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Abstract— The sum-capacity is studied for ak-user physically This condition immediately suggests that requiring theyel
degraded Gaussian multiaccess relay channel (MARC). Decode-to decode the source signals should be optimal. In fact, for

and-forward (DF) is shown to achieve the sum-capacity and ing class, applying this degradedness condition simglifie
capacity region for a sub-class of degraded Gaussian MARCs cut-set ou'telrO I?Jgungds to coﬁwcide with the DF boundl:D
in which the multiaccess link from the sources to the relay is )

the bottle-neck link. For the remaining sub-class, DF is shownto ~ We define aK-user physically degraded (henceforth re-
achieve theK -user sum-capacity when the sources are symmetric, ferred to simply as degraded) Gaussian MARC as one where

i.e., they transmit with the same transmit power. The optimality  the multiaccess signal received at the destination fromithe
of DF s conjectured for the case of asymmetric sources. sources and relay is a sum of the received signal at the relay
_Index Terms— Multiple-access relay channel (MARC), Gaus- from all sources and an independent additive white Gaussian
sian and degraded Gaussian MARC, polymatroids, sum-capacity. nojse signal, conditioned on the transmit signal at theyrela
For this channel, we develop the DF rate region as an inner
bound on the capacity region using Gaussian signaling at the
|. INTRODUCTION sources and relay.
We obtain outer bounds on the capacity region of the
. ; . . _degraded Gaussian MARC by specializing the cut-set bounds
Wh'C.h s_eve_ral users (sources) communicate V\.”th a sin ?[13, Th. 14.10.1] to the case of independent sources [14]
destination in the presence of a relay [1]. The codmg.sgreSe and by applying the degradedness condition. Applying the
developed for the relay channel [2], [3] extend readily te t hysically degradedness condition to the cutset outer dgun
MARCft[4], [5}|- ';gf elempled’ ]:[he stra[t)ngy ﬁf [3. thelorem %]however, does not simplify the bounds to those achieved by
now often calleddecode-and-forward ) as arelay that pe fact, the inner and outer bounds differ in their input
decodes user messages before forwarding them to the deStH?&ributions as well as the rate bounds
tion [4], [5]. Similarly, the strategy in [3, theorem 6], naten Our motivation in developing thé& -user sum-capacity for
called compress-and-forwardCF), has the relay quantize its,, . . : 3
output symbols and transmit the resulting quantized bitb¢o this channel stems from the observatlor_1 that if the physsical
degraded destination can decode the signals from all sgurce

destination [5]. : . .
Capacity results for relay channels are known onl forafeevS required of it, so can the relay, i.e., DF must be sum-
pacity y y acity optimal. To this end, we first show the optimality

. o
special cases such as the class of degraded relay Chanhelsc’)i%aussian signaling in the outer bounds. This in turn alow
and its multi-relay generalization [6], [7], the class ofrse : )

s us to show that both the inner (DF) and the outer bounds
deterministic relay channels [8], the class of orthogoeéy i i . .
. . on the K-user sum-rate are functions of tlf€ correlation
channels [9], [10], the class of Gaussmn_relay W'thogtﬁel%oeﬁicients one for each source-relay signal pair. In, fiot
channels [11], [12], and the class of ergodic phase-fadfeyr o iate choice of the DF correlation coefficients, tiver

channels [4]. . nd outer bounds on th&-user sum-rate (and only that) can
For the class of physically degraded relay channels, t & shown to be the same

degradedness condition requires that the received signal arpis simplification, however, does not imply that DF is sum-

the destination be independent of the source signal Whggpacity optimal. This is due to the fact that for any choice

conditioned on the transmit and receive signals at the .rel%¥ input and output distributions, the inner and outer bound

For the Gaussian case, this simplifies to the requirement th : . ) . .
. ) S ._rate regions are given by an intersection of two polymasoid
the signal received at the destination be a sum of the signa : . ;
. o : . one resulting from the multiaccess region at the relay aed th
at the relay and an independent additive white Gaussiare noi

component, conditioned on the transmitted signal at thﬁ/relcﬁher frqm the multlaccess region ‘Tﬂ the de_stlnatlon.
Applying a single-known result in matroid theory on the
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The multiaccess relay channel (MARC) is a network a



sums achieved by a subset of users and its complement at the Yr X,

relay and destination, respectively. Thus, for an actisecthe

inner and outer bounds on thé-user sum-rate are the same.

However, unlike theK-user sum-rates, the outer bounds on X,

the rate-sum for any subset of users is at least as large as the Y Yy

inner bounds, and thus, for an inactive case, the maximum ] e

inner and outer bound sum-rate may not be the same. /
Despite this, applying polymatroid theory allows us to X, '

broadly classify the class of degraded Gaussian MARCs into

one of two disjoint sub-classes. The first sub-class is onefil§- 1. A two-user Gaussian degraded MARC.

which the relay to destination channel is a high capacity lin

such that the/{-user multiaccess link from the sources to the

relay becomes a bottle-neck link. For this sub-class, wevsho

that DF achieves the sum-capacity and the capacity region K

when each source allocates all its power to transmitting its Yg= <Z Xk> + X+ Za (2)

signal to the relay, and thus, does not allocate any power to k=1

cooperating with the relay to achieve coherent combininggya =Y, + X, +Zna (3)

at the destination. . . :
The second sub-class is the one in which theuser WhereZ, andZ, are independent Gaussian random variables

multiaccess link from the sources to the relay is not a botti@/th zero means and variancé and Na, respectively, such
neck link as a result of which one or more sources cooper&fi@t the noise variance at the destination is

with the relay to enhance their sum-rate at t.he destingtion. Ny = N, + Na. 4
For this sub-class, we can show that DF is optimal only if the

source and relay correlation coefficients that maximizehe  \yie assume that the relay operates in a full-duplex manner,

user DF sum-rate result in a polymatroid intersection tBatjig it can transmit and receive simultaneously in the same

an active case. While we can precisely determine the sum-rglg, jyidth. Further, its inpuX,, in each channel use is a causal

maximizing source and relay correlation coefficients, mefé ,ction of its outputs from previous channel uses. We write

to asmax-min rulesit is not straightforward to verify that ;- _ {1,2,..., K} for the set of sources] = K U {r} for

there exists a max-min rule that results in an active case. {he et of transmittersR = {r,d} for the set of receivers,
For the second sub-class, we show that DF is optimal Whgns = {X; : k€ S} for all § C K, and S to denote the

the source powers are the same, i.e., for a symmetric de@ra@@mplement ofS in K.

Gaussian MARC in which thé(-user multiaccess link from

the sources to the relay is not a bottle-neck link. The symmet The transmitted signals from sourteand the relay have a

allows us to prove that there exists a max-min rule that tesuP€r symbol power constraint

in an active case. Finally, we exploit the symmetric solutio 2

to argue and conjecture that DF is sum-capacity optimal for E “X’“| } <P keT ()

any channel belonging to the second sub-class. One can equivalently express the relationship between the

This paper is organized as follows. In Section Il we presefiput and output signals in (3) as a Markov chain
a model for a degraded Gaussian MARC and briefly overview

polymatroids and their intersections. We summarize ounmai (X1, Xa,. 00, Xie) = (Yo, X)) = Y (6)
results in Section IV and prove them in Sections Ill, V, angg, 7 — 1 (6) simplifies to the degradedness condition
VII. We conclude in Section V. in [3, (10)] for the classic (single source) relay channel. A
degraded Gaussian MARC &/mmetricif P, = P, for all
11. CHANNEL MODEL AND PRELIMINARIES k. Thus, the class of symmetric degraded Gaussian MARCs

] is characterized by four parameters, naméty,P,., N,., and
A K-user degraded Gaussian MARC hiisuser (source) p;

nodes, one relay node, and one destination node (see Fig. 13'.

The sources emit the messadés, k = 1,2,..., K, which ~ The capacity regio@uarc is the closure of the set of rate

are statistically independent and take on values uniforimly tuples (1, Rz, ..., Rx) for which the destination can, for

the sets{1,2,..., M;}. The channel is used times so that sufficiently largen, decode theX’ source messages with an

the rate of W), is R, = Bj/n bits per channel use wherearbitrarily small positive error probability. As furtheptation,

By, = log, Mj, bits. In each use of the channel, the input tye write Rs = >, Ry and Yr = (Y., Yy). We write 0

the channel from sourceis X, while the relay’s input isX,. and 1 to denote vectors whose entries are all zero and one,

The channel output¥, and Y}, respectively, at the relay andrespectively, and’(z) = log(1 + x)/2 to denote the capacity

the destination are of an additive white Gaussian noise channel with signal-to-
K noise ratio (SNR). We use the usual notation for entropy

Y, = ZXk' 1+ 27, (1) and mutual information [13], [16] and take all logarithms to

1 the base 2 so that in each channel use our rate units are bits.



A. Polymatroids the condition

In the sequel, we use the properties of polymatroids td1 (S) + f2 (K\S) > min (f; (K), f2 (K)), forall S C K.
develop the inner and outer bounds on tkieuser sum-rate. )
Polymatroids have been used to develop capacity charzaterin Fig. 2, for two two-dimensional polymatroids, we illuste
tions for a variety of multiple-access channel models idiclg  the five possible choices fdk; + R» from an intersection of
the MARC (see for e.g., [17]-[19]). We review the followinglis < f1(S) and Rs < f»(S). Casesl and 2 are inactive

definition of a polymatroid. cases while case3a, 3b, and 3c are active cases. The sum-
Definition 1: Let K = {1,2,...,K} and f = 2K — ®, rate is a minimum of the sum-rates at the two receivers for the
be a set function. The polyhedron active caseS8a, 3b, and3c. For the inactive caselsand?2, the

constraints onR; + Rs are no longer active and the sum-rate
B(f)={(R1,Rs,...,Rx) : 0< Rs < f(S), forall S € K} is given by the bounds; ({1}) + f» ({2}) and f1 ({2}) +

is a polymatroid if f satisfies f2 ({1}), respectively.

1) f(0) = 0 (normalization)
2) f(S) < f(P)if S c P (monotonicity)

3) f(S)+f(P)>f(SUP)+ f(SNP) (submodularity). . MAIN RESULTS

Remark 1: The submodularity property in Definition 1
above is equivalent to requiring, for ally, ks in K with We summarize our main results in this section. We begin
ky # ko, ky ¢S, ko ¢ S, that f satisfies [15, Ch. 44] with the outer bounds.

Outer BoundsIn Section 1V, for a MARC we present the
FE Uk} + [(SULk}) 2 f(S) + F(SU Lk, ha}). cut-set outer bounds specialized to the case of independent

This property is used in [20] to show that the rate regiorgources. We further simplify the bounds for the degraded

achieved at both the relay and the destination in a full-ekaplmodel and show that Gaussian signaling at the sources and

MARC are polymatroids. relay is optimal for a Gaussian MARC. We define the cross-
We use the following lemma on polymatroid intersectiongorrelation, between the Gaussian input signals and X,

to develop optimal inner and outer bounds on the sum-rate frsource: and the relay, respectively, as

K-user orthogonal MARCs. A
E[XyX,| = VPP, forallkek (10)
Lemma 1 ( [15, p. 796, Cor. 46.1c]let Rs < fi (S) X Xr] = VP
and Rs < f»(S), for all S C K, be two polymatroids such Such that
that f; and f, are nondecreasing submodular set functions on Zke,c e < 1. (11)
K with f1(0) = f>(#) = 0. Then Let v denote the vector of cross-correlation coefficients
max Ry = glél]% (f1(S)+ f2(K\S)). (7) forall ke K and
Lemma 1 states that the maximum sum Bf, for all N .
k, denoted byRy, that results from the intersection of two Fop = {716 ' ’%;C% S 1}' (12)

polymatroids,Rs < f1 (S) and Rs < f»2 (S), is given by the
minimum of the twoK -variable planeg; (K) and f, (K) only We write y5+1 = (70 43 . 4E+D) to denote a col-
if both sums are at most as large as the sum of the orthogoleation of K + 1 cross-correlation vectors and lgtdenote a
planesf; (S) and f> (K\S), for all § # S C K. We refer to vector of K + 1 non-negative weights,,, such that

the resulting intersection as attive case K+1
When there exists at least ofle£ S C K for which the > =1 (13)
above condition is not true, a@nactive cases said to result. m=1

For such cases, the maximufitvariable sum in (7) is the sSUm The following theorem summarizes an outer bound on the

of two orthogonal rate planes achieved by two complementefynacity region of the degraded Gaussian MARC.
subsets of users. As a result, tevariable sum boundg; (K)

and f»(K) are no longer active for this case, and thus, ﬂ‘e
region of intersection is no longer a polymatroid with — 1

Theorem 1:The capacity regionCyarc Of a degraded
aussian MARC is contained in the regi®p s given as

faces. Rop = U (R (¢"*1,m) N R (v, m))
An inactive case results when Sy (M ETo s

. 14

F1(8) + 2 (K\S) < min (1 (K), f2 (K)), for a§ € K. (14)

®) where the rate region®?” (v**1,1), j = r,d, are given by
Thus, the condition in (8) for an inactive case precludes aanb( K+1
active case. Furthermore, the inactive cases are also lyutua ’ K1
exclusive. For aK-user MARC, there ar@ — 2 possible {(317Rz7~~-,RK) :0<Rs< Y nmBjs (V(W)) .
inactive cases. See Fig. 2 for an illustration of the ina&ctiv m=1 Tk

cases forK = 2. An active case on the other hand satisfies (15)

1) =
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Fig. 2.

The boundsB;. s (Lc) and By s (lK) are given by

¢(z2) 5
kes " , . kese
BT7S (1 ) = Z \/'YkPk
K P, kES .
C A = otherwise
kes " rse
and
> P +7sePr+2> wPiP
kES kES
Ba.s (llc) =¢ Ny
(17)
where
Tse=1- 2 % (18)

keSe

Remark 2:For K = 1, the bounds in (16) and (17) simplify respectively.

Active

Active

Five possible intersections &, and R, for a two-user Gaussian MARC.

all k € K such that

F:{(aK,BK) cape[0,1,0< Y fr<t

} . (19)
ke

The following theorem summarizes the DF rate region.

Theorem 2:The DF rate regiorR p for a degraded Gaus-
sian MARC is

(QK ’E)c ) er

(RT (ax) NRa (QK’ é;c)) (20)

Rpr =

where the rate regio®;, t = r,d, is

R (@, By ) = {(B1, Ba, ..., Ric)

0< Rs < Islay,B,), forall § C /c}. 1)

By)

The rate boundd,. s and I; s at the relay and destination,
are

to the first and second bound, respectively, for the degraded

relay channel in [3, theorem 5].

Remark 3:In the expression forBys(y,.) in (17), the
terms involving the cross-correlation coefficients quignthe
coherent combining gains that result from choosing coredla

source and relay signals. On the other hand, the expression
for B'%S(lzc) in (16) quantifies the upper bounds on the rate

achievable at the relay when one or more source signals
correlated with the transmitted signal at the relay.

Inner Bounds The DF rate region is obtained using Gaus-
sian signaling at the sources and relay and a block Markov

superposition code [4, Appendix A] (see also [20]) . let
and 3 denote vectors with entries;, and 5, respectively, for

> Py
B kES
I,s(ag)=C N | and (22)
> P (1 -2 ﬂk) P,
kES kESCe
Ia,s (Q}Caﬁ;c) =C eNd eNd (23)
are
P, P,
+QZ\/(1 - Oék) ﬂkNde>
keS

From Theorems 1 and 2, one can verify that the outer and

innner bounds on th& -user sum-rate are identical by setting



v = (1 — ag) B for all k. In the sequel, we show that the DAFor a symmetric degraded Gaussian MARC that satisfies the
bounds are concave functionse@f andg . for all S, and thus, condition in (26), DF achieves the sum-capacity

so are theK-user sum-rate outer bounds. Thus, maximizing
the K-user DF sum-rate bound is equivalent to maximizing the
K-user sum-rate outer bound. Note that the outer bound rate
region in (14) requires time-sharing because with the ei@ep

Cx =" (. By) foraf =a” =1- (1,
By =1/K, for all k.
Remark 4:In the sequel, for DF, we define the entries

of B, x, the boundsB, s for all S K are in general not @ and 3 of ax and j3,, respectively, for allk, as power

convex.

fractions. In fact,«,, is the fraction of the total power that
sourcek allocates to transmitting a new message in a block

The following theorem summarizes our results on the capag- ,, channel uses. On the other hand, the enyy for all
ity region and the sum-capacity off&-user degraded Gaussiary, is 3 fraction of its total power that the relay allocates to

MARC.

Theorem 3:The capacity regiorCyarc Of a K-user de-

graded Gaussian MARC is

. o P R
Cvarc = R (1), if ijevf - < Zkze\l}; ©+ 11\2

otherwise,

Rpr C Cuarc C RoB,

where

RT» (l) = {(RhRQ,...,RK) : RS S O(ZkeSPk/NT')’
forall SC K}. (24)

The sum-capacity’x of a degraded Gaussian MARC is

_ 2 kex Pr P L 2 kex Pr P
C’C—C(T L A +

Ngq
(25)
Cr = I, if Zuge e > Zmgefh B
andR,(aj, B;) N Ralax, By)  (26)
is an active case, and
Cie < I*, otherwise, 27)
where for
(1_0‘;)Pk * 1
Br =14 Xica(l-ai)P ai 71 forall k € K, and
0 ap =1
(28)
7=/ Dper (1= ) M (29)

such that ¢* is the unique solution ofIl, x (ak)
Iix (g,*c,g;‘c) given by

q* o —K1+\/K12+(K3—K2)K0

e (30)
for

Ko = Pmax /Nr K1 = /PunaxPr /Na ,

Ky = 72"]%’2 Doy Beand K = Lkﬁfp"'. (31
we have

Pk > (q*)2 Prnax
_C ey W) Tmax ) 3y
( k%;CNT Nr ( )
for

= = Pk
Prox = I]glealé( (Py) and A\, = 52—,

forall k € K. (33)

max

cooperating with sourcé.
Conjecture 1:DF achieves the sum-capacity of degraded
Gaussian MARCs.

IV. OUTER AND INNER BOUNDS. RATE REGION
A. Outer Bounds Rate Region

In this section, we present a proof of Theorem 1 in which an
outer boundR g on the capacity regio@uarc of a degraded
Gaussian MARC is presented. To this end, we begin with
an outer bound on the capacity region of a MARC which is
presented in [14] using the cut-set bounds in [13, Th. 14]10.
as applied to the case of independent sources. We summarize
the bounds below.

Proposition 1: The capacity regioyarc iS contained in
the union of the set of rate tupleR;, Rs,..., Rx) that
satisfy, for allS C IC,

RS S min {I(X57 }/7‘3 Yd‘XSC’ X’I“a U)7 I(X87 XT7 Yd|X5“7 U)}

(34)
whereU is a time-sharing random variable and the union is
over all distributions that factor as

K

p(u)- (Hk_lp(xw)> plarle, w) - p(yr yalok, zr). (35)

Remark 5: The time-sharingrandom variableU ensures
that the region in (34) is convex. One can apply Carathedslory
theorem [21] to thisK-dimensional convex region to bound
the cardinality ofU as|U/| < K + 1.

Consider the outer bounds in Proposition 1. For a degraded
MARC applying the degradness definition in (6) simplifies
(34) as

Rs <min{I(Xs; Y| X, XsU), [(XsX,;Yy| Xs-U)}
forall SC K (36)

for the same joint distribution in (35).

In Appendix I, we specialize the bounds in (36) for the
Gaussian degraded MARC. For a fixéd we show that the
outer bounds are maximized for Gaussian signaling at the
sources and the relay, i.e., féf;, ~ A (0, P), for all &, and
X, ~N (0, P,). The cross-correlation coefficient betwe&p
and X, is defined agy, for all k&, in (10). In Appendix I, we
show thatyg, for all k£, satisfy (11).

For a given set of transmit powergy, k € 7, we write
B,.75(1’C) andBdﬁ(lK) to denote the first and second terms,
respectively, in (36), for evens C K. In Appendix I, we
prove thatBT,S(llc) andBd_yg(lK) are given by (16) and (17),
respectively.



Proof of Theorem 1 Proposition 2: The DF rate region is the union of the set
From (12), we see that the set of all correlation vectgrs of rate tuples(Ry, Ro, ..., Ri) that satisfy, for allS C K,

denoted ad'op, is a closed convex set. The boufd s(v,.) . ) )
in (16), in general, is not a concave function pf for any Rs < min {I(XS’Y"‘XSCV’CX’”U)’I(XSX“YdWSLVS“g;;

S C K. In Appendix ll, we show that for a f|xeey whereU is a time-sharing random variabl&y, Vs, ..., Vi

show thatB, s(v,.) is a concave function of . Usmg th|s - : T
Ji are auxiliary random variables, and the union is over all
we then show thaB, x(v,.) is a concave functlon of . L
Jic distributions that factor as

Appendix Il we show that for alls C IC, Bda5(1;c> in (17) is

a concave function of,. p(u) - (T p(orlwp(anfow w) - plar e, w) - plyr. yalor).
The rate regionRop enclosed by the outer bounds is (38)
obtained as foIIows From (36) (16) and (17), for any choice  proof: See [20] u

rate reglons at the relay and destination, enclosed by gt the reglon of Theorem 2 is convex.
boundsB,.s(7,.) and By,s(7, ), respectively, for allS. Since  Remark 7: The independent auxiliary random variablés

B,s(7,) is not a concave function of ., the region can ;. _ 1 5k help the sources cooperate with the relay.
be enlarged by considering all pOSSIb|e convex combination Proof of Theorem 2

of 7. to obtainRpp. For the K-dimensional convex region
Rog, we apply Caratheodory’s theorem [21] to express every,
rate tuple(Ry, Rs, ..., Rxk) in Rop as a convex combination d
of at mostK +1 rate tuples, where each rate tuple is obtain
for a specific choice oﬁK.

Thus, for every choice of a set @f + 1 cross-correlation
vectors denoted ag®*! = (1(1)»1(2)’ . ’1(K+1)> and Xk = VarPVio+ /(1 —ar) PVi, kek,
a vectorn of K + 1 non-negative weights),, satisfying (39)
(13), the rate region®?2” (v**1,7) and ROb( K+ p) are
given by (15). Finally, the regiorRop is obtained as a K L
union of Ry” (%1, n) andRg’ (y*°*', 1) over all choices Xr = k; VBiPr Vi + (1 B Ef’f) PrVeo (40)
of (v¥+1,7) and |s given by (14) in Theorem 1 where we
have used the fact that,; is a convex region. whereqy, € [0,1] andjy, € [0, 1] are power fractions at source

Lemma 2: The regionsR2" ( K+1 ) and RS’ (’YKH, ) k and the relay, res_pectwely, for dll The eetF_of all vectors
are polymatroids. - = - (o, B,.) with entries (ay, B) for all k is given by (19).

Proof: In [20], it is shown that for DF, the muItiaccessSUbSS:;E]ng (39) and (40) in (37), for an@g,c,g)c) el

rate regions at the relay and destination are polymatrodg

One can use similar techniques to show that the regionsrg < min ([T,S (ax),Ias (QK7ﬁK)> forall SC K

ReP (51 n) and RS (v, n) are polymatroids and we - (41)

skip it in the interest of space. Note that for the optimajhere, s and I, s, the bounds at the relay and destination

Gaussian input distribution, this implies th& (v***,7)  respectively, are given by (22) and (23), respectively.nfro

and R (y**1,n) are polymatroids for every choice ofthe concavity of thdog function it follows that, s, for all

(VK“, 77) B S, is a concave function af. In Appendix Il we show that
The regionRop in (14) is a union of the intersections/, s is a concave function af,c and,.. The DF rate region,

of the regionsR?’(v,.,7) and R} (y,.,n), where the union R, achieved over allac, B,.) € T, wherel is a convex

is taken over all convex comblnatlons 9f. SinceRop is  set, is then given by Theorem 2.

convex, we obtain the boundary &o5 by maximizing the Lemma 3:The rate regiorR pr iS convex.

weighted sumd_, .,y R over all o p and for all . > 0. Proof: To show thatR pr is conve, it suffices to show

Specifically, we determine the sum-rafie: wheny, = 1for  that 1, 5 and 1,5, for all S, are concave functions over the

all k. The convexity ofRo also implies that every point convex seftl’ of (ay.,3,.). This is because the concavity of

on the boundary oRpp results from the intersection of they s and I, for all S, ensures that a convex sum of two or

two polymatroidsR;” (y**, 1) andRg ("1, 1) for some more rate tuples iR px, each corresponding to a different
K+1

(1 ﬂ)- value of (g,c,ﬂlc) tuple, also belongs t®Rpr, i.e., satisfies

(21) fort = r,d. [ ]

: Lemma 4:The rate regiongR, andR, are polymatroids.

B. DF Rate Region Proof: See [20, Sec. IV]. For the Gaussian input distribu-
A DF code construction for a discrete memoryless MARon in (39) and (40), this implies th&,, () a”de(a;oﬁ,C)

using block Markov encoding and backward decoding igre polymatroids for every choice ¢, 3 o) 1-eu R (ax)

developed in [4, Appendix A] (see also [20]) and we extenghdR,(ay, 3,.) are completely defined by the corner (vertex)

it here to the degraded Gaussian MARC. We first summariggints on their dominank -user sum-rate face [15, Chap. 44].
the rate region achieved by DF below. u

For the degraded Gaussian MARC, we employ the following
de construction. We generate zero-mean, unit varianee, i
pendent and identically distributed (i.i.d.) Gaussiamdom
riables Vi, V0, and V,.o, for all k € K, such that the
channel inputs from source and the relay are



The regionRpr in (20) is a union of the intersection matroidsR, and R, is

of the regionsR, (a) and Ra (g,c,glc) achieved at the Ror _ [ Silax, B), if condition 2
relay and destination respectively, where the union is over ‘' (: By) = Sa(ax. B,), otherwise

’ (44)
all (QK;,BK) € I'. SinceRpr is convex, each point on the ’

boundary of Rpr is obtained by maximizing the weightedVhere

sumy_, . ,ux Ry over allT, and for all ;. > 0. Specifically, Si(ar, B.) = Iy alae, B.) + I ac(ax, B 45
we seek to determine the optimal poli¢yy., 3;.) that maxi- (e Be) = Laalax. B) +Iraclax. B) (43)
mizes the sum-rat&c wheny;, = 1 for all k. From (20), we  Sa(ay; 3,.) = min (IT,K(QKvﬁK)7Id,IC(Q)CagK)) (46)

see that every point on the boundary®f r results from the and the conditior2 in (44) is given by

intersection of the polymatroid®, (ax) andRa(ay, 8,.) for
some(ay, B,.)- condition2 : S(ax, B,.) < Salax,B,), for al#£AcCK.
(47)
V. K-USERSUM-RATE: OUTER AND INNER BOUNDS Remark 10:The condition in (47) determines whether the

In Section IV, we developed inner DF and outer bounds dﬂtergectlon of .tWO polymatroids is either an active or an
active case with respect to thHé-user sum-rate.

the rate region of a degraded Gaussian MARC. C ing A
© rae region of a fegradea aussian omparing Proof: The proof follows from applying Lemma 1 to the

two bounds, we make the following observations: e 4
. g maximization R = >, Ry, for each choice ofay, 3,.).
1) For any choice of(y**!,n) and (g,c,g,c), the rate m
regions R (v5+1,n) N R (X +1,n) and R, (a) N From (42), we see thaR;’Cb(lK) does not exceed the
. — . . . imi DF
tively, are obtained from an intersection of two polyma@nd Ba.x(7,.). Similarly, from (44), Rg™ (ax, 3,.) does not
troids. Thus, from Lemma 1 their intersection is either af*c€€d the minimum of the twi -user sum-rate inner bounds
active case or an inactive case. I, x(ax) and Id.,ic(%oﬁ,c)- Thus, for the inner bounds, we
2) The functions B, x(y,.) and Bax(y,) denoting the have
outer bounds on thé-user sum-rate are concave funCRDF (o, 3 ) < min (I )
. . . 187 o) >~ r K& ;6 7Id,)CQ aﬁ
tions ofy_. For the inner bounds, the functiofisc (ac) (e, Oy (e i) (e Be)

and I QK:?@K:) are concave functions Cécgloﬁic)' < max min (IT,IC(QKvﬁ;C)7Id,IC(Q)CagK)) .

B (QK’EIC)
Following the observation in 1, we can use Lemma 1 tg

determine theK-user sum-rate for both the inner and outer'm"arly' we have

bounds. The following lemma summarizes the maximim Rozcb(l,c) < min (BTJC(Z;C)a Bd,lC(l,C))
user sum-rate given by the outer bounds.
Lemma 5:For each(y***, ) such thatzgii MY (o € < max min (BNC(LC)’BUUC(Z;C)) .
RS

T'op, the maximumK-user sum-rate outer bounﬂ;gb(ylc)

resulting from the intersecting polymatroidg®® (ZKH*@) We first consider the problem of maximizing ti#é-user DF

and R (WKHW) is ;u_m-ratg _bounds. Bas_ed on this analysis, we will argue that
- - it is sufficient to consider the largedt-user sum-rate outer
Baa+ Brac if condition 1 bounds in (49).
ob _ d,A r,A
R () = { min (B, x, Bax) Otherwise (42)

where conditionl in (42) is given by A. DF: MaximumK -user Sum-Rate

condition1 : Bus + By.se < min (Byxc, Bax) . Consider the optimization problem

foral #AcCK. (43) Re= max min (In;c (ax), Tax (Q,C, @K)) . (50)
Remark 8:The condition in (43) is an application of (8) (@B )€F
and determines whether the intersection of two polymasroigve write (k. By.) to denote amax-min ruleoptimizing (50)
is an active or an inactive case with respect to iaiser and write? to denote the set of alb, 4%.) maximizing (50).
sum-rate. We use a technigue similar to that usEg in findingrthigimax
Remark 9:1n (42) and (43), we write thé(-user sum-rate detection rule in a two hypothesis testing problem (see, e.g
outer bounds a$, x and By x due to the fact thaB,. x and [22, 11.C]). This allows us to show that a general solution to
By, are concave functions of (see Appendices IIl and Il). the max-min optimization in (57) simplifies to three case [2
Proof: The proof follows from applying Lemma 1 to the||.C] of which two of them correspond to the cases in which
maximization of Rx for each choice ofy***, 7). B the maximum achieved by one of the two functions is smaller
One can similarly write the expression for tié-user DF than the other, while the third corresponds to the case ishwhi
sum-rate. The following lemma summarizes the expression e maximum results when the two functions are equal (see
the K-user sum-rate achieved by DF. Fig. 3). For I, x(ax) and Iy k(ay, B,.) defined in (22) and
Lemma 6:For any (ay,S,.), the maximumK-user DF (23), respectively, we can show that the solution simplifees
sum—rateR}gF(g,C,gK) resulting from the intersecting poly-the consideration of only two cases. The following theorem



summarizes the solution to the max-min problem in (50). THg&ince (29) describes A-dimensional plane in the, space,

detailed proof is developed in Appendix IV. the max-min rule for Case is given by the set
In the following theorem and the sequel, we writeand . . e
0 to denoteK-length vectors whose entries are all unity and P = {(QIOQK) tay satisfies (29) and (54)

zero, respectively.

* satisfies (28) for everg;- ¢ . 55
Theorem 4:The max-min optimization in (50) simplifies to B (28) Q’C} (55)

the following two cases. The three cases are mutually exclusive such that Cassults
S b when the condition for the other two cases are not satisfied.
Casel: Ry —C kej({c‘ L if L (1) < Loy (1,0) Since Cas@ is not feasible, the condition for Case 2 is
Case2 Condition: 2kcx e > Zrex DtPr (56)
(51a) " ¢
[ ]

Case2: R =1I", if I, x(ax) = lax (Q/*c,ﬁ;a (51b)  The expressionsB, c and By for the K-user sum-rate
outer bounds do not exactly matéh andl, «, respectively,

for the inner bounds. However, we now show that it suffices
to consider the largest outer bounds obtained by maximizing
the minimum ofB,.ic(7,.) andBq x(y,.) over ally,. € T'op.

1, %, B%.) given by (30). S <K
1.k (Qk ﬁ,c) g y (30) Our motivation to do so stems from the observation that for

Proof: Using techniques similar to those used in minimaé . LT
. S ; . “pboth the inner and outer bounds, the sum-rate maximization
hypothesis testing, in Appendix IV we show that the follogin ~.

three cases result: simplifies to the same bounds and thus, its sufficient to

consider only the largest outer bounds.
Casel: I (1) < lux (1.8, ) = Lok (1,0)

wherel* is given by (32),Pnax and X\, are given by (33), the
entries of the optima@;*C are given by (28), and*, defined in
(29), is the unique value satisfying the quadrdiig:(ak) =

Case2: I,k (ax)=1Ilix (g}‘c,g@ (52) B. Outer Bounds: Maximunk'-user Sum-Rate
Case3: Ik (0) > Iux (97 52) , Consider the optimization problem
From (22), we see that, x (ay) is maximized fora, = 1. RRP = | max min {BNC (l;c) » Bax (l;g)}° (57)
In Appendix I, it is shown thatl, (QK,ﬁ ) is a concave " ) o
' =K Analogously to the DF analysis, one can similarly show

function of (Q,C,QK) and is maximized fory, = 0 andgj‘C
given by (28).

Case 1 From (52), Casd results when the maximurk -
user sum-rate at the relay, x (1), is less than the corr

that the max-minproblem in (57) simplifies to considering

three cases. FoB, i and By x defined in (16) and (17),

respectively, one can show that the solution simplifies to
€ the consideration of only two cases. The following theorem
sponding rate at the destinatiofy x (l, ﬁ;c) = Iax (L,0)  summarizes the solution to the max-min problem in (57). The
where we have used the fact thitc is independent off,.  proof is similar to that for the inner bounds and is omitted in
for a, = 1. The resulting condition for Caskis the interest of space.

Theorem 5:The max-min optimization in (57) simplifies to
the following two cases.
Thus, for this case, each source allocates all its power to S P,

Casel Condition: Ekfv’f P < Eke’jvfk+P". (53)

transmitting a new message, i.e., does not allocate anyrpowe . ke .
. ) 1 = f B, B
to cooperating with the relay. asel: fx=C Nr ! % (0) < Bax (0)
Case 3 Since I x (g,oﬁ’c) is maximized foro, = 0, (58a)
Case3 results whenl, (onﬁ,c> < I x (Ox). One can _ _ P ) @) P | _ e
_ Case2: R =C >N A I*,
verify thatly x Q,C,QI*C > 0. However, from (22)], x (0) = ke " §
0, and thus, since the condition for this case in (52) cannot be if B (l;kc) = Bj ¢ (11*c>
satisfied, this case is infeasible. (58b)
Case 2 Finally, for Case2, we first show that since )
I.x (ax) is independent of3 _, it is sufficient to choose;. where Prnax and A are given by (33),
in (28) to maximizel, x (Q,C,glc) which in turn simplifies rE Z vV ARVE (59)

I x (g;c,gjc) to be purely a function ofy,-. For ¢ defined in hek

(29), we can further simplify,, (onﬁ;;) andl, x (ay) as such thatz* is the unique solution satisfying,. « (lz*c) =

functions ofg and show that they are monotonically increasing,. (ﬁc) and is given by

and decreasing functions of respectively. Thus, a uniqug . .

satisfiesly x (g,*c,ﬁ/*c) = I, x (a}) and is given by (30) such r=q (60)
that I; x (¢*) = I,k (¢*) = I* whereI* is defined in (51). for ¢* given by (30) and (31).



Proof: The proof of Theorem 5 follows along the samé¢he K-user sum-capacity’x and capacity regioi€yarc are
lines as that for Theorem 4, and thus, we briefly outline thggven by
proof below. Using techniques similar to minimax hypotkesi

testing, we can show that the following three cases result. Cx=C ( > ﬁ) , and (64)
kek
Casel: Br,)c (Q) < Bd,IC (Q) Cuare = R (l) (65)
Case2: B,k l;c = By lz*c (61)

whereR,. (1) is given by (24).

Proof: The proof of (64) follows directly from comparing
—0.1n the largest inner and outer bounds @ty for Casel in
" Theorems 4 and 5. We now prove that DF also achieves the
capacity region for Case.

Case3: B.x 7y ) > Bax (7%

From (16), we see tha, «(v,.) is maximized fory
Appendix Il it is shown thai3, x(7,.) is a concave function
of Vi and is maximized for
Leta, =1 andglC = 0. For this choice o gK,g,C , the
(62) boundsI, s andI, s can be expanded for this case using (22)
and (23), respectively, as

Py,
7Z:{ P forall k e K.

Case 1 From (61), Casd results when the maximurk -

. . P
user sum-raté3, i (0) is less thamB, « (0). SinceB, x (0) = I.s(1)=C (Zkesk) (66)
Ixc (1) and By (0) = I x (L, 0), the condition for this case N -
is the same as that for DF under Casei.e., it is given by Iis(1,0)=C (Zkes ko ) . 67)
(53). Ny Ng
Case 3 Since By (j,c) is maximized by ayj. with  The condition for Casé in Theorem 4 requires
entries given by (62), Casg results whenBy x (7,2) < > Py > Py
_ - REK - keK B (68)
B, x (l*zc) One can verify thatB, x (1;;> > (0. However, N, — Ny Ny
from (16), B, k¢ (lz*c> = 0, and thus, this case is infeasible. Expanding (68), we have, for ary C K,
Case 2 Finally, for Case2, using (59), we can simplify S P, S P+ P, S Py (Ng— N,)
Bx (7, ) andBgx (~,. ) as functions ofc. As a result, we kes kes _ kese
K\ Dk K\ Dk < (69)
have B,  (z) = I.x (z) and By (z) = Iy x (z). Thus, we N Na NaN;
obtainz* = ¢* such thatB, x (z*) = By (z*) = I*. Since kzspk + P
(59) describes & -dimensional plane in the,. space, they®. < (70)

for Case? is given by the set Na

o where (70) follows from (4). Thus], (1) < I;x(1,0)
g = {1,’; 1 7 satisfies (59} : (63) implies thatl, s(1) < I;.5(1,0) for all S C K, i.e., R.(1) C
Ra(L,0). Recall that we chosg . = 0. From (22), we see

Finally, since the three cases are mutually exclusive, mcth?t the choice oﬁ;c does not aflec, . Further, a non-zero

?o'rSDn:ti;eéSGI;ﬂe’ the condition for Case 2 is the same as ti does not incrEasédx. However, it can decreask s for
Thus, from Theorems 4 and 5 we see that the maximizatits)ﬂme oralls c k- as
in (50) and (57) yields the same solution. Furthermore, the (Z pk) + P <1 -3 5k>
maximizations in (50) and (57) are independent of whether s (1 3 ) _C kES kES®
the max-min rules(g,*c,gj‘c) and vy, respectively, results in A=K
an active or an inactive case.
In the following section, we show that for the condition for <Iys(1,0),
Casel implies an active case. For Ca8enot all max-min
rules will result in an active case. However, irrespectif/éhe
kind of intersection, we have théte largest inner and outer  R,.(1) NRq(1, QK #0) CR(1) NRa(1,0) =R-(1).
bounds on th&<-user sum-rate are equal

Ny

Finally, since for Case, I, s (1) = B, s (0) andly s (1,0) =
B, s (0), DF achieves the capacity region for Cassince

R-(1) = R (0) C Ry(1,0) = R (0).

VI. CAPACITY THEOREMS

In this Section, we develop a proof for Theorem 3. The
following theorems help us in developing a proof for TheoremThis proves (65). Note that the optimal signaling scheme for

3. Case 1 is for the sources to use all their power to transmit a
Theorem 6:For a degraded Gaussian MARC in which th@ew message. ]
source and relay powers satisfy the Caseondition We now consider Casg. The following theorem summa-
Skec Pe (Xpex Pr) + P rizes our results for this case.

N, < Ny ’ Theorem 7:For a degraded Gaussian MARC in which the



10

source and relay powers satisfy the Cassondition That (74) satisfies (12) follows from the fact that sirfe< 1

for all k&, we have
2 kex Pr > (Zkelc Pk) + B (71)
N, Na ’ dow=> (l—aw)p <1, (75)
the K-user sum-capacitf’c is kek kek
Cr = I*  if there exists aff@?‘o@,*c) cP st For the symmetric case, this implies that there exists a
R (ax) N Ra(ak, By) is an active case. Y =01-a"/K (76)
Cx <I" it Rp(ak) NRalak: By) if an satisfying (75). In fact, fora* in (73), we obtainy* =
inactive case for allaj, 3,.) - (¢*)* /K2 = (z*)? /K% < 1, i.e., the symmetrig* in (76) is
For the class of symmetric degraded Gaussian MARCs, easible and results in an active case. , -
) Combining the above two theorems, we obtain the proof for
Ck =I" foraj =a*=(q")" /K. Theorem 3. We now present arguments supporting Conjecture
1 in Section Il

Proof: From Theorems 4 and 5, when the condition in
(71) is satisfied, the largest DF bound on tkieuser sum-rate A Arguments for Conjecture 1
matches the largedt -user sum-rate outer bound. In fact, this

: . . ) . From Theorems 6 and 7, we see that the class of degraded
bound is achievable only if there exists at least one max- . o : o

. o . . . aussian MARCs can be divided into two disjoint sub-classes
rule (ax, 8y.) € P for which R, (ay) N Ra(aj, fy) is an

: Furthermore, in Theorems 6 and 7, we have proved Conjecture
active case. i
1 for one of the sub-classes and for a special case of the other

Let P, C P denote the set ofaj, ;) that result in sub-class.

active cases. From Lemma 6 and Theorem 4. we can writel € first sub-class is one in which the source and relay
the maximumi -user DF sum-rate wheh. (1) >,Id (1,0 signal-to-noise ratios (SNRs) satisify a condition idked as

as Casel throughout the sequel. The condition requires the SNR
v ok . e o on the relay to destination link to be sufficiently large that

Ry = SG(QK’@K)*: I*’ . !f (afc, B) € Pa the bottle-neck link on thé{-user sum-rate is the multiaccess
PAcK Silak, B) <17, it Pa=10 link from the sources to the relay. For this sub-class, weehav

(72) shown that the entire regioR..(1) achieved at the relay lies
whereS, (-) andS; (-) are given by (46) and (45), respectivelywithin that achieved at the destination, and tBdt achieves
and I'* is given by (32). the capacity region of a degraded Gaussian MARC for this
sub-class

In Theorem 4, it was shown that when (71) holds the max- The second sub-class is the class of degraded Gaussian
min rules(aj, 8,) are such thatii. # 1 and 8. # 0. How-  MARCs for which the condition of Case 1 does not hold.
ever, for any max-min ruléay, 8.) it is not straightforward For this sub-class, using Theorems 4 and 5, we show that
to show that an active case results. the largest bound on th&-user sum-rate results when the
um-rate to the relay from the sources is reduced from the

We now show that for class of symmetric Gaussian MAR aximum ' (Z%K Pk/N,.) by reducing some or iy,

channels, when the condition in (71) holds, DF achieves t ereby increasing the sum-rate at the destination, unél t

K-user sum-capacity. For this class, sinBg = P, flom s qum-rates at both receivers are the same. The set of
symmetry,lq x = I in (23) can be maximized by choosing, min rules, i.e (ax, B%.), that achieve the equal sum-rate

A i PUER=R e/
o, = o for all f in (29) such that requirement are given by (28)-(30).

(1—a*) = (q*)Z /K. (73) For this sub-class, L_Jsing Theorems 4 an_d 5 in Theor_em 7
_ o s . we prove that DF achieves the sum-capacity if there exists a
From (29), since) < (¢°)° <34y Ax = K, there exists an max-min rule(aj., 35.) such thatR,(aj.)NRa(ak, B;.) is an
0 < a* <1 that achieved™ in (72). active case. Specifically, for the class of symmetric degpad
: Gaussian MARCs, we showed thaf = « = (¢})?/K < 1

From symmetry, no subset of users ach_leves a larger ratg¢ &uits in an active case and achieves the sum-capacity.
OniOf tr}? rfecel\lllekr than any other s*ubs*et, i.e.ofpr= a”and gince e can show the optimality of DF for the first disjoint
P =1/K, for all k, RT(QK)ORFI(QK’QK) IS an active case. ¢, tjass and under symmetric source powers for the second

.Ter’]S’ Ithe maX|murrt1) sungj—raﬂé*mg achievable, anglfmcr?_, th'S'sub—class, Conjecture 1 addresses the second sub-cléast, In
IS the largest outer bound on tihe-user sum-rate, achieves; implies that an active case will always occur for the seton

the sum-capacity for the symmetric class of channels. sub-class, irrespective of source powers.

For completeness, one can also show that for the OutelHowever, for the second sub-class with arbitrary source
bounds when (71) is, satisfied ﬁ( whose entries;? — * powers, showing that at least one max-min rule results in an
1 K kE — ’

for all k, results in an active case. The proof follows simpl)?cnve mtersecpon does not appear strglghtforvyard. hiegre
from setting argue that it will be so, thereby supporting Conjecture 1.

Our intuition for Conjecture 1 stems from the fact that
i = (1 —ay) B where(ay,B,) €T, (74) the physically degraded condition implies that if the sesrc
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transmit at rates that allow reliable decoding at the datitin, B. Numerical Examples

then their signals can also be decoded by the relay. Thusy; is giraightforward to find numerical examples for Cdse

in general, for the second sub-class, there must be an ac re DF achieves the capacity region. We focus on Qase

case. Clearly, f(2)r the symmetric case this results fromnggtt 5,4 present two examples where DF achieves the sum-capacity

ap =" = (¢") /K for all k. of a two-user degraded Gaussian MARCs, with = P for

Consider now the asymmetric case where the sources p@me andP, C P for the other.

ers are not all the same. Without loss of generality, comside Example 1:Consider a two-user degraded Gaussian MARC

P, > P, > ... > Py such thatP,,,« = P;. In Theorem 4 we with P,/N,, =6, P,/N, =4, Pi/Ng = 3, P,/Ng = 2, and

showed that the solutiog* satisfying (30) is given by P./Ng4 = 2. These SNR values satisfy the condition for Case
LK+ \/K2 (KKK 2 in (71), and thus, the DF sum-rate is maximized by a set of

g = L 1 3 2) 720 (77) (ak.B)) whereay satisfies

Ko
where (1—a?)+ g (1—a3) = (¢)% = 0408,  (80)
Ko = Puasc [N Ky = ZV Pma"fr /Na, and for every choice af;- satisfying (80) 3. is given by (28).
Ky = Z’“fvijp’“ + 45, and Ky = Sk The set of feasiblel- has entriesy; € (0.83,1] with a3 for
(78) each suchy: satisfying (80) such that} € (0.75, 1]. For these
and ) SNR parameters, the sgt, = P and for eacr(g,*c,g;‘c) eP,
ZkeK (1 —og) e = (q7)"- (79) the correlation values; = (1 —aj) 3, for all k = 1,2.

result in the vectoryy. € Ga.

Example 2:We next consider a two-user example with
Pl/Nr = 6, PQ/NT = 0.4, Pl/Nd =3, PQ/Nd = 0.2, and
P./Ny = 2. These SNR values also satisfy the the condition
aSZkE’f Pi = Prax 2 ek ’\_"" . _ for Case2 in (71), and thus, the DF sum-rate is maximized

Let g5y, deno.te the optimal* for the symmetric class. by a set Of(%*oﬁ}kc) whereqa}. satisfies
For the symmetric case wherg, = P,,.y, for all k, we have
af = (q;kym)Q/K for all k£, where we writeg;,,,, to denote (1—al)+ B
the symmetric case. WheR,, Ps, ..., Px are reduced from 15
Poax, from (77) and (78), we have that also decreases from The set of feasiblexi. has entriesa; € (0.96, 1] with a3

Gy and thus(q*)® < (2,,,)” < K, and hence, is a feasiblefor each suchnj satisfying (81) such that; € (0.416,1].
solution. ' Note that subject to (81, decreases as; increases and

vﬂge—versa. For these SNR parameters, the 7/&gtconsists
of (ak,B,) with entriesaj and oj that are restricted to

argue that an active intersection exists for somjg sat- = el h he fracti
isfying (79). We conjecture that choosing; = o (0.961,0.979] and (0.731, 1], respectively. Thus, the fractions
of = ab = o® = 0.963, as conjectured, results in an active

(q*)z/ >_kex Mk for all k, should suffice. This conjecture ..

is motivated by the observation that for asymmetric SOUrCeEinally, for the two-user degraded Gaussian MARC, a
powers, the sources with Iarg_er powers achieve larger r_aFﬁfmericaI example illustrating®, = 0, i.e., the set of max-
at both the relay and the destination, and vice-versa. Bhis b rules that result in an active case, does not appear

in contrast to an inactive case in which a subset of Soumﬁ?aightforward despite using a wide range of ratiosPpfto

achieve large enough rates at one of the receivers while (e j o 1ot a1l rate-maximizing intersections are such tet

remaining subset achieve sufficiently large rates at therothys ie sources achieve better rates at one of the receivels wh
receiver such that the intersection of the two multi-accegss other source achieves a better rate at the other receiver
polymatroids is an inactive case. Thus, with asymmetriccmu This is in line with our conjecture, as at any receiver, the
powers, an inactive case will require ai whose entries are \,ise seen by both sources is the same, and thus, the source
not all equal. For example, one could choase = 1 such ih smaller power typically achieves smaller rates at both
that sourcel achieves a large rate at the relay and sufficienticeivers. 1t may be possible to increase the rate achieved a
smaller values forv, k # 1, such that the remaining sourcesye gestination by increasing the relay power; howevegelar
achieve a larger rate at the destination. values of relay power will result in the bottle-neck case for
Finally, in Appendix V, we show that for the same choice ofyhich the condition for Case 1 will hold.
the K source-relay correlation coefficients for both the inner Remark 11:In the above analysis, we determined the sum-
and outer bounds, the outer cutset bounds are at least as |@E€bacity for a degraded Gaussian MARC under a per symbol
as the inner DF bounds for alf C K. This implies that for transmit power constraint at the sources and relay. One can
every (ay., B;.) € Pa, there exists & with entries also consider an average power constraint at every tralesmit
vi=(1—ap) B forall k The achieyable strategy remains unchanged; for t_he canvers
’ R we start with the convex sums of the outer bounds in (34) over
that results in an active case for the outer bounds, i.e., DFchannel uses. Recall th#,; s is a concave function of the
achieves the sum-capacity for the active class. correlation coefficients and power. On the other hasds for

From (77) and (78), one can see that since only the #€gm
K, depends explicitly on the powers of all sourceg;)?, and
hence) ;o (1 — aj) A, scales linearly withPy, P, ..., Pk

(1—a}) = (¢")° =0.0389.  (81)

To argue that DF achieves the sum-capacity, we need
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all S ¢ K is not a concave function of the power and cross- APPENDIXI

correlation parameters. However, we can use the concakity o OUTER BOUNDS: PROOF

B, x to show that the maximum bounds on the sum-rate in

Thereom 5 remain unchanged. Finally, we note that as with

the symbol power constraint, here too we require time-sgari We now develop the boundffng(llc) and Bd7s(l,€).

to develop the outer bound rate region. Recall that we writeB, s and B, s to denote, respectively,
the first and second bound dRs in (36) for a constanU.
VIl. CONCLUDING REMARKS Expanding the bounds oRs in (36) for a constant/, we

In this paper, we have studied the sum-capacity of degradeaie
Gaussian MARCs. In particular, we have developed the rat .
regions for the achievable strategy of DF and the cutsetroute?%‘s < min {A(Yr|Xp Xse) = h(Zr), h(Yal Xse) — h(Za)} -
bounds. The outer bounds have been obtained using cutfet a fixed covariance matrix of the input random variables
bounds for the case of independent sources and have bggnand.X,., one can apply a conditional entropy maximization
shown to be maximized by Gaussian signaling at the sour¢gorem [23, Lemma 1] to show thadt(Y,|X,Xs:) and
and relay. h(Yq|Xs-) are maximized by choosing the distribution in (35)

We have also shown that, in general, the rate regioas jointly Gaussian. Consider the bouBg s. ExpandingY,.,
achieved by the inner and outer bounds are not the sam@ have
This difference is due to the fact that the input distribosio
and the rate expressions for the inner and outer bounds are Rs < C (E [mr (ZkGSXklx’"XSC)]> . (82)
not exactly the same. In fact, the input distribution for the N
inner bound uses auxiliary random variables to model th&, caussian signals, using the chain rule, we have
correlation between the inputs at the sources and the ralhy a
is more restrictive than the distribution for the outer baun E {mr <Z Xk|XrXSC>:| _ det(Kaic)

Despite these differences, Gaussian signaling maximizes t kES det(Kpc)
outer bounds and can be chosen for the inner bounds. Thygere
in both cases the input distributions can be quantified byt a se

of K source-relay cross-correlation coefficients.

In both cases, we have also shown that the rate region
for every choice of the appropriate input distribution is an
intersection of polymatroids. We have used the propertfes o
polymatroid intersections to show that the largest inned aand for random vectorX andY, the conditional covariance
outer bounds on th& -user sum-rate is at most the maximunk x|y is
of the minimum of the twoK-user sum rate bounds, with
equality only when the polymatroid intersections is anwacti Kxy =FE [
case for which the-user sum rate constraints are active. T

Our analysis led us to broadly classify-user degraded WhereX" is the transpose ak'. We use the fact thaX's and

Gaussian MARCs into two disjoint sub-classes. The first suti-s< @re independent to expand (83) as

(83)

= [ ZkeSXk X ]T

[X;]
[Xse]

(@R sviiS
Il

(X - BXIY) (X - EX)Y])"]  (84)

class is one where the multiaccess link from the sources to
the relay is the bottleneck link for which we have shown that £ {WT (Z Xk|XrXS“>:| =
DF achieves the sum-capacity as well as the entire capacity kes
region. E2 [Z ij(ns}
The second sub-class is one in which the multiaccess links var (Z Xk> _ kES (85)
to both the relay (from the sources) and the destinationr(fro Kes P.s

the sources and the relay) are comparable. For this sub- ~ . . .
class, the largesk-user DF sum-rate bound we developehere X, s = (X, — E[X, | Xs:]) is a Gaussian random
is achievable only if the intersection of the two multiaccesv@riable with variance
polymatroids. is an actiye case in which thé-user sum- . Ps=E {st} — E Jvar(X,|Xs)]. (86)
rate constraints are active. We have shown that an active
case occurs when the sources transmit with the same po®ebstituting (85) in (82) and using (5) to boundr (X},) for
(symmetric degraded Gaussian MARC) and have presentedadink, we obtain,
argument for our conjecture that DF is sum-capacity optimal _
for all degraded Gaussian MARCs. (Z Pk> - %EQ [Z Xer,s}
keS ’ keS
VIIl. A CKNOWLEDGMENT s =€ Ny - @)
L. Sankar is grateful for numerous detailed discussions

on the MARC with Gerhard Kramer of Bell Labs, Alcatel-We definey;, for all k& € KC, by
Lucent and on polymatroid intersections with Jan Vondrack K
of Princeton University. E[X:X,] = VPP, 0 <l (88)




Using the independence o, for all £ and (88), we write

B[S xx)| = S rmx - S vanr. @)

keS keS

Next we use (88) to evaluat®, s. We start by considering

the random variable
X, =X, — E[X,|Xk].

Using (88) and the independencef for all &, we can write
the variance ofX, as

E[X2] = Elpar (X,|Xk)] = (1= 7) P (90)
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U, and a given choice Oj;c
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APPENDIXII
CONCAVITY OF Bd73(llc) AND Igs(ay, 8

A. Outer BoundBy,s(7,.)

Recall that the cutset bound at the destinatBas(y,.), is
given by (17). We show thaB,,s(v,.) is a concave function
of y,.. To prove concavity, one has to show that the Hessian
or second derivative OBd,S(l;C)’ VQBCLS(Z;C)' is negative

}C)

where we used (84) to simplify (90). Continuing thus, weemi-definite, i.ex” V>Bys(y,.)z < 0 for all z € R¥ [24,

consider the random variabl®, = X, — E XT\XK_l].
Using the independence df; for all k, we thus have
EWﬂ:Eﬁﬂ—E@ﬂxmnﬂ}
= FE [var (X, |Xk-1Xk)]
=1 -9vk-1— k)P
Generalizing the above, we have
Evar (X, Xsc)] = (1 - > ’yk> P, £5.P,,
keSe

forall SC K. (91)

Finally, we substitute (91) and (89) in (87) to simplify thesfi
bound as

c(z4) Y =1
Kes . KeSe
Rs < (Z \/V}«Pk>
C N - ~xs— | otherwise.
kes " riee
(92)

Observe that fork = 1, we havel; = X, and~; = 1, and

3.1.4]. We write

1
Bas(v,) = ilog <K0 +22Kk_\/%>

keS

where

P.(1—c)
Ng

> P
Ko=1+ kej\s,d +
Py P,
Re =N w,
The gradientV By s is given by

VBas(vy) = [0Ba,s/0Velex

== lus vs ]T

(97)
kesS.

whereug is an|S|-length vector with entries, = K}, /1/’yk
for all k € S, vg. is an|S¢|-length vector with entries,, =
—P,. /Ny for all m € §¢, and

KS:2<Kb+2§:K%¢w>.

keS

thus, (16) simplifies to the first outer bound in [3, theorem S[he Hessian of34.5(v,.), V>By,s(7,.), is given by

for the classic single source degraded relay channel. lfzinal

from (91), observe that;, for all k, satisfies

> <L
kek

ConsiderB, s in (36) with U a constant. Expandiny; using
(2), we have

(93)

Rs <C (Zkegpk/Nd +2B[X1. X, 5] /Ny

+ E|var(X,|Xs<)] /Ng). (94)
Using (5), (91,) and (89), we simplify (94) as
ZP]g +730Pr+22\/7kpkpr
Rs < C | k€S = keS (95)
d

Writing B, s(v,.) and Bys(7,.) to denote the bounds on the zTVzBd,s(j,C)z =
right-side of (92) and (95), respectively, we have for a tamnits

VQBd,S(lzc) = {aQBd’S(llC)/a%a’ym} Vk,mek

— odiag(d) - 22" (98)
where

z=12 (VBd,S(j,C))

d=[ds ds ]"
such thatds is an |S|-length vector with entriesd, =

Ky /272 for all k € S, anddg. is an|S¢|-length vector

with entriesd, = —2P? /(N3 K,) for all k € S¢. Using the
fact that K, and~, are non-negative for akt, from (98), for
anyz € R¥X, we have

1
(St ) - @2 <0

K \xex
with equality if and only ifx = 0. In proving the concavity
of Bd_rg(l]c), we assume only that, > 0, for all k£. Thus,
from continuity, the concavity also holds for all non-nagat
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~ satisfying (see (12)) maximizes[d,g(g,c,g ), subject to (104), has entries

<1 99 c(l—ag) Py
lgc%_ ©9) ﬂk{uﬁmh kes (105)
k

Let v , denote a vector with entrieg,, for all k € A C K.
For a ﬁxedlsd we now find they ; that maximizesBq,s(7,-)
subject to (99) above. For ac [0,1), we fix Vse such that
its entriesy, for all k € S¢, satisfy

APPENDIXIII
BT’S(ZIC) VS. K

Z =1-c, (100) We show that the functioB,. s (v K) in (16) is a concave
bese function ofys for a fixed Yse and for allS C K. Recall the
and thus, from (99) we have expression foB,.s(7,.) as
2
];S'Vk <ec. (101) (Z %Pk>
. | - | | Bus(y,) =C | 3 £k €S (106)
Since deS(lzc) is a continuous concave function gfs it - keSN (1 - %)
achieves its maximum at g5 where Ny kese
aBdéiiz,C) = 0 forallkes. where we assume that
K Z Y =1—c<1.
Using the method of Lagrange multipliers, we find that for a hese

fixed Yse , the Ys that maximizeBy s subject to (100) and

(101) has entries given by Observe thaBT,g(l)C) is maximized wher: = 1, i.e.,v, =0

for all £ € S, and minimized forc = 0. Further, comparing

= ZCPkPk ke, B, s(v,.) andBa,s(7,.), one can see thak, s(v,.) achieves
k Kes its minimum, i.e.,B,.s = 0, for
[ P/ (ChesPr) , k€S
Tk 0 . kese
B. Inner Boundly,s(ay, 3,.) We write
A
Recall that the DF bound, s, at the destination is given = (Z V 7k)"“> (107)
kes

by (23). Comparmg (17) and (23), for, = (1 — ay) By for

all k € S and~, 2 4, for all k € S¢, the DF rate bound in Where
(23) simplifies to that for the_ outer bound in (17), and_thus, Paax = maxgex P, and Ay = P/ Prax. (108)
one can use the same technique to showfmat(g,c,glc) is o _ . _

a concave function ofyc and,.. For the power fractions),, ~Substituting (107) in the expression 5. s(7,) in (106), we

we have have
P 2P1T1 X
S st (102) Brs(y) =€ ( N x) - (109)
kek - ces e
Let 8, denote a vector with entriesy, for all k € A C K. Differentiating B,.,s(7,.) with respect tar we have
For a fixed a,c, we determine the optima, maximizing dB,.s(v.) 2 -1
Ius(ax, B,) by fixing the vector3,. such that r9We) _ Z e () Z 2 na
=K dx Nrc kESN NTC
Z Br=1-—c¢ (103) P (14 3 B Pk _ (achx)Q
keSe 2B ( ) N,c N,c
r,S lIC . keS 110
Sb<e (104) dz? ? (1o
kS <1 + Z N m)
. - kES
wherec € [0,1). Sincelys(ay, B,.) is independent ofis for <0 (1112)

as = 1, we assume thats # 1.

We now consider the Specia| case in Whﬂb?é 1 andﬁs where the strict inequality in (111) follows since all terms
are fixed. We determine & that maximizeslys(ay,3,) in (110) are positive. Further, for any > 0, from (109)
subject to (104) and (103). Sindg.s(cc, 3,.) is a continuous B, s(v,) is maximized atz = 0, i.e., fory, = 0 for all

concave function of it achieves its maximum at@; where k € S. Thus, we see thaB, s(7, ) is a concave decreasing

function of z.
0l4,s(ayx.B,)

55, 5 =0 forall kesS.

As before, using Lagrange multipliers, the optim} that APPENDIX IV
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PROOF OFTHEOREM 4 of

> Py

ke

We now prove Theorem 4 and give the solution to the max- I x(ag) =C N

min optimization

Re = max min (IT,IC () Lo (Qioﬁ;g)) . (112) at o = 1. Comparing (22) and (23) aty = 1, we obtain

(a8, )€ET the condition for this case as
Consider the function k%:KP e k%:}cpk + P,
< (118)
J(1,08) = 0l (a) + (1= 0) T (. B ) » € 0,1, N, N,
(113)

Observe thatJ is linear in § ranging in value from Case 2 Next we consider Case 2 in (116). This case occurs
when the maximum rate bound achievable at the relay and
Iix (Q,C,ﬁ for § = 0 to I,k (ay) for 6 = 1. Thus, the o . . .

LT =K 113) i . | o h _ . destination are equal. The max-min solution for this case
optlmlzﬁfntln ( d) IS iqu“f/a:hent”t\; max%nli;lng.t € MiNKs obtained by considering two sub-cases. The first is the
?um ° g Wo end points o ebtl & over t aximizing relatively straightforward sub-case whetg = 1 is the max-

(e, B, 0) over (ax, f,), we obtain a continuous CoNVeXin e The resulting maximum sum-rate is the same as

function that for casel with (118) satisfied with equality. Consider the
V(o) = ( H}aaX) FJ(QK7§K75), 6 €[0,1]. (114) second sub-case whetg. # 1, i.e.,
ax B, )€
o SP Y PR+P
kek kek
From (113) and (114), we see that for ar(g,c,glc), N > ; . (119)

J(ax, B, 0) either lies strictly below or is tangential 16(9). _ _ _
The following proposition summarizes a well-known solatio In Appendix Il we show that, for a fixedi, 14,s, is a concave
to the max-min problem in (112) (see [9]). function of Bk for all S C K. Furthermore, from (19), forx
# 1, I; x in (23) is maximized by zﬁl*c whose entriesﬁ,z, for

Proposition 3: (a* , 3% ) is a max-min rule where -
P k.5 B s all k € K, satisfy

§* = arg min V(4). S B, =1 (120)
6€[0,1] ke

The maximum bound oy, V (5*), is completely determined and are gjven by (28). Observe in (28) that the optimal power
by the following three cases (see Fig. 3). fraction g, that the relay allocates to cooperating with user

k is proportional to the power allocated by ugeto achieve
Casel: §*=0:V(6")=1Ix (%’%,5*) coherent combining gains at the destination. Thus, one can

< Ik (a,*c G ) formulate the optimization problem for this case as
) =K, *’—IC,(S*
(115) maximize I,k («)
Case2: 0<d*<1:V(0*)=1I.x (g;*C 5*) subject to I,k (a) = Iux (o, 8), 3 B =1.  (121)
' T keK

= lax Q’Cﬁ*’éic.,é* Using Lagrange multipliers we can show that it suffices to
i} . . (116) considers, = B,z in the maximization. Since the optimaj in
Case3: ¢ =1:V(6")=1Ix (%c,a*) (28) is a function ofxx, u k. (cc, 85.) simplifies to a function

> Iux (g,*c,é*,gj‘c 5*2 of ax as

. _ -1 S Pt P12 (S (1—ap) PP,
We apply Proposition 3 to determine the maximum bound ke keK

* j—
on Rx. We study each case separately and determine the mAkE (e, ﬁ;c) =C Ny
min rule (g,*w*, . ) for each case. In general, the max-

P, s
min rule (Ql*cﬁ*’gi*c 5*) depends on an optimal. However, We further simplifyldx(g,c,gl*c) and I, i (ax) as follows.
for notational convenience we henceforth omit the subscrighoosing P, and Ay, as in (33), and foy defined in (29),
§* in denoting the max-min rule. We develop the optimave obtain

*. 3% ) and the maximum sum-rate for each case. We first
ek D Le(@)=C <(

consider cas@& and show that this case is not feasible.

ZPIC/NT) _qQPmax/NT> and

kEK
We develop the conditions and determine the max-min rule

for each case. ( > PI@) + P + 2qV/ Pruax Pr
Casel: Consider the condition for Caskein (115). This ILix(g)=C kek

condition implies that the case occurs when the maximum Na

bound achievable at the relay is smaller than the bound at
the destination. From (22), we observe thafc increases Observe thaf,. x(q) andly «(¢) are monotonically increasing
monotonically withq; for all £k and achieves a maximumand decreasing functions gfand thus, the maximization in
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By (Vi)

V(9 Y \\ j
| L ) OB B
B () ‘](ZI*C’J) J(L/;C,(Y) By (%) 3.3

Fig. 3. lllustration of Cases 1, 2, and 3.

simplifies to determining a such that e begin by comparing the inner and outer bounds. As in
(121) simplifi d ini h th We begin b ing the i d bounds. As i
S Py — 2P S Py + Py + 2qv/ PP the symmetric case, without loss of generality, we write
kex 5 — kek ¥ . (122) Y= (1 —ax) B forall k (126)
r d
We can further simplify (122) using the definitions for théNhere(gK’ﬁ/c) € T. We then have,
signal and noise power in (31). From (31), sinkg > Ko, 2
(122) has only one positive solution given by P (Z V(1 —ayg) ﬁkPk)
K1+ K2+ (K3 — K) K, Brxlax.B,) =C | ¥ =~
* 1 3 2 0 123 kGICNT’ Nr
q % : (123)
0
The max-min rules for this case is then the Bef (ax., 3;.) (127)

such thain}- satisfies (29) for = ¢* and for each such choice On can verify in a straightforward manner that
of ak, gi*c is given by (28). The maximum achievable sum-rate Birla — I o (a '
for this case is then given by axlar Bi) = laxlax, )

Choosing3,. as the DF max-min rulgzg;‘C in (28), simplifies

( > Pk> —(¢%)” Prax (127) to

kek (124) B §)=C ( >
r I\ Qs =
KSR B ke Nr

C

N oy Py,

)_ clay).  (128)

Case3: Finally, we consider Casg This case occurs whenUsing Theorem 4, one can then verify tfﬁt,/c(_g}%,ﬁ,*c) =
the maximum bound achievable at the destination is smallBe.c(ax, ;) is achieved by alb. € P. Consider aoy. €

than the bound at the relay. Observe that (ax, 8,.) in (23) P. and a corresponding such that the DF regioR,(aji )N
decreases monotonically withy, for all k, and, for anyBx, Ralak,S).) ia an active case. From Theorem 4, this implies
achieves a maximum aty. = 0 of that
S Pe+ P42 \/BrP: Py Iy, By) + Iac(ag) > I* = B* forall AC K.
Lox(ak,B,) = C | 25 hek . (129)
SV =K Ny Using (126), we expan, s in (17) as a function ofg,*c,gl*c)
as
However, substitutingyy = 0 in (22), we obtain
* Lrt(1- T a-aps)n
Ir,lC(QIC) =0 (125) des(g%vﬁ;;) -C ke ke]\s;
which contradicts the assumption in (117), thus making this d
case infeasible.
+2> (1 —oy) B Pi Py
APPENDIXV kes
SuUM-CAPACITY PROOF FOR THEACTIVE CLASS Na
In Theorem 7, we proved that DF achieves the sum-capacity > x gk
. . I 130
for an active class of degraded Gaussian MARCSs. In the proof - d’S(Q’C’Q’C) (130)

we argue that since the maximum DF sum-rate is the samevatere (130) follows from the fact thal — o) 8; < 55, for

the maximum outer bound sum-rate, every DF max-min ruddl & and for all(g,’g,gl*c). It is, however, not easy to compare
(g;g,g,*c) € P, that achieves this maximum sum-rate, i.e., fOBryg(Q,*Ogl*C) with I, s(aj.). Note, however, that the choice
which R, (a) de(g,*C,g;‘C) is an active case, also achieve®f v, in (126) requires the same source-relay correlation
the sum-capacity. We now present a more detailed proof wlues for both the inner and outer bounds. Furthermore, for
the argument. every choice of Gaussian input distribution with the safhe



17

correlation values for both bounds, comparing the degradgéd] D. N. C. Tse and S. V. Hanly, “Multiaccess fading chasnelpart

cutset and DF bounds in (36) and (37), respectively, for
constantU/, we have

I(XS;YT|XSCXT) > I(Xs;YT|X5cV)CXT) forall SCK

(131)

where in (131) we use the fact that conditioning does nBC

increase entropy to show that the cutset bounds at the reday

less restrictive than the corresponding DF bounds. Fror@)(12[21]

the inequality in (131) simplifies to an equality f{6r= K and
for (g,*og,*c) € P, when -y, is given by (126). Combining
these inequalities with (129), we then have

Ba,alak, By) + Brac(ag, B,) > I* = B* forall ACK.

I: Polymatroid structure, optimal resource allocation ancbulghput

a
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