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Probabilistic Principal Component Subspaces:
A Hicrarchical Finite Mixture Model for Data
Visualization

Yue Wang, Lan Luo, Matthew 1 Freedman, and Sun-Yuan Kung, Fellow TLLE

Abstyacr--Visual exploration has proven (o be a powerful tool
for muliivariate data mining and knowledge discovery. Most visu-
alization algorithms aim o find a projection from the daia space
down (o a visually perceivable rendeving space. 1o veveal all of
the interesting aspects of multimodal data sets living in o high-di-
mensional space, a hierarchical visualization algorithm is infro-
duced which allows the complere data sel (o be visualized at the
top level, with clusters and subclusters of data points visualized
at deeper levels. Fhe methods involve hierarchical use of standared
{inite normal mixinres and probabilistic principal component pro-
jections, whose parameters are estimated using the expectation-
maximization and principal component neural networ ks under the
information theorefic eriferia. We dewmonsirate the principle of the
approach on several multimodal numerical daia sefs, and we (hen
apply the method to the visual explanation in computer-aided di-
agnosis for breast camcer detection from digital mammog ams.

Tadex Terms—-Compufer-aided diagnosis, data visualization,

hierarchical mixture distivibution, information theorelic criteria,
principal component nenral network, soft clusiering.

1 INTRODICTION

S A STEDP toward understanding multivatiate data scts,
A,clusler information reveals msight that may prove uselu!
i knowiedge discovery since ihe growing volunie of complex
dara arc often high dimensional, muoltimodal, and Tacking in
prior knowledge | 1] 3], 6] Several new visualization methods
have been progressively developed to model and dispfay the
contents of the data scts [T[, [3] [6], [8], [11] However, al-
though such algorithms can uselully charvacterize the content of
simple data sets, little comprehensive study has been reported
that proves adequale in the face of multimodal and high dimen-
stonal data sets [ 1], [6]. [11] For example, a single projeciion
of the data onlo a visualization space may not be able to capture
all of the ntereshing aspects ol the dala set. This motivates the
consideration of a hicrarchical visualization paradigm involving
hierarchical statistical models and visnalization spaces.
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Once we explore the possibility of using many complemen-
lary visualizalion subspaces, cluster decomposition and dimen-
stonalily veduction are the two matwal straiegies Cluster de-
composition pernnits the wse ol relatively simple models Toy
cach of the local structures, offering greater ease of lerpre-
tation as well as the benelis ol analytical and computational
simplification This philosophy for modeling complesiiy s sim-
Har e spirit 1o the divide-and-conguer principle |41, [7], [12]
On the other hand, dimensionality reduction allows better vi-
sual tetpretation and less computational demand Many re-
scatchers have recently poposed various methods 1o improve
data visnatization (3}, [6] The work most closely 1elated o our
methodology was reported by Bishop and Lipping in [1} and
[91 They inttoduce a hicrarchical modefing and visnalization
alpotithm based on a two-dimensional (2-1) hierarchical mix-
e ol latenl variable models, whose parameiers are estimated
using the expectation-maximization (KM algorithm [1], [16]
The constraction of the hiewarchical tree proceeds lop down in
which the cluster decomposition is driven inleractively by the
user, and optimal projection is determined by maximum likeli-
hood principle. There are three major potential lhnilations as-
soctated with the present approach |1, [1TT Fist, although a
probability density s defined in the data space through a latent
variable model, the prioni and order of the mixture model ate
heuristically selected and an isotropic CGaussian conditional dis-
tribution is undesivably restricied, which may misrepresent the
true data structutes |4 [T, [19] The second important Timi-
lation is that the parameters, including oplimal projections, e
determined by maximum likelihood, and this criterion need not
always lead to the most interesting ot inferpretable visnalization
plots. For example, allernative models may be those that opti-
nuze other criteria such as the separation of clusters 1], [13].
Aun additional limitation of the solely user-driven scheme is its
subjective nature, which may be highly influenced by the quality
ol visual interpretability For example, alternative methods may
be those which mvolve both information theoretic eriteria and
human input [4], [L1], {22]

In this paper, we propose using, standard finite normal mix-
tures (SPNM) and hicrarchical visualization gpaces for an ef-
tective data modehng and visualization. The strateoy is that the
top-level model and projection should explain the entire data set,
best revealing the presence of clusters and relationships, while
lower level models and projections should display miernal strue-
ture within individual clusters, such as the presence of subclus-
ters, which might not be apparent in the higher level models
and projections. With many complementary mixture models and
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visualization projections, each level will be relatively simple
while the complete hicrarchy maintains overall flexibility yot
still conveys considerable cluster information B3ased on the con-
cept of combining fnite mixture modeling [ 10] and principal
component projection | L |11 1o guide cluster decomposition
and dimensionality reduction, the particular advantages ot o
algonithm are as follows

1y Al each level, a probabilistic principle component extrac-
tion is perfoumned to project the soltly partitioned data set
down 1o a 2-1 visualization space, leading Lo an ellec-
tve dimensionality reduction, allowing effective separa-
tion and visualization of local clusters L], [51. [12]

2} Learmnyg lrom the data direetly, infornation theoretic cri-
teria ave used to select model siructures and estimate its
parameier values, where the soft partitioning ol the data
set results ina standard finite normal mixture distribution
best fitted to the data [4], [18] [22].

3) By alternatively performing principal component projec-
tion and finite mixiure modeling, a complete hierarchy
of complementary projections and refined models can
be generated automatically, allowing a new paradigm of
tnowledge discovery |1 -[31 [6]

There are several major differences between our work and
the previous most related research [ L], [8]-]10] First, we cou-
sider cluster decomposition and dimensionality reduction as two
separated but complenentary operations, in which the criterion

used to cllective dimensionality reduction s the sepuration ol

clusters rather than imaxinum likelihood. The resulting projec-
tons in turn enhance the perlormance of cluster decomposition
at the next level [1]. [13] Sceond, we impose a nodel selection
procedure o determine the number of subclusters insicde each
cluster at cach level using mformation theoretic eriteria This al-
lows the algorithm (o avtomaiically determine whether s Lurther
split of a subspace should continue or terininate 1 completing
the whele hierchy [ 1], [22] Furthernere, we develop a prol-
abilistic adaptive principal components extraction (PAPEX) al-
sorithin Lo estimate the top two or tlnee prncipal axes [51.[12]
When the dimensiotnality of raw data is high, (his approach is
computationally very eflicient { 11| Finally, our model delines
aprobability distribution in data space which naturally induces o
corresponding distiibution in projection space through a Radon
tramstorm [15] This permils an mdependent proceduse i de-
termining values of model paramelers withoul concurrent es-
timation of projection matrix. In Scetien 11, we mtroduce the
theory and method, and in Section I, we discuss the algorithio
to seneration of such subspaces. "Lhis 1s further extended to im-
plement an interactive visualization environment m scetion IV,
where we firstitlustrate the operation of the algorithin using vep-
resentative multunodal numerical data scts, and then apply the
algorithin to the visual explanation of decision makimg process
in computer-aided dingnosts for breast cancer detection Finally,
extensions to the applications, and the relationships 1o other ap-
proaches, are discussed in Section V

I THEORY AND METHOD

One of the dilliculties inherent in data visualization is the
problem of visualizing multidiznensionality [1], |3], [6] When
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there are owre than three variables. it stretches the imagina-
ton 10 visualize their relationships Fortunalely, in data set with
many variabies, groups ol varables often form clusters [ 10,
[12]. [13] "Lhus, our appreach mcludes two major complemen-
tary components: 1) dimensionality reduction by probabilistic
principal component projection and 23 cluster decomposition by
adaptive soft data clustenng

Assume the data points £} in the data space come from &
clusters {, -, O,
kernel parameter vector of cluster & in the model Recently there
has been congiderable success i using the SI'NM (o medel the
distribution of a multimodal dasa sct {1, 14§ [7]. [10]. 23],
[24], such that the data distribution takes a sum of the tollowing
cencral forn:

LB b where Oy 1s the Gaussian
" A
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where w1 the coresponding mixing propertion, with 0
e o L and 3wy, 1, and ¢ 1s ihe Gaussian kernel The
problem of SENM modelng addresses the combined estima-
tion of regional paameters (« ;,:, #yz.) and detection ol structural
parameter A i (1) based on the observations ¢ One natural cri-
terion used tor estumating the parameter values Is to minimize
the distance between the SFNM distiibution f{¢) and the data
histogram fy. Suggested by informaton theory [16], [171. 1efa-
tive entropy (Kullback 1eibler distance) is a suitable measuore,
viven by

/M;WTV‘Liwﬁw 2

We have previously shown that distance minimization based on
(2) 15 equivalent to the maximum likelithood (ML) cstunation
under o data independency approximation (4], and when Ky s
arven, the ML estimate of the regional parameters can be ob-
{ained using the UM algorithm |12, [ 16], | 23]

Lhere are three major problems associated with the current
approach. First, when the dimensionality of the daia space is
high, the computational complexity of naplementing the LM al-
corithm i -space 1s very high Second, the initialization of the
I'M algorithm is ofien heunstically chosen, which may lead to
both local optima and computational complexity. Finally, since
the munber o the local clusters i a particudar data set is gener-
ally unknown, wmodel selection is a prerequisite. A natural way,
with greater practical applicability, to tackle these problems is
introduce user interaction with the system [1], [6] Data mining
and knowledge discovery are nol processes that can be orches-
trated ¢ priors. Laining algorithms and expected behavior can
be specificd, but the actual leatning must tollow for insight and
spontancous ingpiration 0], For example, by examining plots of
principal compounent space, rescarchers oflen develop a deeper
undesstanding ol the driving forces that generaied the original
data, and cliortessly grasp the gencial characternistics of the data
and proposc an initial solution {17, [3]. [6]

Principal component analysis (PCA} is an ellective method
for achieving dimensionality reduction [8], [9] Lova set of ob-
served d-dimensional data vectors {8}, ¢ < {1, -, N}, the

g principal axes wh,, m C 11, -, g}, are those orthogonal
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Resulis of a demonstrative icrarchical clusicr decomposition and dimensionality reduction with a stimnlated data st The nser initialives the conters of

local clusters at the secend level aid the alporithm then completes the whaole three- level hicrarchy antomatically

axes onto which the refained vaviance under projeciion is max-
imal. It can be shown that the principal axes w,, are given by
the ¢ domnant eigenveetors (i ¢, maximal cigenvalues) of the

sample covariance malix Gy = >0 (b - p )4 gyt /N
such that Cew,,, - A, and where A, 15 the ergenvalue
and ge, 13 the sample mean The veclor a@; W7t — ).

where W {ar) ) o, .y, ), is thus a g-dimensional re-
duced representation of the observed vector £, The advantage
ot PCA is twofold: the projection onto the primeipal subspace:
1y minmmmizes the squared reconsiruchion envon [9], [12] and 2}
maximizes the separation of data clusters [ 13] Although the
clfectiveness of applying PCA m an unsupervised manner is
highly data dependent, o approach has a siple optimal ap-
peal m that tf the local clusters are lincatly scparable in a 2-D
or three-dimensional (3-12) space, the principal component pro-
jections allow best separation of the clustens [13]

Suppose the data space 1s d-dimensional Now consider a 2-D
projection space = = {1, 72)7 together with a lincar transfor-
malion, that maps the data space o the projection space by a =
w’ {t— 1) where Woisa d 2 matrix. Fora normal distribution
p(E) over the data space, using the rules of probability, a sinlar
recduced dimension probabiliy distribeiion of (he new vavables
1 1 i the projection space 1s oblained from the convolution of
the projection model with the true distribution over data space
in the form of f(x) = | plx|&)p(t) de |1 i [‘)] [1: 1| Since the
conditionat distribution p{z|t) - &z W -1 W' p,), where
&(.) is the delta function that 5(0) — L and &(7# 0) — 0, it can

he showwn thae f(2) is simply defined by the Radon transform
ot (e, e, fla) = | p(Ddle - WL+ W' p,)db[15] Ac
cording to the lincar superposition properfy of Radon transform
and the projection invariant property of normal distrthution, if
p(E) 1s 2 SENM distribution, the data distribution in (he p
ton space has a similar reduced dimension fom as (1)

rojee-

Ny
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'I\u
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However, because of its global hmearity, the application ol
PUA is necessarily somewhat lunited [9], [10] <orexample, the
inherent multimodal nature of the data scl may be compleiely
obscured when it 1s projected onio the fower dimensional prin-
cipal subspace. Lhus, 1L 1s tmportant to note that althoush the
cluster siuciure of the data set may be evident {rom the highe
dimensional plot of the 1aw data, 11 18 quite conceivable (o have
the intiinsic cluster structure of the data concealed afier a pro-
jection in the more general case of high-dimensional data sets
[12] An alternative paradigm is o model multimodal data set
with a collection ol Tocal lincar subspaces through pl()hzlhi istic
principal commponent analysis as shown i Fig ][9] 11| The
method 18 a two-stage procedure: a soll pattitioning of the dala
space lollowed by estimation of the principal subspace within
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cach partition Tor the sake of computational stmplicity, it is
reasonable to consider the model parameter values being csti-
maled first in the projection space and then further fine taned n
the data space | 11]

[ he agsociation of a SFNM distribution with PCA offers the
possibility of bemg able to visualize complex data structures
threugh o mixture of probabilistic principal component sub-
spaces. By a simple extension of the muaximum a postecion for
data classification 1w the standard Kg-ary Bayes hypothesis
testing [12], 117], we can oblain a principal compenent pro-
jection zlong the desired axes onto which a particular portion
ol the data set is highlighted, by weighting all ol the data
peints in the whole data set with thelr posterior probabilities
belonging to that portion
the data peints in which instead of any given data point hetng
assigned exclusively o one prncipal component subspace,
the responsibility for its generation iy shared among all ol the
subspaces

Under the SENM model delned by (1), the posterior
Bayesian probability =z, of a given dats point £ belonging to
cluster & 13

L k)
ok i)

A and 30 e o |

(4)
where & — 1, 2, These posterior
piobabilities, together with the computational simplicity ol per-
forming PCA (ovolving no more thau tinding the top g cigen-
veciors of the covaniance matrix ot the data pouns) make it a
good candidate for the near subspace in the mixture The ¢
principal components deline the local subspace assumed for the
multimodal The contributions of the input to the & subspace are
the activities of the weighted data points {f;; } Lov input cluster
ko Lhis can be obtained by £ = 2 (E
welghled sample mean ol cluster &
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The subspaces for the Tocused clusters ave generated by a lo-
calized lincar PCA such thit Oy, - Apat@nn TUS IMpoi-
{ani Lo understand that cach component i (1) now corresponds
to an independent subspace model with parameters 0, and W,
where Wy, == (unyy, wyy,,
the vector @i — =W ik — pi) to be a g-dimensional re-
duced representation ol k-cluster focused vector &, the corre-
sponding probability distribution 1s defined by

g(«|W., B.p) / (8]0 ) 0{x — W,{f W ) dE (0

where the data mapping by W leads {o an independent Radon

transform Lo interpret the corresponding set of visualization
subspaces, iLmay be usetul to plotall of the duata pomnts on every

ITis Involves a soll clustering of

- W, ). More precisely, consider

1EEL TRANSAC TIONS Of NEURAL NETWORKS, WOL LT Ny 3 MAY 2000

plot Tor this, we may create @ f-cluster locused projection in
Li-subspace by plotting the vector wy,, or display the denstty of
“oray-level” in proportion to the contribution which cach point
has for k-subspace with AW (6 — pgd] = 2

An imporiant issue concerning unsupervised cluster decons-
position 1s the detection of the structural parameter Ky, called
wodel selection [4LTHTETLIZ2] 116, [22] Hus s indeed particu-
larly critical in real-world applications where the structure of the
duta patterns may be arbitvazily complex |2] We propuose (o use
two information theorctic crifena, 1.¢., the Akaike information
criterion (A1C) [18] and munimum description lengith (ML)
[ 191, to guide mode! selection The major thirust of this appreach
hazs been the Tormulation ol @ model fitting procedure in which
an optimal medel is selected from the several competing can-
didates such that the selected model best {its the observed data,
under Jaynes’ minimax entropy principle stated as “the param-
clerys v o model wiich determine the valve of the maximmmn en-
tropy should e assigned values which mumamize the maximum
entropy” |20, [21] For examnple, AIC tes o retormulate the
problem expheitly as an approximation ol the true structure by
the model, implying that AIC will sclect the mode] that gives
the minimum value detined by

ATC(R,) = -2 log(X ) + 24, (N
wheve £ 477 1s the maximemn Lkelihood ot the model and £,
15 the number of free adjustable paraneters in the moedel. I'rom
a quite different poinl ol view, MDL reformuolates the problem
cxplicitly as an infonmation coding problem i which the best
model fit is measured such that i assigns lugh probabilities to
the vbscrved data while at the same time the model dself s not
too comples o deseribe [191 A model is selected by minimizing
the total description length defined by

MDIL (K ) = —log(Lp ) FULR, log ¥V (8)

where the penalty teim i MDD takes into account the number
of observations 1t should be pointed out that when the cluster
separability 1s poor, the performance of these two iformation
theoretic criteria may not be weliable 184, 122

As discussed abuve, the SENM model identification is st
petformed over w-space However, ¢ mapping from £-space
to z-space may have the intrsic cluster strocture concealed,
feading to an wncorrect correspondence between (1) and (3)
We now extend the mixture representation of (1) to form a
hicrarchical mixiure model gencrally cnough 1o be applicable
to mixtures of any parametne density model. Based on the
discussion of a two-level system cousisling of a single Radon
tanslorm at the top level and a mixtwre of K nevnal distribu-
tions at the second level, we can reformulate the hicrarchy to
a third level by associating a group Gy, of SENM models with
cach model & mn the second level, given by

Wy Lo
j’)(f,) = Z W fe Z: TI'.';M_{j'(tlot(\],‘ J.)) (9)
he=l =1

where )y again cortespond to a sl of mixing proportions, one
for cach &, with }_:f wi = 1 The formation of the hicrarchy
is guided by the model selection over e-subspaces, where cach
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level of the hierarchy conesponds to a gencrie model, wath lower

levels eiving more (oeused and interpretable representations

Once again cach componenl v (9) now corresponds (o an mde-

pendent subspace model with Radon transfotm ¢ |@r, ) =
! o T2 T ’

[ rj(tlo,(ﬂ'”)b(r — W(F\,ﬂ” { W{fc_\j}’l’f,(.l. )))(Lit

I ATGORITIIMS

Bascd on the (heory behind hicrarchical mistares of prob-
abilistic principal component subspaces we have discussed
above, we now present the description of owr algorithm
ivolving major steps of the visual hierarchy construction
Altrough the tree structure of the hierarchy may be enpivically
defined | 1], [9]. a more mteresting ¢ffort is o build the tree
cttomatically and inferactively Guided by the two informalion
theoretic criferia,
fitting a series of subimodels to the clusters of the data sct,
which model order 13 selecled automatically and algorithm

our algorithm progressively  proceeds by

inialization is driven inferactively. A schemalic summary ol
the algorithm is as follows

the data gel onlo a
which W ig de

1} Project single

=rmined £irom

-apace, 1in

the sample covariance matrix Cy by Lil-
Eing a single Gaugcian model to the data
el over b-spaco

2y Loearn f{x) for [ =
the
Lialized by the e
thoe BM algorichm owves
Y Caboulate
K —  Aums Buax,
with fy which corresponds

K, L Kaax, in

wihi ch valucs of wp and O arc ini-

S and estimabed by

E-space .
MOL for

a model

Llie values of ATC and

and celect

Lo Lhe minimum

of AIC and M. The wmodoel parameters
obtained in x space will bo uscd to ini-

Lialize the modoel in &-
[or Lhe learning in

4} Learn (1)

paramslers
cslhep 1.
in which Lhe wvalueag

ST

with [fin,

of wn, e, . and Cy, are fine Luned
by fhe: BEM algorikthm over [-spaco.
LY Determine Wi From &y or Oy, and plot

Eip O h{W}(!
tho second level
E=—1,2
6} Learn Gp(t) by repeating
283 al
for

)] onto z-subspaces ab
fox
, Ko

vigual ovaluation,

for
and
Lhe third level
k= L 2, Ty, ](7(;.
under the
criteria,

ateps 2-4

congtrucl x-subspace

¥

shep b,
/Y Complete the whole hierarchy

by ropeating
information theoretic and plot
all s-subspaces for visual exploration

and explanation.

Our algorithm begins by deternuining W lor the top level pro-
jection. For low dimenstonal data scts, we directly evaluale the
covariance matiix Gy to find W [10], |12} For high dimensional
cases, since only the top lwo eigenvectors of the covariance ma-
irix ol the data points are of the interest, it may be compuia-
tionally more etficient o apply owr previously developed APEX

0.9

neural networks [5] to find Wodireety from the data points £
(Step 1) On the basis of this single a-space, given a fixed K,
the user then selects (KN, Kuax ) and points ge,

i ont the plot
corresponding to the centers of apparvent clusters The BM algo-
tithm can be apphied 1o allow a SENM [sce (3)] 1o be fitted to the
mojected data through the following two-stage [16], [23]. 124]
[orm:

E-Step

)y _ ' ( 1057

B = (10
J ( w7, 00
M-Step
[
(n+ L (n)
e o N 241 ‘1.7\;! (] 1)

N
5.1 ”( ) [N

{21} i1

P T e (12)
~ (ny
pREH
=1
N
ey e 1
L""u.- (J'i I%A—H)( Il'(rl))

A1) i=1 .
R (13)
T
L Sk

I}

whclc at cach complete cycle of the algorithm, we first use an
“ald” set of parameler values to delermine the posterior prob-

{ny

abilitics 27, " using (10}, The qc posterior probabilitics me then

(k) [E:;‘I Uﬂ and Ci’:j B usmg
(1 1=-(13) The algorithm cycles back and forth until the value
of relative enfropy [scc (23] reaches its minimon (Step 2) Tt
can be shown that, at cach stage of the EM algorithm, the rel-
attve entropy decreases unless it is alrcady at o local mininum

used to obiain “new” values ),

116]. The model selection procedure wall then defermine the op-
fimal number Ky of models to fit at the next level down using
H ('iff() 1
2 g vartances, K cortelation coelli-
1 mixing {actors (‘\tup H T he resulting points
W,u [ g2y, are then
used ag the mitial means of the respective sul)m()dcls. Since the
mixing proportions mz are projection-invariant, we sitaply as-
sign a2 X 2 unit matrix to the remaining parameters of the
covariance mattix . Once again the M algorithm can be
applied to allow a SFNM [sce (1] with /g snbmaodels 1o be
litied Lo the data over #-space. In order 1o obviale the need to
store all the incoming abservations, and change the paramelers
ummedialely after cach data point, it may be computationaily
maore eflicient 1o apply our previously developed probabilistic
self-organizing map (PSOM), an incremental EM algorithm [4],
to cstimate p(E)

the two iformation theoretic criteria, where K,
including 2/, means,
cienls, and Ry -
p”) m dala space, obtamed by p,“



BRI

Witk a solt partitionmyg ot the data set using the PSOM,
data points will now cflectively belong to more than one
cluster af any given level Thus, the effective input values are
L = zalt — pe) lor an independent visualization subspace
ko in the hicrarchy We then extend our APEX algovithm 10 a

" probabilistic version, Lo, PAPEX [5], [25], to detcrmine Wy,
surnmarized as {ollows (Step 4)
1) Initialize Lhe feedforvward woeight

and the feedback

amall

veclor wn,, Lor e — 1,2,

welghl, vector g Lo random values

at time ¢ = 1 Asszign & swmall positive
value to Lhe learning ratoe parameler i

2) Set o mo— 1,

and for =1, 2 . compute

i) — wi Dzl ) {14}

K7 A("” + J.)
w8l Dzl ) — ()
{1.5)
whets

For lavgoe @ we have i) — W,

wy, 1o the eigenveclLor associatod with
the largest cigenvalue of the covariance
matrix Cg.

3) Set omo— 2, e 2,

and for compiile

asfe) = w{;(z)d (e g )t as(Dule) (16)

g, (0 )wor ()]

(17

wopli - LY=o () 4 n{yon ) za (b - )

ar(e 1 1) = o (@) -l (e () 1 agDan(D] (18

For large 7 wa havoe ?u-_)_;,.('.') -— ol , wWhore
wry, 15 the eigenvector associated with
the second largest cigenvalue of the co-

variance wmatrix .

Having determined prineipal axes W, of the mixture model
at the second level, we will construct the visualization subspaces
by plotting cach data point ; at the corresponding @, Thus, it
one particular point takes most of the contribution for a partic-
elar component, then that point will eftectively be visible only
on the corresponding subspace (Step 5)

Determination of the paramcters of the moedels at the third
level ean again be viewed as a two-step estimation problen, w
which further split of the models at the scecond level is deter-
mined within each of the subspaces over £-space, and then the
parameters of the selected models are loe tuned over $-space.
Similatly, the resulting model estimated over x-space are then
used to initialize the means of the respective submodels over
I-space The corresponding G (€) can again be estimated using
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the I'M or PSOM algorithm 4], [16]. [23] to allow a SITNM
distribution with Ly,  submodels 1o be fitted to the data In the
E-siep, the posterior probability that duta point 2; belongs to sub-
model s given by

el (L1010 )

BT 19
Gl 10) t)

Sk, G) T Rkemaglh 7 Rk
where z;7. are constants cstimated from the second level of the

hierarchy. 1he cortespouding M -step includes

N

Z /?':(:(‘If, :’;)

y _a=l
A N

2 ik

(20)

N
Lﬁfi(k, -,-')(\"i - I‘t(;.-)r,)_)(ti : Mu\‘j)):!
=l —— 27y
I (22)
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With the resulting zi, 5y In E-space, we can apply the PAPLX
algorithm to estimate Wy ), in which the elivetive mput values
are expressed by £, 5y = 2, (80 pegy ;) Lhe nextlevel
visualization subspace s generated by plotting cach data point
£; at the corresponding @,y = zu, ,,-)Wzr,;w-}(t; Pagn, ) 10
(£, j)-subspace (Step 0).

The construction of the entire tree stracture hierarchy s auto-
malically completed when no further data split is reconnmended
by the information theoretic criteria in all of the parent sub-
spaces (Step 7)

[V HLLUSTRATION AND APPIICATION

We st lustrage the application of our algorithm to a simple
synthetic data set Tig 1(a) shows a dala sel conststing of 450
data points generated from o mixture ol'three Gaussians in 3-12
space. Each Gaussian 1s relatively flat (has small variance) in
one dimension Two of these pancake-like clusters are closely
spaced, while the third 1s well separated from the tirst two. Lhe
dimensionality of tius data set has been chosen o ilkustride the
basic principle of the approach. The global view of the raw data
over f-space clewly suggests the presence of three distinct clus-
ters within the data

lo explore the data characteristics, we st perfonn a single
rlobal PCA 1o project each data point onto a sigle ®-space
(top level), shown in Fig. 1(b). Both the user mnspection and
the two informagion theoretic eriteria have clearly suggested the
presence of two distinet clusters within the projecied data set
Bused on a soft clustering of the data points, we then apply
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PALEX (0 both clusters and gencrate the two cortesponding in-
dependent cluster-locused subspaces (second level), ns shown
in Fig. 1{¢) Not Lo our suiprise, fhe two information theoretic
criteria have suggested a lucther split of cluster 2, but not of
cluster | Onee again by performing thiee independent PAPEX,
the final cluster decomposition through the cluster-foensed sab-
spaces (thitd level) is completed shown in bre. Hd)

With: this three-level hierarchical data exploration, the ca-
pable nature of the approach is evident as the interim two sub-
spaces (second levely only attempt to highlight the data points
which have ahready been modeled by their immediate aucesior
(top level) Indeed, the model fitéing procedore has successfully
discovered all three data clusters. The origimal data clusters have
been individually colored, and 11 can be seen that the red, yellow,
and blue data points have been well separated and highliehted
in the third-level subspaces

As an example ol a wore complex problem, we consider a
data et arising from a mixture of three closely spaced Gaus-
sians consisting of 300 data points, shown in Fig 2(a). Once
again the original data clusters have been individnally colored
We Girst apply APEX to extract the global principal axis, indi-
cated by the black tine in Tig. 2(a) 'The two information theo-
refic criteria have sugpested the presence of three distinet clos-
ters, where the user then selec(s three mital cluster cenfers and
the TM/PSOM algorithn is applied to perform a solt clustering

[O8

i

Stmmary of final data visualization from a dala set with three elosely spaced clusiers o the 3-D space Both #lobal and probabilistic principal axes are
estimaled Fach of the three subspaces 1s plotted with weighted data imputs The plofs of “dafa graphics”™ and “data hnag

S are also generaled

of the data points. This leads 1o a mixture of three indepen-
dent probabilistic principal component subspaces whose prin-
cipal axes are separately extracted, indicaled by the vellow lines
in Pig. 2(n). Lhe contributions of cach data pomt to these sub-
spaces, i lerms of its “gray-level™ Alf;] = =g, arc displayed
aver f-space in Fig 2(T)

Since the model selection and aleorithm initialization arc
performed over w-space with user’s interaction, 1t may bo
helpful to invesiigate the visual eftectiveness of dimension-
ality reduction using the probabilistic principal component
projections [[], £0]. Based on the cstimated Wi, we have
constructed each ol the cluster-focused subspaces using both
“dala graphics™ {o g, in terms of ®i Wit — )]
and “data image” Je g, in terms of A|W5 (6 — g0 -
technigues  As a more overlapped case, Fig. 2(c) and (d)
presents the plots of “data graphices”™ and “data image™ from the
data set, where “data graphics™ emphasgizes the contribution of
a patticular data point to that particular subspace concerning
ils geometric distance to the center of the cluster, while “data
image” cmphasizes the elfectiveness of a data point reflecting
its global appearance. 1t can be seen that the plot of cach cluster
is clean and well-shaped

In order to quantitativety evaluate the effectiveness of our ap-
proach with user inderactions |61, we apply our algotithm to a
synthesized tesling data set given in Fig. 3 (upper left) Using
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the AP algorithim we accurately estimate the top global prin-
cipal axis, mdicated by the back line. By projecting the data
points onto a 2-1 z-space, all three data clusters are visible
1his plot indicates that although the second advantage of PCA
aforementioned is highly date dependent, when the data clusters
arc linearly separable in a projection space, the principal compo-
nent projections allow effective sepuration ol the clusters | 13]
We then apply the two information theoretic eriteria to examing
i Lllld K MAN = O
The minima of both AIC and MIX. have clearly sugpested a

this plots. Tn this case, we set Ry —

three-cluster data stracture, ax given by the curve in Fig. 3 (thixd
block in the second row) Thus, a two-level SENM meodel may
be sufficient. We then conduct two cxperiments (o assess the
pertormance of cur algerithm Since all the model parameters
are known in this case. the true top principal axes of the data
clusters bave been individually calculated First, we compare the
estimated top principal axes of the data clusters using our algo-
rithm with the corresponding true top principal axes. From the
lower vight block in Fig. 3, it can be seen that the two scts ol'the
top principal axes are perfeetly matched (blue lines). Second,
we use the elobal relative entropy (GRE) between the data his-
togram and the estimated SI'NM model to measure the goodness
of model fitting The numerical result through our cxperiments
indicates a very good performance with a GRE value of 0 008
1nals.

User meraction with the algorithm 1s an important issue
We have developed a user-friendly graphical interface to facil-
itate the data visualization purpose, as shown i Fig. 3. By al-
lowing the uscr to select the initial centers of the data clusters
demonstrated in Fig. 3, ow expericnce has convineingly indi-
cated a great reduction ol both computational complexity and
local optimum fikeliliwod. For example, compared to the results
of modei sclection reported by Akaike 18] and Wax [22], the
curves of the AIC and MDL gencrated by our algorithim are
much more consistent and smooth, and user-initialized cormpu-
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Summary of a demonstrative ieractive user imterface for medel sclection and principal component prejections for completing the mixtures of the

tation is five times (in average) faster than the random toals. L
should be pointed out that although the tinal STNM model can
be estimated, the pathways ol achieving cluster decomposition
may be mulliple. bor example, in this case the user bas the Hex-
ibility to sclect only two clusters iy the sceond level and to fur-
ther split the “1ight™ cluster, thus (o adopt a three-level liuerarchy,
We believe that this user-driven nature o the current algorithun
is also hghly approprate for the visnalization contextC[ L[, [ 11L].

Since a more convineing example should involve more ¢lus-
ters with multiple levels, we have also applied our algorithm
to the same data set used by Bishop and Tippng 11, shown in
Fig 4{a) lhis data sct anses from a nowinvasive monitoring
system used 1o determine the quantity ol oil m a multiphase
pipeline contaning a mixture of oil, water, and gas [1]. Ihe ex-
periment gives 12 dingnostic measurements i lotal. Our aterin
goal 15 to visualize the structne of the data in the original 12-di-
mensional {£2-1) space. A data set consisting of 1G00 points
15 obtained synthetically and the data is expected to have an in-
trinsic dimensionality of two conesponding to the two dominane
compenents (e g, oil and water). However, the presence ol dif-
ferent flow configurations leads to numerous distinet clusters
We then apply our algorithm to perform a cluster discovery. Re-
sults from partially fitting the o1l How data using a three-level
hicrarchical modet are-given in Fig. 4 1t should be ponuted out
that since the “might” answer to this real-world ditta set is nol
available, we e not able to validate this new result However,
we believe that this example has clearly been highly successful,
note how the selected single cluster (number 2) in the upper
level plot, is discovered 1o be two guite separated clusters at the
sccond Ievet,

As a tinal example, we consider the visual explanation in
compuler-aided diagnosis (CAD) for breast cancer detection
As a step toward improving the performance of CAL system,
we have put considerable efforts to conduct various studies and
develop reliable image enbancement and lesion segmentation
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techniques [4] More precisely, we (y 1o make both the hidden
data patteris and the neural network “black box™ Lo be as trans-
parent as possible to the user (e g, radiologisis and patients)

through miteractive visoal explanation
clintinate the false pasitive siles thal correspond 1o normal dense

Yhe clinical goal is (o

tissues with mass-like appearances through feaiured diserimi-
nation. We adopl o mathematical feature extraction procedure
to construct our database from all the suspicious mass sites lo-
cilized by the enhanced scgmentation [4] The optimal map-
ping ol the data points 18 then oblained by learning the gener-
alized normal mixtures and decision boundarics, where a prob-
abilistic modular neural network 15 developed to cary oud both
soft and hard clusiering [4] The joint histogram of the [eatured
database extracted from true and false masgs regions are investi-
gated and the features that can better separate the true and false
mass siles are selected [4] Our expetience has suggested that
three imagery features, i.¢, sile aren, compaciness, and differ-
cnee entropy, were having good discrimination and reliability
propertics.

Summary of the intecio cesults from the ol flow data set The data set is living (o a0 12-1 space with numerous local clusters A minltiple level iodel is
adopted with a hicrarchical visval exploration for cluster discovery

We then use o previonsly developed alsorith [4] to dis-
tingnish the (rue rnrasses from false masses based on the lea-
twres extracled frorm the suspected tegions. 150 mammogsrams
wore selected from the mammogram database . Tiach mammo-
gram contained at feast one mass case of varying size and loca-
tion. The aveas of suspicious masses wete identificd following
the proposed procedure with biopsy proven results. In a typical
experiment, we have sclected a 3-DD feature space consisting ol
compaciness 1, compactness I, and diflerence entropy Tt should
be noticed that the {eature vector can casily extend 1o higher di-
mensionality. A training fealure vector set was constructed from
50 troe mass ROTs and 50 false mass RO s, where ROT stands
for rezion of the inferest In addition to the decision boundaries
recommended by the computer algonthms, a visual explanation
mlerlace has also been integrated with hierarchical projections.
Fig 5(a) shows the database map sclection with compaciness
definition T and difference entropy Fig. 5(b) shows the database
map selecton with compactness definition 11 and difference en-
tropy. Our expericnec has suggested (hat the recognition rate
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with compactness T are more reliable than that with compact-
ness 11

We have conducted a preliminary study to cvaluate the per-
{ornance of the alporithms 1 real case detection, wowhich 6--15
suspected masses per mamumogram were detected and required
turther clinical decision making. We lound that the proposed vi-
sual explanation approach, together witl CALY system, can re-
duce the number ol suspicions masscs with a sensitivily of 84%
at 2 specificity of 82% (1.6 false positive findings per manine-

rram) based on the database containing 46 mammograms (23 of
them have biopsy provenmassesy Flg 6 shows i representative
mass detection result on one mammogrant with a stellate mass,
indicated by the arrow in Fig. 6{a). Alter appropriate feature ¢x-
traction, ten sites with brightest indensily were selected, showa
in Fig o(b). The featured vectors of these candidaies were sub-
mitted against the estimated “probability cloud” for visual ex-
planation as a decision support, together with the opinion ree-
ommended by our CAD system. The final results indicated that
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Fig 6. Summary of the results of mass dedection from adypical clinical case

the stellate mass lesion was correctly detected and conlitmwed
by our experienced radiologrsts, shown m Fig. 6(c) It should
be pointed out that in this real-world application, a higher
recognition rale may be controlled by the domain experts in
halancing the tradeolf hetween the fafse positive and folse
regative rates 4

V.o DISCUSSHON

We have presented a novel approach to visual explanation
for data mining and knowledge discovery, which is both sta-

tistically prineipled and visually effective This method, as il
lustraled by the well-planned simulations and pilot applications
in computer-atded diagnosis, can be very capable ol revealing
hidden straclure within data. Tt is impaortant to emphasize that
n relation w previous work {1, [8] [10], one interesting con-
sideration with the present algonithim is that the models arc de-
termtined by the inloimation theoretic criteria, and this criterion
will not only sclect the most appropriate model structure, bul
also allow a user-duven portiolio as a double cheek. This ap-
proach promotes a self-consistent fitting of the whole tree, so
that an automated procedure for penerating the hierarchy be-
comes 1eality [1] In adduion, since we perform model sclee-
tron and parameter initialization first over the projection space,
the computational complexity 1s greally reduced in compared
o the maximum Iikelihood estimnation m (Ul dimension. Our
case study of a seven-dimensional {7-12) data sct has indicaled
at least a 50% reduction of the computational thne. Other pos-
sible advantages include the determination ot daa projection
by maximuin the separalion of chisters which n tuin optimizes
the other crucial operations such as model sclection and pa-
rameter inihalization |13 and data rendering aloorithms which
permit uscr or hypothesis driiven nalure of the data projection
[T1]

Another impoiant consideration with the present approach
is the measure of quality in visual explanation [ 3] This isnot a
elamorous arca, but progress in this atea is eminently eritical (o
the futnre success ol visual exploration [6] Whal is the correot
malrix {or a direct projection of a particular multimodal dala
sef? How cffective was a particular visualization 100l? Did the
user come 1o the correct conclusion? T may be agrecable that
(he benchmark criteria in visual exploration are very different
and difficult |6] As shared by Bishop and Tipping [1], we be-
lieve thit i dala visualization there 1s no objective measure of
guality, and so il 18 difficult o quantify the menit of a partic-
ular data visualization technigue, and the effectiveness of such
a technigues 1s often highly data dependent. 1he possible aller-
native is 1o perlform a rigotous psychological evaluation using a
simple and conirolled envitonment, or to invite domain cxperts
o directly evaluate the efficacy of the algorithm for a specilied
task. For exanyple, we can compare the domain expert’s perfor-
mances with and without the system aid. [n that case, the re-
ceiver operaling characteristic (ROC) method may be used to
evalnate the perlormance of our algorithm when used by the ra-
diologists. While the optimality ol these new technigues is olien
highly data dependent, we would cxpect the histarchical visu-
alization model (o be a very cffective tool tor the data visual-
ization and exploration mmany applications We are cmrenily
wnvestigating lurther applications to the molecular classification
of cancer based on gene arvay data sels
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