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Abstract— An offset encoding technique is presented that
improves sliding-window decoding with decode-and-forwad for
K-user multiaccess relay channels. The technique offsets ars
transmissions by one block per user and achieves the corner
points of the backward decoding rate region but with a smalle W

delay. Src ]
Index Terms— Multiaccess communication, relaying, encoding, W

cooperative systems. K

. INTRODUCTION Fig. 1. A K-user multiaccess relay channel.

The multiaccess relay channel (MARC) is a network where
several users communicate with a single destination in the ) o . )
presence of a relay [1]. Several coding strategies for tH%e backward decoding delay, then sliding-window decoding

relay channel [2], [3] extend readily to the MARC [4], [5].1S Preferable fostreaming data applications.
For example, the strategy of [3, Theorem 1], now often To compare the methods, suppose we use backward decod-

calleddecode-and-forward (DF), has a relay that decodes usel'd for B message blocks transmittedfitt- 1 channel-symbol

messages before forwarding them to the destination [4], [QIOCkS' The dec_oding delay is thefd + 1 channel-symbol_
Similarly, the strategy in [3, Theorem 6], now often caIIe@IOCkS for the f|_rst message block_. _Our main contnbt_Jtlon
compress-and-forward (CF), has the relay quantize its outpufs an offset encoding technlq.ue for sliding-window deco_dmg
symbols and transmit the resulting quantization bits to tgat recovers the comer points of the backward decodire rat
destination [5]. region with a delay of K + 1 channel-symbol blocks for
For the classic relay channel, several block-Markov effy€y message block. The total number of channel-symbol

coding and decoding techniques achieve the DF rate in 90ks require(_j I3 + K. Note thatK' can be much smaller
Theorem 1] (see [4, Sec. I]): han B, e.g., if the relay serves only a small humber of

users at a time. For the non-corner boundary points of the

HFackward decoding rate region, we would require time-sigari

atéhgit increases decoding delay. However, rate-splittinthods
potentially avoid the time-sharing delays [14].

« irregular encoding (different size codebooks at the sour
and relay) andsuccessive decoding [3, Theorem 1],
« regular encoding (same size codebooks at the source

relay) andshdmg—vwndow decoding [.6]’ This correspondence is organized as follows. In Section Il

» regular encoding antiackward decoding [7]. we present the MARC model and summarize the DF random
One can, in fact, use irregular encoding with any of theode construction of [4, Appendix A]. In Section I, we

above decoding methods. The above techniques have all bg&few the backward decoding rate region and compute the
generalized to multiple relay networks [4], [8]-[11]. Fdret gjiding-window decoding rate region. The latter regionnis i

MARC, however, the different DF decoding methods do n@feneral smaller than the former. In Section IV, we describe

always yield the same rate region. For example, we show thigfset encoding and develop its rate region when combined

backward decoding can give larger rates than sliding-windayjith sliding-window decoding. Section V concludes the pape
decoding (see also [12], [13]). On the other hand, sliding-

window decoding decodes blocks of message bits at regular in Il. PRELIMINARIES
tervals before all channel-symbol blocks are transmitiéds .
A. Model and Notation

is useful: if the sliding window length is much smaller than
The K-user MARC hasK sources, one relay, and one

The work of L. Sankaranarayanan and N. B. Mandayam was stgupordestination (see Fig. 1). The sources emit the messHges

in part by the National Science Foundation under Grant NB-0205362 E=1.9 K . that are statistically independent and take on
The work of G. Kramer was partially supported by the Board nfstees of SN y P

the University of llinois Subaward No. 04-217 under NSF @rhlo. ccr-  values uniformly in the set$1,2,..., My}. The channel is
0325673 The material in this correspondence was presented inpare42”¢  usedN times so that the rate d¥;, is Ry, = Bw, /N bits

Annual Allerton Conference on Communications, Controld &@omputing, _ i i
Monticello, IL. Sep. 2004, per channel use wheiy,, = log, M}, bits. The channel input

L. Sankaranarayanan and N. B. Mandayam are with the WINLABg&'s Xk, fro_m sourcek at times, i = L2,. o N,is a funCti(_)n of
University. Wi, while the relay’s channel input, ; is a causal function of
G. Kramer is with Bell Labs, Alcatel-Lucent. its received signalsf;‘l — (Yr,h Yo, .. ,Ymel)- The desti-

nation uses théV channel outputy’;¥ to decode thek mes-



Block 1 Block 2 Block 3 Block B Block B+1

oi(wi1,1) o (wr,2,w1 1) (Wi 3,w10) 21 (wn,B,w1,B.1) 21 (1,w1 p)
User 1
21(1) ﬂl(wl,l) Ql(wm) Ql(wl,l?—l) Ql(’wl,n)
Zz( U’z,lal) i’z(wz,%wz,l) l“fz( U’2,37U)2,2) Iz( Wy, B, U)z,n-l) Hb) (1 7“12,1?)
User 2
22(1) 1)2(102,1) Qz(wm) Q‘Z(wQ,B-l) QQ(UJQ,B)
Relay z(1,1) (W 1,w27) (W9, 5) o | g(w gy, wy 1) z,(w; p,ws )

Fig. 2. Regular encoding for a two-user MARC assuming thayrelecodes correctly.

sages agWi, Ws,...,Wk). We write K = {1,2,...,K},  The above procedure is repeat&i+ 1 times, once for
Xs = {Xy : k € S} for all S C K, S° to denote the each block, and thé!* codebook is used in block, b =
complement ofS in K, and|S| for the cardinality ofS. The 1,2,..., B+ 1. The encoding procedure of [4, Appendix A]
channel is time-invariant and memoryless with the cond#lo proceeds as follows. We change this procedure in Sec. IV.

probability distribution Regular Block Markov Encoding:

Encoderk parseswy, into B blocks wy 1, wg 2, ..., ws, B,
p(yr yalric, zr). @ each having: Ry, bits, and transmits these messages @erl

The capacity regioi€y; 4zc is the closure of the set of ratechannel-symbol blocks as shown in Fig. 2. The relay sends the
tuples (R, , Rw,, - .., Rw, ) for which the destination can, codewordz, (s1,5, 2., - - -, Sk p) in block b wheresy ;, is the
for sufficiently largeN, decode thek source messages withrelay’s estimate ofuy ;1 from blockb — 1. We setsy, 1 = 1
an arbitrarily small positive error probability. and wy g1 = 1 for all k. We thus haveN = n(B + 1)
As further notation, we writeRs = >, sRx, [m,n] = and By, = nRiB so the overall rate of usét is Ry, =

{m,m +1,...,n}, and we use the vector notatian, for 1B /(B + 1) which approacheg,. for large B.

length~n codewords of usek. We use the usual notation

for entropy and mutual information [15], [16] and take all Il. D ECODE-AND-FORWARD

logarithms to the base 2 so that our rate units are bits. \We Backward Decoding

write random variables (e.g¥Vx) with uppercase letters and Consider a2-user MARC where the sources and the relay
their realizations (e.gwx) with the corresponding lowercaseyse the block-Markov encoding method described above. The

letters. relay decodes the messages reliably if (see Appendix I)
B. Random Code Construction By < (X Y| XoVi Vo Xy) (3)
Ry < I(Xo; Y| X1 V1V X,) (4)

A DF code construction is presented in [4, Appendix A]
and we review it below. This construction is common to all the Ri+ Ry < I(X1 X2: Y, V112 X,). %)

decgding m_etglog; C?{”Sidirzd bel%\/ andhitl USES independehg destination decodes the message blocks in reverse order
random variables/,, k = 1,2,..., K, to help the sources ,aing i )
k p using its channel-symbol bloc@d_BH,gd_’B,...,ng. The

cooperate with the relay. resulting destination rate bounds are (see Appendix I)
Random Code Construction:

Consider the probability distribution Ry < I(X1 X, Y| X Va) (6)
K Ry < I(X2X,; Yq|X1V1) (7)
(H p(”k)P(ﬂCklUk)) -p(@r|ve). (2 Ry + Ry < I(X1X2X,;Ya). (8)

k=1

Fig. 3 shows the rate region defined by (3)-(8). FaKauser
MARC, these bounds generalize as follows.

Theorem 1. The capacity region of d-user MARC in-
cludes the union of the set of rate tuplé®;, Ro, ..., Rk)
that satisfy, for allS C I,

We use regular encoding. For eactk, generate
2nfie codewords v, (sk), sk = 1,2,...,2"7f%  py
choosing the letters vy ; (si), = 1,2,...,n,
independently with distribution p(vg). Similarly, for
every wi(sy) generate 2"f  codewords zy(wg, sk),
wy = 1,2,...,2"% by choosing the letters:, ;(wx, si) R <min( I(Xs; Y| Xse Vi X, U), ) )
independently ~with  distribution px, v, (-|vx,i(sx)) for S = I(XsXy; Ya|XseVseU)

all 7. Finally, generate one length- relay codeword \yhere the union is over all distributions that factor as

z-(s1,82,...,5x) for each tuple (s1,s2,...,sx) by

choosingz,.;(s1, s, .. . , si’) independently with distribution  p(u) - (Hszlp(Ik,vHU)) “p(xr v, w) - p(Yr, yalzic, ).
PX, ViV, i (v1i(s1), -+ vk i(sk)) for all 4., (10)



Rl . . . .
Relay Bounds Note that (17) holds with equality if and only if
HX5Y [ XMV, X)) 2 LXK Y VIV, X)) I(Vi X, Xo|VaYy) = 0. (18)
: Destination Bound
(X0 XYy | XV,) Y I?;t'lr;?z';n;\(j;n ® Comparing (15) and (17) with (11), we see that backward
: > ' decoding is at least as good as sliding-window decoding.
Acé‘fg;’iig'e We show by example that backward decoding can be strictly
i R, better than sliding-window decoding. Consider a MARC with
TOGY TXV,X,) TOGX Y, TXM) {0,1} inputs X5, X5, and X,.. Suppose we have
Fig. 3. Rate region achieved by DF for a two-user MARC. Y, =X1+ X (19)
Yd = Xl + Xr (20)

where we use integer addition. Any DF rate region must be in
Proof: See Appendix I. B the capacity region of the user-to-relay multiaccess calnn

Remark 1. The time-sharing random variableU ensures This capacity region in bits per channel use is given by
that the region of Theorem 1 is convex. For simplicity, wésee [16, p. 392])
will develop the theory below for a constafit only.

Remark 2: The destination decodes the message blocks
Wk, B, Wk,B—1,---,Wg,1 With delays of 2,3,...,B + 1 One can check that backward decoding achieves this region
channel-symbol blocks, respectively. Note thamust be large with independent and coin-tossirfig , Vz, X1, X», and X,..

to ensure that the rate-loss factdy/(B + 1) due to block However, for sliding-window decoding the bounds (3)-(5)an
Markov encoding is close td. (11)-(13) are

R <1, Ry<1, R1+R2§3/2. (21)

Ry < H(X31[W1) (22)
Ry <min (H(X2|V2), H(X1 + X,.[V1) — H(X1|V1)) (23)
R+ Ro §min(H(X1—|—X2|V1V2),H(X1+XT). (24)

B. Siding-Window Decoding

Suppose the destination uses sliding-window decoding, i.e
the destination decodes the message (air, w2 ) transmit-
ted in blockb by usingyq,, andyq ,+1. For example, in Fig. 2, Suppose we desir®; = 1 so that (23) implies thaf, is
the destination decod€s, 2 ,ws ) by usingy,, andy, .. coin-tossing and independent B§. For suchlz and X» the
Observe thatw, ;1 1,wa 1 1) is not known while decoding bound (24) implies
(w1, w2p). One can check that the bounds in (6)-(8) are Ry + Ro < H(X1 + X|ViVh)

replaced by
= 1+ H(X:[V1)/2. (25)
Ry <I(X1;Ya|XoViVaX,) + I(ViX,; Yo Vo) (11) W e have { V) ot
Ry < I(Xo; Yy Xa ViV X,) + I(Va X, YalVi)  (12) e further have from (23) tha
Ry + Ry < I(X1X2X,5Ya). (13) Ry < H(X1 + X,|Vi) — H(X1|W1)

< - :
The analysis used to obtain (11)-(13) is similar to that pre- < logy 3 = H(X W) (26)

sented in Appendix Il and is hence omitted. In brief, the terffhe combination of?, = 1, (25) and (26) gives

I(X1; Y| X2 Vi Vo X)) in (11) results fromyq, while the term

IEVlXT;|Yd|V2) is dLe toyas11. In fact, the same bounds Ry < H(X:1|[W1)/2 < (logy(3) — 1)/2 ~ 0.292. (27)

result if one increases the sliding window length to decodghe same bound results if we add a time-sharing random

messages from many past blocks, unless this window includggiable U to all the entropies in (22)-(24). Sliding-window

block B +1. The bounds (12) and (13) are obtained similarljecoding cannot therefore achieve the backward decoding
We next compare (6)-(8) and (11)-(13). Obviously, theorner point(Ry, Rs) = (1/2,1).

bounds (8) and (13) are the same. But consider the right-hangtor K > 2, the bounds (11)-(13) generalize to
side of (6) that expands as

I(X1 X, Ya|XoVo) = I(Xa Vi X, Ya| X2 Vo) (14) ,
(X0 Vi XA Ve X)) for all § C K. One can show that the bounds in (28) are
- L fdjA2¥1vasr in general more restrictive than the corresponding detiima
+ I(ViXr;Ya|X2V2). (1) pounds in (9) for allS c K.

where (14) follows from the Markov chain(V;, V) —
(X1, X2, X,) — Yy and (15) from the chain rule for mutual IV. OFFSETENCODING
information. We further have

Rs < I(Xs;Ya|Xs: Vs X;) + I(VsXy; Ya|Vse) (28)

To improve sliding-window decoding, we offset the message
T(Vi Xy; Y| Xo Vo) = I(Vi X, XoYa|Va) (16) blocks from theK sources by one block per source. Let
> [(ViX,: Ya|Va) (17) denote.a permutatlop _(order) of 'th_e source indices. We let
usern(i) start transmitting in block, i.e., we setw, ¢, = 1
where (16) follows from the Markov chaili, — V> —(V1, X,.). for b < andb > B + i. The resulting message-to-codeword



Block 1 Block 2 Block 3 Block K Block K+1

lfl(wl,l,l) lfl(w1,2,w1,1) 171(101,3,101,2) 131(101,1(,101,1(-1) 171(101,1(+1,w1,K)
User 1
111(1) lh(wl,l) ﬂl(w1,2) 111(1111,1{-1) 21(11)1,}{)
132(171) ZQ(wz,hl) @(U’Q,%wm) $2(w2,K-1;U72,K-2) @(UIQ,K,TUQ,KJ)
User 2
112(1) 22(1) llz(wm) L)z(UIQ,K-Q) QQ(wz,K-l)
ZK(lal) @K(lal) 171((1;1) l»’K(wK,lyl) lf’K(wK,%U)K,l)
UserK
k(1) vk(1) vr(1) vk(1) v (wk,1)
Relay | ,(1,1,...,1) z(wiy,1,.01) | |z g, won,e 1) | e | (W g1, W0, K250, 1) | 2 (W0, kW2 R WE

Fig. 4. Offset encoding for @& -user MARC assuming the relay decodes correctly.

mappings with offset order = (1,2,...,K) are shown in where (33) follows from the Markov chair(V;, V) —
Fig. 4. Observe that offset encoding usBs+ K channel- (X, X5, X,) — Yy. But the first mutual information term in
symbol blocks so the overall rate-loss factorAg(B + K).  (34) satisfies

thJsh?e:qeuliag decodes at the end of each block as before. We I(Xa: Ya| X1ViVaX,) = I(Xo; X1 Ya[ViVaX,) (35)
> I(Xy; Yg|V1 V2 X;) (36)

where (35) follows from the Markov chaifi; — (V4, Va2, X,.)—
for all S C K as in (9). In blockb, the relay sends the X,. Similarly, the second mutual information term in (34)
codewordz, (si,), Wheresx, = {sgp : k € K} andsy,, satisfies
is the relay’s estimate ofy, -
The destination uses a sliding window of length+ 1 to I(VaXyi Yal Xa V1) 2 1(Ve; Ya| XaVh) (37)
decode the message blocks with the same indelence, I(Va; X1V1Ya) (38)
the combined encoding and decoding delay for every message > 1(Va; Yy) (39)

block is K + 1 channel-symbol blocks. We summarize the

resulting rate bounds below and give the performance aisaly¥€re (38) follows from the independence (f;, 1) and
in Appendices Il and III. Va. It thus seems that we do not achieve all of the backward

decoding region. However, we next show that we can obtain
the corner points of the backward decoding region.

Rs < I(Xs; Y | Xse Ve X,) (29)

A. Two Users with Joint Decoding Note that there are several types of corner points depending
on whether the polytopes defined by the relay bounds (3)-
(5) and the destination bounds (6)-(8) intersect. Howewer,
rpeed to consider only the latter bounds because the rekgs r
bounds are the same for both non-offset and offset encoding.
We therefore focus on the destination decoder, and when we

ConsiderK = 2 and suppose the offset orderris= (1, 2).
Suppose we decodev; , wap) jointly by usinggd,b, Yy prr
and Yy pro The analysis in Appendix Il shows that we ca
achieve(R;, Ry) satisfying

Ry < I(X1X,;Yq| X2V32) (30) write “achieve” below we are ignoring the relay bounds (3)-
Ry < I(Xo; Ya[ViVaX,) + 1(VasYa)  (31) )
By + Ry < I(X1 X2 X Ya). (32) Consider the corner point labeled “= (1,2)" in Fig. 5.

Note that (30) is the same as (6) but (31) is different from (7jV€ can achieve this point (ignoring the relay bounds (3)-(5)
The difference arises because the destination does not krigigvided that the sum of (30) and (31) is less restrictivertha
Wy,p41 OF w1 p12 When decodingus ;. We can show that (7) (32). But (32) expands as

is in general larger than (31) by expanding (7) as Ry + Ry < I(X1 X2 X, Yy) (40)
(X0 X, Y| X1 Wh) = [( XV X, Y| X1 V1) (33) = I(X1 X2V X, Yy) (42)
= I(Xo; Ya| X1 V1V2 X)) = I(X1 X5 Ya| Xo Vo) + T (X2Vo;Ya) . (42)

+1(VaXy; Yal X1 V1) (34)  where (41) follows from the Markov chainV, —



R

LXK, Y | XNy ) s <

™. Time-sharing
N
F(X3 Y | X VV,) \\ 77(2,1)
1Y) 4
R.
F(X0 Y I XV, ) TOXGX Y X))
+1V,5Y)
Fig. 5. Rate region with sliding-window decoding and offsetoding.

(X1, X2, X)) — Yy. We further have

I(XoVo;Yy) = I(Xo2; Yy|Va) + I(Va; Yy) (43)
S I(Xos ViX, Yy Vo) + 1(Va; Ya) (44)
= I(Xo; Yg\ViVaX,) + 1(Va;Yy) (45)

where (45) follows from the Markov chailis — V2 —(V1, X.).

polytope defined by the destination bounds in (48) [17, p.
121]. We can achieve the other corner points by changing
the offset order. Finally, we achieve the non-corner polts
time-sharing.

V. CONCLUSIONS

We presented an offset encoding technique for DF that
improves the rate region of sliding-window decoding. The
technique achieves the corner points of the backward degodi
rate region but avoids the excessive delay associated with
backward decoding. Offset encoding will clearly apply tbet
multi-terminal problems [13], [18]-[20].

APPENDIX |
BACKWARD DECODING ANALYSIS

We derive the DF rate bounds for discrete memoryless
MARCs, K = 2, and backward decoding. The random code
construction and the encoding are described in Section 1I-B
and we use typical sequence decoders. Define the set ofltypica
sequences of length with respect toc and Px y (-) as

Thus, we achieve the corner point under consideration.Heor t

offset orderr = (2, 1), we similarly obtain the corner point
labeled “r = (2,1)" in Fig. 5. The non-corner points of the

backward decoding region are achieved by time-sharing.

B. K Users with Successive Decoding

n(a,blz,y)

n

T (X,Y) = {@, )

Py (@ b)\ <

T |y|} (49)

wheren(a, b|z, y) is the number of times the pai, b) occurs

We wish to show that offset encoding recovers the backwaftithe sequence of paifs:1, 1), (x2,y2), - - (¥n, yn). X and
decoding corner points fdk > 2. However, the generalization are the alphabets ok’ andY” with cardinalities|t'| and
of (11)-(13) is unwieldy and gives limited insight. Insteace ||, respectively.
use successive decoding inside the sliding window to obtainDecoding:
the backward decoding corner points. 1) At the relay: The relay decodegw ;,ws ;) in block
Suppose the offset order is = (1,2,...,K) as in Fig. b, b 1,2,...,B, by using v, and by assuming
4. Consider the window with the channel-symbol blocks  that its message estimates in the previous blocks are
Yy Ygo 2 Yq 4 1N this window, the destination succes-  correct. More precisely, the relay decodes by finding a
sively decodesuvg 1, wx—1,1,...,w1,1 by assuming that its (w15, W2,) Such that
past decoding steps were successful. In Appendix Il, wevsho

that one can approach the rate paRit= (Ry, R, ..., Rx) (2 (W1,p, W1,p—1), Lo (W2, Wa,p—1), V1 (W1,p—1),
with Up(w2,p-1), Z (Wip-1, W2 -2), Y, ) €
I(X1 X5 Yal Xj2, ) Vi2, k1) k=1 (n)
R, = ! ’ ’ 46 TE X,X,V,V,XT,Y;‘. 50
k { I( X% Vi; Yal X1, ) Vies1,x1) k> 1 (46) %1, %2, 1, V2 - 60

We assume that the correct codewords are identified as
being typical since this is a high probability event for
large n. With this assumption the relay makes an error
only if it identifies a (w1, W2p) # (wip,weyp) that
satisfies (50). This error event can be further split into
three disjoint error events. The first error event has a
W1,y # wip andwg, = way Satisfying (50). Using [4,
Lemma 1] and the union bound, the probability of this
event is at most

The codewords contributing to these rates are shown asghade
blocks in Fig. 4. LetS(L) = {1,2,...,L} wherel < L < K.
One can check thak satisfies

Rsry = 1(X 1,00 X Yal X 41,60 Vie+1.57)
which means thafis ;) satisfies the destination bound
Rs < I(XsXr; Ya|XseVse) (48)
in (9) with equality forS = S(L).

(47)

Now consider anyR’, R”, and« for which 0 < o < 1 (B =1 (Xa¥r [ X2 Vi Vo Xo)+66) (51)
andR = aR' + (1-a)R". If R" and R” are points that , ,

e = = = = ) Thus, f liable decod t
satisfy (48) for allS C K then (47) suffices to establish that us, for reliable decoding we se
R = R = R’. The pointR is thus a corner point of the Ry < I(X1; Y, | X2 V1V X)), (52)



The second error event has , = w;;, and awy;, #
wa,p, satisfying (50). By symmetry to (52), we set

Ry < I(XQ,}/T|X1V1‘/2XT) (53)

2)

The third error event has@ , # w1, and awsp # w2 p
satisfying (50). We again use [4, Lemma 1] to bound the
probability of this event by

2H(R1+R27I(X1X2;YT‘V1V2X7‘)+66). (54)
Reliable decoding thus requires
R+ Ro <I(X1X2,}/T|V1‘/2XT) (55)

2) At the dedtination: The destination collects all of its
B + 1 output blocks. Starting from the last block, the
destination decodetw; 3, wa), b = B,B —1,...,1
by using Yoo and by assuming that its previously
decoded message estimates are correct. More precisely,
the destination decodes by finding; ,, w2, ;) such that

(@1 (W1,p4+1, W1,p)s Zo(W2,p41, W2,b), 01 (Wrp),
Uy (11‘)2_]))7 gr(’d}l,ba 11)2.17)7 gd,b+1)

€ T("(X1, Xo, Vi, Vo, X, Ya).  (56)

As before we assume that the correct codewords are
identified as being typical. Again, three kinds of error
events can occur in decodin@u; p,w23). Using [4,
Lemma 1] and the union bound, we follow the same
decoding steps as for the relay decoder to show that

Ry < I(X1 X, Yg| X2 Va) (57)
Ry < I(XaX,: Yol X1 V1) (58)
R+ Ry < I(X1 X, X2;Ya) (59)

ensures reliable communications.

Combining (52), (53), (55), and (57)-(59), we have the
bounds (3)-(8). The analysis generalizes in a straightiotw
way for entropy-typical sequences [16, p. 51], the additibn
a time-sharing random variablé [16, p. 396], andK > 2.

APPENDIXII
SLIDING-WINDOW JOINT DECODING ANALYSIS

We derive the DF rate bounds féf = 2, offset encoding,
and sliding-window decoding. Without loss of generalitye w
consider the offset order = (1, 2). Section II-B describes the
random code construction.

Encoding: Consider blockb.

1) Sourcel transmitsz;, (w1 5, w1,5—1) While source trans-
Mits z, (w2 p—1, wa p—2) Wherews _1, wa o, w21, w10,
W1,B+1, W1,B+2, andw273+2 are set tol.

2) The relay transmitg,.(s1 5, s2,5) Where(sy p, s2,5) is the
message pair decoded at the relay in bléek 1).

Decoding:

1) At therelay: The relay decoder error analysis is the same
as that described in Appendix | up to changes in the

message indices. We therefore have the same rate bounds

(52), (53), and (55).

At the destination: The destination decoddsu, p, w2 p)
by usiNgy , v ¥y 41 andgd’bﬁ and by assuming that
no errors were made up to bloék More precisely, the
destination decodes by finding (@ 5, w2,) such that
three events occur:

Ert (v (wip—1),va(wa,p—2), 1 (W15, W1 p—1),
£2(w2,b71, w2,b72)7 Qr(wl,bflv w2,b72)7 gd,b)
e T (i, Ve, X1, X2, X, Ya)
(60)
Er (v (W1p), Vo(wap—1), To(Wap, wop—1),
x,. (W1, w2,b71)aﬂd,b+l) (61)
e T (i, Ve, Xa, X,., Ya)
53 : (QQ (wg,b),gd7b+2) (S TE(")(‘/% Yd) (62)

Note that the codebooks in different blocks are gener-
ated independently, so the above three error events are
independent. As before, we consider three disjoint error
events that can occur in decodif@; 1, w2 ). The first
event has ab; , # wy,, andsy, = we satisfying (60)-
(62). We upper bound the probability of this error event
using [4, Lemma 1] and the union bound as

Z Pr (51 N&sy ﬂgg)
W1,67#W1,b

> Pr(&)-Pr(&)-Pr(&)

W1 p#W1,b
< 277,(R1—I(X1;Yd‘X2V1 V2X7~)—I(V1XT;Yd|X2V2)+12E) (64)

(63)

where we use®r (£5) < 1. Thus, we set

Ry < I(X1X,; Y| X2 Va). (65)

Consider next the case whet® ;, = wi but wey #
wayp. The expression (63) with the summation over
Wop # wey instead ofwy, # wiyp IS upper bounded
as

277,(R2—I(X2;Yd‘vlV2XT)—I(V2;Y,1)+12€) (66)
where we used®r (£;) < 1. We thus require
Ry < I(Xo; Yy|ViVaX,) + 1(Va; Yy). (67)

Finally, consider the casé; ;, # wi anddsg # wa .
The expression (63) except with the summation over both
W1,p # wip andwe p # woep IS Upper bounded as

2n(R1+R2—I(X1X2XT;Y,1)+18€). (68)
For reliable decoding, we thus require
R+ Ry < I(X1 X2 X, Ya). (69)

Combining (65), (67), and (69), we obtain (30)-(32). Again,
the analysis generalizes in a straightforward way for gmytro
typical sequences, the addition of a time-sharing random
variableU, and K > 2.

APPENDIXIII



SLIDING -WINDOW SUCCESSIVEDECODING ANALYSIS

We derive DF rate bounds foK > 2, offset encoding,

(1]

and sliding-window decoding. However, the destination de-

Without loss of generality, we consider the offset order3]

™= (1,2,..

., K). Section II-B describes the random code

construction, and the encoding and relay decoding are t

same as in Appendix II.

Decoding at the destination: Consider the window with the 5]

channel-symbol blockgd1 As explained

Yao 0 Yq k41

in Section IV-B, the destination successively decodes & th
reverse ordetg 1, wx—1,1,...,w1,1 (See the shaded blocks (6]
in Fig. 4). The destination further assumes that its past gso, Nov. 1982.

decoding steps were successful, and we perform our analy$7§; F. M. J. Willems, “Informationtheoretical Results foha Discrete

with the same assumption. Féar = K, K — 1,...,2, the
destination finds ab; ; such that two events occur:

&t (Wr(@r)s Uppgr, k) (1) 2y g (1 1)7Qd7k+1)
e T\ (Vi, Viks1, k)5 Xje+1,K75 Ya)
(zk(wk-,l)vy[k,K](l)vz[k-ﬁ-l,K](lv 1)7Qd7,€)

€ Te(n)(Xk7 Vi, k) X[kt1,K]> Ya)

(70)

& (71)

wherevy; (1) = {vi(1),vi+1(1),...,v;(1)} and similarly for

(8]
El

[20]

(11]

z; 1(1) and (1) below. As before, the above events are

independent and we assume that the correct codewords jg5¢
identified as being typical. The destination thus makes &or er

413

only if it identifies awy ;1 # w1 that satisfies both (70) an

(71). We upper bound the probability of this event using [

Lemma 1] as

>

Wy, 1 AWk, 1

Pr (&) -Pr(&) <

2"(Rk*I(Xka;Yd|X[k+1,K]V[k+1,K])+126)' (72)
For k& > 1, we therefore require
Ry < I( X Vie; Yal Xpet1, 5 Vikt1,K7)- (73)
Fork =1, we addz,. (-) to (70) and (71) as follows:

& (Ql(wlyl)aQ[Q,K](l)vg[Q,K](la 1)7
&r(wl,lala"'al)agdz) (74)
€ TE(n)(Vlv Vie, k1> Xj2,x7> Xr» Ya)

5‘2 : (£1 (wl,la 1)7QIC(1)5£[2,K](17 1)’£7‘(17 17 RN 1)7gd,1)

S Te(n)(Xla VK:a X[Q,K]a XTa Yd)
(75)

The resulting bound is
Ry < I(X1 X, Ya| X2, 1 V]2, k1) (76)

One can check that the above analysis generalizés=td.
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