2.00, 1.99,
199, 062, .39 Therefore, we do have [ H(z) -
Hypala )l =p

VIl ConNCLUSION

A multivariable systems model reduction problem with
Hankel-norm error criterion has been studied. Through an
algebraic analysis, it is shown that the optimal solutions
adopt a closed-form formulation and then accordingly an
MDA algorithm is developed

While an exact error analysis (not existing for any other
mode] reduction scheme) 1s provided in the theoretical
domain, the suitability of this Hankel-norm criterion re-
mains 10 be carefully tested by comparing its performance
with other alternatives However, a useful fact justifying
the choice of Hankel-norm criterion is that this measure
stands between two conventionally used measures, the
sum-squares (I2,) and the Chebyshev (£ ) norms More
ambitrously, the Hankel-norm is now being examined as a
possible measure of stability margin in closed-loop systems
analysis.

Turnimg to the numerical aspects of the MDA algorithm,
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we note that the polynomial formulation offers an attrac-
tive computation speed (see Section V). Unfortunately, the
important numerical stability analysis is admittedly very
much lacking It is a priority task to address this issue.
Rescarch is also underway 1o compare this new algorithm
with other numerically tested approximation methods, |2],
[9]. [29].

I he polynomial-iheorctic interpretation of the algorithm
is rather stimulating itself. It basically amounts to solving a
Hamiltonian-type system [sce (55)-(57)]. just like what
arises i the optimal control /estimation context. The tight
relationship between optimality and Hamiltonian systems
selution surfaces again n this approximation problem
Thrs mathematical overtone will hopefully shed some light
on future theoretical research

Finally, we remark that the extension step serves to link
4 generic situation to an artificial one where we have p
pairs of singular vectors corresponding to a singutar value
designating the approximation error tolerance. Further, it
has a computational advantage that the artificial singular
vectors introduced through extension can be computed
with some last algornthm (see Section V). The question now
is whether such an extenston step is absolutely necessary
Our conjecture [28] is that the p pairs of singular vectors
corresponding to p consccutive singular values can serve
cqually welt to construct a desired solution in a similar
manner. Of course. it may not enjoy the fast algorithm and
therefore may need more computations. However, this is
certainly an interesting and imporlant problem from a
mathematical standpont.

APPENDIX A — PROOF OF LEMMA 33— DOMINANCE
PROPERTY AND MULTIPLICITY PROPERTY

Proof of Dominance Property

Let H(z)=[UA(2)H(z)] _ and I"=T{1(2)} Then all
we need o show is that T"*1”<z1*I' This then, by a
perturbation theory result in [16, pp. 102 1031, implies
o/ =, To show I'"*I"=T"*T, we need only to prove that
Ul =l Tyli, VL, , or in terms of equivalent func
tional representation, §J{H(z)5(z)] I, = U] H(=(z)]
Vi)t
Note that
[11(z) =[O ()] (=)
=[Un(z)}H(z )i (2)]
=[O Hz i (2)] ]

by repeatedly applytng the truncation property, noting that
U* ()l Therefore,

I H ()] 1, fni

i

) H(
[1 ( )J il
*||[H( hi(2)] !

where the last equality 1s because that U} (z) is unitary
(Lemma 2.3) QED U]
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Proof of Muluiplicity Property

The proof is separated 1nto two steps. First, we shall
show that {| I'{f (), (2)] Y, =ip Then we shall show
that o/, the largest singular vatue of T{] HA (U (] s
precisely equal to p, and that p is in fact a singular value of
multiplicity at fecast m- p.

1) To show that \V{LH(z2)7, ()] . =p

The singular equation (3 3a) gves

[H*(:)}v’(z)mp/\’(:)]r :[H*(:)b’”_{z}f}’(z) : phf")l
=)

Hence, noting that ¥,(z) 15 maximal phase, by truncation
properiv® we obtain

[[77(230,,()9, (=) —p X()] ¥, Y(2)]
—[HH(2), ()= X ()Y,
Lo, [ HH (U, ()] == p X(2)¥, ()] Now.
I XC2) Y, ()] My = x(2) Y, (=,
= IXCF 0, (A,
=X)L,

where the first equality holds because U, (2} is unitary and
the last cquality comes from that X(z)YY '(z) is unitary
(3 8) Therefore,

(R [H(2)U,; ()] I =1 [H* () ()] H.m =p

T

11) To prove that 6] —o; — Gy 700

Let X(z)= Xp(z ) (2} be a right mner factorization of
X(z)yDenote X, (z)= 2 'Xe(z) and U, x(z)
2 Uz "y Then

Y(:) -z’ I);( z” l) o Xa}(‘( :)l";x.’{{ "j)

U p(zyis still unitary and X, ,{2) becomes mimmal phase
13} Let "(2) be any unitary right divisor of U, {2), i.¢.,

Uy al2) = D(2)(2)

for some unitary function matrix ®(z) with ¥z "y and
¥z ') being inner. Again we start with the compostic
singular equation

[ 714200, ()Y ()= px(2)] =0

Multiplving from the right by ¥ '(z) and alter some
manipulations, we obtain

“Since Y023 may have zeros on the unit cirele. ¥, % 2) may have poles
right on the vmit cirdde Ilence we have to generalize the truncanon
property to take care of this case Tor any ratonal function matrix 7¢ 7).
wo can deline a parntion Fo)=ER2)) A ERC)] . simolar 10 (2013 where
[FCo) . ssullin the class By (te ot is smictly proper with 2l its poles
wmside the unit eirele) ba [fr( 21y now allews poles on the unit arcle
Then the moditicd truncation property says the [ollowing: for any multi-
pheable rational functon matrices F(2) and Gz 0 |Gy, G
then [ AU = A0 Gy

[ELE TRANSACTIONS ON AUTOMATIC CONTROT, VOI. AC-26, NO 4, AvaGusy 1981

[ H UL ()] ¥ ()]
=p[ X T2 = V(DB pX ()0 ()

ipX(z')‘I' ”](z)‘

Note that }f’,(x)\If_'(z) has all 1ts poles outside the unit
circle
We claim that for any constant p-vector o,

1Y, (200 ol = X ')ell, (A1)

and therefore, p is a. indeed the maximum, singular value
of T{{H*(HU ()] ¥, with (Y,(2)F*(2)o. X '(2)e)
representing a corresponding pair of singular vectors

[ o prove the claim, observe that

)v’,_('i)‘i’ l(z)u!Uﬂ ‘(z)[}“’(:)X—'(z)I X(2)¥ Hz)e

whereas U, 'CO[Y(2)X TH(2)] is unitary. Henee, (A 1)
Next, we prove that the multipheity of p as a singular
value 18 no less than wi it p
By assumption, U, o(2) has degree mo Let U p(2)=
O (D, () D (2), where ©(2) are first order unitary
tactors of 1/, o(z) Dehine

]
()2 o)

We claim that there exists a set of m t p limearly mdepen-
dent vectors formed by the p columns of )v",(:) and once
column from cach of the m matrices (¥, (=3, "(2), k—
1.2, - ,m} This is proved by contradiction as {ollows
Suppose thal no such mdependent set can be formed.
This implics that for certain I=0m, all the columms of the
matrix )v",_(:)\lf[ (z)are Imearly dependent on the colwnms
of ¥;{z) and the matrices {[¥, (20, (o) T=k=/--11,
Le.,
. N [
V(T Y, ()04 3 V(T H(0E,
koot
or

P

oy =0+ Y ¥, (2)E, (A2)
Ao :

for some p>p constant matrices @ and =, Bu! this s

impaossible, for the right-hand stde of (A.2) can be modeled

as the transfer functton of a (/— Hith-order realization (Fag

1), while the left-hand side has order /

APPENDIX B— EXISIENCE OF SO1LUTION TO THE
ALGEBRAIC Ricoat EQUATION (4 18)

A Coefficients Expressed in Ferms of Infinite
Heankel Mutrix

Lo start, we have [ef (411
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Input T B L L
lll U |
Hyy Fp asr B, 1]
EANETY S -_—?{Q’{--I:g(l) SR ol ot
i-]
Tranmster Function - @+ },: \Pk\l‘:l)ff{h
ke
Fig ]
2y z)= . T o) R s opr e | s
Mz)2{z) (B.1) 0! 2! 9 Al Sil s
where Hy @5 @2y Pyy 9y 0, 0
I | —p [ = .
a(z)[p —N(z) pc?*(z)Ip 0 CE [ | 0,0
Z)= ~ R | | ! |
0 palz)l, —N*z) a*z)i, . . : L
B2 , (B 6b)
and (B.2) where {97}, {207}, {27}, and {27} are the sequences ob-
‘ talned from inversc Z-transforming F(z)/za*(z).
R(z) R"{z) P(z)/za*(z), Q(z)/za(z), and Q7(z)/za(z). respec-
Pz) P(z) tively; and the double-primed part is reinserted. 1t is casy
Z(z)=| - B = (B.3) to show that
o) 0(s) . ;
PR e A A e (B 7a)
Sf(z) Srl( ) )
29 =0,=04. 2=y =0y (B 7b)

This is equivalent to (cf. (4.2), (3.14); for brevity, only the
single-primed part is given)

] PG )] R
CHON GG ey T e B
1 €E ][ ) S/
{” a (L)}{ az) J p{za*(z)_] o alz)
(B 4b)
We then obtain [¢f. (3.5)]
[{L 'H(:z )}:8; %((—“)2 vz ' {BSua)
[{ —IH*( _)} %;(ZZ)) ( Zg;((zz))] —‘Sézil« (B Sb)

txpanded into infinite matrix multiplication form (a re-
verse procedure of that in Scction IT-B which obtained the
functional form (2.4) from I'yg=§),

0 H, I, opy e
R AT
r

by monicity of a(z). As noted in Section IV already. the
echelon form requirement (4 12) implices that

21= 0, =1, o =, =0 (B 8a)
S5 =80, Sy =871, (B.8b)
We can then obtamn the following expressions for the

coelficients in (4 18).
Lemma B ]

The coetficients in the quadratic equation (4 18) can be
expressed in terms of p and | as

{’)\d ;p&*(p?.lm 71—\*1,) Uj [*& (B 9a)
Ry =p&* T (0L, = 1*1) TT*6 - p1, (B 9b)
B == —ptr(p'1, —T7r) 6 (B 9¢)
@ : Qe R{}: R
ony 0, 0
Tl oo
| -
I T

(B 6a)
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(B.9d)

* o D 0
SRNT

[o9)

} }oprows

(*T is a shift-one-block-down operator. §% is, on the con-
trary, shift-one-block-up operator.)
Proof- For convenience, let

@ = [7(‘1‘\{* 1 (ff.‘:;* : . ]"‘, Q= [Q'I* : @1 : ]w
(B 10a)

* R RO Y I IO I R, P

I A
(B.10b)

@u Al [({PH* } UPH* |
h [ |

Then (B.6) can be written as

& i)’r | 2‘,4” o f{"
et 1-*H(’]’ ‘3’”]* [—_—I—L , f}“[R”IR“J
l RQ RG 00

- L_‘j ‘ t Egu i
j—I—L:—}— ,,,p[@f| @;;]
. U‘ *Q; F .:1! *Qu

—Es] 685 ] (B 11b)

Focus on the single-primed part first Equation (B.11b)
mplies

TTrEQ 1 Ty =G (B 12)
while (B 11a} mmplies TP - p*2" =0 and hence T*8' —
(1/o0)T9’ Substituting into (B.12) yiclds

P I 1T —p? P —pbS;, (B 13)

By the facts that (B.8) 21 —1, and 8] =0, we have

: gy =l
(:P’——p(pzloo | ) NI Nt
where (pz[w —1*T") 15 vertible because p&(a, .0, ) 1e,
p7 o, Vi, and hence (P?'foc —T*1") is nonsingular. Hence

Py =9 =p&*(p, ~T*T) ‘516,

From (B 11a), we also find that
Ry, =&+ —pQ

which is exactly cqual to what is given in (B 9b) As for the
double-primed part, we can similarly derive a parallel 1o
{(B.13):

!)CT 11*((.;'1 Ll) T + 'l")k I‘@u ‘)1).@11 — p&:Sv(p].' )
Imposing the dual conditions (B.8) 27 =0 and §) — !,
gives

rr— . p(p21m - ]‘*I“)

Hence,

R R R 3 S T W
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Again from (B.11a) we obtain that

Ry =& - p0
which equals te (B.9d) QLD 7]
Note that R and P are self-Hermitian, while Py and
— Ry are mutually Hermitian, i ¢,
(R =Ro. (L0) =0, (B) =Ry (B14)
Hence, the quadratic equation (4.18) is Hermitian (alze-
braic Riccati equation)

B Existence of Solution when [’(;’ Nemsingular
The goal 15 to solve the ARE
!,
I, H\U =0 B.15:
1 ! 0] 1 ( 1)
where
RFO - R"J )
= , N (B 15h)
—Ry Ry

The study can he easier accomplished by transforming the
equation nto a structure casier 1o manipulate For this the
tfollowing lemma will be usetul (proof omitted)

Lenmpnu B 2
Let
LTI B
f.= -
[ - (B 16)
where 1., Ly, and L., are p>p constant matrices with

Iy, and 1., being nonsingular. hen (B.15) has a solution
1, 1f and only if the foliowing cquation has a solution H,:

y ,
[ Ii’ j* } =0
H}

In fact, [y = £\ Hy Lo 4 L7, Il
Letting £, =Ly, =1, and L, = —R;P;" ', we have

Hlrur (B 17)

Ry VRSB Ry 0

LU= .
0 -5y

(B 18)

Hence, by the above lemma, (B.15) has a solution If, 11 the
following cquation has a solution H:
Ho 1 =

Ry TRGE IR (B 19)

It can he seen that (B 19y will have a solution if ]0 and
(R} +R”P(;’ 'Riy*y are congruent [26].

Tewmma B 3

If If’t{’ 1s nonsingutar, then ]3(; and (R} - RUP(, TR
are congrugnt £l
The proof will be carried out in two steps. We shall first
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show that £ is congruent to 1T where [¢f. (B 9¢)]
T E .

SN (B 20)
Then as a second step we shall show that, as a matter 01
fact, T1 '—R’U 1 RUP; 'RY* The congruence between By
and (Ry+RYP) R is thus established.

For convenience in later derivations, let us first obtain
an alternative cxpression for {30” by using the well-known
matrix inversion formula

D4 !
(B2I)

(A+BCDY = PoATB(CT DA gy
Then we have

By = —p&*(pr,—171) 6

= —pr 0, o T (0, —117) 'T]e,
{by (B 21))

(1,461, 1T7) e| (B2
As a dual case,

=—p (1,46 0070, -11) | (3.23)

Lemma B 4

£y and I are congruent
Proof Tet*77 denote the congruence relation Define

I, Lo
L= ===== ===
T, —rr)T
I 1‘@_;"
2 e JR
0, 1
Then
Pr,—-TT* 0
392 LG VAV
0 2k
P, — ! r&
—Ll-----= oo 15
G I* | pPy (L, -TTY) T
, P50 S B R L. "
Shgl— - - — - - | LT, vy (8 22))
2 *F* ; _.[p

[ AL, ITHHIEEA |0 }
P i
0 | Ip

Hence,

349

0

[pzl’,—]—‘r*l 0 } lpl — 139 [W: &
ol 1T -—]

(B 24b)

In the next, we shall show that i) (pf, =TT~ (p’1, —
FE*), and i) (p*, ~ TG0 )~ (p*L, - 1"T5*T%). And
hence by comparing (B.24a) with (B 24b), we shall have
By ~1

To prove 1), note that I'*1" and TT™ share the same
ergenvalues {0/} Hence, (p'1,, —T*I) and (p’f, —1'1%)
share the same cigenvalues {p? ~ o7}, And thus, (p°f -
I*1I')~ (1, —I'T*). As for it), note that (T*5 W) -
(ST ). Sinee (T ) is again block-Hankel, a similar
dloum(,m ds that for i) concludes that (p™7 | — I*T 54T )~
(p'f,, GHI*) QED. I

Lemma B 5
Ry +RYPY Ryr=1177
Proof This is derived via repeated application of the
matrix inversion formula (B 21). Consider LT first From

(B.23) we have

I_l Rl p[]p I &j*(pllm o I*[)* ll--*é}_'J]

;——p[fp—&*r[(p‘*;x71"‘*1) S1EE T '1"4@_,;}‘
(by (B 21))
—o{r, e [, - Tra] 6] (B29)

Expanding the inverse of bracketed expression above by
(B.21),

[P°L,, T+ T]

!

T, e T, TG ) T
(B 26)

Again calling for (B21) o cxpand the last parenthesizud
CXpression,

(P, PTG = [(p1, 117 s v
=(r'L, --r;*-*)“i
E* I p,, — Fl—.*)—l
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o, Ty (i, —TTY)
e

. -~ | IS
F&[—ply] &L,
using (B.22) Substituting the last expression into (B 26)

and then back mto (B.25), we arrive at the following messy
cquality:

L= pl, 1 pbeT{p 21, T I (0, 1T
o7 (2, TT*) TS
&, —TT) e
(B.27)

We shall show that, by expanding (R, | R”P{;’ 'R*), the
same expression can be obtained. Tirst note that

1

Ry = - p&*TS*(p L - I*T) 8

re) rle

7{)(”*[ x [p ?.]m +P 2[‘*(()213;.-

!

=—p 'GTTH P, - TTY) T
where the last equality is obtained in view that S*&6=10
Also note that
Ry~ I, —1*T)

1o
pEr T ( GGl

T o P T a [T Sl J .
— &I *[p I, +p7-l "(p‘]no Il *) I ]‘.Zi I'*& —pl,
S N R O S * O] K 2 sy !
—p ¥ * o+ Lﬂl‘l(p]{x‘ ]l)
TOT TR -
[N I pl,
where in the last equality we used the fact that T+

Now we have

5 SRR AV SRR Py S
RGPS IR+ R =p 20T T*(pl, —TE™) Tasy !

@ﬂ%p%wrﬁ)fﬂﬂm

+p VIS !

o e

EATTEH(p, —TT*)

plf,

A Lompdnxon of this 0 (B.27) shows that they are equal
Hence, [F 71 =R}, + R”P” Ri* L]

By the discussion bc forc Lemma B.3, this concludes the
proof for solution ¢xistence when P” is nonsingular

¢ Existence of Solution when ](, Singular

I'hc special kind of congruence transform as represented
by (B.16} will olten be appealed to Therefore, we de-
liberately denote it as “s”, contrasting to “™
lor general congruence transfornts

The two simple results below will also be important in
the proof.

which stands
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Levma B 6

U is nonsingular Vp& (o, 1, 0,).

Proof Recall that U is obtained from the vpper halt
of Z, (4.13) and that U/ is nonsingular if and only if the
upper half of Z, is nonsingular Define 2(:)55”7(: h
and

V(:)E:"L’(:
a2, - N(z) pa*(z)l, ]
0 pa(),  ~NUZ) a*z),

Note that Z; is now the z” term (highest degree term)
coefficicnt matrix of /( ). Since l( }/( 370, by a similar
minimal basis argument as in Lemmas 4.3 and 4.4 it can be
shown that the upper hall of Z,, is nonsigular L]

Lemma B 7

For pCo, ,0,), the ergenvalues of ]’(j’ are strictly in-
creasing analytic functions of p and R, can be sigular at
no more than p values of p

Proof
(p21, —17T) 6

df\ 4 -
apli = 2eE

Sinee [(p*f, - T*T) " ' is positivc definile, as a lcading
diagonal block &*(p*f -~ 1*I) ™
define. Hence, (d/dp)[’” is positive definite. Let {A,
=12 - p} be the cigenvalues of (e dp)] A, arc
analytic functions of p because P 15 {see (B 9y i27] B\
the perturbation analysis [16, pp ]0’-—]02] (dfdp}[’” e
implies that (d/dp)\, =0 Vi=1,2, - p Therefore, any
A, can be sero at ne more than one value of p(a, | |, 0,)
/\nd hence, P(j’ can be sinpular at no more than p values of
pe(o, . 0,.) L

Suppose that there exists p, E(a, |, a,) such that P[,
an analytic function of p, becomes singular at p— py lhen
'hy Lemiwa B.7 there is an interval (Po €, Py ) tor p
(e 0) such ihet f’(f’ ~. d'dffh.’xp, A ) where A, and A are
diagonal matzices of the ug(,nv'jluu. of By with A, [0 as
p— g white A remaing nonsingolar throughout the inter-
val Now, by an obvious transform we have

“& must also be positive

, R 1_,', 0
pe| o TR = (B 28)
R f;(;! 4 Ap 0 =t
0l ola,.

where F; 15 a bounded analytic function of pe(p, e,
oy 1 e) Note that F, is of full rank by Lemma B6 By

continuity there exists a matrix (function of p) 1, such that
- 0

Ly £, [F}

4

with f, being noasingular, for p i the vicinity of g,
Pherefore, the transform
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L,
0

0
i{

|

can be used to derive the congruence relation

_ - Eﬂ I, 0
Ry F ] - - 0
- - D5 I O Fp
£ p 0 3] —-
— 0 P‘:“ Ap
0 0l A S S
! 0 0 A

[

= U

(B29)

for some I, E,, and £ In the following we shall show
first that at p=p,, the quadratic equation (4.18), or (B.15),
has a solution Hy if £, ~{(—A, ). Then-we shall show

E, | E| 0
e (O
— | EX| E
Us F - _'!.. 0
0 014,10
0 0l A,
k| 0 '
ol ¢
¥ . R
o Al 0
0 A

that, indecd £, ~(—A
completes the proof

2o

Lemma B8

by a transform 0

by a transform|

), by a continuity argument. This

ItE, ~( A, then (B 15) has a selution for i,

Proof. Note that at p=p,, A —0 and

E, 1 0] 0
_— U
ijS O 0 FP(} il U
O el 00
0 0 1A,
I]o —F k)
by a transformj 0 ’ 1 Y
0 g o
0 !

(B.30)

By Lemma B.6, E, must be nonsingular. I one ¢an show
that £,,~ (A ), then by mspection we can constiuct a

solution H,, for the equation

[ 1p HJU[

as

Ip
13

=0

(B.31a)

From Lemma B.2,
implies the exastence of solution to (B.13)

851

~ UI G
I 7[A,,14, ] B 31b
I e ( )
where G s such that
E, = *GAMG*‘ (B 3l¢)

the exislence of solution to (B 31a)

[

Finally, with the following lemma the prool wili be

complete

Lenmma B9

P

and (A ) are congruent

Proof Note that Tor pE(p, —€. o),

o 0
! 7}?‘26’,‘,1
0 | 1"]2
0] f
1| —F k!
of 1 o
0 i
(B.32)
where
Ey=b,—FA, 1F;j*, L, =F, - E EEE
As p—p,. &, —0 Hence.
. Ey~( '_'Ap) {(B.33a)
and
E ~F, (B.33b)

since £ 0. (For rigorosity, note that Ly, E,, and £ arc
bounded continuous function of p in the vicinity of p,, and
that £, is nonsingular) On the other hand, note that FJ ls
nonsingular for p&{p, - €. p,) and hence,

{
E,

3

£,
0]

A

o

0

)
_ Ap

(¢f (B18) and Lemma B.3) Now since Ey~( A ), we
have L£y~(—A,) and thus £, ~(—A,) by (B.33b), tor
PE(p, € py) By boundedness and continuity of E, and

A, weget b, ~(— A}

QED I
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