
ME 351B – Answers to Homework #3

Problem 1: (Ethan Barbour)
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Recall that in curvilinear coordinate systems the basis unit vectors can change orientation and therefore
can have non-zero derivatives. In cylindrical polar coordinates, remember the relations:

∂er

∂θ
= eθ,

∂eθ

∂θ
= −er

Problem 2: (Ethan Barbour)

Gibbs notation (¯̄I : ¯̄
I) is very elegant but its meaning is not unambiguous unless the proximity rule is

agreed upon. Under the proximity rule, the definition of the double inner product between two tensors is:

¯̄
A : ¯̄

B = AijBji

For non-symmetric tensors, this differs from AijBij , which in Gibbs notation would be written ¯̄
A : ¯̄

B
T

.
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Problem 3: (Beverly Tang)

If the flow is incompressible, the momentum equation is uncoupled from the energy equation and can be
solved first without any thermodynamical considerations. Once the flow field is known, the temperature field
can be solved for from the energy equation.

However in the compressible case momentum and energy equations are coupled and must be solved si-
multaneously. An additional equation of state (typically p = p(ρ, T )) is needed.

3



Problem 4: (Ethan Barbour)

The production of entropy has two origins: thermal diffusion and viscous dissipation, which are both
irreversible processes.
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Problem 5: (Long but detailed derivation by Sangwook Park)
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In summary, the vorticity equation can be written:

Dω

Dt
= ω · ∇u − ω∇ · u + ∇× f +

1

ρ2
∇ρ ×∇p + ∇×

(

∇ · ε

ρ

)

The viscous term ∇× (∇ · ε/ρ) can be expanded as done above. The different terms in the equation have the
following interpretation:

• ω · ∇u − ω∇ · u: this term, which reduces to ω · ∇u in an incompressible flow, expresses the elongation
and twisting of the vortex lines/tubes by the velocity field.

• ∇ × f : f , the body force per unit mass, can create vorticity. However if f is conservative, i.e. if there is
a potential φ such that f = −∇φ, this term is identically zero.

• (1/ρ2)∇ρ×∇p: this term, called baroclinic production term, only occurs when the two vectors ∇ρ and ∇p
are not parallel, i.e. when the isobars (surfaces of constant pressure) do not coincide with the isochores
(surfaces of constant density). When it is possible to conclude that ρ = ρ(p) is valid for the flow field of
interest (such flow fields are called barotropic; e.g. isothermal or uniform entropy flow fields in which
the same equation of state holds everywhere), then this terms is zero.

• ∇ × (∇ · ε/ρ): this is a viscous term, which is zero in an inviscid fluid. In the incompressible case it
becomes ν∇2ω, and expresses the diffusion of vorticity by the viscosity of the fluid.

In an incompressible, barotropic, inviscid flow with conservative body forces, the vorticity equation becomes:

Dω

Dt
= ω · ∇u

which shows that if at an initial time the vorticity is zero everywhere, then it remains so at later times (there
is no production of vorticity in such fluids). This says that an irrotational flow remains irrotational, and is
sometimes called Lagrange’s theorem. It justifies the use of the irrotational assumption in potential flow.
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Problem 6: (Beverly Tang)

We wish to write a relation between the tangential velocity at the wall uw and is derivative (∂u/∂y)w,
which we can write symbolically as:

F

(

uw,
∂u

∂y

∣

∣

∣

∣

w

)

= 0

Dimensional analysis tells us that such a relation must in fact be written in terms of dimensionless param-
eters constructed from our variables: F̃ (Π1, Π2, ..., Πn) = 0 where n is obtained by looking at the rank of the
matrix of dimensions. However it is clear, by looking at the dimensions of uw and (∂u/∂y)w that no dimen-
sionless parameter can be constructed from these two variables only: we need a characteristic length scale!
Since the macroscopic geometric length scales should not influence what happens very near to the wall, we
must seek a intrinsic length scale related to the fluid. In a gas a reasonable candidate is the mean free path
λ. Using λ as our additional variable we can construct one independent dimensionless parameter (n = 1):

Π1 =
uw

λ ∂u
∂y

∣

∣

∣

y

Our relation becomes F̃ (Π1) = 0,which can be alternately written Π1 = constant, or:

uw = constant× λ
∂u

∂y

∣

∣

∣

∣

y

This relation, which is a good guess but can only be validated by experiments or a more sophisticated
theory, is indeed used as a boundary condition for very dilute gases with constant ' 1 (see White pp. 47).
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Problem 7: (Ethan Barbour)

The aim of this question was to recognize that when the body force depends on time, using a potential
energy Ep = −g(t) · r is not equivalent to including the work done by the body force W = g(t) · u in the
energy equation. Taking the substantial derivative of Ep will recover W , but will introduce additional terms
involving ∂g/∂t which should not be there. In conclusion, beware of potential energy when the body force
depends on time: the first law of thermodynamics, which is the underlying principle here, makes no mention
of potential energy.
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