Chapter 6

SINGULAR-VALUE-
DECOMPOSITION ALGORITHMS
FOR LINEAR SYSTEM
APPROXIMATION AND
SPECTRUM ESTIMATION'

S. Y. Kung and K. 5. Arun

1. INTRODUCTION

Fincar system approximation has found important applications in maodel
reduction, system identification, spectrum estimation. among others. T ius
chapter covers the deterministic and stochastic aspects of the hinem
system approximation theory with special emphasis on spectrum estima-
tion apphcations,

There is 2 fundamental diffcrence between the ideatification and
approximation probiem formulanions: The approximation peoblem for-
mulation realistically takes nto account the fact that a randomly pertur-
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bed signal is never completely recoverable Thus, 1t offers a more robust
solution Jumain: Fhe real world is hardly ever lincar and rational, and so
any modelling procedure should attempt to find only an approximate and
not an exact maich w given data. In situations where the underlying
system is linear and rational, we might still wish to approximate it by a
reduced-order model in order to reduce computational complexity. And
even il the underlying system is low-order, the given data are usually
perturbed Dby estimation or measurement errors, making the apparent
order much larger than the true system order. In such cases, instead of
finding an cxact high-order fit to the perturbed data, a low-order ap-
proximaiion is more desirable, in order to smooth out the perturbations
in fine, it appears that the modelling problem is always an approximation
problem, and in Akatke’s words {2a], the subject of statstical
identification is essentially concerned with the art of approximation

The system-approximation problems addressed in this review chapter
may be categonized into three classes:

1 determunistic lincar system approximatiorn:
2 stochastic hncar system approximation; and
3. sinusordal approximation (or hirmonic retrieval)

1.1 Deterministic Linear Systemn Approximation

For deterministic systems, noniterative approximation methods can be
rovghly categorized into the dominant component methods, the moments
matching methods, and the Hankel approximation methods. The Hankel
approach, based on a Hankel mattix formed from the impulse-responsa
sequence associated with @ linear system, has recently become very
popular for model reduction, system identification, ete. The mathemati
cal foundation of the  Hankel approach lies in the  well-known
Kronecker’s Theorem [29], which savs that the rank of the Hankel
matrix 15 equad o the order of the system H(z) (¢l Secuon 30 lhe
situation s, however, very different when ihe measurements are cor-
rupted by noise The Huankel matrix formed from the impulse-response
(naisy) impulse response coefficients will, tn general, have a rank much
exceeding the true system order. In this case. once should resort 1o an
approximate system realization which produces some smoothened ver-
sien of this sequence. rather than exactly reproducing the nomsy impulse-
rEspunse sequence

1.1.1  Optimal Hankel- Norm Approximation

It is natural to ask i there s an optimal approximation i any sense.
within this Hankel approximavon framework. The answer s m the
affirmative



Singrdar-value-decomposition algorithins 205

For the single-tnput-outpui sysiems case, Adamarn ¢t al. 1] developed
a closed-form optemsl soluiion for model-reducton problesus with a
Hankel-norm error criterion. where the Hankel-norm error is defined o
be the speciral norm of the difference between the Hankel matrices
associaied with the original and the approximate systems. i has been
shown that the spectral norm of the Hankel matrix assoclated with
stable lies beiween the more conventionat £, and f., norms. Hence the
Hankel-norm criterion can be viewed as a compromise between these
two more popular ¢iror measures.

More significantly, the theory of bounded Hankel operators has had a
far-reaching impact on mathematical system theory. For example. the
cigenvalues of the Hankel operator can be shown [17] to be related to
the eigenvalues of the so-catled Nevaniinna matrix, classically associaied
with the Nevanlinna algorithm. In faci, the Adamjan et al AAK theory
(1] has provided a unifying approach o many scemingly uwnrelaied
fundamenial mathermatcal questions, for example, approximations of
Hankel operators in speciral noym, approximations in differeni norms,
the classical Schur and Nevanlinna-Pick interpolation problems, boun-
ded extensions of one-sided Fourier series, decompositions of periodic
functions inio two analytic funciions bounded n the open disk, among
others.

Many investigators have worked on the engineering meaning of the
mathematical results of [1] Relationships between the minimal Hankel-
norm approximation and rational function approximation, L sensitivity
optimization in compensator design, etc, have resulted from these in
vcstiga[ion# A polynomial approach that elucidates the sipular
value/vector properties of Hankel matrices, leads to a pencral theory and
algorithm for optimal Hankel-norm approximation of multivariable sys-
tems. first proposed by [35] In the same process, a fast alporithm based
on a formulation employing polynomiat-Hamiltonian-lype systems can be
derived Recently. Glover presented an excellent review paper discussing
all optimal Hankel-norm approximations of lincar multivariable systems
and their L. error bounds, in which a complete characterization of all
approximations that mintmize the Hankel-norm is derived {191 The
interested reader is also referred to the other related reference papers
cited in [19]

1 1.2 Principal Components Approximation

While the computational complexity of the optimal Hankel-norm ah-
gorithms can be reduced further, the main concern o practcal im-
plementations is the alporithm’s numerical behavior and stability. Much
research needs to be done 10 produee a numerically-robust version of the
AAK algorithm,
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On the other hand, there are several related approxamation methods
133}, 139), and [ 58], which are based on the singular-value decomposition
{SVID)) of the Tunke! matrix. Uhey all use the singutar vectors cor-
responding to the dominant singular values only; and therefore age
termed principal components (PC) methods. More importantly, this class
of PC algorithms has consistently  demonstiated  very  satisfactory
numerical results for system approximation and identification. The main
research left 1o be done regarding these algorithms s a formal ap-
proximation crror analysis. This topic is also addressed in this chapler.

Since numerical performance 15 the major factor dictanng the real-
world practicality of the algorithms, we focus on the numerically more
attractive PC-type approach instead of the mathematically more elegant
AAK-type approach.

1.2 Stochastic Linear System Approximation

['he stochastic realization problem has recently received a great deal
of “attention, since most applicatonal problems cncountered m system
identification, signal estimation, control system  design, time  series
madeling, etc, are inherently stochastic

1.2.1 Canonical Components Approximation

1 he canonmcal correlations {¢ ¢ ) criterion tor stochastic systemy ap-
proximation was frst proposed by Akaike [26] The c.c. coeflicients
between the past and the future of a time-series (cf. [21]), provide a
measure of the mutual information between the past and the future in the
Kuilback-Leibier sense [30] and [16] 1l the time-senics has a fintte-order
Markovian represeotation (1o, 1t can be represented as the output of a
linear, rational model driven by white noise), then tlus information
mterface will have fimte dimension. [n tact, the number of nonzero c.c
coeflicients will be exactly equal to the order of the model, and Akaike
demonstrated how the mimmal-order state-vector could be constructed
from the canomcal decomposition of the past with respect to the future
{261 Since the components of this state vector that have small ¢ ¢
coetficients (with respect to the future of the output stochastic process)
aiso have tittde mutual information with the future, Akwke suggested that
the low-order approximant be constructed from onty these components
with the dominant cc¢  coeflicients [3]  Subsequently, many  ap-
proximation alporithms have been proposed, based on the cc criferion,
{71, [11], and {33]

The ¢.o criterion itself s the same criterion that was used in [56] for
the extrapoliton of o stationary random process, which s basically the
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problem of predicting the fuiure of a fime-series from i past. Since the
strte-vecior (of a limear raitonal sysiem driven by whiie noise) suim-
warizes all the information in the pasi of the ouwtpui process thai is
necessary for the future, the c.c. criterion was suggested by Akuike for
picking the state-vector of the low-order approximate model

§.2.2 Principal Components Approximation

It can be shown that the canonical components of the past with the
longest ¢ ¢ coefficients {with respect to the future) do noi necessarily
make the minimum-variance prediction of the future  That s the case
hecause the mutual information between a canonical component (of the
past with respeci to the future) and the future does not measure the
(variance of the) canonical component’s contribution towards the pre-
diction of the future [27]. Instead the contribution of a state-component
o the predicdon of the future is better guaged by o least-squares
predictive-cificiency measure of the kind used in mulitvariate statstcal
analysis by Rao [48]

The predicrive efficiency criterion measures the crror-varance in the
prediction of ihe future. Using the predictive cfficiency cniierion for
stochasiic sysiem approximation leads to the dervation of a principal-
components atgorithm [ ] and [27], which is a stochastic version of the
principal-components method of Kung [33] The PC approach has
demonstrated better numerical performance than the ¢c¢ methods of
Desai and Pal {11] and White [33} The reasons for the same, afong with
a numerical sensitivity analysis, is available in a recent dissertation [27]
We will focus primarily on the PC approach in this exposition

1.3 Sinusoidal Approximation

In a majority of modern signal-processing applications, such as radar
and sonar array processing, a key problem is estimating the locations of
spectral lines or spectral peaks, which often represent important physical
quaniitics, such as speed and angular direction In this context, an
important measure of performance is frequency resolution. that s, the
ability to distinguish and identify spectrat lines that are closely spaced in
frequency. fronically, for these signal-processing applications, the spec-
tral cstimate has to be based on short data records. As s well known.
however, the frequency resolution achievable in the discrete Fourier
transform is equal to the reciprocal of the data length used. Hence, the
only means for achicving high resolution trom a short data segment i by
extrapolating the data based oo certain prior knowledge

1 Ire usual approach is to approximate the given data-record by a timear
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combination of sinusowds, and to detzrmine the sinusoid frequencies that
provide the best match. The prior information used here is that signals
with line-spectra are pertodic, and can be uniquely extrapolated from a
short record Il the given data record were truly the sum of p sinusoidal
signals, then only 2p data poiats would be sufficient to determine with
{theoretically) infinite resolutton the p frequencies and p amplitudes
When the problem is once of retrieving hidden periodicities from noisy
data, however, one can at best approximately fit sinusoids to the data, and
then, the larger the record length, the better the approximation.

1.3.1 Linear Prediction- Approximation

The first such sinusoidal approximation method was proposed by
Proay, who used lnear prediction (Lp) parameters to parameterize the
sinusoidal model [46] The parameters were obtained by finding a lcast-
squares sotution to the linear-prediction equations that is exactly satisfied
by true sinusoidal signals. It turns out that the covariance sequence (of
sinusoidal - signals)  also  satisfies  similar  linear-prediction  equations
exactly. Obtaming a least-squares solution to a farge aumber of 1p
cquations in the raw data, is asymptotically cquivalent {(as record-length
and aumber of equations increase to infinity) o exactly solving the first p
{p equations in the covariances [9]. The latter approach poces under the
tancy name of maximum-cntropy method (MEM) for high-resolution
spectral estimation

tor the more practical situation, when the covariances are perturbed,
Beex and Scharf [8] suggested a least-squares solution 1o a large number
of 1p equations m the covariance lags, and called their method, the
“covariances-of-covariances” method. Improvements in numerical per-
formance were achieved by Tufts and Kumaresan [S0], who used an
SV D-based least-squares solution of the Lp. equitions in the covariances,
after retaining only the principal-components of the covariance nutrix.

132 Stute-Space Bused Principal-Components Approximution

[t turns out that the sinusoudal model s o very special case of the
geoeral Lmear rational model, and  that linear-system  approximation
methods can be dircety employed. In Tact, deterministic system ap-
proxmution methods can be used for sinusoidal approximation of raw
time-sertes data, and stochastic system approximation methods can be
used for the retrieval of harmonics from covariance lags

Instead of using the Lp parameters 10 characterize the sinusoidal
model, state-space parameters can be used in order to reduce the
sensttivity of the sinusoidal frequencies to the parameters, and to im-
prove numerical performance and resolution capability
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Using a staie-space based sinusoidat model, o key lnite vank property
can be shown for ihe dain Hankel and Tocplitz covariance matrices
Therefore, the SYD factonzation and linear system  approximaton
schemes discussed nbove can be employed to produce high-resoluaon
estimaies  Under this itheoretical foundation. two approximate realization
methods have been proposed. First, the Toeplitz (covariance) ap-
proximation method [34] offers a robust principal-components-based
spectral estimate from noisy covariance sequence. In the second case
{311, the principal componenis approach is used to develop a direct-daia
approximation method for estimation directly from time-series data [32]

1.4 Application to Power-Spectrum Estimation

Spectral analysis forms the basis of a major part of signal processing,
typicatty for distingunishing and tracking signals of interest, and for
extracting relevani informaiion from the data. The power spectruim of a
siochastic process represenis the distribution of power over frequencies
and is usually defined i terms of its asfocovariance scquence. Suppose
that y(1) 15 a zero-mean, wide-sense-stationary, discreie-time stochastic
process, then 1is aviocovariance scquence is defined as

F(m) == B{y(0) - y(r + m)¥),
where E{-} denotes the expectation operator, and ™
conjugation

denotes complex

T'he power spectrum Plw) 18 related to the infinite antocovanance
sequence {rim)} of the process by the discrete Fourter transiorm
-
Plw)= Y. rim)expf— jomj, we (- mom).

PECE

It can be shown to be eguivalent to

N1 2
Y y(myexpl - jnw) }
el

Ihe spectrum estimation problem is one of estmating the power
spectrum of a discrete-time stochastic process (i), given either a fimie
record {(of one sample sequence) of the process, or estimaies of s first
few covariance lags A key performance criterion is frequency resofution.
the ability 1o reproduce sharp details in the spectrum This is a qualitauve
measure of the fineness with which the spectrum is observed  For a
majority of applications it is crucial to be able to resolve spectral peaks
that are closely spaced in frequency. Two peaks, very close 10 each
other. should be reproduced in the spectral cstimate as (wo separate
peaks mstead of being smooethed into a single peak

1
Pla) - lim 1«:{-
L) mY N

N e
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1.4.1 Fourier Transform Methods and Their Limitations

Since the power spectrum of o process is cqual 0 the Fourier trans-
form of ity infinite covarince sequence, the simplest spectrum-estimate
based on a finite sepment of the covariance is the Blackman-Tukey
estimalte

)
Polw) = Z rim) expf - jen}.
m=- N

Py () is the Fourier transform of the available covariance segment
assuming that the laps outside the observation interval are zero. This is
equivalent 1o multiplying the true covariance sequence by a rectangulae
window: and 1t is well known that this causes smoothing m the spectral
estimate and limits the frequency resolution to roughly the reciprocal of
the observation length The details in the spectrum are lost, and closely
spaced peaks are smoothed into a single peak

I'he basic problem with Tourier transform methods 15 that when the
spectrum: has sharp variations and closely spaced peaks, the large-lag
covariances (that are neglecied) are also sigmficant. Moreover, when the
stenal 15 pertodic. the covariance sequence 15 also periodic, and a zero
extension outside the observation segment is rather unnatural. Hence,
modern methods use additional prior information to provide a “smooth”
extrapolation of the covariance outside the finite interval, and improve
resolution over the fundamental limit. The use of stochastic models is
one such approach.

1.4.2 Model-Based Methods

In certain applications, the physical system generaung the signal can
be modeled well by a lincar ratonal svstem of low order. 1n speech, for
instance. 1t s well known that a good model for the vocal tract 15 an
atb-pole system [37] [n general, lincar ratonal models can be found to
approximately fit the eiven covanances and extrapolate them outside the
obscrvation terval o anfinity. These models will not ounly provide an
infinite covarsnee extenston (withowut an abrupt (runsiton o zeroj, but
will atso smooth the perturbations i the given covariance.

Ttence, current methods model the process yio) as the output of a
lineur, ratwnal system driven by white noise.

I the transfer function of the model is 11(z), then the power spectrum
of the output process s simply

Ples)y = S(2), cxpliots

where S(2)=pH{zYH{(z 1), and p is the variance of the input white-
noise process  Fhus, the power spectrum s spectited completely by the
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parameters of the model, and the spectrum cstimation  problesn s
reduced 1o that of simpdy estinnaning the model parameters, 111 shown in
Geetion & ihat when the model is exact, and the covanances are known
perfectly, then the medel parameters can be esiinated from only 2p
covariances, where p is the model order. Thus, the power spectrum s
exactly reproduceable from only 2p covanances. Al the same time, the
covariance sequence of the model output extends” to infinity, so that
theorctically, infinite resolution is achievable

In practice, the models are never perfect, and the available covarl-
ances are perturbed by estimation or measurement errors. Then the
problem is one of approximately fitting a model to the given covariances
The spectral estimauon problem s thus reduced 1o the probleim of
stochastic system identification or approximate stochastic modeling

i.4.3 Applicational Probiews

Some iypical applicauons where the problem of spectrum estimation is
encouniered are: interfercnce specirometry: the design of Wiener filters
for signal recovery and image resioraton; ihe desien of channel equai-
iers in communication systems; the determination of formani frequen-
cies (location of spectral peaks) in speech analysis; the retrieval of hidden
periodicities from noisy data (locadne spectral lines); the estimation of
source-energy distribution as a function of angular dircction i passive
underwater sonar: the estimation of the brightness distribution (of the
sky) using aperture synthesis telescopy in radio astronony; and many
others In the last two applications, the quantity of interest is the spatial
power spectrum (as a function ol angular divection), and the avarlable
dati are measurements from an arrav of sensorsftelescopes. At cach
instant ol time. the measurements form a spatinl series, so that the
problem is one of estimating the spatial power spectrum from an cnsem
ble of spatial series. High resolution is an important requirement here. to
he able to locate multiple sources {submarines or stars)y that are close o
one another [20], TE4], and {101 Resolution is also crucial in the related
problem of retrieving hidden periodicities i a time series 1 has problem
arises in Doppler eadar, peophysics 1471 and [ST], meteorology. tidal
analysis. neurophysics. and astronomy [57]and [52] It the frequencies of
the embedded sinusoids are close. good resolution capabslity s needed o
detect two stnusoids instead ot one

i.4.4 Other Applications of System Approximation

Apart from spectrum estimation apphicanons, approximate models aie
used in o variety of other problems. A lew representative exampies are:
speech recogmtion and codmg. the desien of plant control, econometrics
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and meteorology for forecasting, image coding and classification. and
source-wavelet modeling in seismic data processing.

2. NOTATION AND PROBLEM FORMULATION

2.1 The ARMA Difference Equation Representation

The most general, cavsal, linear, rational, discrete-time model is the
so-called autoregressive, moving-average (ARMA) model A p™
ARMA model relating the input eff) to the output v(6) s desenibed by

~order

the difference equation
I I
v = ) vl K+ Y oo k) v ool (1)
Kot

P

The transter tunction of this model is

B(z
He = =
A{Z)
where
2 <
Alzi=1 3wz * and B(z) <1 b ) bz ®
ko k=t

Lhe poles of the model are the roots of the denominator polynomial
Alz), and the zeros are the roots of the numerator polynomial B(z) The
maodel is said 10 be stable 1t all the poles are within the unit circle on the z
plane. Fhen, the model’s impulse response i(k) will eventually decav to
sero, sk opoes to infinity, and the mdinite series Y7o, Hkiz * owill
converge o the transter tunction Hz) at all poings 7 outside the unit
circie

similarly if we denote the covariance ol the output process v(1) by
r(omy = Ely(nyvin 4o} (where E ostands tor the expectation operator).,
then the output power spectrum is piven by the doubly infinite sum-
matinng

S(z) == }; rint)z ™,

bl

eviduated at z = expljow) When the input ofd) is a white nose process, of
vartance g, then using the definition of the impulse response, y(i) =
YU odk)etr— k), 1t ocan be easily seen that the covarance r(m) is
obtained by the convolution ot the mmpulse response with 15 nurror
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fat]

MIRYS

o

rim)=p >_A (kY k + m). (3)

k=0

In z-transform language, this translates o S{z) = pH(z}H(z .
Numerically. difference-cquation  parameterization of  the ARMA
model is a bad choice for pole-zero estimation or power spectrum
estimation (especially when the problem is to locate peaks m the spec-
frum). Tt is well known in dignal filtering theory [42] thai the poles and
zeros of a system are lighhy sensitive to perturbations w the difference-
equation parameters [t was first shown by [ 26] that if the poles (or zeros)
are tightly clustered, small errors in the difference-equation parameters
can cause larpe variations in the poles (or zeros). Hence. parameter-
estimation errors and finmite-precision ervors are greatly amplificd in the
pole esitmates (spectrai peak jocations) In bigh-resolution spectrum-
estimation, the poles are generally close together, and in such siiuations,
the numerical senstitviiy of the difference-cquaiion approach hampers its
resolution capability, as demonstrated in the simulations of {317 and [32]

2.2 State-Space Representation
In state-space notation, the pth order ARMA model for y(i) is

x(£-+1) = Fx(n) FTolr)
vif) = hx(n) + v(¢} (4)

where <) is a px 1 state vector process and ¥, T, and h are constant
matrices of sizes px p. px 1 and | % p, respectively  Henceforth, bold
fetters. upper case Cireek letters and seript letters are used to denote
matrices ad vectors, and the transpose operator are denoted by a prime

In the state-space model. the poles can be made relatively insensitive
tor state-space parameters by choosing an appropriate coordinate frame-
work for the state. In other words, there 15 a flexibility 1 the chowee of
state coordinates. which proves beneficial to us. In generval, the poles of
the model are the eigenvalues of the state-feedback matnix ¥ (c.f kg
{4} In numerical analysis, Osborne {43] showed that the eipenvaiues of o
matrix are relatively well conditioned when (for each ) the ™ vow and
the ™ column of the matrix have the same vector norm. Fortunately,
cvery system can be put in a coordinate framework wherein the F-matrix
satisfies the above condition In the so-called balanced coordinates [41]
and [39], the F-matrix is sign-symmetric, that is, there exists a SHEN Matex
S (whose diagonal entries are + 1 or — 1, and whose non diagonal entries
are 0) that retates E to its eranspose ¥ oas F'=8FS. In this coordinate
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framework. the F-matrix satistics Osborne’s condition, and the poles are
relatively insensitive to perturbations m the state-space parameters. Tl
means  the problem of pole estimation  via  balanced  state-space
parameters is well conditioned, and high resolution can be achieved A
detaifed sensitivity analysis is discussed in [27]

2.2.1 The Impulse- Response Function and State-Space Parameters

In terms of the state-space parameters, the transfer function of the
system is given by

i) =hizl - F)'"T+1,

and the poles of the moedet are the cigenvalues of F, while the zeros are
the cigenvalues of the matrix (F-Th). k can be shown that the relation-
ship between the impulse response of the model and the state-space
parameters s

ik} =hE*'T, k=0 (5)

2.2.2  The Covariance Function and State- Space Purameters

Similarly, when the input o{f) is a white-noise process of vanance p,
the covariznce of the output process y(f) 1s given by

_ hPW + p. o=}
rlm) = { —1 (6]
hE™ " g, = ()
where
g= ¥PW +pl (7

and where P = E{xx'} is the p p state covanance matrix that satisties the
[ yapunov eguation

P = FPE + pIT (3)

2.3 Canonical and Balanced Forms

For a given transfer function, the parameter-triple {F, T, h) 15 unigue Gf
the order p is minimal) modulo a similanty (coordinate} transforma-
tion. For any invertible pxp matrix Q, the transformed triple
(O 'FQ, Q T, Q) is also a valid choeice for the state-spuce parameters,
and it corresponds to a transformed coordinate system for the state. The
new state is Q 7'x instead of x, but they both span the same space, and the
input—output relationship and system transfer function is left unchanged.
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2.3.7 Canonical Form

An inieresung choice of coovdinaies icads 10 0 canonical form realiza-
tion 25T with the staie as

(6} (wli— Dw(e—2) - wir—=p)

where
| . .
Wiz} = "4\7(,’7'] Vi{z) and Y{z) = B(zyW(z),
that is.
s
wity = 3, aw(t - k) + o(t)
Io== ]
and

!)
yi{it= L brow{ -~ I+ w{,
Kt

I we subsiitute the first equation inio ihe second, we pet:

i

vy = v}j (e Vb dwle — k) + o),
ol
Ia staie-space notation, this translates 1o
ay  d, d Coa, 1
L 1 0
X(r-+ 10 1 0 S0 e x(n+ i) o(t)
0O 0 0 : 0 0

vil) a4 by oa, b by ay by - a, + b, ) x(6)+ ol

fhis a5 o torm that divecrly relates the state-space model 1o the
difference-cqurrtion parameters

2.3.2 Balanced Form

A different set of coordinates that we will be using in this paper aie the
so-cadled internally balanced coordinates [39]. The balanced realization
tor the ARMA model is a special case of the principal-axis realization
mtroduced 1 {41] The principal-axis realization is characterized by both
the observability gramnuian W oand the comtrollability grammian K bemg,
diagonal In peneral these srammians are the solutions of the following
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two Lyapunov equations 25§
K- FRE + T
W= FWF +h'h (N
and are also explicitly piven by
T
T

T KT ) T
.—l--rFﬂ

)

K=(T FF ¥

and

W={h FW W F'nh )

)

I linear systems ternunology, the matrices € and ‘6 are known as the
observability mainix and controllability matrix, respectively Note that
these matrices and the two grammians are not unigque for a given transier
function, and change with the state coordinates. A transformation of the
state from x o Q7'x changes the observabihity matrix to €€ and the
controflability matrix to Q7 7€, while changing the grammins o
Q 'KQ P and Q'WQ. A rransformation Q that simuitaneously dizponal-
izes both the eramumans can aiways be found, -and a principal-axis
realization always cxists [41] 1o fact, for any given transter function,
mauy such principal-axis reatizations exist and the balanced realization s
one of them.

A realization is said to be internally balanced [39]if the grammans K
and W oare not only diagonal, but are also equal to cach other:

K=W= 2, where Y = diap(oy, o-. L)

A balaneed realization has the following well-known properties | 33]
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[
—

and |44

1. i parameiers have a Sign-symmetry, thai is, ihere exisis a sign
mairix § (a diagonal mairix composed of only + 1s and - Ts) that
relates the model parameiers as

"= SHS
T = Sh.

7 The spectral norm® of E is bounded by one, that is,

B, =1

I hese propertics make the balanced reatization particularly inscnsitive
o paramcter perturbations, so thai parameter estimation errors do noi
set excessively magnified in the power spectrum estimate {cf. {27hH

5 4 Problem Formulation: Partial-State Selection

[niuitively, the staic of o linear, ratonal {minimai-order) system is
summary of the informaton in the past input history that is boih
necessary and sufficient o predict the future ompui. In the stochasiic
case. where the input is white noise, and il in addition. the model 18
mimmum-phase, then the state can also be interpreicd as a summary of
the past output history (instead of past input history) with regards 10 the
prediction of the future output. For ihe sinusoidal models as well (which
are zero-input models), the state summarizes the past of the outpui signal
for exactly generating the future of the output s1gnal

In all cases. the system's state is an informatton-interface and s
dimension is cqual to the order of the system. When the system has to be
approxamated by o lower arder model, it is thus a question ol compress-
ing this nformation-terface nto a lower dimensional one, that 5. 2
question of approximating the full-order state vector by a smaller sived
Cpartial state” thai contains most of the information in the full-order
state

Our seneral approach fo the three system-approximation problems
addressed in this review 1§ as follows:

t formulating the problem as & partial-state selection problem.

[

constructing a partial-state from the significant components ot the
full order state, that is, the components that have Smaximum
information about the fuiure output. and

v realizing the reduced-order model from the partial state

Far the second step of picking a partial state, we develop a predichive -
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cfficiency criterion that measures the efficiency of the partial state
predicting the future output. Fundamentally, the criterion of predictive
efficiency 15 the same in sl three related approximation problems 1t
liinges upon a measure of the predicting capability of the partial state for
the future output. In the deterministic system approximation problem, it
is a least-squares measure; and in the stochastic case, it 15 @ mini-
num- variance measure

2.5 Our Approach: Principal Components Approximation

[t turns out that the predictive efficiency measure of the full-order stase
as well as for candidate partial-state vectors can be computed from the
sinpudar valdues of certaim matrices. The “best’ partiad state 15 that
constructed  from  the principal components in the simgular-value
decomposition, that 1s, {from the singular vectors corresponding to the
fargest singular values,

The use of singular-value decomposition (VD) is a plus-point for the
estimation scheme, because of the pood numerical behavior of SV
algorithms (28] Morcover the SVD of a matrix can be compuated
cficiendy on a multiprocessor matrix array with only localized com-
munication bhetween processors, using Given’s rotations and repeated
trinngularization [153], This makes an SV D-based scheme suitable for
VLST unplementation and gives it a computational speed advantage over
competing schemes.

When the given information is exact, (impulse-response or covariance-
lag or smusoidal datafcovanance), then certain matrices constructed
from the piven data have rank equal to the system order, say p. But,
perturbations in the given mformation destroy the rank structure of the
matrix. and instead of only p singular values being nonzero, all the
singular values will be nonzero. Tt s well known i numerical analysis
{491 however  that the singular values of a matrix are stable and
velatively insensitive to perturbations in the matnix. This means that the
stngular values (apart from the p largest ones) will not have deviated
much from zero, and the singular-value distribution can display the
undertying mode! order. Morcover. as we shall see later, the singular
values also display the magnitude of the approximation error in reduced-
order models of differenr orders. For mstance the (hc+ st singular valuc
is & lower bound on the error m approximating, the full-order system by a
kth-order model

in addition, the singular values and vectors are relatively msensitive to
perturbations in the matrix entries as well as to finite-precision errors in
the computation. This makes mode! estimates based on SV D-principal
components, numeticatly robust and reliable
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3. DETERMINISTIC SYSTEM APFROXIMATION

3.0 Background in Exact Realization

We s By (5), thai the bmpulse-response 1 related o the state-
SI)EICC i')Eli”El[TlC[CTS as

HO=hF ", =0

This indicates thai the infinite Hankel matrix H formed from the
impulse-response sequence can be factorized as:

D HD i3y )
eI I NIC R hI
{3 i) (S =1 ®wF’ } (0 w0 7T OET ) (1)
iH R HE) hi?
W=

Observe thai the laciors (the observability matrix ¢ and the con-
troliability mairix €} have only p rows (columps) and so the impulse-
cesponse Hlankel % musi have rank < p. In fact, if the system is of
minimal order, then the p columns of & {p rows of ) arc linearly
independent, and consequentily, the Hankel mairix has rank equal to ihe
order p This rank property can be traced back to [29]. who noted that
an impulse-response sequence admits a finite dimensional realization of
{minimal) order p, if and only if the infinite Hankel matrix formed from
the seaquence has rank equal to p In fact, as long as the Hankel matrix
has both dimensions farger than p, its rank must equal p.

First, note that since the state-space parameters are unique only up 1o
asimilarity transformation. the matrices © and 4 are also not unique. In
lact, tor any invertible p % p matrix Q, the transformed matrices 9 and
Q '€ are valid observability and controllability matrices in a new coor-
dinate system. Thus, any [actortzation of the Hankel into € and @ will
do. just as long as the column and row dimension of ¢ and ¢, respec-
tvely are po To obtain the state-space parameters. we need to start with
a Hankel matrix ot size (p v 1) % p constructed from (1), #€2), ., i{2p)
I'he actuad factorization into € and ¢ may be done using QR fac-
torization. LU decomposition, or singlar-value decomposition. We obtain
a{p+ 1) p-sized abservability matrix € whose first column is the output
matrix h Similarly, the first column of the controllability matrix 6 witl be
T 1o obtain the corresponding F matrix, we need the following property
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of ¢):
hl¥
ik
F={ hF’ (1

Wi

Hence, 1 we denote the first p rows of © by ¢4, and the Tast p rows
isccond row to last row) of © by O, then Eq. (11) carmbe rewritten in the
new notatton as

), - K= (");_z‘
and so, the complete algorithm is the following.
Algorithm 1: Ho-Kalman Algorithm. Factorize a (p+ 1) X p sized [Han-
kel matrix Hoinig € - 6.
h = first row of 5V = first column of €. F =10 e,

An algorithm on these lines was first suggested by Ho and Kalman

(221

3.2 The Notion of State

Intuwirively, the state of a (miatmal-order) system is a summary of the
intormation in the past input history that is both necessary and sufficient
to predict the future output. In fuct, from the state-transinon equation (4)

x(t 1 1) ~¥Fx() +Toin

we can sce that the state is a linear combination of the past inpuis:

vlt—1)
(=08 FU KT ) v(t—2)

v{t -3

=GV (1)

Here € is the controllability matrix defined in the previous scction and
V (1) is the vector of past inputs. Moreover, from the output By (4},

vt} = hx( -+ vl
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we can see that f the Twiove pui s zevo, that is. i o(ky =0V k= 1. then

vlr)

\'l [

l\v(g + /) lan
[

Y8 = ()

-;

“wl )

Or

where ¥ (1) is the vecior of preseni and future ouipuis, and € is the
observability matrix defined in the previous section.

Hence, the controliability mairix ¢ maps the pasi inpur ¥V into the
state wand the observability matrix @ maps the state vector into the
future output Y* Therefore, the Hankel mairix % constructed from the
impulse response {c.f. eq. (1M}, which is a composite of ¢ and €, is an
operator from ihe past inpur to the future output. In ifact, from ihe
definiion of impulse resonse, we have

Vi) HDY @) {3y N (i 1)
vir = 1) H2Y B3y 4y oit—2)
y(r 2 b 3y #4)y (5 - p{i—3)
vl + 3 HAY Q(5) i) - - p{i—4)
Hm ; pir)

{1 o pit— 1)

{2 11y HO) | -2

H3Y 62y i1y 0 ' el =3

YOy AV 0 RY (12a4)

which can be rewritien {using % = (%) as
Y =CEx+1LV", where x = 6V - {12b)

Henee, 71 a two-stage operator that maps the past input V7 into the
state x.and the state x into the fuiure Y*. Conscquently, the rank of # is
ciual to the size of the state vector, which, in turn, is equal to the maodel
order p
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3.3 Partial State Selection and Criterion

The situation s very Jditereni, nowever, when the measurements of
{ivk)} are corrupted by noise. The Hankel matrix formed from perturbed
mmpulsc-response measurements will have full rank and will no longer be
factortzable into ¢ and ‘6. Morcover, in the real world, the system undey
study will almost never be an exact ARMA system The almost un-
avoidable presence of such imperfections in the assumed model, additive
noise 0 the data, finite precision errors, cte., will make the Hankel matrix
a full-rank matnix, and the apparent dimension of the state much larger
than the model order p

Bat it might be possible to approximate the sysiem {or the given
impulse-response measurements) by a pth-order model with relatively
low modeling error. 1t is desiruble to use a low-order approximate maodel,
not only to reduce the computationat complexity,’ but also to “smooth”
the perturbations i the data. Assume that we know a priori that the
underlying system is actually a pth order ARMA model {or is sulliciently
close to one), then the problem is one of constructing a px L-sized
partial state vector from the most “important’” components of the tull-
order state Sice the purpose of the state s o swmmarize the past
mnformation tor the future, it i therefore desirable that the “partial state’
contain as much useful informaton as possible regarding the future
output.

Mathematically, we need to determine the p rows and p columns of
mappings ‘¢ and O, respectively, such that

approx

Xpartial 5 BV and O% preid 7 HV

for every V7, where the rank of # i« much larger than p
A cniterton for the quality of the approximation is the maximum
leust-squates error,

sup | #V -0V |,

v It

which by defimtion s the spectral norm ot the eror matrix
196 o,

since the oaly restriction on the approximant € is that it have rank
p. the solution to the above minimization problem is obtained {rom the
principal components in the SVD of % Let the SVD of J be

3

= Z (rkllkv;" = l_!}'_.\f”, Fy == g5y 7 AT,
ko=l
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i
N
L)

Pl the optimal approximant is

P

P = o vy A U,V

A def

and the error in approximating the full-order sysiem (correspondmg to
the given mpulse response daia) by the pth-order model (€, €) s

sup | HV - GEY” {lq =t

Al -1

the (p 4- 13" singular value (in descending order) of . Thus, though the
rank of # may be very large indicating that a large order s needed for
exact modeling, the distribution of the singular values of # provide
mformation regarding the error in approximating the data by models of
smaller order. Simultancously, the principal singular vectors of ¥ pro-
vide the opdimal low-order approximant.

The nexi siep involves determaning the model parameicrs from ihe
componeris selecied for the partial state, There is an inherent problem in
this estimatton step, becouse the partial staic s not a “irue” staie of a
linear iime-invariang system. This discrepancy manifests ttsell in many
fashions. The simplest way of perceiving the problem 1s o note that €4
is no longer a Hanke!l matrix, or equivalently that the factors & and ¢ do
not have the desired siruciure of the observability and conirotlability
matrices. respectively, of a time-invariant system. If ¢ had the desired
structure, there would have existed an exact solutton F to the matrix
equation (11) '

=6y,
witere ¢ and 6 are formed from @ by deleting the last and first row.
respectively Because of the fack of structure, however, no exact solution

exists and we have to resort to a least-squares selution that nunimizes
fenE el This leads io the Jeast-squares estimate of the ¥ matrix:

F=0,'e, (13)
where 647 s the pseudoinverse of G and 15 given by
(”)['E = ((“);(H)l) }("‘);

In summary, the two steps of the principal Hankel components {PFIC)
method are as follows:

Alporithim 2. Principal Hankel Components (PHC) Aldgorithm 133]

Stee 1 Performt an SVIEY of . arrange the singudar values {o} in
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decreasing order; and partition as:

o (30

where the p X p Ematrix 2, contains the dominant singular values and 2.,
contains the smaller singular values. Our first estimate of ©'¢ is

G = U]}.[V;
and the iminimal) approximation error in the spectral norm is
f# el = a,.

Sirr 2 Though the component selection step provides estimates of the
product €6 the actual choice of the factors is not unique . Different choices
will only fead to coordinare transformations of the partiad siate. however
and not effect the input-output behavior of the final model in any way  Yet
the choice of coordinates can be crucial for numerical reasons. A good
choice of coordinates for numerical stabtlity is the balanced coordinate
systemt. A realization in balanced coordinates is obtuined by choosing the
controllability-type and observability -type maps as

G=U, 37
and
LA S Y
[ e state-space paramelters can be derived from the matrices © and ‘6. ax:

h = first row of ¢,
T = first column of €,
Fe 6,6,

five mintnal error [ohF - 6], can be shown 1o be Moy, ) 133

3.4 Features of the PHC Algorithm
341 Computational Aspects

Since the cofumnps of U, are orthonormal, the pscudomverse of € =
U 2 1s, 10 tact, simply 23 YEUI, that s,

O =2
Using the matrix-inversion lemma, 1t can be shown that the pseudo-
mverse of Gy is only a rank-one update of %7'¢; [33] This reduces the

computation of ¥ to ordinary matrix multiplicattons without any matrix
TVETSIOn
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i~
]
]

2.4.2  Error Analysis

We saw that | # — QG = o, and that 6,8 — 6,0 = oo, ) Thus.
the sinpolar values of % display the order of magniiude of the error in
approximaeing the given daia by low-order models {of all possible
ordersy Thus, when the underlying system s truly ARMA, the singular-
value distribution will indicate its order, if the perturbations are small
Morcover, when o, 1 small, the modeling error € puaraniced w be
small. because in a statistical sense [33], we can show that

Ipii

Yolicky ~hESTRRP = (p ot D e,
. i

k=1

343 Obtaining a Balanced Realization

When the given impulse-response coefficients correspond exactly 1o a
pih-order ARMA model, then o, = 0, and there s no modeling error
Then, U, Y% (and X077V will be the true observability matrix {d
controllability mawrix) of the identificd mode] (.Y, k). Therefore, m ihe
exact realizatiion problem. the identified model saiisfies

@e =

I Bis mndicates that the two grammians are cqual and diagoaal, and so the
model is in balanced coordinates. Consequently, the transfer function,
the poles. and the power spectrum are less effected by parameter errors
and numerical errors (¢ [ Appendix A). Thes s an inherent advantage of
wentfication methods that use balanced staie-space parameters instead
of difference-equation parameters

3.5 Simulation Examples: Seismic Applications of the
PHC Algorithm

We have very successfully applied the PHCO alporithm to the modetine
of real seisone data. In Figures 1 oand 2 we depict third- through
renth-order ARMA realizavons {(shown dashed) for two seismic source
sipnatures (shown solid). To help dlustrate the relationship between
singular valoes and the approximation ervors, plots of singular values are
civen m Figure b)) and Figure 2{h

Figure | s for o Bolt Standard Test Shot of air pun model 6008 -
20in' The sharp peaks, which are probably not very realistic, make this
a very difficult wavelet (o model. By the PHO algornthm, the wavelet's
shape is abready satisfactorily obtained with a fourth-order model (Naore
that a seventh-order model mives a nearly perfect fit)

Data from another air sun s modeled as shown in Fipure 20y The an
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sur's impulse response 1s quite ditficult, but a tenth-order ARMA model
capiures the correct waveshape quite weil

it anpears irom these examples, as well as many others [38], including
some water gun wavelet modelings, that the PHC alporithm can model
seismic sources quite well by at most tenth-order ARMA systems. Lhe
'K, h, F! matrices for the tenth-order models are “mternally balanced™
{with approximation of less than 10 E-03), hence the triples ¥, b, U} for
all lower order models are embedded in these matrices as well. For an
example, the 44 principal minor of F 5 the state-teedback matrix for
the tourth-order model, and so on

REMARKS.

L In practice, only finite impulse-respouse data are avadable. The
PHC atgorithm can adapt to the finite data sitnation casily

7 The algorithm, in gencral. achieves very good accuracy of ap-
proximatton at a reasonably low order
3 The poles of the approximant systems are ait stable

I Both PHC Steps 1 and 2 are reported to be numerically stable and
well conditioned  This is because the use of SVID for the system
approximation problem gives good numerical properties 1o the
PHC algorithm.

5 In a straightforward manner, the algonithm can be extended to the
wultivariable case. See [36] for an applicational example of mutii-
variable modeling of macrocconomic systems {based on the PHC
algoritun) as well as @ closed-loop simulation resuit of the
ireduced-order) controller

4. STOCHASTIC SYSTEM APPROXIMATION

4.1 Background in Exact Stochastic Realization [12]

Recolleet from Eqo (63 that when the mmput 10 the svstem s o white-
nuise process. the covartance of the output process satishies

rim)=hFm g,

which is very similar to Eq. (3) for the impulse response. As aresult, the
Hankel matrix H built from the covariance sequence s also Tactorizabie
into an observability matrix € and @ controllabidity like matrix %, as
shown below
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i) A (DN b
AN

2y M3 ke
A0 Ay (S - < hK?

s
KE = 64,

Thus a covanance Hankel matrix with both row and column dimension
not tess than p will have rank cqual 1o p.

On the lines of Algorithm |, the parameiers K, g, and h (corresponding
1o a particular chotee of coordmates) can be obiained by {actoring a
tp v 1) pesized Hankel matrix built from the 2p covanance tags (1,
i), r(2py Thus, the system poles are readily obtained as the cigen-
values of matnx I

It one wants the input matrix T as well, an extra step s necessary. akin
1o spectral factorizanion. At this stage, ¥ and b {cquivatenty, the system
poles) are avatlable, and only T {ihe sysies zeros) need be evaluaied
The covanance sequence f{m) 15 unaifecied, however. by a refleciion of
some {(or ally zeros with respect o the unt circte on the 2 plane.
Consequently. the tniple (F. ¢, b), which s determined engirely by the
covarance lags. s common o a number of stable models with the same
set of poles, and with some (or all) veros reflecied across the unii circle
Fhus cach of these models {with the same covariance sequence) can be
put in a coordinate sysiem where they share the same (F, g, h) and can
ditfer onty in the values of the input matrix T and the mput varance p
We thus have a number of competing models {(with the same F g and h)
driven by different white-noise sequences that generate the same process
vin and the same outputl covarance sequence rim) OF all these
aumerons chotces. we concentrate on identifying the  sinienien- phase
model whiteh has all vzevos within the unit circte

In baurre’s poncenng work {12, 13], the state-variance P oot the
munimum -phase model s obtaned as the smallest,” symmetric positive-
definite solution (o the algebraic Riceati equation:

P = FPE + (g - FPR)(r(0) - hPh) " (g - FPR'Y {13

We can quite castly venly thiw the state variance of the murimum-
phase model as well as of all the non-mintmum-phase maodels that share
the triple (Fo g, hy must satsly this Riccatt equation. Fuest, recall that the
state-vanance P osatishes the Lyapunov equation (8): P =FPF 1 pTT"
and that by definition, ¢ = FPh' + pT (sce Eqg. (7). Moreover, the ourput
varanee p s related to the state-space parameters via the first part of Fa.
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i6): r{0) = hPN + p. Combining these three cquations, we get the Riceati
cquation, :

Since the constants f{0), ¥, g, and h in the Riccau cquation are
common o ail the models (minimumn-phase, as weil as non-minimum-
phase) they will all have state variances that satisfy the Ricciti cquanon,
though their input matrices T will be different. Among these many
choices, the minimum-phase model will have the sinallest state variance
P.. and the maximum-phase model (with all zeros outside the unit circle)
will have the largest state-variance P* [ 13], {4], [55].°

From P. we may obtain the input parameters for the minumum phase
model casily. In summary, Faurre’s algorithm for exact stochastic real-
ation is as tollows.

Algorithun 3: Faurre’s Algorithm.  Factorize a (p + 1) X p- sized covari-
ance Hankel matrix H as:
H=0- %9
F=6" 6
g=1"rowof %
h=1"colof 3

Obtain the siate-variance Py of the minimum-phase model as the
smallest solution of the Riccali equation

P = FPY +{g — ¥PH)(r(0--hPh) '(g- FPhY
Fhen,
pe = () — hP
Ts = (g~ FPI)/ -

4.2 The Notion of State as Derived from Predictor Space
Concepts

We first need o define some more notation. For a zero-mean random
vector Y = (v, va, ., %), Span(Y) will denote the Hitbert space ot all
random variables that are lincar combinations of {y, v;, Vet lhe
inner product on this space of zero-mean random variables is the cross
covarinee, and its dimension (upper bounded by n) is the larpest
number of mutually uncorrelated random variables in the space.

We will need the notation x\Y to denote the linear, minimum-variance
cstimator of zero-mean random vector x {rom the zero-mean random
vector Y. It s also the orthogonal projection x onte the subspace
Span{Y). From clementary estimation theory [ ], we know that

X\Y = EXxY'} - (BE{YY'D* 'x
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When the inpui to our hncar sysicm of Eq. (4) is a whitc-nosse process,
the past and future npuois (V7 and YY) are uncorrelated. and the two
components of the futwe ouiput vecior ¥ 7 b Bg. {12a):

Ve VLY

are orthogonal. As a result, the orthogonal projection of ¥' on
Span{¥ Y must be HV7 iiself, that s,

YOV o= WV

We saw tn the last section, however, that this information 15 compleiely
summarized i the siate, since

N = 6x, where x 6V

Therefore, ¥ AV = &x, which is a mathemaiical statement of the fact
that the state contains all the informaiion in the past input for predicting
the fuivre outpui.

420 Minirum-Phase Model (Innovations Kepresentation)

When the model s minimum phase. we can show thart the staie can be
alser interpreted as a summary of the past owpus history (msicad of pasi
input history) with regard fo ihe prediciton of the future output.

Since the minimum-phase model has all zeros within ihe umit crrele, 1
has o stable inverse The iaverse filier 18 obtained by simply rearranging
the model cquations (4) as

i+ D =00 - Thix(sp+ Ty
vit) = —hx(1) 4 yi0) (16)
['he wunimum-phase property ensures that the zeros of the model. which
are the cigenvalues of (F—Th), lie within the unit circle But these
cipenvalues are precisely the poles of the inverse filter. so this implies
that the inverse filter is stable. Thus the state process (60 as well ax the
input process v(t) can be obtained causally from the output y(r using the
above filier
The staie transition cquation of the inverse filter indicates that
vii}
ylt+ 1}
(= (T (F—fW1 (F-¥W1T F—-1h'T ] ve-23) (7
yie - 3)

WY (1)
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Hence. B (12} can be rewritten for the muninmm phase mode! as
Y' = WY +LV' {12¢)

When the input s white, the two terms are orthogonal, since the future
wput V' ois uncorrelated with the past output Y7 Hence,

Y'Y =Y =6k,
T'hus, Tor the mimimuim phase model, we have
x =Y and Y'Y = Gx, (18

which means that the state of the nmintmum-phase model summarizes the
past ouipaet history for predicting the future output.

As a footnote, Eq. (18) indicates that the projection of y(#) on the past
space Span(Y "1 is nothing but

v(OVY ™ = hx(f).

Fheretore. the part of y(r) that cannot be predicted from the past Y is
simply

vit) ~hx(f) = v(t).

I hus, the input white poise to a minmmuim-phase model 1s the innovations
process |23] for the output, and consequently, the minimum-phase
ARMA maodel is also called the imnovations representation (IR) of the
output process [5], [18].

Asoa second footnote, the state of the mimmum-phase model s
comptetely reproduceable from the infinite past Y 7 as o Eq. (17), and
the mverse filter of Eqgs. (16} 15 the steady-state Kalman filter for the
model. The state x(¢) of the mimimum-phase model is, consequendy, also
the state of the Kalman filter, which is an estimate of the state of every
other von-minimmn-phase mode! (with the same F oand h matrices)
estmated from the mfinite past Y ' 'The state vanance of the minimume-
phuse model has to be smaller than the state variance ol every non-
mintmum-phase model with the same F and h matrices This explains why
Py is the smallest solution of the algebrate Riccat equation (15), and
provides a justification for Faurre’s algorithm (c.f. Algorithm 2).

Since Fauree’s algorithm generates the mimmum-phase moded from the
covariance information, it also gives us a Kalman filter directly {rom the
covariance, and supports the claim in { 5], [18], and {6] that the Kaiman
hiter can be constructed directly from the covariance data without an
underlying model assumption.
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4.3 Partial-State Selcction
Using, glomentory estimation theory, one can verify that
YIOY =HRT'Y

where R =E(Y Y ) and H=E(Y'Y ™) are the Tloepiitz and Hankel
mairices formed from the covarnance tags of the ouiput process. H i giv
[:_fmm Eq. {14) and R s given by

W0)  H—1) r(- 2}
(1} Q) rE- 1)
R=| (2 (1) ri

Thus HR™' must be factorizable into @ and W, and conscquently 1
must have rank equal o the size of the state vector (e cqual to the
model order p).

When the covariance lags are estmated from a fintte record of the
stochastic process or are dircctly measured, however, then the pertur-
bations it the lags will distori the rank strecture of HR UoTt will have fell
rank, making the apparent state size much larger than the true model
order. The probiem is once again that of constructing a partial state from
those components in Span(Y 7) that contain the most information regard-
g ¥' The partial state must effectively summarize the informaon
interface between Y7 and Y7

Note that the probiem is one of compressing Y while retmning
maximal information not aboui Y™ but abour Y Hence, the direct
principal-components analysis (L.e | Karhunen-Locve decomposiion of
Y7y of YO will not suffice [56], {24} for the partial-state sclection
problem The compression of Y7 into its principal components 15 not
appropriate because it is based on the selection ol componenis coniatn-
ine the maximum information about ¥ rself, whereas only specthic
information about Y " 1s of wsterest in the partial-state selecton problem.

There exist in the statistical literature. however gencralizations of the
concept of principal components (of a tandom veetor) to the problem of
compressing  the intormation intertace between fwo random vectors
(which will henceforth be referred to as the 2-vecior problem for the
sake of brevity).

4.4 The Predictive Efficiency Criterion

A criterion used tor the 2-vector problem in statistical hteratuyre, s the
predictive-efficiency criterion that minimizes the total variance of the
crror in predicting ¥' from a candidate summary X © WY  The
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problem is then, of picking the px 1 partial stale Xy = Y to
minimize E[Y - YA
The inherent comsiraint here is that W should have only p rows ® Such
a eriterion was lirst used by Rao in multivariate statistics for the Z-vector
probiem [48] Since x = WY ", it can be shown using elementary estima-
tion theory that
Y ' o= EY OUE(Rx ) 'x
Y ix = HYOVRY) Fx, {19
and the prediction error to be minimized 1s
trace (R — HY (WRY) '"WiE)
Equivatently, we have to choose a px” matrix W that maxniees
trace{ (WHHW VR )

f hie solution to this optimization problem is: The p rows of 4 must be
a hasis tor the space spanned by the p generalized cigenvectors of the
matrix pencil (H'H, R), corresponding to the p largest generahized
creenvalues

If R is invertible, as is the case when the model is strictly stable, wnd o
w15 an eipenvector of HRC '"H', that is,

(_HRilH’)ll;( = J\k g

then R 'H'ag s a generalized eigenvector of the paw (HH, R) cor-
responding to the same eigenvalue A . that is,

HH(R 'Hu,) = A RR'H'yy)

Thas, W can be obtained from the principal components of the matrix
HR 'H et the eigendecomposition (or SVD) of HR "H' be

HR 'H = UW U - U WU, Ui sus

and fet subscript 1 denote the prncipal components. as betore Fhen the
predictive-cthcicnrey eriterion s optmized when

Y= AU HR™

where A iy any po<p omvertible nuinx For reasons that will become
Jear later, we call this sotution the unweighted principal components
(UPC) solution

4.5 The UPC Algorithm

Alter picking  the partial-state  components using  the predicuve
cificiency criterion, we still have to obtain the corresponding model-
parameter estimates  The parameter-estimation step is taken from the
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determimmsuc-modehing algortiho of Scction 3.3 1t s assomed here ihal
the model order p s estimaied (or given)y prior 1o the model pavameter
astimaiion, From that point on, the vest of the unweighied principal
compaonents (UPC) algortihm 1s:

Algorithim 4: The (JPC Alporigha

Srep 1. Perform an etgendecomposition of

HR 'H = UV = USTU, + U350

and retain only the principal components {(denoted by subscripi 1}, Now W
can he any basis from the row span of UTHR ' that is.

W AUHR ! for an invertihle p = p matrix A

But. different choices of A will only correspond 1o coordinate trans-
formations of the partial state. The parital siate wil bhe in balanced
coordinates if we choose
W= R
FThen Eq. (19) indicates thei
Y-:_\xpun‘in] [!‘(II,(‘I{R‘V’] 1xp;\rli:\l
which implies that the observability marrix is

G =HR 'HU " PUHR HU Y Y

= (] N -2

tam}

The state pariance is VR < X, and the observability grammian, which is
¥ e is also equal w 2. Henece the partial-state 1s in balanced coordinates

Sive 2o The partiad state s not a “true” state of a linear tme-inoariant
systent. and the ¢ and W marices do not have the required structure

¥

Hence as in the deterministic algorithm of Section 3.3 we resort to a
second approximation  and ¥ is obtained as the leasi-squares solution of

O F = 6
where O and € are as defined previously  Moreover, from Fys. (10) and
(17). we can see that W and U are the furst row and column of & and W
respectively  Therefore, the parameter estimates are:
b= first row of &
T = first coltomn of W
F 0,0,

where the superscript 7 stands for the pseudoinverse
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4.6 Comparison to the Canonical Correlations Criterion and
Akaike’s Method

[he predictive-efliciency  criterion sheds new dight on Akalke’s
canonical (oo correlations cnterion {3] and clearly tHustrates the dis-
advantage of the inherent normalization in c.c. analysss

It can be shown that the partial-state components selected by the cc
approach maximize the predictive efficiency of the partial state for a
normalized future vector. The normalized problem is one of picking
Xparrit = VY tO minimize

E“R*u-:\” ~R VY h\x”l =trace{l - R 'w”‘l”(‘l'R‘l")""\VH’R ”2)’

and the solution is obtained from the principal generalived cigenvectons
of the matrix pair (HR'H R) or. equivalently, from the principal
components of the matrix R™VIHR " Thus, Akaike's method maxi-
mizes the predictive cfticiency of the partial state lor the normalized
future vector 7 =R YY" This indicates that the partial state com-
ponents picked by Akatke’s method do not do the best job of predicting
the tuture. It is this inherent normalization in the c.co criterion tha
causes it to ignore the strength of the modes in the following counter-
example .

461 A Counter Example

Assume we are given the exact covariances of a tourth-order model
whaose impulse response 18

HO=(1—e)y cos wif+ ey cos ml, el oyl L,

s that one mode is much stronger than the other We wish to reduce the
model order from 4 to 2. Intaitively, 1t scems we should piek the stronges
maode, but it turns out that when the poles are sufficiently close to the unit
circle (y—-1). the 4 nonzero c.o coethcients will adl be equal. and will
not display the difference in the amplitudes (1 — e} and e so that the c.c
approximaiion may not pick the stronger mode

In the following analysis, we have te reduce the input white-noise
variance p to zero {as the pole-radius vy s nereased to unity), in order o
keep the variance () of the output process constant When oy s
sufiicientiy close w one, p =201 — v will ensure that A0y = |

Clamt As y— L and p=2{1 v} the .o coetlicients converge to
(1, 1,1,1,0,0,..)

For the proof of this claim, the reader is referred to |27
L he above counterexample illustrates the effect of the inherent nor-
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malization in c.c. analysis: Yhe ¢ coellicients are sormalized cor-
refaitons thai do not contn any information peraining o the strength of
the compoaent wodes, and hence do noi effectively measure the com-
ponent’s stgnificance 10 the model In the limiting case, (y= 1), ¢¢
analysis could very well pick the weaker mode. This lack of sirength
tnformanon in the ¢ coefficients makes themn very seasitive o small
perturbations. When the impulse response consists of only one dwmped
siusord, only two c.c. coeflicienis are nonzero, and the rest are zero.
When we add a smali perturbation of the form ey’ cos wat {possibly
60-Hz lcakage trom the power lines) to the impulse response, the third
and tourth c.c coeflicients are dramatically changed from () to nearly 1.
irrespective of how small e is This makes the approximate maodel
obtamed by the ¢ c. analysis very sensitive 1o perturbations

4.7 Relation to the Deterministic PHC Method

The connections beiween the UPC algorithm and the PHC alporithm
tor determimsiic modeling) run much deeper than appareni at first sight.
Not oy do the methods share a similar seccond siep, but also the first
siep approximaitons (the partial-state sclection step) are closely related.
Recaill that for the mimimum phase model, ¥ '\¥Y 7 = 8%, which in wurn is
cqual to #Y O because x =6V Moreover, we saw that Y\ ¥~
HR 'Y Combining ihe two. we gei

ART'Y =V

Pherelore, the covarniance matrices of the two vectors must also be the
same. And thus, we come to the rather surprising result:

HRH = pir e, (20

where pas the vanance of the inpat white-noise process

Thus, an eigendecomposition of HR '"H is equivalent to the SV of
the mpulse-response Hankel % A perturbed covariance sequence cor-
responds o a model whose order is much larger than the true system
order. '1hen, the matrix HR "1 constructed from the perturbed covari-
ances will factorize into a product of full-rank Hankel matrices #, and a
principal components approximation of HR "H will correspond to a
principal components approximation of the perturbed ¥ MHence, the
UPC atgorithm s a stochastic peneralization of the PHC algorithm. and
allows us o obtain the PHC model estimates direcetly from covariance
data instead of impuise-response meansurements
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In thre sectiaii, we present i simulation

1.8
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Simulation Example

example to demonstrate the

approximation performance of the UPC method. In this example, we
counsider the problem of estimating a second-order AR spectrum [rony a

short record of the AR process in additive white noise.
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process wis genermed usting the follewing model:
yirg) = 1 86dy(n - 1)~ N 96y(in — 2y + via),

which has two symmetric poles approximaicly ot 098 exp{+ jO L},
driven by a pseudorandom white-noise sequence of unit variance. Ano-
iher statistically independent pseudorandom white sequence of variance
100 was added o the output. Twenty such statistically independent data
records of the AR+ noise time-series, cach of length 64, were generated

The first covariance lags {#(0}, r(1), ,r{25)) were estimaied using
the unbiased cstimator from ¢ach 64-point record seperately, and the
model parameters were cstimated trom these covartance estimates asing
a variely of different methods, The maximum entropy method (MEM) [9]
was first used to obtain AR models of orders 2. 12, and 25, that exacily
maich ihe frst 2, 12, and 23 lags, vespectively The true power spectrum
is plotred in Frgure 3(a), and the 20 MEM spectral estimates are ploiied
one over the oiher n Fgure 3(b-d).

MEM does not performn very well, because an AR(2) 4 whiie-nowse
sequence needs an ARMALL) model or a high-order AR model Henee
the AR(2) modet thai exacily maiches the first two lags, Ginls 1o resolve
the two peaks (ihai are 0 27 radians apart) in every tnal. Instead. i puts
hoth the poles on the real line. and deiects only one peak at zero On the
other hand, high-order AR fits that use more lags, give rise 10 spurious
peaks, though the true peaks at £ 0. are resolved well Sometinies, the
strength of the spurious peak can be larger than the true peak, and the
spectral shape is not reproduced with any degree of hdelity

The next two plots in Figure 3 are the spectral cstimates obtained by
ihe algorithm of Desai and Pal {11} for the ¢ ¢ approach. and by the
UPC method Here, 13 % 13 matrices were employed that used all the 25
covartance laps. The model order p owas assumed to be predetermimed 1o
be 2. and a rank-2 approxumation was used 1 all trials

The spectral shape s well repreduced by both methods Bat, the <o
approach tails to resolve the two peaks i two of the 20 trials Thas Toss mn
resolution capability can be attributed to the numerical sensttivity prob-
lemis inherent in the ¢ ¢ approach (¢l [27]F when the poles are close
together.

5. SINUSOIDAL APPROXIMATION: THE HARMONIC
RETRIEVAL PROBLEM

The problem of retrieving sinusoids {(with frequencies close to cach
other) from perturbed time-series or covariance mformation is of speciai
interest A vast tanee of signal-processing applications Very often the
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covanance sequence may have to be estimated from tme-series data, as
in Doppler processing in radar It s not uncommon. however, 0
encounter applicanons in whicn tiw {timic-senes) data are not measurable
while the covariance information is directly available. Such situations
arise m astronomical star bearing estimation, interferometry, and passive
sonar apphications

We first provide the background m exact sinusoidal modeling, that s,
the determination of the siousoid Trequencies and amplitudes from exact
data, both time-series and covariance lags. We then use the principal
components approach developed in the preceding sections, to derive two
sinusoidal  approximation  methods. The  fust called  Toephiz  ap-
proximation method (FAM) s o spectal case of the stochastic system
approximaticn (UPCY method and performs harmonic retrieval (rom
HOLSY Covariances

The second cadted direct data approximation (DDA) s an application
of the deterministic system approximation PHC method and performs
harmomc retrieval directly from time-senes data

51 Background in Exact Sinusoidal Modeling

A signal composed of pf2 sinusoids admits o special ARMA represen-
talion

p
vie) = ) ayit — k), 2h
=1
where the roots of the A(z) polynonial are on the umt circle in the 2
plane, al oxpljoy). expljes), . expljam,), where wy are the  desired
sinusoid Trequencies 1 can be shown that the covariances also sausty a
simifar recurrence relation

jel

rim) = Z arim —f) l

-t

[d
i

Henee both the data and the covatances are exactdly (hnearly) pre-
dictable from p past values, and the Lp  parameters can be easily
obtained from exact tme-series or covariance data [36]

When the sipnal s composed of pf2 sinusowds corrupted by additive
white nose, and il exact covariances of the noise-corrupted signal are
avatlabic, Pisarenko’s method is applicable. The observed Tocphi
covariance matrix R s the sum of the signal-covariance matrix R, and
the poise-covariance matrix. R, The tormer has rank p Gf its row and
column dimensions are at least p + 13 however, because of the covare-

‘3

ance-recurrence relation (22); while the latter malrix is o times the
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wentity matrix (where o7 is the vartance of the additive white noier.
Hence, we can make the following observadons [45]:

b, The Toeplitz maicix B consirucied from the exacy covariance lags.
can be writien as
R=R,+ol

where R, has rank p, and 15 semi-positive-definite. Hence, if the
row and column dimension of B is N = p, then o 15 the minimum
eigenvalue of B. and it has multiplicity (N — p)

Moreover, of M- p+1, then

(L, =y, -, L, R0
a5 aR = alR, + o’ = ola
Ihercfore, the Lp. parameter vector a is the cigenvector of B

assoctaicd with the mimmum cigenvalue o when the size of R s
N -pT1

Al these resulis combined lead o Pisarenko’s speciral csnmaiton
method, summarized below:

o Diagonalize » sufficiently large matrix B, and determmine the num-
ber of sinusoids by exanmuning the multiplicity of the mtrumum
cigenvalue.

1 Compute the cigenvector a of the {(p+ D x(p+ 1) leading prin-
cipal nunor of R corresponding to the minimum cigenvalue

10 Solve for the roots of A(z) =0, to obtain the location of the
spectral lines

4 The amplitude {power) corresponding to cach of the sinusowdal
components can be dertved by solving o linear system of eguations

[15]

5.2 The Notion of State for the Sinusoidal Maodel
The state-space representation of the special model {21 for sinusondil
stenals woaspeaid case of () (with T =10 and no input):
x(k -+ 1) =Fx(k)
y(k) = (), (17)
where the cigenvalues of ¥ oare of unit magnitude and equal the roots of

Afzy The smmusotdal stgnal y() 15 the model’™s zero-input response o
some nonzero imgal conditon x{). In fact. we have

vty = hE x{(h. ¢ = ()
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i
rim) =hPEF ™R

= hEF" P, m o) {13

where the state-vartance satistics P == FPF. Comparing these cquations
with Egs. {3) and (6) for the general ARMA model (4), we can conclude
that the state of the sinusotdal meoedel contamms all the information
required 1o generate the future output, and that now, the tuture ouiput
Y' is exactly predictable from the state. In fact, we have

yif)
ylt + 1)
Y'=A v(e+2)] =

while for il general ARMA system we had FEq. (12):
Y =Ox+LV"

Hence, for the sinusoidal model, we have some special rank properties
that are not enjoyed by the general ARMA model. For instance, the
Toephtz covariance matrix R = E(Y'Y") now cquals &P and hence
has rank equal o the state dimension (model order) p, as tong as the row
and column dimension of R are both at least p [ his factonzauon of R is
castly deducible from the Egs. (23) for the covariance lags

Simdarly, the Hankel matrix butlt front the sinusoidal data themselves,
is also tactorizable, as can be casily verified from the equation

(YY" U+ DY U+ 2y =6 x0)  xe+ DIx(r+ 2 )

! his fuctorization of the data-Hankel is also deducible from l-gqs (23)
simee the sinusoidal data y(1) behaves analogously 1o the impulse 1es-
pouse (06 of the general ARMA model (4 In fact, it turns out that the
doubie Hankel matrix 1 constructed from a data record of leneth 1

vil) w2} -yl NED y(L)
viZ) oy o vl - N2} y(L—1)
D={ i3 oy Wl N¥3) (-2
v(N} yiN FT) (L) yUu. - N4+ 1Y
vl - 1) v(N}
vil ) ¥WiN )

yil —3) WUN )

vl N v(D)
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also has rank p and faciorizes o an observability mairix and a fghi
factor % The proof uses the fact that the cigenvalues of ¥ oare on the uni
circle

5.3 Partial State Selection and Criterion

For the problem of robust harmomce retrieval from noise-corrupied
information wherein the matrices R and ¥ no longer have the low-rank
structure, we have to resort w approximate modeling. It s then a
question of selecting a pariial state that best predicts the future output
¥* . As before, the predictive-efficiency criterion takes two similar but
different forms for the determinisiic and stochasiie cases. In the former
case. the problem is of minimizing a sum-of-squarcs error

2|

i

y’ ' ( ” - (m)xrmrrml( {)

3D - O

and i the stochostic case, the problem s of minimizing a sum of crrot
VATTNCES

Y = 0%z = IR - OO,

I he mnherent constraint in these wimmizaton problems s that € have
oniy p columns, so that the partial state vector has only p components
Just as i the sysicme-approximaiion problem, the solution is built from the
principle componenis in the SVD of R or 13 Accordingly we have fwo
sinusoldal approximanon methods, one called the Toeplitz approximation
method (TAM) tor robust harmonic retriecval from perturbed covanance,
and the other called direct data approximation (IDIDA) for robust har-
montc retrieval from noisy time-series data [ (]

5.4 Toeplitz Approximation Method (TAM) {34]
et the SV of R be

) , NTO0N /Y
R UMV =1 U')( )( )
O 25/\Y,

where %, is pxpand 2y (N— p) > ({(N--p) The observability matrix is
obtained trom the principal singular vectors Uy and the principal singualm
values 31 In the presence of white noise, though the singular vectors are
unchanged, the singular values are effected. In fact, all the sinpular
values are increased by the nowse variance, and so the smallest singuias
value has to be subtracted o compensate for this effect. that i

] "I ]
2=y ank
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where 75 s the smallest singular value of R Heice, the obscrvabriity-
tVpe nalre s givan by
) = l_J] : 11
while
P=r
I hen, the state-space parameters can be estimated as follows:
F =t 0

h = the first row of @,

[ he crzenvalues of ¥ opive the trequencies of the simusoids

5.5 Direct Data Approximation (DDA)
Here SVD on 1) is performed, instead of on R, resultng in
D= ULV,
The etfcet of noise is suppressed by subtracting the smallest singular
value squared:
s

> .
2 — ol

where o 15 the smallest singular value, Then the observabiity matrix @ 1
lormed trom the principal singular vectors and singular values:
- S
G=U >y

arnd
= X7V

I he stute-space parameters are computed from 6 and 7 as
b=t e
By s st coliun o F

fi = first row ot )

From the state spiace purameiers, one can retrieve  the smusodal
itormation (frequencies and amplitudes) atter diagonabizing & just as in
FAM In additon, we cin also obtain the phase information from the
transformed coordmates

Recall that the left singular vectors of I are the same as the eigen
vectors of DL Hence  the approxdmation of D s theoreticatly
cquivalent to the Toceplitz approximation of DD’ Working on D,
howeser avoids the numerical problems associated wirth the increased
condition number of DI Therefore, MDA 18 preferable for numerical

reasons
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Jero-Phase Sinusoid (10035 i) ond (1005 o

of Frequeticy —

Direct Data Tufis 14 R X X

and Kumaresan method

DDA R 14 it i1

5.6 Simulation Example

P his section provides a sunulation examptle that clearly indicates the
better numerical behaviour of the PC approach The simulations were
performed using double-precision arithmetic on a 36-bit PDP-1{6 com-
pruter. The IMSL routine ZRPOLY was used for polynomial rooting, and
the KL SPACK rowniine RG was used for ergendecomposition of ¥ The
problem considered here is the estimauton of the frequency of a single
sinusoid (effectively, the problem of resolving two closely spaced com-
plex exponeniials) from eighi uncorrupred data samples. Assuming the
sampling frequency 1s 2 Hzo ff the frequency of the sinusoid s chosen io
be f Hez, then the problem 1s of resolving commplex exponentials 2f He
apart. In theory, all methods should be able o resolve the exponentials
independent of how smail f is In practice, however, the finite word
length of the processor will Timit the resolution capabality. The results
terms of suécess (R) and failure” (%) to resolve the spectral hines {for
different frequency separation) are tabulated n Table 1. The direct-data
version of the Tafts and Kumaresan method 1s used with the predictor
polynommat of size 4 and for DAL the matrix P s of dimension 4 < 10
In this example. the resolution of borh methods s hmated only by finite
precision The results mdicate that DDA IS less sensitive 1o roundodf
The balanced

nwmertcally sound  chotce tor

identification and spectral estimation, compared to the canonwal realiza

CTTORS realiziatson s a
tron {hfference-cquation representatton), where 1t 18 known that the
poles are laghiy senstive to parameter perturbatons. and that poly-
nonual rooting s mumerically dl-conditioned [54] A detuled sensiivity
analysis is available in [27]

6. CONCLUSIONS

This paper addressed three types of system-approxaimation problems:
deterministic, stechastic, and sinusoidal model approximations We
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formulated each of the three approximaiton problems as a partal-state
selection nroblom and dertved o principal components approach applic-
able to ali of them The crux of the three approximation problems
addressed here is the selection of a partial state that contains the most
information reparding, the future output. The amount of information was
yuantified by a predictive efliciency measare that took the form of a
least-squares prediction ervor in the determimistic case, and that of 1otal
prediction error variance in the stochastic case.

By maximizing the predictive efficiency of the parual state, we derived
the principal-components approach, and more specilically, the principal
Hankel componeats (PHC) algornithm  for deterministic system ap-
proximation, and the unweighted principat components {(UPC) algortthm
tor stochastic system approximation. For the related problem of har-
monte retricval or sinusoidal approximaton, the UPC algonthm speci-
ajizes to the Toeplitz approximation method (TAM), and the PHC
algorithm specializes to the direct data approximation (DDA) method

Since the cnterton used by all these methods s the same, it is not
surprising that the four methods are closely related For instance, the
target matrices used for SVD-based approxunation by PHC, UPC
FAM. and DDA are 5, HR 'H’. R. and D, respectively We have
shown, however. that

HR 'H' - pitit",

andt that DYY is an estimate of R n the sinusordai problem.

The underlying state-space representation used n the derivation of
these methods lends itself well to parameter esumation from the SVD
factorization Moreover, SV offers pood numenical stability  Therefore
the algebraie and nuerical sigmficance ol using, SVD and the state-
space approwch for these approximation problems appears 10 be proms-
g brony both the rescarch and application perspectives, 1 promises o
Brecome an mmpottant arca for future in-depth exploration

NOTES

1T s research was supported in part by the Natonal Saience Foundation under Grane
FUSB-12379 and by the Office of Naval Rescarch under Gramt NOUDO1T3-81-K-0191

2 [The output covanance of a linear rational model satisfies certain recurrence relations
feadled higher order Yule- Wadker cquations), so that onty 2p covanances specity e
haie covariance extension

1o The spectrad norm of a matrixas defined as

Al -~ sup §Ax].
fai 1

whiere lllh denotes the Rochdean norm of a vector that s, Hxﬂj\ U
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P Formstance i sesmue sipnal processing. it i destrable o madel ihe souree woaveion
by as small @ model ender as pessible o fong as the modeling error is smail) 1 reduce the
computatonal burden s the subsequens deconvalution,

SO ssmmetne matrix A s said io be higger than symimeitie matsix 36 A - s
semipositive defianie

6 An mtuitive proof of this sintement is available in Seciion 4 2 {

7 Note that the covariance matrix R is not expected to have rank cquat (0 the model
arder. even when the lags are exact. Hence. i the perturbed situation. o principal-
components approxunaton of B is not jostified

¥ Wirthout such i constraint. no size compression is required, and the entire past Y
cian he used as the state

4 Actrial s considered a failure if the frequencies of the exponentiaks are both identificd
1o he 0 Hzo thin s hoth the z-plane roots are on the positive real axis
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